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P{A} = 1 − P{A} ,

P{A ∪ B} = P{A}+ P{B} − P{A ∩ B} .
¤mA8T<AC§
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P{A ∪ B} ≥ P{A} , P{B} ; P{A ∩ B} ≤ P{A} , P{B} .
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P{A∩B} = P{A} ª! '17V P{A∪B} =
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P{A | B} =
P{A ∩ B}

P{B} , P{B} 6= 0 .
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P{B | B} = 1

T
���2�71'L+"0L</81UM  ��21�;= �V7;=1'1Uª{²��21'1
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P{A | B}P{B} = P{B | A}P{A} ¤mA-T E�§
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P � �Q¹817L+g��-M 4/32 = 1/8

¤uj T�RS�'.��Q¹817L+g�§
P � ���2.�o��-M 1/4

¤Sj T�RS�7.��@�!.0o�§
P � ���2.�o ∩ �Q¹81'L<g���M 1/8 · 1/4 = 1/32

¤uj T�RS�'.����2.�o2,8¹-1'L<g�§
P � ���2.�o ∪ �Q¹81'L<g���M 1/8 + 1/4− 1/32 = 11/32

¤Sj T�RS�'.Q�@�2.�o�/�V��2.!�Q¹81'L<g�§
P � ���2.�o | ��¹-1'L+g��-M 1/4 = P � �@�!.0o�� ¤Sj T�RS�7.��@�!.0o�²��21'1���¹-1'L<g�§
# ���d�;AV� ��� & h7.�;8 '�217;81�"0�2L<*®O��2L�4�"� 7V�L<�2.��217V'�21¶¤S,-/8.�.0�!*+L<�2.0"0�Q(:L+g-�217#�$&%7;=R¡"0�21�§
³@ 7#)V��!1�³�1-"��2L<*+�!1�V'�2.@4�"0 �V�L+�!.0�!17V��!1� '17V�h'.&;= 7�21�L<1bV��2.����2e-¹8*<,8�2.� '1'g�ª-#0/�²�L+�
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P{A} = 0.02
¤u³�1�"0�2L<*rV��!.�4�"0 �V�L+�!.0�!17V��!1�L<1}V��2.@���!e8¹8*<,8�!.0 71'g�§

P{B} = 0.5
¤u³�1�"0�2L<*rV��!.@h'.&;= '�!1bL+1bV��2.Q���!e8¹-*+,-�2.� '1'g�§

P{A | B} = 0.018
¤u³�1-"��2L<*rV��!.�4�"0 7V'L+�!.0�!17V��21b '1�"��2.�V��!1�h7.�;8 '�21�§

P{B | A} � ¤w³@1�"0�!L+*rV'�2.@h'.&;= 7�21b '1�"0�!.@V��21·4�"� 7V�L<�2.��217V��!1�§
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P{B | A} =
P{A ∩ B}

P{A} =
P{A | B}P{B}

P{A}

=
0.018 · 0.5

0.02
= 0.45 .
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m1
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m2
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P{m0 ≤ m < m2}
P{m1 ≤ m < m2}

=
m2 − m0

m2 − m1
.
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P{m2
0 ≤ m2 < m2

2}
P{m2

1 ≤ m2 < m2
2}

=
m2

2 − m2
0

m2
2 − m2

1

6= P{m0 ≤ m < m2}
P{m1 ≤ m < m2}

.
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m2 − m1 � m
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m2
2 − m2

0

m2
2 − m2

1

=
m2 − m0

m2 − m1
× m2 + m0

m2 + m1

=
m2 − m0

m2 − m1
(1 +

m0 − m1

m2 + m1
)

≈ m2 − m0

m2 − m1
.
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#0$&%'�!L+17*+Li$&%',8�!L]"��21};=171'�2%'JH�!1UT��QL+�H4� 'JHJH�
s = 6

,�;=1'1·;8 �R
10

e8�!.�#�$&%'L<�!V��!1'�?jk�2L+3
#q�!1 .0�C;=*<L<#0L<�2.0"�²��!.�V'�21UT�4�/8JHL+"�Li#m"¥V�L+� j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"}RS�'.

s = 6
g-�2.&;8V��

P {s = 6} = 10/216 ≈ 4.6%
T���L<�·µ
�!.q"��2L<*+ '17g¶L<#q"Y#06�JHJH�I"�.0Li#�$&%� '1�V�%7;�"�V��!1
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T
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j�L+.�1'�!%'JH�21¥;=1Uª®V';-#0#�V�L<�sj¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"0�!1�#0L<$&%k;= �R �����V��#q,�;8*<;8.0��G` �Ru;=*<*<#q3
e�;8.0Li;=O7*+��¤w;= 7$&%~;8*<#�µ:;=.�L<;="0� O��2o!�2Li$&%'1'�2"&§

x
O��!o2L<�2%'�!1Uª{V®T %rT��!L+1�,� 7;81�"0L+�7o2L<�2.�O7;=.��!#

#}�2.�,�JH;8*
x
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�2L<1'��L<1-"��2g-.�;8*+�?µ
�!.q"��2L<*+ '17g-#qRS '1',�"0L</81~¤w;= 7$&%},� 'Js '*<;="0L<e8�?µ
�!.q"��2L<*+ '17g-#qRS '1',�"0L</81·g-�I3
17;=1'1�" §

F (t)
V��2�71'L<�2.��21Uª®V�L<�´;=1'g-L+O'"!ª`²�L+��²);=%'.&#0$&%7�2L<1'*+Li$&%·�C#QLi#q"!ª`�2L<1'�21kjk�2.0"�V��!.

G� �Ru;=*<*i#qe�;=.�Li;=O'*<�21
x
o2 ��717V��!1Uª7V��!.�,�*+�!L+1'�!.@;=*i#

t
Li#q"!T

���2�71'L+"0L</81UM

F (t) = P {x < t} ;
JHL]" −∞ < t < ∞ .

��L<��j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�;�l�L</8JH�¶�2.�o2²�L<1'g-�21 V�L<�~RS/-*+g-�217V'�21 (�L+g-�217#�$&%7;�R¡"��21 V'�2.
µ
�2.0"0�2L<*< '1'g-#qRS '1',�"�L+/-1UM

;-§
F (t)

#q"0�!L+g8"@J�/-1'/="�/81YJ�L+"
tO�§

F (−∞) = 0
ª

$!§
F (∞) = 1

T
j�L+.�,�*i;8#�#qL+�7o2L<�2.��21Yµ
�2.0"0�!L+*< '1'g- '1'g8�!1YL<1
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• ��Li#q,�.��I"���µ
�!.q"��2L<*+ 71'g8�!1k¤w³@O'OUT`¢�T ¢8§
• ��/-1-"�L+1� 'L<�2.�*<L<$&%'�Qµ
�2.0"0�!L+*< '1'g-�21¶¤u³�O'OUT�¢'T E�§

� � � � � 	�Zuz!�®���-_C�b�?�-��_C��Zwvu��X�x���X

j�L+.�g8�!%'�21´L<J h'/8*<g8�!17V��!1Uª-²��2171´,8�2L<1'�Qg8�2g-�21�"0�!L+*<L<g8�21´³�1'g-;8O��!1 g8�!JH;-$&%�":²��!.�V��!1Uª
V';�e8/-1�;= 7#!ª®V';8#�#�V�Li#q,�.��I"0��µ
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V��2.� �.0¹.�8��17;-$&% g8�!/8.&V�1'�2"0��µ:;=.�Li;=O'*<�

xi
g-�2,8�!1'1'o!�2Li$&%'1'�I": 717V e-/81

1
O7L<#

N
V� '.&$&%�3

1� 7J��!.0L<�2.0"�#qL<17V®ªr²�/-O��!L:V�L+�´³�1'o!;8%'*
N
1'L<$&%�"�O��!#�$&%'.&f=1',�"�#q�!L+1kJ� �#0#!T®(�#?g-L+*+"?RS�'.

V�L+�?j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"0�!1
p(xi)

ª�V�L+�?jk�2.0"0�
xi
o2 b�2.�%7;8*]"��21UM

N∑

i=1

p(xi) = 1 .

���2�71'L+"0L</81UM
p(xi) = P {x = xi} = F (xi + ε) − F (xi − ε)

ªU²�/-O��!L
ε
p�/-#0L+"0L<e

 '17V�,�*+�!L+1'�!.@;=*i#�V��2.@³�O7#q"�;=1�VYo! bO��!17;8$&%�O7;8.q"��21�µ:;8.0Li;�"��21�²��2.0"0�21YL<#q"!T
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k
o2 s²��!.qRS�!1Uª

�2L<1}4��!$&%7#q"0�!*wM
p(k) = 1/6

RS�'.
k = 1, 2, 3, 4, 5, 6

T
(�#:Li#m"�J�¹-g8*<L<$&%rª8V�Li#q,�.��I"0��µ
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δ
3
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f(x)
ª�V�L<��J´;=17$&%7JH;8*@JHL]" A���J�� -��?¤S�!1'g8*NT_Af�?1#a��#a�������$;M

J#�����/��$%M -�'��f��$;� 12�®§�;8O'g8�!,��7.0o2"�²�L<.�VUT74�L+�?Li#q"�RS/8*<g8�21�V��2.�J´; �8�!1�V��2�71'L<�2.0"!M

f(x) =
dF (x)

dx
.

¤N¢�T<AC§

4�L+��%7;="�V�L<�?(:L+g-�217#�$&%7;=R¡"0�21rM
;-§

f(−∞) = f(+∞) = 0 ,O�§ ∫∞

−∞ f(x)dx = 1 .��L<�@j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"
P {x1 ≤ x ≤ x2}

ª-V�L+��G� �Ru;=*<*i#qe�;=.�Li;=O'*<�
x
L+J �51�"0�2.�e�;=*<*

e8/81
x1

O7L<#
x2

o2 ��717V'�21Uª'Li#q"�RS/8*<g8*<L<$&%

P {x1 ≤ x ≤ x2} = F (x2) − F (x1) =

∫ x2

x1

f(x)dx .

# ���d�;AV� ��� & jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�H¤S(:l�p�/817�21�"0Li;=*<e8�!.q"��2L<*+ '17g�§
��L<�) U�!O��!17#0V7;= '�!.01YL+17#q"�;8O'L<*+�!.@£r�!L+*i$&%'�21�RS/-*+g-�21��2L<1'�2.�(
l�p�/81'�!1�"0Li;=*<e8�2.0"0�!L+*< '1'g�ª
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f(t) = λe−λt RS�7. 0 ≤ t ,
¤N¢�T ¢8§

²�/-O��!L�V��!.�9
;=.&;=JH�I"��2.
λ
V';8#��51�e-�2.&#q� V'�2.�JHL+"q"0*<�2.��21� U�2O��21�#0V';8 '�2.

τ = 1/λ
L<#q"!T

jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�� '17V�µ
�2.0"0�!L+*< '1'g�#mRS 71',�"0L</81

F (t) =

∫ t

−∞

f(t′)dt′ = 1 − e−λt

#qL<17VbL<1b³�O'OUT`¢�T ¦´g8�2o!�2L<g="CT7��L<��j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"!ª'V';-#0#)�!L+1·£��2L<*i$&%'�21b*if=1'g-�2.@;=*i#
�2L<1'�?JHL]"0"0*<�2.��  r�2O��217V7;= '�!.

τ
*<�2O'"!ª'Li#m"

P {t > τ} = F (∞) − F (τ) = e−1 .

# ���d�;AV� ��� & jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�H¤u��/8.�J´;=*<e8�2.0"0�!L+*< '1'g�§
(:L+1~4�;8 '�2.&#q"0/8b`JH/8*<�2,��'*
V�.�L]R¡"��I"?L<1k�!L+17�2J ³�.0g-/81'g�;8#QL+1�RS/-*+g-�´V��2.�"�%'�2.�JHL<#�$&%'�21

4�"0¹.�8�8T�(�#�#m"&;=.0"0�I"�;=J d@.&#qp7.0 '17g·V��!#/��/�/-.�V�L<17;="0�21�#q6�#q"0�2J´#!TU��;-$&%~³@O'*i;= �R@�!L+17�2.
g8�2²�Li#�#q�!1}G��!L]"&#qp�;=1'1'�?O��I��17V��I"��!#@#0Li$&%b;8J �Q.0"�¤

x, y, z
§ T�'-�!V���V'�2.@9:.�/8�m�!,�"0L</81'�!1Uª

o8T���T
x
ªURS/-*+g8"�17f=%7�2.� '1'g-#0²��2Li#q���2L<1'�2.s�@/8.�J´;=*<e8�!.q"��2L<*+ '17g¥¤w#qL<�2%7� ³@O'OUT{¢�T B8§Iªr;= 7$&%
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f(x) =
1√
2πs

e−x2/(2s2) .
¤N¢�T E-§

��L<����.0�!L]"��21',-/817#q"�;81-"��
s
L<#q"!ª7²�L+��#0L<$&%� '1�"0�!1bo2�2L<g="Cª�p'.�/8p�/8.0"0L</817;8*�o! '.@jk '.�o2�2*U;8 7#

V��2. G��2L+"!T�jk�21'1~²�L<.�e8/8J�#·;=l�L<J� 7J V'�2.´ �*+/�$&,8�!1',� '.�e8�´ 'J V��!1�h7;8,-"�/8.
1/

√
e17;8$&%� '1�"0�!1�g-�2%'�!1Uª�Li#m"�V�L<�?e8/-*+*<����.��2L+"0��g-�2.&;8V��

2s
T
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µ�L<�2*<�@µ
/8.�g-f81'g8�)#qL<17V�o2 ´,-/8JHp'*<�Il®ª8;8*<#
V';-#0#�#qLi$&%´V�L+��µ
�!.q"��2L<*+ 71'g�V��!.:L+1�"��2.��!#�#qL<�2.��21�3
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�51 V�L<�!#0�21 h{f=*<*<�21�²�L<.�V�#0L<�·�Il�p��2.�L+JH�21�"��2*<*Q�!.0JHL+"q"0�!*]"Cª�L<17V��!J JH;81��2L<1'���Qf= ���g=3
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²��!.q"&#)o2 �²��!17V��!1UT
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E(u)
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u(x)

ª�V�L<��e-/81}V��2.?G� �Ru;=*<*i#qe�;=.�Li;=O'*<�21
x
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xi
e-/81

x
;8 7#

V��2.�µ
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E(c) = c,
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E(E(u)) = E(u),
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E(u + v) = E(u) + E(v),
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E(cu) = cE(u) .
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E(x) ≡ 〈x〉 = µ =

N∑

i=1

xip(xi)
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∫ ∞
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x f(x) dx
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∫ ∞
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λte−λt dt = 1/λ = τ .
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e�;=.

