arXiv:astro-ph/0702418v1 15 Feb 2007

Connections among three roads to cosmic acceleration: decaying vacuum, bulk viscosity, and nonlinear fluids

Sandro Silva e Costa^∗ Centro de Ciências Naturais e Humanas – Universidade Federal do ABC Rua Santa Adélia, 166 – 09210-170 Santo André – SP – Brazil and Departamento de Física – UFMT Av. Fernando Correa da Costa, s/n^o – 78060-900 Cuiabá – MT – Brazil

Martín Makler^† Centro Brasileiro de Pesquisas Físicas R. Dr. Xavier Sigaud, 170 – 22290-180 Rio de Janeiro – RJ – Brazil (Dated: February 15, 2007)

We discuss the connection among three distinct classes of models often used to explain the late cosmic acceleration: decaying cosmological term, bulk viscous pressure, and nonlinear fluids. We focus on models that are equivalent at zeroth order, in the sense they lead to the same solutions for the evolution of the scale factor. More specifically, we show explicit examples where this equivalence is manifest, which include some well know models belonging to each class, such as a power law Λ-term, a model with constant viscosity, and the Modified Chaplygin Gas. We also obtain new analytic solutions for some of these models, including a new Ansatz for the cosmic term.

I. INTRODUCTION

The combination of a large set of astrophysical observations shows that the Universe is currently undergoing a phase of accelerated expansion. A natural explanation for this phenomenon, in the framework of Einstein’s theory of gravitation, would be the presence of a cosmological constant. However, if this constant is interpreted as the vacuum energy, a mismatch of about 50 to 100 orders of magnitude occurs between the different contributions to the vacuum energy and the observed value of Λ (this is known as the cosmological constant problem). Besides, if the cosmological term is constant, it implies that we live in a very special period of cosmic history where the contribution of Λ to the total energy density is of the same order of magnitude of that of the matter fields (this is the so-called coincidence problem).

An interesting alternative, put forward by M. P. Bronstein already in 1933 [1], is the possibility of a decaying cosmological term. Since then, several phenomenological models were proposed for this component. Some authors argue that a dynamical Λ is even a requirement of Quantum Field Theory and provide first principles estimations of its dependence on cosmic expansion (see, e.g., refs. [2, 3]). A suitable Λ decaying model could potentially connect the primordial inflation with the present acceleration and also alleviate the coincidence problem.

Another possibility as a driving force for the accelerated expansion is the presence of an isotropic viscous pressure (see,

∗Electronic address: sandro.costa@ufabc.edu.br †Electronic address: martin@cbpf.br

e.g., refs. [4, 5, 6]), which can arise from dissipation processes or as a consequence of particle creation.

A third road to cosmic acceleration is provided by so-called exotic fluids, which have negative relativistic pressure, such as the the widely used linear equation of state (EOS) p = wρ, with w < −1/3. However, a fluid with nonlinear EOS may have more suitable properties, such as being stable with respect to pressure perturbations. An example is given by the Chaplygin gas [7, 8]. A particularly interesting property of this type of fluid is the possibility of unifying dark energy (DE) and dark matter (DM) (for a review of this scenario, see, e.g., ref. [9]).

Many other frameworks which lead to an acceleration of the cosmic expansion have been proposed, most notably those based on scalar fields — generically denoted as quintessence. For recent reviews on DE, with special emphasis on quintessence, see, e.g., refs. [10, 11, 12]. It is worth noting that all these approaches assume that the constant contribution of vacuum energy plus cosmological constant are identically zero due to some compensation mechanism and therefore do not address the cosmological constant problem.

In this work we discuss the connections among the first three possible explanations for the accelerated expansion mentioned above, namely, decaying Λ, bulk viscous pressure, and exotic fluids with nonlinear EOS. We show that these three classes of models modify in the same way the evolution of the expansion rate. Therefore for a given model in one class, it is possible to find equivalent models belonging to the other classes that produce the same expansion history of the Universe.

We discuss some explicit examples of this connection, displaying the equivalent models for two popular sets of Λ decaying cosmologies: one where the cosmic term has a power law dependence on the scale factor and another where it has a quadratic form in terms of the expansion rate.

In the process of investigating the equivalent models, we derive analytical solutions for the scale factor in some particular cases. We also introduce and find analytical solutions for a new model of decaying Λ term. These solutions are useful to test numerical codes, they provide some insight for more generic numerical solutions, and are handy for pedagogical purposes.

A corollary of the discussion presented in this work is that one cannot observationally distinguish these three possible explanations for the accelerated expansion using only background results (i.e., the zeroth order homogeneous evolution of the Universe), such as the supernovae distance-redshift relation.

The paper is organized as follows. In section II we present a brief review of the three frameworks to explain the accelerated expansion on which we focus in this work, making apparent the connections among them. Some specific examples are discussed in section III, where equivalent models are explicitly shown and analytic solutions are found. We summarize our results in section IV. Finally, we present our concluding remarks, and discuss avenues of future research in section V.

Throughout the text we use natural units, where c = G = ℏ = k_B = 1.

II. THREE POSSIBILITIES FOR COSMIC ACCELERATION

In this section we briefly review the three roads to cosmic acceleration and present some models that will be discussed throughout this work. We introduce the basic equations that govern the evolution of the scale factor in these frameworks, exhibiting the formal analogy between them.

A. Decaying cosmological term

A dynamic cosmological term (i.e., a component with energy-momentum tensor T_{μν} = Λ (x) g_{μν} ) emerges naturally in the framework of quantum field theory (see, e.g., ref. [2] and refs. therein). Cosmological models with timevarying Λ were introduced in the 1980’s (see, e.g., refs. [13, 14, 15, 16, 17, 18]) either as alternatives to the inflationary paradigm and to a primordial singularity, or to reconcile inflation with observational data. Such Λ decaying cosmologies attracted more interest in the 1990’s, also in connection with the age problem, and more models where proposed and tested against the available data (see, e.g., refs. [19, 20, 21, 22, 23, 24, 25]). Finally, this type of model became popular in the turn of the century, impelled by supernovae and cosmic microwave background (CMB) evidence for cosmic acceleration and a smoothly distributed DE.