(x) = σ2 = E
[
(x − µ)2

]
.
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(cx) = c2 e�;=. (x) ,
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σ2 = E(x2 − 2xµ + µ2),

= E(x2) − 2µ2 + µ2,

= E(x2) − µ2.
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σ2 = 〈x2〉 − 〈x〉2 = 〈x2〉 − µ2 .
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x → x − a , µ → µ − a
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〈(x − a)2〉 = 〈(x − µ)2〉 + 〈(µ − a)2〉 ,
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RS�7.

a = 0
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σ2
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ª
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x = x1 + x2,

σ2 = 〈(x − 〈x〉)2〉
= 〈((x1 − µ1) + (x2 − µ2))

2〉
= 〈(x1 − µ1)

2 + (x2 − µ2)
2 + 2(x1 − µ1)(x2 − µ2)〉

= 〈(x1 − µ1)
2〉 + 〈(x2 − µ2)

2〉 + 2〈x1 − µ1〉〈x2 − µ2〉
= σ2

1 + σ2
2 .
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V�L+�!.0�!1�#0L<$&%·V�L<�sh7�2%'*<�2. ,� 7;8V'.�;="0Li#0$&%UT�³@17;8*+/-g �2.�%7;=*+"0�!1·²�L<.@RS�'.�V�L<��µ:;=.�Li;=1'o��!L+17�2.
4� 'JHJH��;= 7#

N
#}�C#0#0²��!.q"��21

σ2 =

N∑

i=1

σ2
i .
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a:���K�'vuvwz��-�'��vw��X
��L<�·µ:;=.�Li;=1'o

σ2
N

V��C# 9:.�/8O��217J�L+"q"��2*<²��!.q"&#
x̄
;8 7#

N
 '17;8O'%7f81'g8L<g8�!1�G` �Ru;=*<*<#0o!;8%�3

*+�!1
xi
ª�V�L<� ;=*<*+� V'�2.�g-*+�!L<$&%7�21kjk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�

f(x)
JHL]"sV'�2J±(:.0²);=.03

"0 '1'g�#q²��2.0"
µ
 '1�VkV'�2.?µ:;=.�Li;=1'o

σ2 RS/8*<g8�!1Uª®�2.�%7;8*]"��21�²�L<.?�2L<1�Ru;-$&%¥;8 7#�V��2.?/-O'L<g8�21
���!o2L<�2%� '1'g�M

x̄ =
N∑

i=1

xi/N ,

e�;8.
(Nx̄) = N2 e�;=. (x̄) = Nσ2 ,

σN =
σ√
N

.
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t = 0
;=J �Q.0"

r = 0
Li#m"Cª{V'�2.�J�L+"q"�*+�!.0��,� 7;8V'.�;="0Li#0$&%'�Y³@O7#q"�;817V

s
p'.�/8p�/8.03

"0L</817;8*�o! '.Hj� 7.0o!�2*�;= 7#�V��!.H³�1'o!;8%'*�V��2. 4�"�¹��-�8ª
;=*i#q/k;= 7$&%�o2 '.Hjk '.0o!�2*�;= �#�V'�2.
G��2L+"!T�jk�21'1bJ´;=1kA!n-n]�QO��m�2,�"0��1'�2O��217�2L<17;=17V'�2.�*<�2g="Cª'V�L<��;8*+*<�?V�L<��g-*+�!L<$&%7�QJHL+"q"0*<�2.��
 rf=17g8�21�#0$&%�²);=1',� '1'g

σ
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g8�2.&;8V'�
10 σ

T

������ZS_C�
v
��ZuX���� ������t��·��X������'��Zw�'X �}����� �?����_!��Zuvw��X�x

��f= '�7g�²�L<*+*�J´;=1 ;= 7#Y�2L<1'�2.b9:.�/8O���;8 �RsV�L<��µ:;8.0Li;=17o
σ2 V��2.�o2 'g-.0 717V���*<L<�2g8�!1�3

V��21}µ
�!.q"��2L<*+ '17g�#0$&%7*+L<�"�-�21UT'�m#q"Q;8 &�8�!.�V��!J ;8 7$&%}V��2.#}L]"0"0�!*+²��2.0"QV��!.�µ
�2.0"0�!L+*< '1'g
µ '1�O��!,�;81'1�"!ª�#q/·O7L+*iV��I"�J´;=1~V��!1 #}L]"0"0�!*+²��2.0"

x̄
V��!.

N
9:.�/8O��217�2*<�2JH�21�"0�� '17V~V�L<�

g8�2JHL+"q"��2*+"0�
,� 7;8V'.�;="0Li#0$&%'�H³@O�²��2Li$&%� '1'g
v2 V'�2.?9:.�/8O��21�²��2.0"0�´V';�e8/-1UT®���!.?(:.�²�;8.q3

"0 '1'g�#q²��2.0"{e8/81
v2 %7f81'g="
1� '.{e8/-1�V��2.{µ:;8.0Li;=1'o)V��!.�µ
�!.q"��2L<*+ 71'gQ 717V�e-/81�V��2.: �.�¹��8�

N
V��!.@9:.�/8O��?;=OUT�G� 717f8$&%7#q"�g8L<*]"

v2 =
1

N

∑

i

(xi − x̄)2

=
1

N

∑

i

(
x2

i − 2xix̄ + x̄2
)

=
1

N

∑

i

x2
i − x̄2 .
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〈x2〉 = σ2 + µ2 ,

〈x̄2〉 =
e�;=.

(x̄) + 〈x̄〉2

=
σ2

N
+ µ2
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〈v2〉 = 〈x2〉 − 〈x̄2〉 = σ2

(
1 − 1

N

)
,

σ2 =
〈∑i (xi − x̄)

2〉
N − 1

.
¤w¢'T+A�B8§

���!.�(�.0²);=.0"0 '17g-#0²��!.q"�V��!.bg8�2JHL+"q"��2*+"0�21 ,� 7;8V�.&;�"�L<#�$&%'��³�O�²��!L<$&%� '1'g�L<#q"� 7J V��21
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(N − 1)/N
,�*<�2L<1'�2.�;8*<#)V�L<��µ:;=.�L<;81'o8T�³@ �#�V��2.@4� 'JHJH��V��!. ,� 7;-V�.&;�"0Li#�$&%'�21
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µ
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j�L+.�O��!.0�C$&%'1'�21H(:.�²);=.0"0 '1'g�#q²��2.0"@¤ #}L+"q"��2*<²��!.q" §
µ
 '17VHµ:;8.0Li;=17o

σ2 V��2.�µ
�2.0"0�!L+*< '1'g
V��2.! rL+1'�C;=.�,8/-J�O'L<17;�"�L+/-1

f(x) = αf1(x) + βf2(x) , α + β = 1 ,

²�/-O��!L
f1
 717V

f2
 '1�"��2.&#0$&%'L<�!V'*+Li$&%'�?(:.�²�;8.q"� '1'g�#q²��2.0"0�

µ1
ª
µ2

 '17V·µ:;=.�L<;81'o2�!1
σ2

1

ª
σ2

2

%7;=O��21UM
µ = αµ1 + βµ2 ,

σ2 = E
(
(x − E(x))

2
)

= E(x2) − µ2

= αE1(x
2) + βE2(x

2) − µ2

= α(µ2
1 + σ2

1) + β(µ2
2 + σ2

2) − µ2

= ασ2
1 + βσ2

2 + αβ(µ1 − µ2)
2 .

�Q;8O��!LQ#0L+17V
E1

 '17V
E2

V'L+�·(�.0²);=.0"0 '17g-#0²��!.q"��YO��2o!�'g8*<L<$&%�V��!. j¥;=%'.&#0$&%7�2L<1'*+Li$&%�3
,8�2L+"�#�V�Li$&%�"0�21

f1
 '1�V

f2
T��QL+�}*<�I"�oI"���G��2L<*+�b�!.0%7f8*]"´J´;=1� '1�"��2.´µ
�2.�²��217V� 71'g¥e8/81

α + β = 1
T���L<�¥��.��2L+"0��%7f=17g="Y1�;�"0�7.0*<L<$&% e8/8J ³�O7#m"&;=17V V��2.�#}L+"q"0�!*+²��2.0"0�¥;=OrT

�Q;-#�(:.0g-�2O'17L<#�,�;=1'1kJ´;=1¥;= 7$&%¥V� '.&$&%����2"0.&;8$&%�"0 '17g�e8/-1¥ �.��217oIRuf=*<*<�21�¤
µ1 = µ2

ª
σ1 = σ2 = 0

§��2.�.�;="0�!1UT

���'��Zw�'X �}���������'vS_C��X�x � ����Zw�-��������_!��Zwvu��X�x���X

(:L+17�s �.0¹.�8�
x
JHL+"�V��2.@j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�V�Li$&%�"0�

g
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µ
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%7f=1'g-L+g-�21�G� �Ru;8*+*i#0e�;8.0Li;=O7*+�!1YJHL+"��QL<$&%�"0�!1
g
ª
h
Li#m"CT7j�L<�� '1�"0�!1}L+1·³�O7#0$&%71'L]"0"�¢'T B'T ¦
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f(x′)
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f(x′) =

∫
g(x)h(x′ − x) dx

g8�2g-�2O��21UT��QL+��g8�!JHf��Y¤N¢�T<AC¢8§:�2.�²�;8.q"��I"���³�V'V�L+"0L<e�L]"&f�"�V��2.�µ:;=.�L<;81'o2�!1�¤S²�L<��;= 7$&%�V'�2.
(:.0²);=.0"0 71'g-#0²��!.q"��C§�*<f-#0#q"@#qLi$&%�17;�"��'.0*<Li$&%�;8 7$&%�V'L+.��2,�"�e8�!.0L+�7o2L<�2.��21rM

〈x′2〉 =

∫ ∫
x′2g(x)h(x′ − x) dx dx′

=

∫ ∫ [
(x′ − x)2 + 2xx′ − x2

]
g(x)h(x′ − x) dx dx′

=

∫ ∫ [
(u2 + 2x(u + x) − x2

]
g(x)h(u) dx du

= 〈u2〉 + 〈x2〉 + 2〈x〉〈u〉 .

4� 'O�"�.�;8,-"�L+/-1Ye-/81 〈x′〉2 = (〈x〉 + 〈u〉)2 *<L<�IRS�2.0"�V';-#)g8�!#0 7$&%�"0��(:.�g8�!O'1'Li#2M
e�;=.

(x′) =
e�;8.

(u) +
e�;8.

(x) .

��L<�Yµ:;8.0Li;=17oYV��!.�µ
�!.q"��2L<*+ 71'g�e-/81
x′ L<#q"Hg8*<�2Li$&%�V��2. 4� 7J�JH�bV��2.Hµ:;8.0Li;=1'o!�21�V'�2.

µ
�2.0"0�2L<*< '1'g8�!1
g
 '17V

h
T

� � � � � ¯rc���Zw���K�

���!.�4�$&%'L<�IRS�!1',8/����´o!L+�!1-"
γ1
Li#m":�!L+1 #·;��QRS�7.�V�L<�@³�#06�JHJH�I"�.0L<���2L<1'�!.:µ
�2.0"0�!L+*< '1'g�T=(:.

L<#q"�1� '*<*{RS�'.?V�L<�s/-O��!1�O��I"�.�;-$&%-"��I"�����/8.�JH;8*+e-�2.0"0�!L+*< '1'g�ª�;=O��2.?#0�2%'.�;= �#qg-�2p'.&f=g8"�O��!L
V��2.�(
l�p�/81'�!1�"0Li;=*<e8�2.0"0�!L+*< '1'g�T

���2�71'L+"0L</81UM

γ1 = E
[
(x − µ)

3
]
/σ3 .

j�L+�CV��2.�,�;81'1 J´;=1YV�L+�C#q�!1 (:.�²�;8.q"� '1'g�#q²��2.0"�V� '.&$&%´(:.�²�;8.q"� '1'g-#0²��2.0"0��e8/-1´9{/=3
"0�217o2�21}V��!.�µ:;=.�L<;8O'*<�21

x
;= 7#�V�.��7$&,8�!1UM

γ1 = E
[
(x − µ)3

]
/σ3

= E
[
x3 − 3µx2 + 3µ2x − µ3

]
/σ3

=
{
E(x3) − 3µ

[
E(x2) − µE(x)

]
− µ3

}
/σ3

=
E(x3) − 3µσ2 − µ3

σ3
.
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β1 = γ2
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β2
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β2 = E

[
(x − µ)4

]
/σ4 .
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γ2 = β2 − 3
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� � � � � 	�Zuz!�U��zCzCZu��X

���!.�#·L]"0"0�2*<²��2.0"s�2L<1'�!.sµ
�!.q"��2L<*+ '17g�Li#m"H�2L<1�#0/8g-�217;81'1�"0�2.@eT��("��4¡/�V��2. eW1�!"�2$;� 12���;A��24
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µ:;=.�L<;="0�21

x → x+a
f=17V��!.q"�V'�21
#}L+"q"��2*<²��!.q":L<1´g8*<�2Li$&%'�2.�j��!L<#0�8ª

µ → µ+a
ª=V�L<�!#0�2.
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σ
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x → cx

RS/8*<g="�1'�!O��!1
µ → cµ

;= �$&%
σ → cσ

T�4'$&%'L+�2RS�� '17V��� '.0"0/-#0Li#
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τ

t0.5 = τ ln 2 ≈ 0.693 τ .
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f.w.h.m.gauss ≈ 2.36 σgauss
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# ���d�;AV� ��� & j��'.0RS�2*
p(k) = 1/6

ª
k = 1, . . . , 6

ª

〈x〉 = (1 + 2 + 3 + 4 + 5 + 6) 1/6 = 7/2 ,

〈x2〉 = (1 + 4 + 9 + 16 + 25 + 36) 1/6 = 91/6 ,

σ2 = 91/6− (7/2)2 = 35/12 ,

σ ≈ 1.71 ,

γ1 = 0 .

¤u�Q�2.@(:.�²);=.0"0 '1'g�#q²��2.0"�%�;�"@j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�1� '*<*i§IT
# ���d�;AV� ��� &  U�!O��!17#0V7;= '�!.0e-�2.0"0�2L<*< '1'g

f(t) = 1
τ e−t/τ ª t ≥ 0

ª

〈tn〉 =

∫ ∞

0

tn

τ
e−t/τ dt = n! τn ,

〈t〉 = τ ,

〈t2〉 = 2τ2 ,

〈t3〉 = 6τ3 ,

σ = τ ,

γ1 = 2 .
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f(x) =
1√
2πs

e−(x−x0)
2/(2s2) .

���!. #·L]"0"0�2*<²��2.0"�Li#m")²��2g8�!1�V��!.�4�6�JHJH�I"�.0L<�
µ = x0

T'³@ 7#)V��!J g8*<�2Li$&%'�21Y �.� '17VYLi#m"
V�L+��4'$&%'L+�2RS��1� 7*+*NT7h��'.�V�L<��µ:;=.�L<;81'o��2.�%7;=*+"0�!1Y²�L<.

σ2 =
1√
2πs

∫ ∞

−∞

dx(x − x0)
2 e−(x−x0)

2/(2s2)

= s2 .
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A(r) = r2π
M
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〈A〉 =

∫ ∞

−∞

dr A(r)f(r)

=

√
π√
2s

∫ ∞

−∞

dr r2e−
(r−r0)2

2 s2

=

√
π√
2s

∫ ∞

−∞

dz (z + r0)
2e−

z2

2 s2

=

√
π√
2s

∫ ∞

−∞

dz (z2 + 2zr0 + r2
0)e

− z2

2 s2

= (r2
0 + s2)π .
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w1 + w2 = 1 .

4�p'L<�2*<�2.�A?g-�2²�L<1'1�"��?;=p7L]"&;=*
K2

J�L+"�V'�2.@j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"
w1

 '17Vbe-�2.�*+L<�2.0"
K1J�L+"�j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"

w2
T-4��!L+1HJHL]"0"0*<�2.��2.� ��!²�L+171�Li#q"�V��2.:(�.0²);=.0"0 '17g-#0²��!.q"�e8/81

K
O��!o2�'g-*+Li$&%~V��!.�G�²��2L<p' '1',�"0e-�2.0"0�!L+*< '1'g

wi
ª�;8*<#0/

w1K2 − w2K1
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w1K2 − w2K1 = 0 .
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w1 =
K1

K1 + K2
; w2 =

K2

K1 + K2
.
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w1

 '17V
w2
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���!.0�C$&%'1� '1'g�e-/81
w1

 '17V
w2

Li#m"�#q�!%'.);= �RS²��217V'L+g�T�d�1-"��2.�µ
�2.�²��!17V� '17gsV��!.�(:L<g8�!1�3
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w1 =
d2

d1 + d2
; w2 =

d1

d1 + d2
.
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��L<�H ��C#0$&%�²�L<17V�L<g8,-�2L+"�V��C#?£r�!L+*i$&%'�21�L+1�l�3 ��Li$&%�"0 '17g

vx
²�L+.&V�V' '.�$&%��2L<1'�´�@/-.q3

JH;8*+e-�2.0"0�!L+*< '1'g

f(vx) =
1

s
√

2π
e−v2

x/(2s2)

J�L+"

s2 =
kT

mO��C#0$&%'.�L<�2O��21Uª�²�/8O��2L
k
ª
T
ª
m
V�L<����/8*+"0o!J´;=1'1',-/817#q"�;81�"0�8ª�V�L<��£��2JHp��2.&;�"0 7.� '1�VYV�L<�

#·;8#�#q�?V��C#$#}/8*<�2,��'*i#�#0L+17VUT7��L<�?,�L+17�I"0Li#�$&%'��(:1'�2.�g8L<��L<#q"

εkin =
m

2
(v2

x + v2
y + v2

z)

J�L+"�V��!J (:.�²�;8.q"� '1'g�#q²��2.0"

E(εkin) =
m

2

(
E(v2

x) + E(v2
y) + E(v2

z)
)

=
3m

2
E(v2

x),
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"0�2L<*< '1'g´Li#q/8"0.�/8p�Li#q"!T'(�#�RS/8*<g="!M

E(v2
x) =

1

s
√

2π

∫ ∞

−∞

dvxv2
xe−v2

x/(2s2) = s2 = kT/m,

E(εkin) =
3

2
kT.
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²�L+.@V��!.�(:L<1�Ru;8$&%'%7�2L+"�%7;=*<O��2.@V��!1b³�1'o2�!L+g-�21�²��2.0");8 �R{�� '*<*wT'j�L<.�%7;8O��!1b;8*<#0/

f(t) =

{
1
²��!1'1 −0.5 < t < 0.5

0
#q/-17#m"

 '17V

σ2 =

∫ 0.5

−0.5

t2 dt =
1

12
.