In most Λ decaying models, the density associated to the cosmological term is either determined by the dynamics of a scalar field or is given as an explicit expression in terms of the scale factor a and/or the expansion factor H. Here we shall consider only the later case. For example, Özer and Taha [14] introduced a model in which Λ ∝ a^{−2}. This same dependence was proposed by Chen and Wu [19], based on dimensional arguments in the context of quantum cosmology (see also [20, 26]). Gasperini, using the thermal interpretation of Λ [27], introduced the more general power law form [17]

Λ ∝ a^{−m}. (1)

Several observational consequences of this model were investigated by Waga and collaborators [21] and it was found to be consistent with the existing data for m ≳ 1.6. More recently, models in which the energy density associated to the cosmic term has the form

ρ_Λ = ρ_{Λ0} + ερ_{m0} 3 − ε a^{−3+ε} where also proposed [3, 28] and compared with observational data [29, 30]. In particular, a comparison of Large Scale Structure (LSS) data with CMB observations leads to the constraint ε ≲ 0.7 × 10^{−3} [29].

Models in which Λ has a scaling in terms of the expansion factor were also proposed. For example, investigations using the renormalization group approach lead to a running of the cosmic term of the form^1 [3, 31, 32]

Λ = Λ_0 + νH^2 . (2)

This model is consistent with a number of observational data, but again a comparison with LSS and CMB data implies ν ≲ 2.3×10^{−3} [29] (see also [30]). On the other hand, an estimate of the cosmological term from the trace anomaly of quantum chromodynamics (QCD) yields [33]

Λ = σH , (3)

where the proportionality constant would be related to the QCD cutoff energy scale (σ = Λ^3_{QCD}).

Several other models, with different phenomenological scalings in H, a, or a combination of the two, have also been introduced (see, for instance, refs.^2 [22, 23, 24, 25, 35]). However, in what refers to specific models, in the remaining of the paper we shall restrict to the simple scalings given by eqs. (1), (2), and (3).

Now, let us state the basic equations that govern the dynamics of models with a cosmic fluid and a cosmological term (in a Friedmann–Lemaître–Robertson–Walker Universe). This will allow to make the equivalence with the other two frameworks explicit. Since a component with p_Λ = −ρ_Λ can only be dynamic if it interacts with another matter-energy component, we shall impose only that the total energy-momentum is conserved, leading to the energy conservation equation

ρ̇ + 3H (p + ρ) = −ρ̇_Λ , (4)

1 A quadratic scaling was also introduced previously, motivated by dimensional arguments [22].

2 See also ref. [34], for a collection of several phenomenological Λ-decay laws and some historical remarks.

where H = ȧ/a and the dot denotes derivative with respect to the cosmic time t. Differentiating the Friedmann equation

H^2 = 8π 3 (ρ + ρ_Λ) − k a^2 (5) and using equation (4) leads to Ḣ − k a^2

= −4π (p + ρ) . (6)

From now on, we shall consider only the case in which the cosmic fluid has a linear barotropic equation of state:

p = (γ − 1) ρ . (7)

Using eq. (5) and inserting the expression above into eq. (6) one gets

Ḣ + 3γ 2 H^2 + k a^2 ( 3γ 2 − 1 ) = 4πγρ_Λ . (8)

Once an expression for ρ_Λ in terms of H and/or a is given, this equation can be solved to obtain the time behavior of the scale factor.

B. Viscous pressure

The investigation of possible roles of dissipative processes in the Universe has accompanied several developments of cosmology in the past decades. The consideration of models with dissipation started to raise considerable interest in the 1970’s, both as a candidate to explain the high entropy per baryon ratio inferred from the CMB (see, e.g., ref. [36]), as well as a mechanism for isotropization and homogenization of the Universe (see, e.g., [37]). Later, viscosity was invoked as a way to avoid the primordial singularity (see, e.g., ref. [38]) and to drive an inflationary expansion (see, e.g., refs. [39, 40, 41, 42]). Its role in the transition from a de Sitter epoch to the Friedmann epoch (deflationary phase) was also investigated (see e.g. [43, 44]). More recently, models with bulk viscous pressure were investigated as possible sources for the current phase of accelerated expansion of the Universe (see e.g. refs. [4, 5]).

In the context of a homogeneous and isotropic Universe, dissipation can only be present through a bulk viscous pressure (also known as second viscosity), whose effect in the energy-momentum tensor (and therefore, on the equations of motion) is to add a new term to the isotropic dynamic pressure

p = P − Π , (9)

where P is the equilibrium (thermostatic) pressure and Π is a correction term present in dissipative situations. This term can appear either due to a real bulk viscosity — to be derived from first principles from kinetic theory (see, e.g., ref. [36, 45]) — or as an effective pressure associated to the phenomenon of particle creation, which arises naturally in the context of quantum processes (see e.g. [46]).

For first order deviations from equilibrium it may be shown that the generic form of the extra term is given by [36, 47]

Π = ζθ , (10)

where θ is the divergence of the four-velocitiy field u^μ, which in a homogeneous Universe, for comoving observers, is simply given by θ = 3H. The viscosity coefficient ζ can be a function of the dynamic variables (ρ, p, etc.), but not of its (space-time) derivatives [36, 47]. The second law of thermodynamics requires that ζ > 0 [36]. On phenomenological grounds, it is usually assumed that ζ is a function of the energy density ρ only. For example, a generic power law form for the viscosity coefficient

ζ = αρ^n (11)

was introduced and investigated in [48] and several analytic solutions were discussed in [40] and in subsequent papers.

As mentioned above, a bulk viscous pressure can also appear as a consequence of quantum effects, such as particle production and trace anomaly (for a calculation from first principles in the case of a scalar field, see ref. [46]). An Ansatz to represent the effects of particle creation, which includes nonlinear terms in the expansion factor, was given by Novello and Araújo [49]. In their work, the viscous term takes the form, Π = N∑ k=1 α_kθ^k , (12)

where the coefficients can be functions of ρ.

Prigogini and collaborators [50] applied the thermodynamics of open systems to cosmology and derived the bulk viscosity from particle creation. Assuming that the created particles are in thermal equilibrium with the existing ones and that the creation process occurs at constant specific entropy, they found^3 Π = ρ + P nθ Ψ , (13)

where n is the particle number density and Ψ is the particle source (if Ψ > 0) or sink (if Ψ < 0), which is given by Ψ = N^μ_{;μ}, where N^μ = nu^μ is the particle flux vector. Calvão et al. [51] give a thermodynamical description of particle creation processes in the Universe, still restricting to adiabatic transformations, but relaxing the assumption of constant specific entropy. They propose the Ansatz Π = βΨ θ , (14)

which generalizes expression (13).

As in the previous sections, we shall consider only a fluid with the equation of state^4 P = (γ − 1) ρ. Inserting expres-

3 This form of Prigogini et al.’s result [50] is taken from ref. [51]. 4 In models with γ > 2/3, the bulk viscous pressure can drive the accelerated expansion if Π > (γ − 2/3) ρ. However, in this case the correction term in (9) dominates over the thermodynamic pressure and is not a small correction to the energy-momentum tensor. Therefore this term is more naturally interpreted as arising from particle creation processes.

sion (9) in equation (6) and using the Friedmann equation (5) with no cosmological term we obtain

Ḣ + 3γ 2 H^2 + k a^2 ( 3γ 2 − 1 ) = 4πΠ . (15)

A comparison with equation (8) makes evident that the viscous pressure can be equivalent to a cosmological term. If both Π and ρ_Λ are expressed as functions of the scale factor or the Hubble parameter alone, the explicit equivalence of the two models is straightforward. For example, a (linear) bulk viscosity of the form (10) with constant viscosity coefficient is equivalent to a cosmological term proportional to the expansion factor: ρ_Λ = (3ζ/γ)H. Therefore, Schützhold’s model (eq. 3) for Λ is equivalent to a linear viscosity with constant coefficient. However, in general, if Π and ρ_Λ have different explicit expressions in terms of ρ, H, or a, the equivalent models can only be found after the solution of the equation of motion is obtained.

C. Nonlinear equations of state

Models with nonlinear equations of state have raised a substantial interest recently, mainly due to the possibility of DE and DM unification [52, 53]. For instance, if p is a nonlinear function of the energy density ρ, it could be vanishing in high density regions, behaving as DM, and be close to −ρ in low density ones, acting as DE. This behavior would lead naturally to a transition from matter domination to a de Sitter state in the cosmic evolution and could have a minor impact in processes taking place in the early Universe. Moreover, such equation of state can lead to a positive (adiabatic) sound velocity (c^2_s = dp/dρ), even for negative pressures.

An example of an equation of state exhibiting these properties is given by an inverse power law [7, 52, 53] p = M^{4(α+1)} ρ^α , (16)

where M > 0 has dimension of mass and α is a real dimensionless constant. The case α = 1 can be derived from the Born-Infeld action for a scalar field [54] and arises from the embedding of theories in higher dimensional space-times (in particular from (3 + 1)−branes immersed in a (4 + 1)−bulk), being connected with string theory [7, 55, 56]. Because of its similarity with an EOS proposed long ago in the context of aerodynamics [8], this fluid became know as Chaplygin gas, and the generic power law (16) as Generalized Chaplygin Gas (GCG [7, 53]). This type of matter component was dubbed as quartessence [57], since in this framework, only a fourth component, besides radiation, baryons, and neutrinos, would be needed to describe the cosmic evolution.

The GCG model is consistent with a number of observational data involving the background evolution of the Universe for −1/2 ≲ α ≲ 1/2 (see, e.g., refs. [57, 58]). On the other hand, equation (16) fails to reproduce LSS and CMB data if it is applied to the fluctuations [59]. However, if the sound velocity vanishes (for example, due to the introduction of a certain type of intrinsic entropy perturbations), then the model is again in agreement with the data [60, 61].

Several other nonlinear EOS have been discussed in the literature (see, for instance, refs. [9, 52, 62, 63, 64, 65, 66]). Effective equations of state appear generically in scalar field models with noncanonical purely kinetic Lagrangians [67]. For example, a generalization of the Born-Infeld action [68] leads to equation (16), while other generalizations yield new classes of quartessence models (see, e.g., ref. [69]).

A natural generalization of equation (16), in the context of the linear EOS (7) considered in sections (II A) and (II B) is given by [70, 71, 72, 73, 74]

p = (γ − 1) ρ − M^{4(α+1)}ρ^{−α} , (17)

which became know as the Modified Chaplygin Gas (MCG) EOS.

This type of EOS appears in several settings with different physical motivations. For example, the consideration of Schwarzschild–Anti de Sitter black holes in 5D [75] leads to the EOS p = − 2 3 ρ − 12 ρl^2 , (18)

where l is associated to the curvature scale of the asymptotic anti-de Sitter space.

Another particular case of equation (17) that is useful in the cosmological setting, is given by p = ρ 3 ( 1 − ρ^2_d ρ^2 ) , (19)

which provides an excellent approximation for a relativistic gas of massive particles [76].

For the purpose of illustrating the equivalence of the three frameworks, it is convenient to consider more generic EOS with a linear and a nonlinear part

p = (γ − 1) ρ − f (ρ) . (20)

Inserting this expression into equation (6) and using the Friedmann equation (5) with no cosmological term we obtain

Ḣ + 3γ 2 H^2 + k a^2 ( 3γ 2 − 1 ) = 4πf (ρ) . (21)

Clearly, the similarity of the equation above with equations (8) and (15) is manifest, showing that a variable cosmic term, a bulk viscous pressure, and a nonlinear term in the EOS can play an equivalent role in the determination of the background cosmological dynamics. Although the aforementioned equivalence between the three frameworks holds for generic equations of state, we have restricted to fluids with a linear term to simplify the discussion of some specific examples that shall be developed in the next section.

It is worth noticing how the basic equations are modified in these three classes of models. The introduction of a new matter-energy component — the dynamical Λ term — alters both the energy conservation and the Friedmann equations (eqs. 4 and 5 respectively) with respect to a single fluid. On the other hand, the inclusion of a viscous pressure modifies only the energy conservation, through the inclusion of Π. Finally, a nonlinear term in the EOS does not change any equation formally (although it appears in both equations).

III. EXAMPLES AND ANALYTIC SOLUTIONS

In this section we shall illustrate the connection among the three roads to cosmic acceleration discussed above through some examples, showing the explicit equivalence among specific models in each framework. In particular, we shall consider two common types of dynamical Λ models: a power law cosmic term of the form (1) and Λ-decaying models with a quadratic dependence on the expansion rate, including models (2) and (3) as particular cases. We explicitly find their analogues in terms of a bulk viscous pressure and a nonlinear EOS in some particular cases. In this process we derive novel analytical solutions to these models.