¤w¢'T+AC>-§

��L<�)#}�!#�#0g8�21�;= 'L<g8,-�2L+"�Li#m"
σ = 1

#
/
√

12 ≈ 0.29
#IT
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a
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σ2 = a2/12
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ε = 0.9
;=*<*+�!.�V� '.&$&%'g8�!%'�21�V��21
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σ
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N1
O��2L

N
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N
J�L+"��@L<*+RS��V��2.@���2o!L+�!%� '1'g ¢�T<A!E�;=O'*<�2L+"0�!1UM

σ

(
N1

N

)
∼ 1√

N
.
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σ(N1/N) =
√

ε(1 − ε)/N
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N
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√
N
µ
�2.�%7;=*+"0�!1bRS�'.
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x
�!L+1'�!.�V'L<#0,�.0�2"0�21

/�V'�2.�,-/81�"0L<1� 'L<�2.�*+Li$&%'�21kj¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�#0e8�2.0"0�!L+*< '1'g
p(x)

O7o2²?T
f(x)

 71-"��2.&#q '3
$&%'�21UT�j�L<.�1'�!1'1'�!1�#qL<��#·/8JH�21�"0��V��2.�µ
�2.0"0�!L+*< '1'g�T-�5%'.��Q���!.0�C$&%'1� '1'g?Li#m")O��C#q/-17V��!.�#
�2L<1�Ru;8$&%Uª�²��21'1YJ´;=1YV'L+��$&%7;=.&;=,�"��2.�L<#q"0Li#0$&%7�@h' '1',�"�L+/-1�V��!.�µ
�!.q"��2L<*+ 71'gs,-�21'1�"CT  r�I"�oI3
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� � � � � � ���~��X`_!�

���2�71'L+"0L</81UM ��;8#
n
3w"�� #·/8JH�21�"�e8/-1

f(x)
L<#q"

µn = E(xn) =

∫ ∞

−∞

xnf(x) dx ,

O'o2²?T

µn = E(xn) =

∞∑

k=1

xn
kp(xk) .
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���2�71'L+"0L</81UM ��;8#
n
3N"0�?;8 �R

µ = µ1
O��!o2/8g-�21'� #}/-JH�21�"�e8/81

f(x)
L<#q"!M

µ′
n = E ((x − µ)n) =

∫ ∞

−∞

(x − µ)nf(x) dx ,

O'o2²?T

µ′
n = E ((x − µ)n) =

∞∑

k=1

(xk − µ)np(xk) .

���2�71'L+"0L</817#0g8�!JHf��}L<#q"�V';-#?�2.&#m"��´o2�!1-"�.�;8*+�
#·/8JH�21�"�1� '*<*wM
µ′

1 = 0
T���L<� #}/-J��!1�"0�

%7f=1'g-�21}JHL+"�V��!1·e8/-1} '17#�/8O��21�V��I�717L+�!.q"��21·(:.�²);=.0"0 '1'g�#q²��2.0"0�!1�RS/-*+g-�217V'�2.�JH;��8�!1
o2 7#�;=JHJH�21UM

A-T&#}/8JH�!1-"�;8 �R #·L]"0"0�2*<²��2.0"@O��!o2/8g-�21UM
µ′

1 = 0¢'T&#}/8JH�!1-"�;8 �R #·L]"0"0�2*<²��2.0"@O��!o2/8g-�21UM
µ′

2 = σ2
E7T&#}/8JH�!1-"�;8 �R #·L]"0"0�2*<²��2.0"@O��!o2/8g-�21UM

µ′
3 = γ1σ

3
¦�T&#}/8JH�!1-"�;8 �R #·L]"0"0�2*<²��2.0"@O��!o2/8g-�21UM

µ′
4 = β2σ

4
�W��$Q���>���cJ"���><��?� �"�d��()��� $3���VJ"��� ��18�?�2'&������$HG�'��)()��� ^_���?J]�����f� �����/$Q������'��)(J2'��?���
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V';8#�#q/-g7T.#·/8JH�21�"0�!1'p'.�/8O'*<�2Jbª-O��2"0.�L b�"�V�L<��(:l�Li#q"0�217o��2L<1'�!.�µ
�2.0"0�!L+*< '1'gso2 ´�!L+1'�!.�g-�I3
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j�L+.�V'�I�71'L<�2.��21bV�L<��$&%7;=.&;=,�"��2.�L<#q"0Li#0$&%7��h' '17,-"�L+/-1
φ(t)

�2L<1'�2.�µ
�!.q"��2L<*+ 71'g7T
���2�71'L+"0L</81UM ��L<��$&%7;8.�;8,-"��2.�L<#q"0Li#�$&%'��h7 '1',�"0L</81

φ(t)
�2L<1'�2.Qjk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#m3

V�L<$&%�"��
f(x)

Li#m"

φ(t) = E(eitx) =

∫ ∞

−∞

eitxf(x) dx ,
¤w¢'T+A�D=§

O'o2²?T7V'L+���2L<1'�!.�V�Li#q,�.��I"0�!1Yµ
�!.q"��2L<*+ 71'g
p(xk)

φ(t) = E(eitx) =

∞∑

k=1

eitxkp(xk) .
¤w¢'T+ACF-§

h��7.�,-/81�"0L<1� 'L<�2.�*+Li$&%'�:µ
�!.q"��2L<*+ '17g8�21sL<#q"
φ(t)

V'L+�)h'/- '.0L<�2.035£r.&;=17#qRS/8.�JHL+�!.q"��:V��2.�j¥;=%'.03
#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�-T
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e-/81����2.��!$&%'1� '17g8�21�#0�2%7.�1���"�oI3
*+Li$&%}#qL<17V®M

φ(t)
L<#q"��2L<1'�´L<1 −∞ < t < ∞ #q"0�I"�L+g-�H,8/8JHp'*<�Il��´h' 71',�"0L</81¥JHL]" |φ(t)| ≤ 1

ª
φ(0) = 1

 '1�V
φ(−t) = φ∗(t)

T
φ(t)

L<#q"�.��2�!*+*@g-�217;8 �V';=171Uª�²��21'1 4�6�JHJH�I"�.0L<�
f(x) = f(−x)

g8L<*]"CT'4�p��!o2L<�2*<*7RS�7.)#q"0�2"0L<g8�Qµ
�2.0"0�2L<*< '1'g-#�V�Li$&%�"0�21 RS/8*<g="
limt→∞ φ(t) =

0
T�(:L+17��*<L+1'�C;=.���µ:;=.�Li;=O'*<�21�"0.&;=1�#mRS/-.0J´;�"�L+/-1

x → y = ax + b
O��2²�L<.0,�"��2L<1'�s£�.�;817#q3

RS/8.�JH;="0L</81bV��2.@$&%�;=.&;=,�"0�!.0Li#m"�L<#�$&%'�!1�h' '17,-"�L+/-1bg8�2J´f��

φx(t) → φy(t) = eibtφx(at) .
¤w¢'T+AC¨-§

j��!L]"��2.��b���C#q/-17V��2.�%'�!L]"��21�#qL<17V�L+1���;817V�O'��$&%'�2.�1�RS�7. h'/8 7.0L<�2.03K£�.&;=17#qRS/8.�J´;�"0L</817�21
o2 ��717V��!1UT

��L<��£r.&;=1�#mRS/-.0J´;�"�L+/-1 Li#m"@ 'JH,-�2%'.�O7;=.CM #}L+"�¤w¢�T<A�D8§�g8L<*]"

∫ ∞

−∞

φ(t)e−itx dt =

∫ ∞

−∞

e−itx

∫ ∞

−∞

eitx′

f(x′) dx′ dt

=

∫ ∞

−∞

f(x′)

(∫ ∞

−∞

eit(x−x′) dt

)
dx′

= 2π

∫ ∞

−∞

f(x′) δ(x − x′) dx′

= 2πf(x) ,

f(x) =
1

2π

∫ ∞

−∞

φ(t)e−itx dt .

 �*+�!L<$&%'�C#?g8L<*+"?RS�'.�V�Li#q,�.��I"��´µ
�2.0"0�2L<*< '1'g8�!1UªU²�L<�´J´;=1¶V� '.&$&%�(�L+17#0�I"�o2�!1¶e8/81�¤w¢'T+ACF-§
O��C#m"&f�"0L<g8�!1Y,�;81'1UM

p(xk) = lim
T→∞

1

2T

∫ T

−T

φ(t)e−itxk dt .
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�51 9:.&;�l�L<#q3K.0�!*+�!e�;81�"0�21 h{f=*<*<�21 *<�2g8"kV�L<��$&%7;8.�;8,�"0�2.�Li#m"�L<#�$&%'�¶h' '17,-"�L+/-1 V�L<��j¥;=%'.03
#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�QRS�!#q"!T

��L<��$&%�;=.&;=,�"0�!.0Li#m"�L<#�$&%'�!1 h' '1',�"�L+/-1'�21��2.�JH¹8g8*<Li$&%'�21 ;8 �R��!L+1�Ru;-$&%'��jk�2Li#0��V'L+�����I3
.0�C$&%'1� '1'g�V��2.%#}/-JH�21�"0�) '17VHV��!.
jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�!1�e-/81�4� 'JHJ��!1H/�V'�2.
 UL<1'�!;8.0,-/8J�O7L+17;="0L</81'�!1 e8/-1}G` �Ru;=*<*<#0o!;8%'*<�21UT

h��7.�,8/-1�"0L<1� 7L+�!.0*<L<$&%7��µ
�!.q"��2L<*+ 71'g8�!1¶O��!.0�C$&%'1'�21¶²�L<.sV'L+�(#}/8JH�21�"��
φ(t)

V� 7.�$&%
n
3wRu;-$&%'�!#)³@O7*+�!L]"��21}e8/-1

φ(t)
M

dnφ(t)

dtn
=

∫ ∞

−∞

(ix)neitxf(x) dx .

³@1}V��2.�4�"0�2*<*<�
t = 0

�!.0g-L+O'"�#0Li$&%

dnφ(0)

dtn
=

∫ ∞

−∞

(ix)nf(x) dx = inµn .
¤w¢'T ¢8n-§

�Q;8.�;8 7#�RS/8*<g="�V�L<��£�;�6�*</8.03N(�1-"m²�Li$&,�*+ 71'g�e8/-1
φ(t)

ª

φ(t) =

∞∑

n=0

1

n!
tn

dnφ(0)

dtn
=

∞∑

n=0

1

n!
(it)nµn ,

¤w¢'T ¢'AC§

V�L+��;8*+*<� #}/8JH�!1-"��?V��2.�µ
�!.q"��2L<*+ '17g´*+L<�IRS�!.q"CT
�Q;�V�L<��h7/8 '.�L+�!.q35£�.�;817#mRS/-.0J´;="0L</81��2L<17V��2 '"0L<gY 'JH,-�2%'.�O7;=.� '17V�V�L<�H£�;�6�*+/-.q3K(:1�"q3

²�L<$&,�*< '1'g�V��!.�$&%�;=.&;=,�"0�!.0Li#m"�L<#�$&%'�!1¥h7 '1',�"0L</81�V� '.&$&%�V�L<� #}/-J��!1�"0� RS�C#m"�g8�!*+�!g="�Li#m"Cª
g8L<*]"Cª�²�L<��/8O��21�O��2%�;= 'p�"��I"Cª�V';-#0#YV�L<��#}/8JH�!1-"���;= �$&%�V�L+��jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#m3
V�L<$&%�"��QRS�C#m"�*+�!g8�!1UT

��L<�?o2�!1-"�.�;8*+�!1 #}/-JH�21�"0���2.�g8�!O��!1�#0Li$&%�g�;=1'o��21�"&#qp'.��!$&%7�217V®M

φ′(t) = E(eit(x−µ)) =

∫ ∞

−∞

eit(x−µ)f(x) dx = e−itµφ(t) ,
¤w¢'T ¢-¢8§

dnφ′(0)

dtn
= inµ′

n .
¤w¢'T ¢8E-§

��L<��£�;�6�*</8.03N(�1-"m²�Li$&,�*+ 71'g�Li#m"

φ′(t) =

∞∑

n=0

1

n!
(it)nµ′

n.
¤w¢'T ¢=¦�§

��L<��(:.�g8�!O'1'Li#0#0�~¤w¢'T ¢8n-§IªQ¤w¢'T ¢'AC§Iª�¤w¢'T ¢8E-§ ª�¤w¢'T ¢=¦�§�O'*<�2L<O��!1 ;= �$&%�RS�'.YV�Li#0,�.��I"��·µ
�2.03
"0�2L<*< '1'g8�!1�g-�'*]"�L+g�T��QL<�����2o!L+�!%� '1'g�¤N¢�T ¢8¢-§�g8L<O�"H '17#HV�L<� #}¹-g8*<L<$&%',-�2L+"!ª{V� '.&$&%~�2L<1'�
£�;�6�*</8.03N(:1�"m²�Li$&,�*+ '17gH³�1�Ru;=17g-#0J�/-JH�21�"0��L<1·o!�21�"0.&;=*<�? 'JHo2 '.��!$&%71'�21Uª�JHL]"�V��2J (:.03
g8�2O71'L<#

µ′
n =

n∑

k=0

(−1)k

(
n
k

)
µn−kµk , µn =

n∑

k=0

(
n
k

)
µ′

n−kµk .

¤ #·;81�O��!;-$&%�"0�8ª'V7;8#�#�RS�'.
n = 0 µ0 = µ′

0 = 1
g8L<*]" § T
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��L<��$&%�;=.&;=,�"0�!.0Li#m"�L<#�$&%'��h7 '1',�"0L</81��2L<1'�!.�4� 'JHJ��
z = x + y

e-/81�o!²��!L\'��V�#a���F8��4
(8� ()����G� 'Ru;=*<*<#0e�;=.�L<;8O'*+�!1

x
 717V

y
JHL]"?V��!1�j¥;=%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�!1

g(x)
 '17V

h(y)
*<L+�2RS�2.0"{�!L+17���2L<1�Ru;8$&%'� #}¹-g8*<L<$&%',-�2L+"{V'�2.:���2.��!$&%'1� '17gQV��!.
jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#m3

V�L<$&%�"��
f(z)

M
φf (t) = φg(t)φh(t) .

¤w¢'T ¢-B8§
���!²��!L<#!M

j��!g8�21bV��!. ���2*i;�"�L+/-1k¤N¢�T<A!n-§�V��!.�(:.�²�;8.q"� '1'g-#0²��2.0"0��g8L<*]"

φf (t) = E(eit(x+y))

= E(eitxeity)

= E(eitx)E(eity)

= φg(t)φh(t) .