A. Cosmological term depending on the scale factor

For models in which the Λ term is given as a function of the scale factor, the equivalence with a model with nonlinear EOS of the form (20) can be easily tested if the energy conservation equation allows an analytic solution, providing an explicit expression for ρ (a). In this case, ρ_Λ (a) is directly linked to the non-linear term f (ρ (a)).

As an example, let us consider the following EOS: p = (γ − 1) ρ − Bρ 1 + √ 1 + Cρ = (γ − 1) ρ + B C ( 1 − √ 1 + Cρ ) , (22)

where the parameter B is dimensionless, and C > 0 has dimensions of inverse energy density. The solution of the energy conservation equation (4), for γ ≠ 0,^5 is ( √_{1+Cρ+1−B/γ} √ 1+Cρ_0 +1−B/γ )_2( B−γ_{B−2γ} ) (_{√1+Cρ−1} √ 1+Cρ_0 −1

)^{2γ}_{B−2γ} = ( a a_0 )_{−3γ} . (23)

Choosing B = γ this expression can be easily inverted, leading to

ρ = c_1a^{−3γ} + c_2a^{−3γ/2} , (24)

5 The particular case γ = 0 leads to the relation (√ 1 + Cρ − 1 ) exp √ 1 + Cρ (√ 1 + Cρ_0 − 1 ) exp √ 1 + Cρ_0 = ( a a_0 )_{3B/2} .

where c_1 = C^{−1} (√ 1 + Cρ_0 − 1

)_2

a^{3γ}_0 and c_2 = 2 √ c_1/C. Therefore, the nonlinear term is given by

f (ρ) = γ C (√ 1 + Cρ_0 − 1 ) ( a a_0 )_{−3γ/2} = γ c_2 2 a^{−3γ/2} . (25) We thus see that this nonlinear term plays the same role as a dynamical cosmic term of the form (1), with m = 3γ/2. Hence, in this case, the power law Λ decaying model with a γfluid (eq. 7) is equivalent to a single fluid with EOS (22), with B = γ. From equation (25), it is clear that these models are also analogous to a fluid with linear EOS and viscous pressure of the form Π = Π_0a^{−3γ/2} (see eq. 15).

If on the one hand the evolution of the scale factor will be the same in the three models, on the other hand analytical solutions may be easier to find with one specific choice of the equivalent descriptions. In particular, while it is not possible to find a simple analytic solution for the energy conservation equation (4) with a power law decaying Λ term and a linear fluid, such solution is easily found for the nonlinear EOS (22). The advantage of one description over the others in deriving the evolution of the system will become even more apparent in the discussion bellow.

Analytic solutions for a(t) for the equivalent models discussed above can be easily found for γ = 2n/3 (where n is an integer number). For example, let us consider the “radiation era” (γ = 4/3), such that in the decaying Λ model we have ρ_Λ ∝ a^{−2} (or, in the case of viscous models, Π ∝ a^{−2}). In this case, equations (8), (15), and (21) allow the simple analytic solution^6 a = [( 16πσ 3 − k ) t^2 + At ]_{1/2} , (26)

where σ is the constant of proportionality present in each model. The constant of integration A is left free, since equations (8), (15), and (21) are second order differential equations (and we have already used a(0) = 0).

The solution above is obtained in a simpler way for the nonlinear fluid model, since in this case we have an explicit expression for the energy density as a function of the scale factor (eq. 24), which can be inserted in the Friedmann equation (5), without a cosmological term, yielding

H^2 = 8π 3 ( c_1a^{−3γ} + c_2a^{−3γ/2} ) − k a^2

. (27)

For γ = 4/3 this equation becomes

H^2 = 8πc_1 3 a^{−4} − ( k − 8πc_2 3 ) a^{−2} , (28)

which is analogous to the one obtained for a Universe with only radiation and curvature, with the quantity k − 8πc_2/3 in

6 Here and throughout we shall impose the condition a(0) = 0. On the other hand, to simplify the expressions, the “normalization” of a_0 = a(t_0 ) will be left arbitrary.

the place of the curvature parameter k. Now we have a first order differential equation which can be easily solved to get a = [( 8πc_2 3 − k ) t^2 + 2t √ 8πc_1 3 ]_{1/2} . (29)

Now the constant A has a clear interpretation in terms of the EOS parameters and the “normalization” ρ(a_0) = ρ_0.

A simple analytic solution can also be found from eq. (27) in the case γ = 2/3: a = 2πc_2 3 t^2 + t √ 8πc_1 3 − k . (30)

Of course, this solution is also valid for a cosmological term decaying as a^{−1} in a Universe dominated by a fluid with EOS p = −ρ/3 (e.g., a gas of nonrelativistic cosmic strings) for any curvature k.

These simple examples illustrate how the use of equivalent models is handy for obtaining analytic solutions. In particular, for decaying Λ models where ρ_Λ is a function of the scale factor a, it may be more advantageous to use an equivalent model in terms of a nonlinear fluid, since it may allow to obtain analytic solutions for ρ(a).

B. Cosmological term depending on the expansion rate

We shall now consider the case where the cosmic term is expressed as a function of H. More specifically, we introduce the Ansatz

Λ = Λ_0 + σH + νH^2 , (31)

which can be regarded as a series expansion of a generic Λ(H).

Clearly, from equations (8) and (15), it is easy to see that the dynamics of a Universe with a cosmological term of the form above and filled by a perfect fluid is equivalent to the one of a Universe with no cosmic term, but with and imperfect fluid with viscous pressure of the form (12) with constant coefficients (and including a constant term).

On the other hand, to make the comparison with nonlinear fluid models — for generic curvature — the combination of the Friedmann and energy conservation equations has to be used. Some examples that admit analytic solutions for a(t), are discussed below.

1. Trace anomaly cosmological term

Let us first consider Schützhold’s model [33] of decaying Λ (eq. 3), which has the form (31) with Λ_0 = 0 and ν = 0. As mentioned in section II B, in the case of a linear fluid (eq. 7), this model is equivalent to a viscous fluid with constant viscosity coefficient.

In a flat Universe, this model leads to the analytic solution [41, 77, 78]

a = [exp (σγt/2) − 1]^{23γ} . (32)

As pointed out by S. Carneiro [79], this same solution is found in the case of the MCG (eq. 17) with α = −1/2. In fact the energy conservation equation allows a simple analytic solution for this type of fluid^7:

ρ = ρ_0 [( 1 − A γ ) a^{−3γ(1+α)} + A γ ] 1_{1+α}

, (33)

where ρ_0 is a constant of integration and A = ( M^4/ρ_0 )_{1+α} . Thus, in the flat case and for α = −1/2, the nonlinear term is given by

f (ρ) = M^2ρ^{1/2} = HM^2 √ 8π 3 , (34)

showing the equivalence of the two models.

For some values of γ, this nonlinear fluid model with α = −1/2 allows analytic solutions for any value of the curvature k. For example, if γ = 4/3 (which can be regarded as a “generalized radiation fluid”) one has,

a = e √ 6πM^2 t − 1 − k 4 √ ρ_0 3M^2 − 1

sinh √_{3π} 2 M^2t √_{3π} 2 M^2

2 1 2 , (35) while for γ = 2/3 (“generalized cosmic string gas”) one has

a = 2πρ^{1/2}_0 M^2 ( 1 − 3M^2

2ρ^{1/2}_0 ) sinh √_{3π} 2 M^2t √_{3π} 2 M^2 2

+ 8πρ^0 3 ( 1 − 3M^2

2ρ^{1/2}_0

)_2 − k 1/2 sinh √ 6πM^2t √ 6πM^2 . (36)

These new solutions generalize equation (32), for these two choices of γ, for arbitrary curvature. Although these solutions are not directly related to a constant bulk viscosity or cosmic term proportional to H, they exemplify how the use of this nonlinear fluid model, by analytically solving the energy conservation equation, simplifies the obtention of analytic solutions for a(t).

Analytic solutions for α = 1 and γ = 4/3, in the flat case (i.e., for EOS 19), were obtained in reference [76]. It is worth mentioning that this model is equivalent (again in the flat case) to a linear fluid with particle creation, leading to a bulk viscous term of the form (14) with constant source and β ∝ ρ^{−1/2}. On the other hand, if β = const., this particle creation model is equivalent to a MCG with α = 1/2.

7 For γ = 0 the solution is

ρ = ρ_0 [ 1 + 3 (1 + α) ( M^4 ρ_0

)_{(1+α)} ln a a_0

] 1_{1+α} .

2. Renormalization group cosmological term

Another interesting case is found for σ = 0 in equation (31), which gives the form (2) representing the effect of quantum corrections to the vacuum energy in the renormalization group approach [3, 31, 32]. In the flat case, the effect of this cosmic term is clearly analogous to having a term f(ρ) = (Λ_0/8π) + (γν/3)ρ in equation (21). This analogy is still valid for generic curvature, as can be seen by inserting expression (2) into equation (8): Ḣ + γ 2 (3 − ν) H^2 + k a^2 ( 3γ 2 − 1 ) = γΛ_0 2 . (37)

This equation has the same solution as for a model with constant Λ and linear EOS of the form (7), but with γ^′ = γ(1 − ν/3), k^′ = k(3γ/2 − 1)/(γ(3 − ν)/2 − 1), and Λ^′_0 = Λ_0/(1 − ν/3).

The case γ = 1/ (3 − ν) (i.e., γ^′ = 1/3), allows an analytic solution given by

a (t) = sinh^2 [ t 2 √ Λ_0 3 − ν ]

+ [ k Λ_0

(2ν − 3)

] 1_2 [ e^t √_{Λ0 /(3−ν)} − 1 ] . (38)

An explicit solution for γ = 4/(3 − ν) can also be obtained as a particular case of equation (44), presented in the next section.

3. Quadratic expansion rate cosmological term

As a final example, let us consider the full quadratic form (eq. 31). Inserting this expression in equation (8) and introducing the new variable u, such that a = u^n, with n = 2 γ (3 − ν) , (39)

one has ü − γσ 2 u̇ − γΛ_0 2n u = − k n ( 3γ 2 − 1 ) u^{1−2n} . (40)

For k = 0 (or γ = 2/3), the solution is u = u_H := e^{γσt/4} { c_1 exp [ t ( γ^2σ^2 16 + γΛ_0 2n ) 1_2 ]

+c_2 exp [ −t ( γ^2σ^2 16 + γΛ_0 2n ) 1_2 ]} , (41)

where c_1 and c_2 are arbitrary constants.

Imposing a(0) = 0 as in the previous cases, we have a(t) = { e^{γσt/4} sinh [ t ( γ^2σ^2 16 + γΛ_0 2n ) 1_2 ]}^n

. (42)

Notice that for ν = Λ_0 = 0 we recover the solution (32), as it should be. Also, for σ = 0 and γ = 1/(3 − ν), we recover expression (38) for k = 0.

Solutions for k ≠ 0 can be found in some particular cases. For example, for n = 1/2, such that γ = 4/(3 − ν), the solution is

u = u_H + k ( 3γ 2 − 1 ) 2 γΛ_0

. (43)

Again, imposing a(0) = 0, we have a (t)= { e^{γσt/4} sinh [ t ( γ^2σ^2 16 + γΛ_0

) 1_2 ]

+ 2k γΛ_0 ( 3γ 2 −1 )( 1−e^{γσt/4}cosh [ t ( γ^2σ^2 16 +γΛ_0

)1_2])}^12 .(44)

A nonlinear fluid model that leads to the same solutions as the quadratic Λ(H) model, in some cases, is given by the following EOS

p = (γ − 1) ρ − M^2ρ^{1/2} − A , (45)

with A being a constant. This model allows an analytic solution for the energy conservation equation, which, for γ ≠ 0, is given by^8

( a a_0 )_{−3γ} =

(_{ρ1/2 − M 2} 2γ − √_{M 4} 4γ2 +^A_γ

ρ^{1/2}_0 −^{M 2}_{2γ} −

√_{M 4} 4γ2 +^A_γ

) M^2

√_{M 4 +4Aγ} +1

(_{ρ1/2 − M 2} 2γ +

√_{M 4} 4γ2 +^A_γ

ρ^{1/2}_0 −^{M 2}_{2γ} +

√_{M 4} 4γ2 +^A_γ

) M^2

√_{M 4+4Aγ} −1 . (46)

Clearly, for k = 0 the model above (eq. 45) is equivalent to the quadratic Λ model (eq. 31), and has a solution of the form (42). However, this solution would hardly be found from inverting relation (46) and inserting the result in the Friedmann equation. This is an example where the use of a nonlinear EOS makes it harder to obtain analytic solutions, contrary to the examples of sections III A and III B 1.