���!.�V�.�L]"0"0�Q4�$&%7.0L+"q":Li#m"�²��!g8�21HV��!.�d@17;8O'%7f81'g8L<g8,-�2L+"
V'�2.:O��2LiV��21´µ:;8.0Li;=O7*+�!1s�!.0*i;= 'O'"!T
�� '.&$&%�d�J�,-�2%'.� '1'g�V��2.�£�.�;817#mRS/-.0J´;="0L</81}�2.�%7;8*]"��21·²�L<.�V'L+��jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#m3
V�L<$&%�"��8M

f(z) =
1

2π

∫
e−itzφf (t) dt .

���!.�*+�2"0oI"���4�$&%'.�L]"0")²�L<.&V�V� '.&$&%b£�;8O��!*+*<�21bV��2.?¤uL+1�e8�!.�#0�21�§�h7/8 '.�L+�!.q35£�.�;817#mRS/-.0J´;="0L</81
�2.�*+�!L<$&%�"0�!.q"CT®��L<� V�L<.0�!,-"������!.0�C$&%'1� '1'g�e8/81

f
JHL+"�V��21 #}�I"�%'/�V��21¥e-/81�³�O7#�$&%'1'L+"q"

¢�T B�T ¦�RS�'%7.q"�;8 �R{V7;8#�h7;8*]"� '1'g�#qL<1�"0�2g-.�;8*

f(z) =

∫
g(x)h(z − x) dx =

∫
h(y)g(z − y) dy .

��L<�"���!*<;="0L</81�¤N¢�T ¢8B-§{L<#q"�V';=%'�!.�1'Li$&%�"�#�;=17V��!.0�C#�;8*<#�V��2.�O��!,�;=1'1�"0��h7;8*]"� '1'g�#0#�;�"�o�RS�'.
h'/8 7.0L<�2.03K£�.&;=1�RS/-.0JHL<�2.0"0�8T

¯U���~ZwZuX`['����Zu�7X`_!��X

��L<�k$&%�;=.&;=,�"0�!.0Li#m"�L<#�$&%'�}h' 71',�"0L</81 Li#q"Y�2L<1���b��!,-"�L+e-�!#YJ´;�"0%7�2J´;�"�L<#�$&%'�!#Yjk�2.�,�o!�2 'g
O��!L+J±h7;=*+"0�!1¥e8/81�µ
�2.0"0�!L+*< '1'g-�21k '17V¥���2.��!$&%'1'�!1�e-/81 #}/8JH�21�"��21UT #·;81�,�;81'1`�m�I3
V�/�$&%Y1'/�$&%��2L<1'�21}4�$&%'.�L+"q"�²��!L]"��2.�g8�!%'�21Y '17Vb#m"&;�"0"�V'�2.@$&%7;8.�;8,-"��2.�L<#q"0Li#�$&%'�21 h7 '1',�"0L+3
/81�V��!.0�!1  U/-g-;8.0L+"0%'Js 7#
O��I"�.�;-$&%-"��21Uª�²�/8O��2L7²�L<.)V�L+�C#q�!1�#0/=RS/8.0"�L<1 �!L+1'�Q9{/="0�!1'o2.��2L<%'�
�21�"m²�L<$&,-�2*<1UM

K(t) = ln φ(t) = ln 〈exp(itx)〉 = κ1(it) + κ2
(it)2

2!
+ κ3

(it)3

3!
+ · · · .

j��!g8�21
φ(0) = 1

RS�2%7*]"}�2L<1 ,-/817#q"�;81�"0�2.�£r�!.0JbT)��L<�¶#q/ V��I��1'L+�!.q"��21 ��/����´o!L+�!1�3
"0�21

κi
%7�2L �8�21�4��2JHL<L+1�e�;=.�Li;=1�"0�!1�/�V��2. �� 'Js '*i;=1�"0�!1 ¤S�!1'g8*NT ��'�: '��7�8��$%�C§ T{�QL+�}�!.q3

#m"������!o2�2Li$&%'1� '1'g�²� '.&V���g8�2²)f=%7*]"Cª�²��2L<*®O��2L®µ
�2.&#�$&%'L+�!O' '1'g-�21�V��2.�G� �Ru;8*+*i#0e�;8.0Li;=O7*+�!1
x → x + b

V�L<�
κi
ªrJ�L+"�³@ �#q17;8%'JH�´e8/-1

κ1
ªrL+1�e�;=.�L<;81�"�O'*<�2L<O��21UT{4��2*<O7#q"0e8�!.�#q"�f817V�3

*+Li$&%�*if8#�#m"H#qLi$&%
κi

V� '.&$&%�V�L<��³�1�Ru;=17g-#s3?/�V'�2.�o2�21�"�.�;8*+�!1�#}/8JH�!1-"��
µk , µ′

k

O'Li#
�m�2²��2L<*<#�o2 '. �Q.&V�1� '1'g

i
;= 7#�V�.��7$&,8�!1UT8j�L<.�e8�2.�o2Li$&%�"0�!1 ;= �RrV�L<��j�L<�!V'�2.�g-;=O���V��C#�;8*+*+3

g8�2JH�!L+1'�!1�³� 7#0V'.0 7$&,�#!ª
V��2.´#0L<$&% V� '.&$&%�9{/="��21'o!.0�!L+%'�!1'�21�"m²�Li$&,�*+ '17g�e8/-1
exp K(t)
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%'�2.�*+�!L]"��21¥*if8#�#m"CªU '17V¥e-�2.�J��!.0,-�21k1� '.�V�L<�´O��C#q/-17V��!.�#?�!L+1'Ru;8$&%'�!1¥���!o2L<�2%� '1'g-�21kRS�'.
i ≤ 6

o! �V��!1bo2�21�"�.�;8*+�!1(#}/-JH�21�"0�!1UM

κ1 = µ1 ≡ µ = 〈x〉 ,

κ2 = µ′
2 ≡ σ2 =

e�;=.
(x) ,

κ3 = µ′
3 ,

κ4 = µ′
4 − 3µ′

2
2 ,

κ5 = µ′
5 − 10µ′

2µ
′
3 ,

κ6 = µ′
6 − 15µ′

2µ
′
4 − 10µ′

3
2 + 30µ′

2
3 .

¤w¢'T ¢8>-§

�@�2O��21}(�.0²);=.0"0 '17g-#0²��!.q") '17V�µ:;=.�Li;=1'o�*i;8#�#q�!1�#0L<$&%};8*<#0/´;= 7$&%}4�$&%'L<�IRS�� 717V�(
l�o2�!#�#
#q�!%'.��2L<1�Ru;8$&%bV� '.&$&%}4��2JHL<L+1�e�;=.�L<;81�"0�21b;= �#0V�.��7$&,-�21UM

γ1 =
κ3

κ
3/2
2

, γ2 =
κ4

κ2
2

.
¤w¢'T ¢�D=§

(�#´Li#m"´*<�2Li$&%-"´�!L+1'o! 7#0�2%'�!1Uª�V';-#0#H#0L<$&% O��!L�V��!. ���!%7;=1�V�*+ 71'g¥e8/81�4� 'JHJH�21� '17;8O�3
%7f=1'g-L+g-�2.QG� 'Ru;=*<*<#0e�;=.�L<;8O'*+�!.@V�L<��(:L<1�RS�'%'.� '1'g�V'�2.Q4��!JHL+L<1�e�;8.0Li;=1�"��21bO��!o!;8%'*]"QJH;-$&%�"!ª
V';¶#m"&;�"0"´V'�!#´9:.�/�V� ',�"�#�V��2. $&%7;8.�;8,�"0�2.�Li#m"�L<#�$&%'�21�h' '1',�"�L+/-1'�21 ∏

φj(t)
V�L<��4� 'J�3

J�� ∑
Kj(t)

;= �R¡"�.0L+"q"Cª�V®T %UT`V�L<�s4��2JHL<L+1�e�;=.�Li;=1�"0�!1}e8�2.�%7;8*]"��21}#qLi$&%}�2L<1�Ru;-$&%·;8V'V�L+"0L<e`T
�@/�$&% ;=*<*+g-�2JH�2L<1'�!.:�2.�%7f=*+":J´;=1HRS�'.��2L<1'�� rL+1'�C;=.�,8/-J�O'L<17;�"�L+/-1se-/81�G� �Ru;8*+*i#0e�;8.0Li;=O7*+�!1
x =

∑N
j=1 cjxj

V�L<�Y4��!J�L<L<1�e�;8.0Li;=1�"0�!1¶V��2.�.��!#0 '*+"0L<�2.��217V'�21
x
3Kµ
�2.0"0�!L+*< '1'g�ª

κi
ª�;8 7#

V��21'�!1�V��2.��2L<1'o2�!*+17�21
xj
3Nµ
�!.q"��2L<*+ '17g8�21rª!V�L<�:²�L<.r�21�"&#qp'.��!$&%7�217V�JHL]"

κ
(j)
i

O��!o2�2Li$&%'1'�!1Uª
g8�2J´f��

κi =

N∑

j=1

ci
jκ

(j)
i .

¤w¢'T ¢8F-§

���!L<#0p'L<�2*<�·RS�'.bV�L<�!#0�����2o!L+�!%� '1'g�#0L+1�V� '17#YO��!.0�!L]"&#�L<1 ³�O7#0$&%71'L]"0"}¢'T ¢'T E¥�7O��!.bV'L+�
µ:;=.�L<;81'o8ª�V®T %rTrRS�'.

i = 2
ª�O��!g8�2g-1'�I"CTrj�L<.s²��2.&V��!1~;= 7$&%~O��2L)V��!.��QL<#0,� 7#�#qL</81~V��!.

9�/-L<#�#0/81�3Kµ
�2.0"0�!L+*< '1'g�L+1·¢'T >7T E�V';=.&;= 'R�o2 7.0�7$&,�,-/8JHJH�21UT

� � � � � ����Zuz!¬�Zw��vw�

# ���d�;AV� ��� & ©�%7;8.�;8,�"0�2.�Li#m"�L<#�$&%'�Qh7 '1',�"0L</81}V��!.@9{/8Li#0#0/81'3Nµ
�!.q"��2L<*+ '17g
h��7.@V�L+�?9{/-L<#�#q/-1�3Kµ
�2.0"0�2L<*< '1'g

Pλ(k) =
λk

k!
e−λ

�2.�.0�C$&%'1'�I"�#0L<$&%}V�L<�?$&%7;=.&;=,�"0�!.0Li#q"0Li#0$&%'��h' '17,-"�L+/-1

φ(t) =

∞∑

k=0

eitk λk

k!
e−λ

o2 
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φ(t) =
∞∑

k=0

1

k!
(eitλ)ke−λ

= exp(eitλ)e−λ

= exp
(
λ(eit − 1)

)
.

�Q;8.�;8 7#��2.�%7;=*+"0�!1Y²�L<.�V�L<� #}/8JH�21�"��8M

dφ

dt
= exp

(
λ(eit − 1)

)
λieit ,

dφ(0)

dt
= iλ ,

d2φ

dt2
= exp

(
λ(eit − 1)

) (
(λieit)2 − λeit

)
,

d2φ(0)

dt2
= −(λ2 + λ) .

4�/8JHL+"�#qL<17VbV�L<��O��2LiV��!1�17L+�CV�.0L<g-#q"0�!1(#·/8JH�21�"0�

µ = 〈k〉 = λ ,

µ2 = 〈k2〉 = λ2 + λ

 '17V�#}L+"q"0�!*+²��2.0"@ '17V}4�"&;=17V7;=.&V';=O�²��2Li$&%� 71'gsV��!.�9{/8Li#0#0/81�3Kµ
�2.0"0�!L+*< '1'gH#0L+17V

〈k〉 = λ ,

σ =
√

λ .

(:1�"m²�L<$&,-�2*+")J´;81

K(t) = ln φ(t) = λ(eit − 1) = λ[(it) +
1

2!
(it)2 +

1

3!
(it)3 + . . .] ,

#q/��717V'�I"@J´;=1�RS�'.@V�L<��4��!J�L<L<1�e�;8.0Li;=1�"0�!1�V7;8#�#0�2%'.)�2L<1�Ru;-$&%'�(���!#0 '*+"�;="

κ1 = κ2 = κ3 = . . . = λ ,

²�;-#�V�L<�����!.0�C$&%'1� '1'g o! 'JHL+17V'�!#q"�V��!.Qo!�21�"0.&;=*<�21�#·/8JH�21�"0��#q�!%'.��2.�*+�!L<$&%�"0�!.q"CT®G` 'J
���!L<#0p'L<�2*®²�L<.�VbV�L<�?���2.��!$&%'1� '1'g�e8/-1b4'$&%'L+�2RS�? '17V�(
l�o2�C#0#)%7L+�!.�O��C#q/-17V��2.&#)�2L<1�Ru;-$&%UM

γ1 = κ3/κ
3/2
2 = 1/

√
λ , γ2 = κ4/κ2

2 = 1/λ .

# ���d�;AV� ��� & µ
�!.q"��2L<*+ '17gYV��!.�4� 'JHJH��e8/81} 717;=O'%�f=1'g-L+g-�21Uª�p�/-L<#�#q/-1�e8�2.0"0�!L+*+"0�!1�G� �3
Ru;=*<*<#0o!;8%'*+�!1

j�L+.�g-�2%'�!1Ye-/81bV��21bµ
�2.0"0�!L+*< '1'g-�21

P1(k1) = Pλ1(k1),

P2(k2) = Pλ2(k2)
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;= 7#� '17VYO��!.0�C$&%'1'�!1YV�L<�Qj¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�V�Li$&%�"0�
P (k)

JHL+"
k = k1 + k2

T���;=o2 
O��C#m"�L+JHJH�21b²�L<.�V�L<��$&%�;=.&;=,�"0�!.0Li#m"�L<#�$&%'��h' '1',�"�L+/-1YRS�7.

P (k)
M

φ(t) = φ1(t)φ2(t)

= exp
(
λ1(e

it − 1)
)
exp

(
λ2(e

it − 1)
)

= exp
(
(λ1 + λ2)(e

it − 1)
)

 '17V��2.�,8�!1'1'�21rª'V';8#�#
φ(t)

V�L<��$&%7;=.&;=,�"0�!.0Li#q"0Li#0$&%'��h' '17,-"�L+/-1be8/81
Pλ1+λ2(k)

Li#m"CT
��L<�@4� 'JHJH��o2²��2L<�2.{p�/-L<#�#0/81�e8�!.q"��2L<*]"��2.:G`;=%'*<�21sRS/8*<g=":;8*<#0/Q²�L<�!V'�2.
�2L<1'�!.
9�/-L<#�#0/81�3

µ
�2.0"0�2L<*< '1'gbJHL]"?�2L<1'�!J #}L+"q"0�!*+²��2.0"!ªUV'�2.�g8*<�2Li$&%�V��!.�4� 'JHJH�´V��2. #}L+"q"��2*<²��!.q"��HV'�2.
(:L+17o2�2*<e8�!.q"��2L<*+ 71'g8�!1 L<#q"!T��QL+�C#q��(:L<g8�21�#0$&%7;=R¡"�²�L<.�V�;= 7$&%����!p'.�/�V' ',�"0L<e�L+"�f="�g-�217;81'1�"!T

# ���d�;AV� ��� & ©�%7;=.&;=,�"��2.�L<#q"0Li#0$&%7��h7 '1',�"0L</81H '17V #·/8JH�21�"0��V��!.:(
l�p�/81'�!1-"�L<;8*+e-�2.0"0�!L]3
*+ '17g

³@ 7#0g8�!%'�217VYe8/-1
f(x) = λe−λx

�2.�%7;=*+"0�!1Y²�L<.@V�L<��$&%7;=.&;=,�"0�!.0Li#q"0Li#0$&%'��h' '17,-"�L+/-1

φ(t) =

∫ ∞

0

eitx λe−λx dx

=
λ

−λ + it
e(−λ+it)x |∞0

=
λ

λ − it
 '17VbV� '.&$&%�³�O'*<�2L+"0 '1'g

dφ(t)

dt
=

iλ

(λ − it)2
,

dnφ(t)

dtn
=

n! inλ

(λ − it)n+1
,

dnφ(0)

dtn
=

n! in

λn

V�L+�)#·/8JH�21�"0�?V��!.�µ
�2.0"0�!L+*< '1'g�M

µn = n! λ−n .