IV. SUMMARY

In this work it was shown that three distinct classes of cosmological models (decaying Λ, bulk viscous pressure and fluids with exotic nonlinear equations of state) are equivalent, in the sense that in each of the classes there are models that reproduce exactly the same expansion history of the Universe.

8 For γ = 0 the relation is

ρ^{1/2} − ρ^{1/2}_0 − A M^2 ln ( M^2ρ^{1/2} + A M^2ρ^{1/2}_0 + A ) = 3M^2 2 ln a a_0 .

This equivalence is apparent from the formal analogy among equations (8), (15), and (21).^9

As explicit examples where the equivalence is manifest, we have considered two popular classes of “decaying vacuum” cosmologies: a power law Λ term (sec. III A) and a cosmic term depending on the expansion rate (sec. III B).

We have analyzed the case of a generic quadratic cosmological term of the form Λ = Λ_0+σH+νH^2, which is equivalent to a viscous term of the form (12) with N = 2 and constant coefficients, plus a constant term. In the flat case (and for a linear EOS p = (γ − 1)ρ) this model is also equivalent to the MCG Gas with α = −1/2 plus a constant term (eq. 45).

We obtained a complete analytical solution for these models in the flat case (eq. 41). For arbitrary curvature, we have shown a solution for γ = 4/(3 − ν) (eq. 44). As far as we know, it is the first time that such type of model is discussed in the literature.

For Λ_0 = 0, and in the flat case, this model is equivalent to a linear viscosity of the form (10) with coefficient ζ = ζ_0 + ζ_1ρ^{1/2} and, for a linear EOS, to the MCG (eq. 17) with α = −1/2. For Λ_0 = 0 = ν we recover the “trace anomaly cosmological term”, which is equivalent to a linear viscous term with constant viscosity coefficient. Again, in the flat case and for a linear EOS, this model is equivalent to the MCG with α = −1/2. We have found two analytic solutions for the MCG with α = −1/2 and arbitrary curvature: one for the “generalized radiation fluid” (eq. 35) and another for the “generalized cosmic string gas” (eq. 36). This generalizes the solution for the flat case discussed in [78].

For σ = 0 we recover the “renormalization group cosmic term”. We have show that this Λ-decaying model is equivalent to a model with constant Λ and a linear fluid, with redefined values for the cosmological constant, the curvature, and the equation of state parameter (see sec. III B 2). We have obtained an analytic solution for the case γ = 1/(3 − ν) and arbitrary curvature.

Regarding the power law Λ term, we found that models with a linear equation of state p = (γ − 1)ρ and a power law cosmic term of the form Λ ∝ a^{−3γ/2} (or equivalently a viscous pressure of the form Π = Π_0a^{−3γ/2}) are equivalent to a model with EOS given by p = (γ − 1)ρ + γC^{−1} ( 1 − √ 1 + Cρ ) and no Λ. We have displayed the analytical solutions for a(t) for γ = 4/3 and γ = 2/3, for generic curvature.

The use of equivalent models can be handy in finding analytic solutions. In fact, in some cases one particular model excels the other ones in the task of deriving explicit solutions.

9 It is worth mentioning that the equivalence among these frameworks has been discussed in previous works for some particular cases. For example, the equivalence between variable-Λ cosmological models and models with bulk viscosity was pointed out in refs. [80] (for one specific model in the flat case) and [81] (for two models). Also, the similarity of the trace anomaly cosmic term with the MCG with α = −1/2, in the flat case, was shown in ref. [79].

Here, we have illustrated this property with particular examples where the solutions to a particular model are easily found using the equivalent model belonging to another class.

V. DISCUSSION AND CONCLUDING REMARKS

As mentioned above, a practical application of the mathematical equivalence pointed out in this work is in the search for analytical solutions, which can be useful for pedagogical purposes and to test numerical codes. But, besides this operational use, does the equivalence among the three classes of models have a deeper physical connection? Can we observationally distinguish these models?

Certainly they cannot be distinguished with observables that are mostly dependent on the background cosmology, such as the redshift-distance diagram of type Ia supernovae. On the other hand, although their dynamic role is equivalent, these models may have different thermodynamical behavior. For example, it is know that bulk viscosity and matter creation processes are thermodynamically distinct (see, e.g. [82])^{10}. Thus, one may try to use thermodynamic arguments to distinguish among the three frameworks.

The existence of equivalent models in the three classes discussed in this work is not very surprising given the limited degrees of freedom of a homogeneous Universe. In fact a similar equivalence was pointed out in refs. [84] connecting scalar field models with nonlinear fluids in the homogeneous case.

A way to distinguish these models is to study their behavior when more degrees of freedom are present. Conversely, if the equivalence among the three frameworks remains in more generic configurations, this could point to a deeper connection among them. Thus, the natural next step in this investigation is to study the behavior of linear perturbations in the three classes of models.

Naturally, if Λ decaying models are considered homogeneous by construction, the perturbations of the inhomogeneous component will be clearly different from viscous models or models with nonlinear equations of state, since the viscous or nonlinear terms are intrinsically inhomogeneous. On the other hand, the vacuum contribution can be regarded being as space-time dependent. For example, in models where the cosmic term depends on the expansion rate, H can be replaced by a third of the local value of the velocity divergence (see, e.g., [85]).

Models with bulk viscous pressure are readily applicable to inhomogeneous situations by using the local values of the density and velocity divergence in the expression of the viscous term. Of course, models which are identical in the flat case for homogeneous configurations will have a different behavior in the perturbations.

10 The thermodynamics of a vacuum decaying model is discussed by Alcaniz & Lima [30], whereas the thermodynamic behavior of the GCG was investigated by Santos, Bedran, & Soares [83].

It is also straightforward to consider adiabatic perturbations in models with nonlinear equations of state. However, for quartessence models such as the GCG, this type of perturbations generate large scale structures that are inconsistent with observational data (see, e.g, [59, 63]). On the other hand, a specific type of entropy perturbation brings these models back in agreement with the data [60, 61, 63]. Several other ways to generalize to the inhomogeneous case equations of state that correspond to the GCG for the background have also been considered (see, e.g., refs. [86, 87, 88]).

The study of perturbations in the three frameworks is rather involving and presents several subtleties. Therefore, this analysis is left for subsequent works (see, e.g., [89]).

It is also worth investigating the microphysical motivation of the three frameworks. For example, it is known that models with nonlinear equations of state may arise from scalar fields with noncanonical kinetic terms [67, 68, 69].

Another avenue of research is to investigate wether the equivalence holds with respect to other frameworks for cosmic acceleration, such as self-interacting gases [4, 5] and other dark energy models.

Finally, several cosmological observables (such as largescale structure, cosmic microwave background fluctuations, and distance-redshift relations) have to be obtained in order to check the viability of these models with respect to the diverse set of observational data available.

Once these steps are undertaken, the study of equivalent models may prove useful for finding physical insights and motivations to phenomenological and first principle models that provide a good description of the available astro-cosmological data.

Acknowledgements

We thank Saulo Carneiro for discussions that inspired this work and the organizers of the Workshop Nova Física no Espaço, III Workshop Brasileiro em Gravitação e Cosmologia, and of the 100 years of relativity conference, where this work was discussed. SSC thanks FAPEMAT for financial support and ICRA-CBPF for their hospitality. MM thanks the organizers of the 2^a Escola Mato-grossense de Física and the hospitality of UFMT.

[1] M. P. Bronstein, Phys. Zeit. der Sowjetunion, 3, 73 (1933); see also H. Kragh, Cosmology and Controversy (Princeton University, Princeton, NJ), 1996.

[2] S. L. Adler, Rev. Mod. Phys., 54, 729 (1982).

[3] I. L. Shapiro, J. Solà, C. España-Bonet, and P. Ruiz-Lapuente, Phys. Lett. B 574, 149 (2003), astro-ph/0303306.

[4] W. Zimdahl, D. J. Schwarz, A. B. Balakin, and D. Pavón, Phys.

Rev. D., 64 063501 (2001).

[5] A. B. Balakin, D. Pavón, D. J. Schwarz, and W. Zimdahl, New J. Phys., 5, 85 (2003).

[6] J. C. Fabris, S. V. B. Goncalves, and R. de Sa Ribeiro, Gen. Rel.

Grav. 38, 495 (2006), astro-ph/0503362.

[7] A. Kamenshchik, U. Moschella, and V. Pasquier, Phys. Lett. B, 511, 265 (2001).

[8] S. Chaplygin, Sci. Mem. Moscow Univ. Math. Phys. 21, 1 (1904).

[9] M. Makler, Proceedings of the Brazilian Workshop on Dark Energy/Matter, 2006, in preparation.

[10] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys., 75, 559 (2003). [11] T. Padmanabhan, Phys. Rept., 380, 235 (2003),

hep-th/0212290.

[12] V. Sahni and A. A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000); S. M. Carrol, Living Rev. Relativity 4, 1 (2001).

[13] O. Bertolami, Nuovo Cim. B, 93, 36 (1986).

[14] M. Özer and M. O. Taha, Phys. Lett. B, 171, 363 (1986); M.

Özer, M. O. Taha, Nuclear Phys. B, 287, 776 (1987). [15] K. Freese, F. C. Adams, J. Frieman, and E. Mottola, Nuclear Phys. B, 287, 797 (1987).

[16] M. Reuter and C. Wetterich, 188, 38 (1987); C.Wetterich, Nucl.

Phys. B., 302, 668 (1988).

[17] M. Gasperini, Phys. Lett. B, 194, 347 (1987); M Gasperini, Class. Quantum Grav., 5, 521 (1988).

[18] P. J. E. Peebles and B. Ratra, ApJ 325, L17 (1988); B. Ratra and P. J. E. Peebles, Phys. Rev. D, 37, 3406 (1988).

[19] W. Chen and Y. S. Wu, Phys. Rev. D 41, 695 (1990).

[20] D. Pavón, Phys. Rev. D, 43, 375 (1991).

[21] I. Waga and V. Silveira, Phys. Rev D 50, 4890 (1994); L. F.

Bloomfield Torres and I. Waga, MNRAS 279, 712 (1996); V. Silveira and I. Waga, Phys. Rev. D 56, 4625 (1997).

[22] J. C. Carvalho, J. A. S. Lima, and I. Waga, Phys. Rev. D 46, 2404 (1992).

[23] I. Waga, ApJ 414, 436 (1993).

[24] J. M. Salim and I. Waga, Class. Quantum Grav., 10, 1767 (1993).

[25] J. A. S. Lima and J. M. F. Maia, Phys. Rev. D 49, 5597 (1994). [26] J. Lopez and D. V. Nanopoulos, Mod. Phys. Lett. A 11, 1 (1996), hep-ph/9501293.

[27] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2738 (1977).

[28] P. Wang and X. Meng, Class. Quant. Grav. 22, 283 (2005);

astro-ph/0408495.

[29] R. Opher and A. Pelinson, Phys. Rev. D, 70, 063529 (2004);

R. Opher and A. Pelinson, Braz. J. Phys., 35, 1206 (2005),

astro-ph/0512333.

[30] J. S. Alcaniz and J. A. S. Lima, Phys. Rev. D, 72, 063516 (2005).

[31] C. España-Bonet, P. Ruiz-Lapuente, I. L. Shapiro, and J. Solà, JCAP 0402, 006 (2004), hep-ph/0311171.

[32] I. L. Shapiro, J. Solà, and H. Štefačić, JCAP 0501, 012 (2005),

hep-ph/0410095.

[33] R. Schützhold, Phys. Rev. Lett. 89, 081302 (2002); Int. J. Mod.

Phys. A 17, 4359 (2002).

[34] J. M. Overduin and F. I. Cooperstock, Phys. Rev. D., 58, 043506 (1998), astro-ph/9805260.

[35] F. Bauer, gr-qc/0512007. [36] S. Weinberg, ApJ, 168, 175 (1971).

[37] C. B. Collins and J. M. Stewart, MNRAS, 153, 419 (1971). [38] G. L. Murphy, Phys. Rev. D 8, 4231 (1973).

[39] I. Waga, R. C. Falcão and R. Chanda, Phys. Rev. D, 33, 1839 (1986).

[40] J. D. Barrow, Nucl. Phys. B 310, 743 (1988). [41] Ø. Grøn, Astrophysics and Space Science, 173, 191 (1990). [42] W. Zimdahl, Phys. Rev. D., 53, 5483 (1996).

[43] I. Waga, J. A. S. Lima, and R. Portugal, Rev. Bras. Física 20, 187 (1990).

[44] W. Zimdahl, Phys. Rev. D, 61, 083511 (2000). [45] L. D. Landau and E. M. Lifshitz, Fluid Mechanics (London, Pergamon Press, 1959).