���!.�#}L+"q"0�!*+²��2.0"
µ = 1/λ ,

V�L+��4�"�;=1�V';=.&V';=O�²��2Li$&%� '1'g

σ =
√

µ2 − µ2 = 1/λ

 '17VbV��2.�4'$&%'L+�2RS�21',-/����´o2L<�21�"

γ1 = (µ3 − 3σ2µ − µ3)/σ3 = 2



 � � � � ������������� ���
� ��� 
���� 	��� ����	����
� ����
���� ����� �
����� � � 
 ����������� � 	����

�2.�g8�2O��21b#0L<$&%Uª�/-%'1'�?V';8#�#�V�L<�?V��2.@�Q�I�717L]"�L+/-1bV'�2.)(:.�²�;8.q"� '1'g-#0²��2.0"0��o! 'g8.� '17V'��*<L<�I3
g8�21�V��)�51-"��2g-.�;="0L</81��2l�p'*+L<o2L+"�V� '.&$&%'g-�IRS�'%'.0"
²��!.�V'�21�J� 7#�#2T��5J� ��2g-�217#�;�"�o�o! 'J e-/8.�L]3
g8�21s���!L<#0p'L<�2*�V��2.�9{/8Li#0#0/81�3Kµ
�2.0"0�!L+*< '1'g�Li#q"�V�L<�����21� �"�o2 '17gQV��!.�4��!J�L<L<1�e�;8.0Li;=1�"0�!1?%'L<�2.
/8%'1'�´µ
/-.q"��2L<*wª�V';}�2L<1'�´�!L+1�Ru;-$&%'� ;=1�;=*<6-"�L<#�$&%'�´��;=.&#m"��2*<*+ '17g·V��2.�³�1�Ru;=17g-#0J�/-JH�21�"0�
e8/8.�*<L+�!g="!T

� 
���� �%� � ��� ��������� ����� �  � � �����, � � �

�51��!L+17�2J ���!L<#0p'L<�2*UL<J �?;8p'L]"��2*r¢'T E�%7;="q"0�!1b²�L+.�V'�21b(:.�²�;8.q"� '1'g-#0²��2.0")V��!.�(:1'�!.0g-L+�
;= 7#HV��!.´µ
�2.0"0�2L<*< '1'g¶V��2.  ��C#0$&%�²�L<17V�L<g8,8�!L]"��21�O��!.0�C$&%'1'�I"CT:��;="0�'.�*+Li$&%�,�;81'1��C#�RS�'.
g8�2²�Li#�#q��³@1�²��217V' '1'g8�!1´;= 7$&%�e8/-1��51�"��2.��!#�#q��#0�2L<1Uª=1'Li$&%�":1� 7.:V��21´(:.�²);=.0"0 '1'g�#q²��2.0"!ª
#q/-17V��2.�1�V�L<��e-/8*<*<#q"�f817V�L<g8�:µ
�!.q"��2L<*+ '17gQV��!.r(:1'�!.0g-L+��o2 �,-�21'17�21UT=G� �L<%'.��2.����2.�*+�!L]"� '1'g
L<#q"@�2L<1'��µ:;=.�L<;8O'*<�21�"0.&;=17#qRS/8.�J´;�"�L+/-1 �2.0RS/8.&V��2.�*<L<$&%UT

���!L�V�L<#0,�.0�2"0�!1�µ
�2.0"0�!L+*< '1'g-�21 L<#q" V�L<�bd�JH.0�C$&%'1� '1'g�"0.�L+e�Li;=*NM{�QL<��j¥;=%7.�#�$&%'�2L<1�3
*+Li$&%',8�!L]"sRS�'.HV';8#�(:L+1�"�.0��b��!1�V��!#s(:.��2L<g81'Li#�#q�C# �

u
%�;�"�V'�21~jk�2.0"

u(xk)
�2ª{²�/-O��!L

u�2L<1'�? 'JH,8�!%'.0O�;=.)�2L<17V��! �"0L<g8��h7 '1',�"0L</81be8/-1
x
#0�2LNª'Li#m"@1�;�"0�7.0*<L<$&%�g8*<�2Li$&%bV��2.�j¥;=%'.03

#0$&%'�!L+17*+Li$&%',8�!L]")RS�'.@V7;8#)(:L<1�"0.���b`�21·V��C#)(:.0�!L+g-1'Li#0#0�!#L�
x
%7;="�V��21�j��!.q"

xk
�2T

P {u = u(xk)} = P {x = xk} .

���!L�,8/-1-"�L+1� 'L<�2.�*<L<$&%'�!1�µ
�2.0"0�!L+*< '1'g-�21��2.0RS/8*<g=":V�L<��d@JH.0�C$&%'1� '1'g�V��2.
j¥;=%7.�#�$&%'�2L<1�3
*+Li$&%',8�!L]"&#0V'L<$&%�"0��17;8$&%�V'�21��7O'*+Li$&%'�!1 ���2g-�2*<1�V��!.��QL b`�2.��217o2Li;=*<.0�C$&%'1� '1'g7ª-²�L+�Q²�L+.)#0L+�
;= 7$&%�O��!LrV��!.@£r.&;=17#qRS/8.�J´;�"�L+/-1�e8/-1(#�;8#�#q�!1�3
/�V'�2.! r;-V� '1'g�#0V'L<$&%�"0�!1Y;81�²��21�V��21UT

� � � � � ��������c���X®��X�x¶����� _!���'X�zC�K�7���~Zw���C_C��X 	�Zuc��`_C�

 ��2g8�!O��!1 #q�!L+�!1 V�L<�@jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�
f(x)

 '1�VH�2L<1'�@�2L<17V��! �"0L<g� 7J�,-�2%'.03
O7;=.���h7 '1',�"0L</81

u(x)
T= ��!#0 7$&%�"�Li#m"
V�L<��j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"�#�V�Li$&%-"��

g(u)
¤u³�O'OUT=¢�T F-§IT

(�#�g8L<*]"
P {x1 < x < x2} = P {u1 < u < u2}

JHL+"
u1 = u(x1)

ª
u2 = u(x2) '17VbV';=JHL+"

P {x1 < x < x2} =

∫ x2

x1

f(x′) dx′

=

∫ u2

u1

g(u′) du′.

�51bV'L b`�2.��21�"0L<�2*<*<�2.�4�$&%'.��2L<O�²��!L<#0��L<#q"�V';=171

|g(u)du| = |f(x)dx|, ¤N¢�T ¢=¨�§

g(u) = f(x)

∣∣∣∣
dx

du

∣∣∣∣ .
��L<�����2"0.&;=g�#qo!�2Li$&%'�21�g�;=.&;=1�"0L<�2.��21rªCV';-#0#{V�L<�)jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0��p�/�#qL+"0L<e�Li#m"CT
j��!1'1·²�L<.�¤w¢'T ¢8¨-§)L<1�"0�2g-.0L<�2.��21rª'�2.�%7;=*+"0�!1b²�L+.�V�L+��1� 7J��!.0Li#�$&%'�� �*+�!L<$&%7%'�2L+"QV��!.�µ
�2.03
"0�2L<*< '1'g-#qRS '1',�"�L+/-1'�21

F (x) = G(u(x))
T



� � �=� ����� ��
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��� 	���� ��� � � ��� � 	�� � �����  �

������� ������� � ������� � ����� ��	��!��� ���
����� � � � ����� �����
���
�
� ��
 ��� 	�� ���
��� 	��
f(x)

��� ���
g(u)

��
 ���
u(x)

� � �
� ��� 	������
� 
�	���� � ��� ����� ���
��� 
 �
���
� � �

j��!1'1Uª8;817V��2.&#{;=*i#{/8O��21�e8/-.�;8 7#qg-�!#0�I"�oI"!ª
x(u)

JH�2%7.�V��! �"0L<g�L<#q"@¤u³�O'OUT�¢'T ¨�§ ª�O'o!²?T
u(x)

,8�!L+1'��JH/817/="0/-1'�?h' '17,-"�L+/-1Uª'Js 7#0#)�7O��!.@V�L+�����!L]"�.�f8g8��V��2.��!L+1'o!�2*<1'�21bh' 71',�"0L+3
/817#�f8#q"0��#q 7J�JHL<�2.0"@²��!.�V'�21UM

g(u) =

{
f(x)

∣∣∣∣
dx

du

∣∣∣∣
}

Ast1

+

{
f(x)

∣∣∣∣
dx

du

∣∣∣∣
}

Ast2

+ . . . .
¤w¢'T E-n-§

# ���d�;AV� ��� & ���!.0�C$&%'1� '1'g�V��2.)µ
�2.0"0�!L+*< '1'g�#0V'L<$&%�"0�QRS�'.�V';-# �� 7g8�2*<e8/-*+ 7J��!1�;= �#�V'�2.
�@;8V�L<�21�e-�2.0"0�2L<*< '1'g

 ��2g8�!O��!1�#0�2LUV'L+�?j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"�#�V�Li$&%-"���RS�7.@V��21��@;-V�L+ �#
r

f(r) =

{
1/(r2 − r1)

RS�7.
r1 < r < r2

0
#0/81�#m"

.

 ��!#0 7$&%�")Li#q"�V�L+�?µ
�!.q"��2L<*+ 71'g
g(V )

V��2.�µ
/-*+ 7J�L<17;
V (r)

T #}L+"

g(V ) = f(r)

∣∣∣∣
dr

dV

∣∣∣∣ ,
dV

dr
= 4πr2

�2.�%7;=*+"0�!1Y²�L<.

g(V ) =
1

r2 − r1

1

4π r2
=

1

V
1/3
2 − V

1/3
1

1

3
V −2/3.

# ���d�;AV� ��� & µ
�2.0"0�!L+*< '1'g´V��!.!,- �;8V�.&;�"�L<#�$&%'�21�³@O�²��2Li$&%� 71'g
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��������������� � ������� � ����� ��	��!��� ��� ����� � � � ����� �����
���
�
� ��
 ��� 	�� ���
��� 	��
f(x)

����� �
g(u)

� 
 ���
u =

x2 � � � �*� � � � �(��� � ��� 	������
� 
 	���� � � ������� ��� 	����
f(x)

�
� 	 
 �
���
� � � ��� ��� 	������
� 
�	���� � � ��� ���
��� 	����

g(u)
�

������� ���
��� � � ��� ��� � � ��� � 	�� � � ��� ������� �
���
��� �����	����
� ����
 ��� � ������� ��� � ��� �
� ���
��� ����	���� � ����

� ���(����� � ��
���� ���� � � ��� �
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h��7.��!L+17��g�;= &�-e8�!.q"��2L<*]"���G� �Ru;8*+*i#qe�;8.0Li;=O'*<�
x
JHL+"$#·L]"0"0�2*<²��2.0"

x0
 '17VYµ:;=.�L<;81'o

s2
#q�!LUV�L+�?µ
�!.q"��2L<*+ 71'g

g(u)
g8�C#q �$&%-"Cª�²�/-O��!L

u = (x − x0)
2/s2

V�L+��1'/8.�JHL+�!.q"���,- �;8V�.&;�"�L<#�$&%'�·³@O�²��2Li$&%� '1'g¶Li#m"CT��Q�2.�(�.0²);=.0"0 '17g-#0²��!.q"´e8/-1
u
Li#m"

�2L<17#2ª�V';sV��2.�(:.�²�;8.q"� '1'g-#0²��2.0"�e8/-1
(x−x0)

2 O��2L®V��2.)�@/-.0J´;8*+e-�2.0"0�2L<*< '1'g�g-*+�!L<$&% s2
L<#q"!T7�QL<��h' '1',�"�L+/-1

x(u)
%7;�"@o!²��!L $�#q"0�8T #}L]"

f(x) =
1

s
√

2π
e−(x−x0)

2/(2s2)

 '17V
dx

du
=

s

2
√

u
�717V��!1�²�L<.

g(u) =

{
1

2
√

2πu
e−u/2

}

Ast1

+ {· · ·}Ast2 .

��L<�����2L+"0.&f=g8��V��!.�O��!L<V��!1�$�#q"0��#0L+17V�g-*+�!L<$&%Uª'V'�!#0%7;=*<OYg-L+*+"

g(u) =
1√
2πu

e−u/2 .
¤w¢'T E7AC§

��L<��h7 '1',�"0L</81
g(u)

L<#q"{V'L+�)#q/-g7T
χ2 3 �V���/$Q����� '��)(´¤K©�%'L ,� 7;-V�.&;�"0e-�2.0"0�!L+*< '1'g�§�RS�'.{�2L<1'�21

h'.��2L<%'�2L+"�#0g8.&;8V®T
# ���d�;AV� ��� & µ
�2.0"0�!L+*< '1'g~V'�2. ,�L<1'�I"�L<#�$&%'�}(:1'�!.0g-L+�}L<J �!L+1�V�L+JH�!17#qL</81�;=*<�21�L<V'�!;=*<�21

 �;8#
��L<�� ��!#�$&%�²�L+1�V�L+g-,8�!L]"}�2L<1'�C#·£r�!L+*i$&%'�!1�L<1 l�3 �@L<$&%�"0 71'g�#q�!L

v
JHL+"�O��2,�;=1'1�"��2.

jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�

f(v) =

√
m

2πkT
e−mv2/(2kT ).

4��2L<1'��,�L<1'�I"�L<#�$&%'��(:1'�!.0g-L+�?Li#m"
E = v2/(2m)

ª�V��2.��21bµ
�2.0"0�!L+*< '1'g
g(E)

g-�!#0 7$&%�"�L<#q"!T
v(E)

%7;="�²�L<�!V��!.)¢ $�#q"0�-T-j�L<.��!.0%�;=*+"0�21rª-L<1 e8¹-*+*<L<g8�2.�³@17;8*+/-g8L<�@o2 Y/8O'L<g8�!J ���2Li#0p'L+�!*

dv

dE
=

1√
2mE

,

g(E) =

{
1

2
√

πkTE
e−E/kT

}

Ast1

+ {· · ·}Ast2 .

��L<�����2L+"0.&f=g8��V��!.�O��!L<V��!1�$�#q"0��#0L+17V�g-*+�!L<$&%Uª'V7;=%'�!.

g(E) =
1√

πkTE
e−E/kT .
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;= �Rmª�V';-#0#{V�L<��g-�2g-�2O��21'�� �*+�!L<$&%�e-�2.0"0�2L<*< '1'g�V��C#�G� �Ru;8*+*i#qoC;=%'*<�217g8�217�2.&;�"0/-.�#`L<1��2L<1'��;81�3
V��2.��sµ
�!.q"��2L<*+ 71'g7ª`o8T ��T`�2L<1'����/8.�J´;=*<e8�2.0"0�!L+*< '1'g�ª7 'JHg-�2.��!$&%'1'�2"Q²��2.&V��21�J� 7#�#!T`³�*+*+3
g8�2JH�!L+1'�!.�;= �#qg-�!V�.��7$&,�"!ª�²�/8*<*+�!1�²�L<.�;8 7#
o2²��2L7e8/8.�g8�!g8�!O��!1'�21�jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#m3
V�L<$&%�"��21

f(x)
 717V

g(u)
V�L<��£r.&;=17#qRS/8.�J´;�"�L+/-1

u(x)
O��!#q"0L<JHJH�21UT

(�#)g8L<*]"
∫ x

−∞

f(x′) dx′ =

∫ u

−∞

g(u′) du′ .

��L<�?�51�"0�2g-.�;="0L</81Y*+L<�IRS�!.q"�V�L<�?µ
�2.0"0�!L+*< '1'g�#mRS 71',�"0L</81'�!1
F (x)

 '17V
G(u)

M

F (x) = G(u) ,

u(x) = G−1 (F (x)) .

G−1 Li#m"�V�L+�Yd@JH,8�!%'.qRS 71',�"0L</81¶e8/-1 G
T{��;8#?9:.�/8O7*+�!J Li#m"�1� '.�;=17;8*+6�"�L<#�$&%�*<¹-#0O7;=.Cª

²��!1'1�V�L<�s�QLi$&%-"��21
f
 '17V

g
;=1�;=*<6-"�L<#�$&%}L<1-"��2g-.0L<�2.0"Q²��2.&V��21�,8¹8171'�21· 717V�V�L<�sd�J�3

,8�2%7.qRS '17,-"�L+/-1Ye-/81
G
O��2.��!$&%7�21�O7;=.)Li#m"CT

j�L+.)O��I"0.&;8$&%�"��21�1� 71�V��!1Y�!L+17g-;=17g-#��2.�²�f8%'1�"0�21b4�/81�V��2.0Ru;=*<*wª�O��2LrV'�2J V�L<�?³@ 7#q3
g-;=17g-#0e8�2.0"0�!L+*< '1'g

f(x)
,-/817#q"�;81�")Li#q"!ª

f(x) = 1
RS�'.

0 ≤ x ≤ 1
T

�Q;8J�L+"@Li#m"
F (x) = x

 717V

G(u) = x,

u = G−1(x) .
¤w¢'T E�¢8§

# ���d�;AV� ��� & (:.�o2�2 7g8 '1'gH�!L+1'�!.�(
l�p�/-1'�21�"�L<;8*+e-�2.0"0�2L<*< '1'g´;= 7#)�!L+17�2.� �*<�2Li$&%�e-�2.0"0�!L+*< '1'g
 ��2g8�!O��!1�#0L<17VbV�L+�?�QL<$&%�"��21

f(x) =

{
1
RS�7.

0 < x < 1
0
#0/81�#m"

,

g(u) =

{
λe−λu RS�'. 0 < u
0

#q/-17#m"
.

��L<��g8�!#0 7$&%�"0��£r.&;=1�#mRS/-.0J´;�"�L+/-1
u(x)

�2.�%7;8*]"��21 ²�L<.!ª�²�L<��/8O��21�L<J ;8*+*<g8�!J��!L+17�21Yh�;=*<*
V��2JH/81�#m"�.0L<�2.0"!ª'V� 7.�$&%��51�"0�2g-.�;="0L</81Y '17V��51�e8�2.&#0L+/-1UM

∫ u

0

g(u′) du′ =

∫ x

0

f(x′) dx′ ,

∫ u

0

λe−λu′

du′ =

∫ x

0

f(x′) dx′ ,

1 − e−λu = x ,

u = − ln(1 − x)/λ .
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x
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*+�2"0oI"��21·���2o!L+�!%� '1'g´L<1·�2L<1'�?µ:;=.�Li;=O'*<�
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e8�2.0"0�!L+*+"!T�¤N4��2*<O7#q"0e8�!.�#q"�f817V�*<L<$&%�,�;81'1�J´;81
1−x

V� '.&$&%
x
�2.&#q�2"0o!�21UT §r³� �R�V'L+�C#q��j��!L<#0�
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e�;8.0Li;�"��@µ
�2.0"0�!L+*< '1'g-�21k¤u;= �$&% JH�2%'.&V�L<J��!17#0L+/-17;=*<�@µ
�2.0"0�!L+*< '1'g-�21 g-�217;81'1�"&§:e8�2.&;=*<*<g8�I3
J��!L+17�2.�1UT=j�L<.:O��C#0$&%7.�f81',8�!1s '1�#:%'L<�2.�;8 �R®V��21´h7;8*+*�,8/-1-"�L+1� 'L<�2.�*<L<$&%'�!.{µ
�2.0"0�2L<*< '1'g8�!1UT

� � � � � � �7�r��zCcC����ZuX�vuZwcC������Zu_!zC��ZwcC�`_C�}[���X � �s��Z��?����Zu�'t�vw��X

���������
	
��������

j�L+.�V'�I�71'L<�2.��21�²�L<��L<J �!L+1�V�L+JH�!17#qL</81�;=*<�21bh7;=*<*U�!L+1'�?µ
�!.q"��2L<*+ 71'g-#qRS '1',�"0L</81
F (x, y)�'O��!.´V�L+�bj¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"!ª�j��!.q"��}V��2.�G� �Ru;8*+*i#0e�;8.0Li;=O7*+�!1

x′ ª y′ ,�*<�2L<1'�2.´;8*<# xO'o2²?T
y
o2 ��717V��!1UM

P {(x′ < x) ∩ (y′ < y)} = F (x, y) .

��L<�?µ
�2.0"0�!L+*< '1'g�#mRS '17,-"�L+/-1b%7;�"@V';81'1}V�L+��(:L<g8�!17#�$&%7;�R¡"��21

F (∞,∞) = 1,

F (−∞,−∞) = 0 .

��L<��j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"�#�V�Li$&%-"��@V��I��1'L+�!.0�!1´²�L+.�;=*i#�V�L<��p�;=.0"0L<�2*<*+��³�O'*<�2L+"0 '1'gse8/-1
F17;8$&%bV��21bµ:;8.0Li;=O'*<�21

x
ª
y
M

f(x, y) =
∂2F

∂x ∂y
.

³@ 7#@V'�21}���2�71'L+"0L</81'�!1�RS/8*<g="@V�L<�����CV�L<1'g8 '17g
∫ ∞

−∞

∫ ∞

−∞

f(x, y) dx dy = 1 .

��L<��9:.�/8�m�!,�"0L</81'�!1
fx(x)

O'o!²?T
fy(y)

V��2.�jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�!1�;8 �R'V�L+��³�$&%�3
#q�!1Y1'�!1'1�"@J´;=1��@;=1�V�e8�!.q"��2L<*+ '17g8�21rM

fx(x) =

∫ ∞

−∞

f(x, y) dy ,

fy(y) =

∫ ∞

−∞

f(x, y) dx .

��L<� �@;817V�e8�!.q"��2L<*+ 71'g8�!1�#0L+1�Vb�2L<17V�L<J��!17#0L+/-17;=*<�´¤S '1'L<e�;=.�L<;="0��§)jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#m3
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��L<��O��!V'L+1'g8"0�!1Uª�;= �R7�!L+1�#�17/8.�J�L<�2.0"0�!1�j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�#�V�L<$&%�"��21
fb(x|y)

 '17V
fb(y|x)

RS�7.@e8/-.0g-�2g8�!O��!1'��jk�2.0"0�?e-/81
y
/�V��2.

x
#0L<17V

fb(x|y) =
f(x, y)∫∞

−∞
f(x, y) dx

=
f(x, y)

fy(y)
,

¤w¢'T E-E-§

fb(y|x) =
f(x, y)∫∞

−∞ f(x, y) dy

=
f(x, y)

fx(x)
.

¤w¢'T E8¦�§

G� 7#�;=JHJH�21��2.�g8�2O��21}¢�T E8Es '17V}¢'T E8¦s²�L<�!V��!.��);�68�C# )�£)%'�2/-.0�!JbM

fb(x|y)fy(y) = fb(y|x)fx(x) = f(x, y) .
¤w¢�T E-B-§

# ���d�;AV� ��� & �@O��2.�*<;8g8�!.0 '17gse-/81�o!²��!LUo2²��2LiV�L<JH�217#0L+/-17;=*<�21��@/-.0J´;=*<e8�!.q"��2L<*+ 71'g8�!1��
��L<� �@;817V�e8�!.q"��2L<*+ 71'g8�!1Q '1�V?V�L+��O��CV�L+17g="0��jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�

fb(y|x =
1)
e8/-1

f(x, y) =
1

2π

[
0.6 exp

(
−x2

2
− y2

2

)
+

0.4√
3

exp

(
− (x − 2)2

3
− (y − 2.5)2

4

)]

#qL<17V

fx(x) =
1√
2π

[
0.6 exp

(
−x2

2

)
+

0.4√
1.5

exp

(
− (x − 2)2

3

)]
,

fy(y) =
1√
2π

[
0.6 exp

(
−y2

2

)
+

0.4√
2

exp

(
− (y − 2.5)2

4

)]
,

f(y, x = 1) =
1

2π

[
0.6 exp

(
−1

2
− y2

2

)
+

0.4√
3

exp

(
−1

3
− (y − 2.5)2

4

)]
,

fb(y|x = 1) = 0.667

[
0.6 exp

(
−1

2
− y2

2

)
+

0.4√
3

exp

(
−1

3
− (y − 2.5)2

4

)]
.

fb(y|1)
 '17V

f(y, 1)
 '1�"0�!.�#�$&%'�2LiV��!1H#0Li$&%�L<J �@/-.0JHL<�2.� '1'g-#qRu;=,�"�/8.Cª�V'�2.�;8 7#:V��!.�h7/8.03

V��2.� '1'g ∫
fb(y|1) dy = 1
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x = 2
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f(y, 2)
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�2.0"0�2L+3
*+ '17g-#qRS '1',�"0L</81'�!1�*i;8#�#q�!1�#0L<$&%�;= �R�V'L+�C#q�!1�h�;=*<*�17L<$&%�"
#qL<1'1�e8/-*+*�e8�!.�;8*+*<g8�!J��!L+17�2.�1U�2J´;=1
,�;81'1@�m�CV�/�$&%�V�L<��O��I"0.���b`�21�V��21�µ
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dω = sin θ dθ dφ
ª�JHL]"

θ , φ
;=*i#�9{/-*<;8.q3K '17V

³@o2L<J� '"0%�²�L+17,8�2*NTU��;=1'1¥Li#m"�V�L<�´jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"Cª`j��!.q"��HV'�2.sG� �Ru;8*+*i#0e�;8.0Li;=O7*+�!1
θ′ , φ′ L<1'1'�!.0%�;=*<OY�!L+1'�C#��@;= 7J�²�L<1',8�!*<# ∆ω

o! ��717V��!1Uª7V� '.&$&%

P{θ′ , φ′ ∈ ∆ω} =

∫

∆ω

f(θ, φ) dω

g8�2g-�2O��21Uª�JHL+"�V��2.@��/8.�JHL+�!.0 '17g
∫ π

0

dθ sin θ

∫ 2π

0

dφf(θ, φ) = 1 .
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�!.0�!L+1'Ru;8$&%� '1'g�O��21� �"�oI"�J´;81�;=17#q"0�!*+*<�:e8/-1
θ
ª
φ
JH�2Li#m"�V�L+��µ:;=.�L<;8O'*<�21

z = cos θ
ª

φ
ª�L+1¥²��2*i$&%'�21¥#0L<$&%¶V';-#�L+1���1'L]"��!#0L+J´;8*+���@;8 'J�²�L<1',-�2*<�2*<�2JH�21�"�;=*i#

dω = dzdφ
�2.03

g8L<O�"!T®�QL+�Hj¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"!ª7�!L+17� ��Li$&%�"0 '17gYL<1��!L+1'�!J O��C#m"�L+JHJ�"0�21 �@;8 'J�²�L<1�3
,8�2*<�2*<�2JH�!1-"sO��!L�V��!1���/�/-.�V�L<17;="0�21

z
ª
φ
o2 ¥�717V'�21Uª�²�L+.&V¶V� '.&$&%

f̃(z, φ)dzdφ
g8�23

g8�2O��21rª7²�/8O��2L
f̃(cos θ, φ) = f(θ, φ)

g8L<*+"!T��Q�2.Qµ
/8.0"0�!L+*rV'�2.�17�2 '�!1}µ:;=.�L<;8O'*+�!1bo2�2L<g="
#qLi$&%�o-T ��T
O��2L@V��!. ��L<*iV� '1'gke8/-1 �@;817V�e8�!.q"��2L<*+ 71'g8�!1UM
���!L��2L<1'�2.  �*<�2Li$&%�e8�2.0"0�!L+*< '1'g
f̃ = f = 1/(4π)

Li#q"�V'L+�(�@;817V�e-�2.0"0�2L<*< '1'gHL+1
z
ª�g8�2g-�2O��21bV� '.&$&%

f̃z(z) dz = dz

∫ 2π

0

dφf̃(z, φ) =
1

2
dz ,

²�L+�CV��2.� 'J��!L+1'�� �*<�2Li$&%�e8�!.q"��2L<*+ '17g7ª�²�;-#)O��!LUµ
�2.�²��217V� 71'gHe8/81
θ
1'L<$&%�"@g-L+*+"!M

fθ(θ) dθ = sin θ dθ

∫ 2π

0

dφf(θ, φ) =
1

2
sin θ dθ .

#·;=1kO��C;8$&%�"0�HV�L<�´%'L<�2.�e8�!.0²��217V'�I"0�H�Q�I�71'L+"0L</81¶V��!. �@;=17V'e8�2.0"0�!L+*< '1'g�ª®V�L+� V'�2.�e�;�3
.0Li;=O'*<�21¶ �.�¹��8�HV��C# �@;= 'Js²�L+17,8�2*<�2*<�2JH�!1-"&#����!$&%'1� '17gY"�.�f8g="CT®4�/�²�/-%'*

f̃z
;=*i#�;= 7$&%

fθ
#qL<17V��'O��2. L<%'.�� �m�!²��!L+*<L<g8�21��Q�I�71'L+"0L</81�#qO��2.��2Li$&%'�

z ∈ [−1, 1]
O7o2²?T

θ ∈ [0, π]1'/8.�JHL+�!.q"CT

� � � � � � ���~��X`_!�

³@17;8*+/-g�o! 'J��!L+17V'L+JH�21�#qL</817;8*+�!1�h�;=*<*rV��2�71'L<�2.��21�²�L+.!#}/-JH�21�"0��RS�'.@o!²��!L<V'L+JH�21�#qL</=3
17;=*<��µ
�2.0"0�2L<*< '1'g8�!1UM

µx = E(x) ,

µy = E(y) ,

σ2
x = E

[
(x − µx)2

]
,

σ2
y = E

[
(y − µy)2

]
,

σxy = E [(x − µx)(y − µy)] ,

µlm = E(xlym),

µ′
lm = E

[
(x − µx)l(y − µy)m

]
,

µx =

∫ ∞

−∞

∫ ∞

−∞

xf(x, y) dx dy =

∫ ∞

−∞

xfx(x) dx ,

µy =

∫ ∞

−∞

∫ ∞

−∞

yf(x, y) dx dy =

∫ ∞

−∞

yfy(y) dy ,

µ′
x =

∫ ∞

−∞

∫ ∞

−∞

(x − µx)f(x, y) dx dy =

∫ ∞

−∞

(x − µx)fx(x) dx ,

µ′
y =

∫ ∞

−∞

∫ ∞

−∞

(y − µy)f(x, y) dx dy =

∫ ∞

−∞

(y − µy)fy(y) dy ,
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� ��� � ���
� ����� �
���
��� � � 	
f(x, y) = const

� � ���  �����������
� � ����� �&� ������� � 	�� � ��� 
 � ��� ���
��� 	���� �

µlm =

∫ ∞

−∞

∫ ∞

−∞

xlymf(x, y) dx dy ,

µ′
lm =

∫ ∞

−∞

∫ ∞

−∞

(x − µx)l(y − µy)mf(x, y) dx dy .