[46] B. L. Hu, Phys. Lett. A 90, 375 (1982). [47] C. Eckart, Phys. Rev., 58, 919 (1940).

[48] V. A. Belinskiĭ and I. M. Khalatnikov, Zh. Eksp. Teor. Fiz., 72, 3 (1977) [ Sov. Phys. - JETP, 45, 1 (1977)].

[49] M. Novello and R. A. Araujo, Phys. Rev. D., 22, 260 (1980). [50] I. Prigogine, J. Geheniau, E. Gunzig, and P. Nardone, Gen. Rel.

Grav. 21, 767 (1989).

[51] M. O. Calvão, J. A. S. Lima, and I. Waga, Phys. Lett. A, 162, 223 (1992).

[52] M. Makler, Ph.D. thesis, Brazilian Center for Research in Physics, 2001.

[53] N. Bilić, G. B. Tupper, and R. D. Viollier, Phys. Lett. B 535, 17 (2002).

[54] M. Born and L. Infeld, Proc. R. Soc. London A, 144, 425 (1934); W. Heisenberg, Z. Phys. 113, 61 (1939).

[55] D. Bazeia and R. Jackiw, Ann. Phys., 270, 246 (1998); R.

Jackiw and A. P. Polychronakos, Commun. Math. Phys., 207, 107 (1999); M. Bordemann and J. Hoppe, Phys. Lett. B, 317, 315 (1993).

[56] V. Gorini, A. Kamenshchik, U. Moschella, and V. Pasquier,

gr-qc/0403062.

[57] M. Makler, S. Q. Oliveira, and I. Waga, Phys. Lett. B 555, 1 (2003).

[58] M. Makler, S. Q. Oliveira, and I. Waga, Phys. Rev. D 68, 123521 (2003); R. Colistete, Jr., J. C. Fabris, S. V. B. Gonçalves, and P. E. de Souza, Int. J. Mod. Phys. D 13, 669 (2004); L. M. G. Beca, P. P. Avelino, J. P. M. de Carvalho, and C. J. A. P. Martins, Phys. Rev. D 67, 101301(R) (2003); A. Dev, D. Jain, and J. S. Alcaniz, Astron. Astrophys. 417, 847 (2004); O. Bertolami, A. A. Sen, S. Sen, and P. T. Silva, Mon. Not. R. Astron. Soc. 353, 329 (2004); Zong-Hong Zhu, Astron. Astrophys. 423, 421 (2004); astro-ph/0411039.

[59] H. Sandvik, M. Tegmark, M. Zaldarriaga, and I. Waga, Phys.

Rev. D 69, 123524 (2004).

[60] R. R. R. Reis, I. Waga, M. O. Calvão, and S. E. Jorás, Phys.

Rev. D 68, 061302(R) (2003).

[61] L. Amendola, I. Waga, and F. Finelli, JCAP 0511, 009 (2005);

astro-ph/0509099.

[62] L. Parker and A. Raval, Phys. Rev. D 62 (2000) 083503;

gr-qc/0003103.

[63] R. R. R. Reis, M. Makler, and I. Waga, Class. Quantum Grav., 22, 353 (2005).

[64] G. M. Kremer, Gen. Rel. Grav., 36, 1423 (2004), gr-qc/0401060; S Capozziello et al., J. Cosmol. Astropart. Phys. 04, 005 (2005).

[65] L. Amendola, M. Makler, R.R.R. Reis, and I. Waga,

astro-ph/0604013.

[66] M. Makler and L. S. Werneck, in preparation; L. S. Werneck and M. Makler, in preparation.

[67] R. J. Scherrer, Phys. Rev. Lett., 93, 011301 (2004). [68] M. C. Bento, O. Bertolami, and A. A. Sen, Phys. Rev. D 66, 043507 (2002).

[69] M. Novello, M. Makler, L. S. Werneck, and C. A. Romero, Phys. Rev. D, 71, 043515 (2005).

[70] H. B. Benaoum, hep-th/0205140.

[71] P. F. Gonzalez-Diaz, Phys. Lett. B, 562,1 (2003);

astro-ph/0212414.

[72] D.-J. Liu and X.-Z. Li, Chin. Phys. Lett. 22, 1600 (2005);

astro-ph/0501115.

[73] H. Štefančić, Phys. Rev. D 71, 084024 (2005); S. Nojiri, S.D.

Odintsov, and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005); J. S. Alcaniz and H. Štefančić, Astron. Astropys., 462, 443 (2007).

[74] S. S. Costa, Braz. J. Phys., 35, 1046 (2005).

[75] A. Kamenshchik, U. Moschella, and V. Pasquier, Phys. Lett. B 487, 7 (2000); gr-qc/0005011.

[76] G. de Berredo-Peixoto, I. L. Shapiro, and F. Sobreira, Mod.

Phys. Lett. A 20, 2723 (2005); gr-qc/0412050. [77] R. Treciokas and G. F. R. Ellis, Comm. Math. Phys., 23, 1 (1971).

[78] H. A. Borges and S. Carneiro, Gen. Rel. Grav. 37 (8), 1385 (2005); gr-qc/0503037.

[79] S. Carneiro, personal correspondence. [80] M. S. Berman, Int. J. Theor. Phys. 29, 567 (1990). [81] A. Beesham, Phys. Rev. D., 48, 3539 (1993).

[82] J. A. S. Lima and A. S. M. Germano, Phys. Lett. A, 170, 373 (1992).

[83] F. C. Santos, M. L. Bedran, and V. Soares, Phys. Lett. B 636, 86 (2006).

[84] T. Nakamura and T. Chiba, MNRAS 306, 696 (1999), astro-ph/9810447; T. Chiba, N. Sugiyama, and T. Nakamura, MNRAS 301, 72 (1998), astro-ph/9806332.

[85] J. C. Fabris, I. L. Shapiro, and J. Solà, gr-qc/0609017, JCAP in press.

[86] W. Zimdahl and J. C. Fabris, Class. Quant. Grav. 22, 4311 (2005), gr-qc/0504088.

[87] M. C. Bento, O. Bertolami, and A. A. Sen, Phys. Rev. D 70, 083519 (2004), astro-ph/0407239.

[88] N. Bilic, G. B. Tupper, and R. D. Viollier, hep-th/0504082. [89] S. S. Costa, M. Ujevic, and A. F. dos Santos, in preparation.