� � ��� ��� � 	
������ ����� �	� ��� � � ��
��� � ����	�� ��� � �	� ���
	

�Q;-# #}/-J��!1�"
σxy

17�21'1�"�J´;=1 []18DC�8�/� �2�&G�e-/81
x
 '17V

y
T�j��2171

σxy
e8/-1 1� '*<*

e8�2.&#�$&%'L+�CV��21�L<#q"!ª�#qL<17V¥V�L<�´µ:;=.�L<;8O'*+�!1
x
 717V

y
!#18�/�?����� ���/$NT�³�17#�$&%7;= '*<Li$&%�O��!V��! �"0�2"

V�L+�C#q�!�Q/8.�.��2*i;�"0L</81rªCV';-#0#
V'�2.:(:.�²);=.0"0 '1'g�#q²��2.0"�e-/81
y
O��2L�e8/8.�g8�!g8�!O��!1'�2J jk�2.0":e8/81

x
e8/-1�V��C#0#0�21�jk�2.0"�;=O'%7f81'g="CT�G� 'J ���2Li#qp'L<�2*�Li#q"�V';8#: ��!²�L<$&%�":�!L+1'�C# #}�21�#0$&%'�!1HJ�L+"

#q�!L+1'�!.� �.0¹.�8��,8/-.0.��2*<L+�!.q"CT
��L<�)��/-.0.��2*i;�"�L+/-1
,� 7;=1�"0L+�7o!L+�!.q"�J´;=1b�'O��2.@V�L<��V�L<JH�217#0L+/-17#0*+/�#q�? �.0¹.�8�

ρxy =
σxy

σxσy
,

V��21,[]12�/�����7�8$%� 18���?!"1����+G�� ����$Q����T®³@ �R� �.� '17V}V��!.�4�$&%�²);=.�o!#�$&%'�21bd@1'g-*+�!L<$&%� '17g´g8L<*]"
#m"��I"�# |ρxy| ≤ 1

T
��L<�s³�O'OUTU¢�T<AC¢Ho!�2L<g="��@¹8%7�21'*<L+17L+�!1·RS�'.� '1�"0�!.�#�$&%'L<�!V�*<L<$&%�,8/8.�.��2*<L+�!.q"��?µ
�2.0"0�2L<*< '1�3

g8�21rT
j��!1'1 V��2.��Q/8.�.0�!*<;="0L</817#0,8/����Ho!L+�!1�" 1� 7*+*�Li#q"!ª�O��!V��! �"0�2"�V';8#};8O��!.bL+J ³@*<*+g-�I3

J��!L+17�21k1'L<$&%�"CªUV';8#�#QV'L+�Hµ:;=.�Li;�"0�`'��V�"a���F2�&(8� (�e8/-1'�2L<17;=1�V��2.�#qL<17V®TU�QL<�H³�O'%7f81'g8L<g=3
,8�2L+"�,�;=171�;= 7$&%}#0 'O�"�L+*<�2.�#q�!L+1rT`G� �Ru;8*+*i#0e�;8.0Li;=O7*+�

x
ª
y
ª+T<T<T7²��2.&V��21 '��f�#a���F2�&(8� (8ª`;= 7$&%

12�/$H��1�("18�V�2�sg8�!17;=1'1�"Cª�g-�217;8 V';=171 ²��21'1 L+%'.���¤uJH�2%'.&V�L<J��!17#0L+/-17;=*<�C§�µ
�2.0"0�!L+*< '1'g
f(x, y, . . .)

L<1�V'L+�(�@;817V�e-�2.0"0�2L<*< '1'g8�!1�Ru;8,�"0/8.�Li#qL<�2.0"!M

f(x, y, . . .) = g(x)h(y) · · · .

��;8$&%�¤N¢�T E-B8§�Li#q"sV�L<�!#�g-*+�!L<$&%�O��!V��! �"0�!17V¥JHL]"�V��2.�d�17;=O7%7f=1'g-L+g-,8�!L]"�V��!.�O��!V�L<1'g="��21
µ
�2.0"0�2L<*< '1'g8�!1

fb(x|y)
ª
fb(y|x)

e8/-1�V��!.��m�!²��!L+*i#�O��CV�L<1'g8�!17V��21H �.0¹.�8�
y
ª
x
ª�²);8#�V��2J

���!g8.�L b}#q"0/�$&%7;8#q"0Li#�$&%'�2.�d�17;=O7%7f=1'g-L+g-,8�!L]"�;8 7# �?;=p'L+"0�!*�AQ�217#0p'.�L<$&%�"!T����2L�J��!%'.);=*i#�¢
µ:;=.�L<;8O'*+�!1YJs 7#�#)e8/8*<*i#m"&f=17V�L<g8�?h�;=,�"0/-.0Li#qL<�2.� '1'g�g8�2RS/8.&V��2.0")²��!.�V��!1Uª�²�L<�?/8O��21};=1'g-�I3
V��2 �"��I"�¤up7;8;8.0²��2Li#q��d@1�;=O'%7f81'g8L<g8,-�2L+"�Li#q")LNT ³�T'1'Li$&%�"�%'L+17.0�!L<$&%'�!17V7§IT'j�L+.�%�;=O��21�e8/81
V�L+�C#q�!.@���2�71'L+"0L</81}#�$&%'/81�L+1�RS.��'%'�!.0�!1�³�O7#0$&%71'L]"0"0�!1~¤w¢�T ¢�T<A b:§� ��2O'.&;= 7$&%�g8�!J´;8$&%�"!T
4��2*<O7#q"0e8�!.�#q"�f817V�*<L<$&%�#qL<17V�,8/-.0.��2*<L<�2.0"0��µ:;8.0Li;�"��?#m"��I"�#�;= 7$&%b;=O'%�f=1'g-L+g�T
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# ���d�;AV� ��� & ��/-.0.��2*<L<�2.0"0��µ:;8.0Li;�"��
(:L+1¥9: 71',�"�L+1¶V��!.?(:O��21'� ²��2.&V��´V� '.&$&%k9�/-*<;8.0,-/�/8.&V�L+1�;�"0�!1}RS�!#q"0g-�2*<�2g8"!ª®²�/8O��2L

V��2.
�@;8V�L< 7#� '17V·V��!.Qj�L<1',-�2*��m�!²��!L+*i#Qg-;= �8e8�!.q"��2L<*]"@#0�2L<�21��8T�(�L+1'���@¹-%'�21'*<L<1'L+��#qL<�2%�"
V';=1'1~#0/�f8%'1'*<L<$&%~;8 7#�²�L<�YV';-#?o2²��2L+"0����L+*iV¥L+1�V��2.�³@O'OUT
¢�T<AC¢'Tr�QL+�Y,�;8.q"��!#0L<#�$&%'�!1
��/�/8.&V�L<17;�"��21Y%7;=O��21b%'L<�2.��!L+1'��1'�!g-;="0L<e8� ��/-.0.��2*i;�"�L+/-1UT

# ���d�;AV� ��� & ³@O'%�f=1'g-L+g-�Qµ:;8.0Li;�"���JHL+"���/-.0.��2*i;�"�L+/-17#0,8/����´o2L<�21�"�g-*+�!L<$&%�1� '*<*
���!LUV��2.�j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�V�Li$&%�"0�

f(x, y) =
1

2π
√

x2 + y2
e−

√
x2+y2

L<#q"
σxy = 0

¤w��L<�+ rL+1'L<�21
f = const.

#qL<17V'��.��2Li#q��§ ª';=O��2.
x
 '17V

y
#0L<17Vb;=O'%7f81'g8L<g7ª

V�L+�?O��!V'L+1'g8"0�?µ
�!.q"��2L<*+ '17g
fb(y|x)

e-/81
y
%7f81'g="�e8/-1

x
;8OUT

�51·V��2.Q9:.�;=l�L<#�L<#q"QV�L<�sh7.�;8g8�?17;-$&%·V��2.�d@17;8O'%7f=17g8L<g8,8�!L]"@e-/81�G� �Ru;8*+*i#0e�;8.0Li;=O7*+�!1
/=R¡"�#�$&%�²�L+�!.0L<g?o2 ´O��!;81-"m²�/8.0"0�!1UT=�Q '.�$&%´g-�2�!L+g-1'�I"��!#·; �-17;=%'JH�!1�O��2L`V��!.��Q '.�$&%'RS�'%�3
.0 '17gQV��!.:G` �Ru;=*<*<#0�Il�p��2.�L+JH�!1-"���,�;=171sV�L<��d�17;=O7%7f=1'g-L+g-,8�!L]"Cª!o-T ��T�;= �RS�!L+17;817V��!.qRS/-*+g-�21�3
V��2.����!/8O7;-$&%�"0 '1'g-�21Uªre8�2.�O��!#�#q�!.q"�²��2.&V��21rT����2L�V��2.�³@O'*<�!#0 '1'g��2L<1'�!#��517#m"�.0 7J��!1�"�#
V� '.&$&%�V�L<�!#0�2*<O��k9{�!.�#0/81 ,8¹8171'�21 V�L<�¥³�O'*<�!#0�IRS�2%7*+�!.·³@O'%7f81'g8L<g8,-�2L+"~¤uV� '.&$&%  U�2.�1�3
��b`�2,�"&§�;= 'RS²��!L<#0�21UT{���2L�V��!.H³�O'*<�!#0 '1'g¥V� '.&$&%�e8�!.�#�$&%'L<�!V��!1'� 9{�2.&#0/81'�!1�,�;=1'1 V�L<�!#
e8�2.�JHL+�CV��21 ²��!.�V��!1Uª)e8/-.�;8 7#qg-�!#0�I"�oI"!ª�V';8#�#YV'L+�`�m�2²��2L<*i#Y;817V��2.��21 ���!#0 '*+"�;="0�k1'L<$&%�"
O��!,�;81'1�"�#0L+1�V®T���/�$&%~²�L<$&%�"�L+g-�2.s#0L<17V¶JH�2Li#m"H#0$&%7*+�C$&%-"s,8/81�"�.0/-*+*<L+�!.q"��´(:L<1��7�7#�#q�b;= 'R
V�L+�!#·�!#�#q.��!#0 '*+"�;�"���¤u£��2JHp��2.&;�"0 7.!ª� r �R¡"�V'.0 7$&,`T<T+T § ª-V�L+��o2 ��/-.0.��2*i;�"�L+/-1'�21s '17VHV';8J�L+"
#m"�/�$&%�;8#q"0Li#0$&%'�!.�³�O'%7f=17g8L<g8,8�!L]"�RS�'%'.��21s,8¹8171'�21UT�£��!#q"0�21�V��2.{d@1�;=O'%7f81'g8L<g8,-�2L+"�¤w#m"&;�"0L+3
#m"�L<#�$&%'�)£r�C#m"&#2ª #}/-1-"��I3q©�;=.�*+/8354�L+Js '*<;="0L</81Uª2µ
�2.�g8*<�2Li$&%�e8�!.�#�$&%'L<�!V��!1'�2. #}�!#�#qp��2.�L</�V'�21�§
#m"��2*<*]"@�!L+1'�!1b�2.�%'�2O'*<Li$&%'�21b£r�!L+*UV'�2.@�2l�p��2.�L<J��!1�"0�2*<*<�21b³@.�O��!L]"�V';8.!T

� � � � � �?����Zu�'t�vw��X`_!���'X�zC�K�7���~�'_!Zu��X

��L<�Yj¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�V�Li$&%�"0�21
f(x, y)

 '17V
g(u, v)

"0.&;=17#qRS/8.�JHL+�!.0�!1~#qLi$&%~�'O��2.
u(x, y)

ª
v(x, y)

ª�;=17;8*+/-gso! 'J  '17L+e�;=.�Li;�"0�!1�h�;=*<*

g(u, v) du dv = f(x, y) dx dy ,

g(u, v) = f(x, y)

∣∣∣∣
∂(x, y)

∂(u, v)

∣∣∣∣ ,

�'O��!.�V��!1����I"�.�;8g´V��2.@h7 '1',�"0L</817;8*<V'�I"0�!.0JHL<17;=1�"��8T
# ���d�;AV� ��� & £�.�;817#qRS/8.�JH;="0L</81�V'�2.���/8.�JH;8*+e-�2.0"0�!L+*< '1'gsL+1b9{/8*i;=.�,8/�/8.&V�L<17;�"��21
(:L+17�?o2²��2LiV�L+JH�!17#qL</81�;=*<����/8.�JH;8*+e-�2.0"0�!L+*< '1'g

f(x, y) =
1

2π
e−(x2+y2)/2

#q/-*+*®L<1b9�/-*<;8.0,-/�/8.&V�L+1�;�"0�!1

� � �
� � � � ��� � ����	���� � ����
���� ���
��� ��� � � 
 ����� 
�����	 ��
�� ������������� � ��� �����
r > 0

��� � |φ| < π
 ��� 	���� � ����� �



� � � � ��� 	��
 ����� ��	�� � ���������������
��� �
��� 
 ���
	�� � �
� � 	���� � �

x = r cosϕ ,

y = r sin ϕ

"0.&;=17#qRS/8.�JHL+�!.q")²��!.�V'�21UT'�QL+��h7 '1',�"0L</81�;=*iV��I"��2.�J�L<17;81-"���L<#q"

∂(x, y)

∂(r, ϕ)
= r .

j�L+.@�!.0%�;=*+"0�21

g(r, ϕ) =
1

2π
re−r2/2

J�L+"�V��!1���;=17V�e-�2.0"0�!L+*< '1'g-�21

gr =

∫ 2π

0

g(r, ϕ) dϕ = re−r2/2 ,

gφ =

∫ ∞

0

g(r, ϕ) dr =
1

2π
.

��L<��µ
�!.q"��2L<*+ '17g´Ru;=,�"0/-.0Li#0L+�!.q"�L<1�V�L<� ��;=17V�e-�2.0"0�!L+*< '1'g-�21~¤u³�O'OUT®¢�T<A!E�§ T #·L]"
x
ª
y#qL<17Vb;= 7$&%

r
ª
ϕ
 '1�;=O'%7f81'g8L<g7T

� � � � � �?����Zu�'t�vw��X����������®_!Zw��X

��f= '�7g�"0.�L]"0"�;= 7$&%bV';8#)9�.0/-O'*+�!J ;8 �Rmª'V';8#�#�;= �#)�2L<1'�2.�g-�2g8�!O��!1'�21�j¥;=%'.&#0$&%7�2L<1'*+Li$&%�3
,8�2L+"�#�V�Li$&%�"0�

f(x, y)
V�L<�sµ
�!.q"��2L<*+ 71'g

g(u)
�!L+17�2.�µ:;=.�L<;8O'*<�21

u(x, y)
O��217¹="0L<g="�²�L<.�V®T

j�L+.�,8¹-1'1'�!1·�!#�;= 'R�V�L<�s�'O7*+Li$&%'�H£r.&;=17#qRS/8.�J´;�"�L+/-1}o2 '.��7$&,�RS�'%'.��21Uª`L<17V��!J ²�L+.��2L<1'�
o2²��2L+"0�´µ:;=.�Li;=O'*<�

v = v(x, y)
�!.q��17V��21rªrV�L<� £r.&;=17#qRS/8.�J´;�"�L+/-1

f(x, y) −→ h(u, v)V� '.&$&%�RS�'%'.��21� '17Vb#�$&%'*+L<�"�-*+Li$&%bV�L+� �@;817V�e-�2.0"0�2L<*< '1'g

g(u) =

∫ ∞

−∞

h(u, v) dv

O'L+*iV��!1UT'�51}V��21bJH�2Li#q"0�21bh{f=*<*+�!1bL<#q"@�!#)o!²��C$&,�J´f��8L<g7ª
v = x

o! �²)f=%7*+�!1UT
(
"m²�;-#�RS/8.�J´;=*<�2.),8¹-1'1'�21�²�L<.@;= 7$&%

g(u) =

∫ ∞

−∞

f(x, y)δ (u − u(x, y)) dx dy
¤N¢�T E8>-§

#0$&%'.��2L<O��21UT
h��7.)V'L+��µ
�2.0"0�!L+*< '1'gHV��!.�4� 'JHJH�

u = x + y
e8/-1 o2²��2L® '1�;=O'%7f81'g8L<g8�!.�µ:;8.0Li;�"��21

x
ª
y
ª7V®T %UT

f(x, y) = fx(x)fy(y)
ª'RS/8*<g="�17;8$&%��51�"0�!g8.&;�"0L</81Y�'O��2.

y

g(u) =

∫
f(x, u − x) dx =

∫
fx(x)fy(u − x) dx .

��L<�!#)Li#m"@V';-#)h7;=*+"0 71'g-#0L+1�"�g8.&;=*Nª-J´;=1�$&%'J´;=*®;= 7$&%�;=*i#)h7;=*+"0 71'g-#0p'.�/�V' ',�"�O��2o!�2Li$&%'1'�I"Cª
g8�2O7L+*iV��I"�;8 7#

fx
 '17V

fy
T

# ���d�;AV� ��� & µ
�2.0"0�!L+*< '1'g´V��!.@��L7b��!.0�!1'o?e8/-1Yo!²��!LU��L<g8L+"�;8*+o!�2L+"0�!1



� � � � � ������������� ���
� ��� 
���� 	��� ����	����
� ����
���� ����� �
����� � � 
 ����������� � 	����

������� ���
� ��� � ������� � ����� ��	��!��� ��� ����� � � ��� � � � �������!����� �
����&� ��� � �
 � ��	����
� ����
 ���� 
 ����	�� �
���
��������� �
��, ��� ��� 
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����	�����' � ���������������
�
���
�����)
 ��
�� ��	������
��� ��� � � � �� ����	���� � ����
���� � � � �
� � � �� � ��	����
� ����
 ��� �
� , � � ��� 
 � ���!���
��� 	���� �

��L<�?²�;8%'.��21bG`�2L+"0�21
t1, t2

RS/8*<g8�!1�V'�2.�µ
�2.0"0�!L+*< '1'g

f(t1, t2) =

{
1
RS�'. |t1 − T1| , |t2 − T2| < ∆/2

0
#q/-17#m"

 'J V�L<�k³�O'*<�!#0�2²��2.0"0�
T1
ª

T2
T� ��!#0 7$&%�"�Li#q"bV�L<�¥jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0��e8/81

t = t1 − t2
T��Q�2.�(:L<1�Ru;8$&%7%'�2L+"�%�;=*<O��!.Q²)f=%'*<�21}²�L<.�V�L+�H³@O7*+�C#q�!²��!.q"��

T1 = T2 = 0¤u³@O7OUT�¢'T+A!¦�§ T�j�L<.�"0.&;=1�#mRS/-.0JHL<�2.��21�V�L<�?µ:;=.�Li;=O'*<�21�g8�!JHf��

t = t1 − t2 ,

t1 = t1

J�L+"�V��!.@h' '1',�"�L+/-17;=*iV��I"��2.�JHL+17;81�"0�

∂(t1, t2)

∂(t1, t)
= 1 .

��L<�?1'�2 7�?µ
�2.0"0�2L<*< '1'gHL<#q"@�2O��21�#q/H,8/-17#q"�;=1�"Cª

h(t1, t) = f(t1, t2) = 1 ,



� � � � ��� 	��
 ����� ��	�� � ���������������
��� �
��� 
 ���
	�� � �
� � 	���� � �

������� ���
� � � � ����	���� � ����
 ����� � � � ���������
t
 � � � � ��� � ��� 	����

t1
��� �

t2
� � ����� �
� � � �(��� 
 �
	����
�

� ����� ����
������ � ����	 � ���
� �
� � � ����	 �

L+1b�2L<1'�!J ���2.��2Li$&%Uª�V��21}³�O'OUT�¢'T+A!¦so!�2L<g="!T
��L<�?h'/8.�J V��!. �@;=1�V�e8�!.q"��2L<*+ '17gs,-¹81'1'�!1�²�L<.@V� '.&$&%Y�51�"��2g8.&;�"�L+/-1��!.0%7;8*]"��21Y/�V'�2.

�2L<1�Ru;8$&%'�!.@V�L<.0�!,-"@;8 7#�V��2.@³�O'O'L<*<V' '1'g ;=O7*+�C#q�!1UM

g(t) =





( t − T + ∆/2)/∆2 RS�7. t − T < 0
(−t + T + ∆/2)/∆2 RS�7. 0 < t − T
0

#0/81�#m"
.

# ���d�;AV� ��� & µ
�2.0"0�!L+*< '1'g´V��C#��5JHp' '*i# ,� 7;-V�.�;="�#�¤u£��2L<*i$&%'�21'p7%�6�#0L+,'§
��L<�?9:.�/8�m�2,�"�L+/-1'�21�V��2.@�5JHp' 7*<#0�?#q�!L+�!1�17/8.�JH;8*+e-�2.0"0�!L+*+"!ª

f(px, py) =
1

2πs2
e−(p2

x+p2
y)/(2s2) ,

J�L+"�V��21kµ:;=.�Li;=1'o!�21 〈
p2

x

〉
=
〈
p2

y

〉
= s2 T®h��'.�V';-# �Q 7;8V�.&;�"�V��!#��5JHp' '*i#0�!#QRS�'%'.��21

²�L+.bV�L<�k³�O',��'.0o! '1'g
q = p2 �!L+1UT)j�L<.YO��2.��!$&%71'�21 V'L+�kµ
�2.0"0�!L+*< '1'g�e8/81

q
T�j�L<.

"0.&;=17#qRS/8.�JHL+�!.0�!1�L<1�9{/-*<;8.0,-/�/-.�V'L+17;="0�!1

px =
√

q cosϕ ,

py =
√

q sinϕ
J�L+"

∂(px, py)

∂(q, ϕ)
=

1

2 '17V��2.�%7;=*+"0�!1

h(q, φ) =
1

4πs2
e−q/(2s2)

J�L+"�V��!. �@;=17V'e8�2.0"0�!L+*< '1'g

g(q) =

∫ 2π

0

1

4πs2
e−q/(2s2) dϕ

=
1

2s2
e−q/(2s2) ,

g(p2) =
1

〈p2〉e
−p2/〈p2〉 .
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 ����������� � 	����

�Q;-#)(:.0g-�2O'17L<#)Li#m"@�!L+17�?(
l�p�/-1'�21�"0Li;=*<e8�!.q"��2L<*+ 71'gsJHL+" 〈
p2
〉

=
〈
p2

x

〉
+
〈
p2

y

〉 T
# ���d�;AV� ��� & �Q '/="�L+�!1�")o!²��!L+�!.�g-;8 &�8e-�2.0"0�2L<*+"0�2.�µ:;=.�Li;�"0�
��L<��G� �Ru;=*<*i#qe�;=.�Li;=O'*<�21

x, y
#0�2L<�21k '17;8O'%7f=17g8L<g� '17VkLiV��21�"�L<#�$&%�1'/-.0J´;8*+e-�2.0"0�2L<*+"!ª

V®T %rT

f(x, y) = f(x)f(y) =
1

2π
exp(−x2 + y2

2
) .

j�L+.�#q 7$&%7�21�V�L<��µ
�!.q"��2L<*+ '17g
g(u)

V��!# �Q '/="�L+�!1-"��21
u = y/x

T�j�L+�s/8O��21·O��!#�$&%'.�L+�23
O��!1Uª7#0�I"0o!�21b²�L<.

u = y/x , v = x
O'o!²?T

x = v , y = uv
 '17V��2.�%7;=*+"0�!1

h(u, v) = f(x(u, v), y(u, v))|D| ,

J�L+"�V��!.@h' '1',�"�L+/-17;=*iV��I"��2.�JHL+17;81�"0�

D =
∂(x, y)

∂(u, v)
= −v ,

#q/-J�L+"

g(u) =

∫
h(u, v) dv

=
1

2π

∫ ∞

−∞

exp(−v2 + u2v2

2
)|v| dv

=
1

π

∫ ∞

0

e−(1+u2)z dz

=
1

π

1

1 + u2
,

²�/-O��!LrV�L<��4� 'O7#q"0L+"0 �"�L+/-1
z = v2/2

O��21� �"�oI"�²� '.&V��-T'(�#�%7;817V��!*]"Q#0Li$&%�O��2L
g(u)

 'J
V�L+�s©�;8 7$&%�6�3Nµ
�!.q"��2L<*+ '17g�¤w#2T'³�O7#0$&%71'L]"0"�¢�T >'T ¨-§IT

h��7.�V�L<�:µ
�2.0"0�!L+*< '1'gQV��!# �Q '/="�L+�!1�"0�21?o!²��!L+�!.6D2���������&� ��J#���V���� �;= &�83Nµ
�!.q"��2L<*+ 71'g8�!1
�2.�%7f=*+"·J´;=1 #0�2%'.}e�L<�2*� 7JH#q"�f817V�*<L<$&%7�2.��~³@ 7#�V�.��7$&,8��¤SJ´;81 ²��'.�V'�~#qL<�~�2L<1�Ru;-$&%'�2.
V� '.&$&% #}/81�"��I3q©�;=.�*+/8354�L<J� 7*<;="0L</81��2.�%7;=*+"0�!1Uª-#!T �?;8p'L+"0�2*�¦�§IT��QL<�� r;81'g-#�$&%�²�f81'o2L<g8,-�2L+"
L<#q"�V� 7.�$&%�V'L+�s�217V�*<Li$&%'��j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"�O��2*<L+�!O'L+gY,�*+�!L+1'�!.�jk�2.0"0��V��!#��@�!1'1'�2.&#
O��CV�L+17g="!T #·;81·#q/-*+*+"0��V'L+�C#q�!1·d@J´#m"&;=17V·L+1·���I"�.�;-$&%�"�o2L<�2%'�!1Uª7²��2171}JH;81 �Q '/="�L+�!1�3
"0�21�e8/-1� �;= &�83Nµ
�!.q"��2L<*+ '17g8�21}O��21� �"�oI"Cª�O��2L
V��!1'�21�V�L+�sµ
�2.0"0�!L+*< '1'gYL+J¸���21'1'�!.�;8J
d@.&#qp'.� '1'gH1'/�$&%�1'Li$&%-"�e-�2.�17;8$&%'*if8#�#0L+g-O7;=.�,�*<�2L<1bL<#q"!T

� � � � � ��������c���X®��X�x¶����� ¬{�'zCz!��X�����X �����7X�zC�K�7���~��_CZu��X

���!L&#}/81�"��I3q©�;=.�*+/83Nµ
�!.qRu;8%'.0�!1?L<#q":�!#{e-/81s�51-"��2.��!#�#q�-ª�;= 7#: �*<�2Li$&%�e8�2.0"0�!L+*< '1'g-�21�;=17V��!.0�
e8/8.�g8�!g8�!O��!1'��µ
�!.q"��2L<*+ '17g8�21�o2 b�!.0o!�2 'g-�21UT�j�L<�?L+J (:L+1�V�L+JH�!17#qL</81�;=*<�21�J��7#�#q�!1Y²�L<.
V';=o! �2L<1'�k�51�"0�2g-.�;="0L</81� '1�V��51�e8�!.�#0L+/-1�V��2.·4�"&;=JHJ�RS '1',�"0L</81�V� '.&$&%�RS�'%'.��21rT�j�L<.
O��2"0.&;8$&%�"0�!1�V';8o2 b1� '.��2L<1}#qp��2o!L+�!*+*<�!#����!L<#0p'L<�2*Nª'V��!#�#0�21b(:.�g8�2O71'L<#)²�L<.@L<J �?;8p'L]"��2*®¦
O��!1'¹="�L+g-�21UT

# ���d�;AV� ��� & (:.�o2�! 'g8 71'g@�2L<1'�!.ro2²��2LiV�L<JH�217#0L+/-17;=*<�21?��/8.�JH;8*+e-�2.0"0�!L+*< '1'g@;8 7#� �*<�2Li$&%�3
e8�2.0"0�!L+*< '1'g-�21�L+1

r1
 '17V

r2
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j�L+.�g8.��2L+RS�21k;= �R�V';8#�(:.�g8�!O'1'Li#Qe-/81·/-O��!1�o! '.0��$&,} '17V�e8�2.�²��217V��!1�V�L<�s9{/-*<;8.q3
,8/�/8.&V�L<17;�"��217V';8.�#q"0�!*+*< '1'g

g(ρ, ϕ) dρ dϕ =
1

2π
dϕ ρ e−ρ2/2 dρ ,

V�L+�?L<1
ϕ
 '1�V

ρ
Ru;8,-"�/8.�L<#0L<�2.0"!T�j�L+.�O��!.0�C$&%'1'�21bV�L<��h' '17,-"�L+/-1

ρ(r1)
M

∫ ρ

0

ρ′e−ρ′2/2 dρ′ = r1 ,

−e−ρ′2/2
∣∣∣
ρ

0
= r1 ,

1 − e−ρ2/2 = r1 ,

ρ =
√
−2 ln(1 − r1) .

(:1�"�#0p'.0�C$&%'�21�V��!.0%7;8*]"��21�²�L+.
ϕ(r2)

M

ϕ = 2πr2 .
4�$&%'*<L+� �8*<L<$&%��2.�%7;=*+"0�!1Y²�L<.

x
 '17V

y
M

x = ρ cosϕ =
√
−2 ln(1 − r1) cos(2πr2) ,

¤w¢'T E�D=§

y = ρ sin ϕ =
√
−2 ln(1 − r1) sin(2πr2) .

¤w¢'T E-F-§
��L<�!#0��µ:;8.0Li;=O'*<�21Y#qL<17V´ '1�;=O'%7f81'g8L<g�e-/81'�!L+17;817V��!.: '17V�1'/8.�J´;=*<e8�2.0"0�!L+*+": 'J�V��!1�d@.03
#qp'.� '1'gHJHL+"@µ:;=.�L<;81'o��2L<17#2M

f(x, y) =
1

2π
e−(x2+y2)/2 .

¤Sj�L<.�,8¹8171-"��21Y1'/�$&%
1− r1

V� '.&$&%
r1
�!.�#0�I"�o2�!1Uª'V';

1− r1
�2O��21'Ru;=*<*<#)g-*+�!L<$&%�e8�!.q"��2L<*]"

L<#q"!T §

� � � � � �?����_!��Zuvw��X�x���X�[���X��~�����H�7vuz � ����Z��?����Zu��t{vu��X
h��7.�J� 7*]"�L+e�;=.�Li;�"0��µ
�!.q"��2L<*+ 71'g8�!1Uª-V®T %UT-RS�'.�j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�V�Li$&%�"0�21�e8/-1

N
µ:;�3

.0Li;=O'*<�21rª�*<;-#0#0�21b#qLi$&%bV�L+�����!o2L<�2%� '1'g-�21Uª�²�L<�?²�L+.@#0L+���!O��!1YRS�7.@o2²��2L�G� 'Ru;=*<*<#0e�;=.�L<;8O'*+�
;= �RSg-�!#q"0�2*<*+"�%7;=O��21rª�*<�2Li$&%�"�e8�!.�;8*+*<g8�!J��!L+17�2.�1UT%#·;=1�$&%'J´;=*�Li#q"�V';8O��!L��2L<1'��µ
�2,�"0/-.q3
#0$&%'.��2L<O�²��!L<#0��o2²��!$&,�J´f �8L<g7T

x = {x1, x2, . . . , xN} .
#·;=1�#0p'.�L<$&%�"Q;8 7$&%}e8/-1�G� �Ru;8*+*i#qe-�2,�"0/-.0�!1Uª7V�L<�sV' '.�$&%}9� '1',�"0��L+1��2L<1'�2J

N
35V�L<J��!1�3

#qL</817;8*+�!1+��;= 'J�e-�2.&;=17#�$&%7;8 '*+Li$&%�"�²��2.&V��21�,8¹-1'1'�!1UT

� �'����zCc�����ZwX�vwZuc��r����ZS_!zC��Zuc��`_!�
��L<�?jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0��Li#m"

f(x1, x2, . . . , xN ) = f(x) .
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� ��������_C��X�x�z ������_!����X�� ����������vw��_!Zw��X�z!����_2��Z �

���!.@(:.�²�;8.q"� '1'g-#0²��2.0"��2L<1'�!.@h' '1',�"�L+/-1
u(x)

Li#m"

E(u) =

∫ ∞

−∞

· · ·
∫ ∞

−∞

u(x)f(x)
N∏

i=1

dxi .

µ
/81b�51�"0�2.��!#�#0�QLi#m"@O��!#0/81�V��2.&#)V�L+��#0/8g�T&��/�e�;8.0Li;=1'o!J´;�"0.�L+l
C
M

Cij = 〈(xi − 〈xi〉)(xj − 〈xj〉)〉 = 〈xixj〉 − 〈xi〉〈xj〉 .

���'��Zw��t{vu��X`_2���'X�z!�K�����~��_!Zw��X

j�L+.@Js '*+"0L<p'*+L<o2L<�2.��21�JHL]"�V'�2J ���2"0.&;=gHV��2.�h7 '1',�"0L</81�;=*iV��I"��2.�J�L<17;81-"��

g(y) = f(x)

∣∣∣∣
∂(x1, . . . , xN )

∂(y1, . . . , yN )

∣∣∣∣ .

� � � � � W�X��'t�� �'X�x�Zwx����{Zu����X`_CZuzCc���[�����_!��Zuvu_!�b�?����Zu��t{vu�

���!L�9
;=.&;=JH�2"0�2.&#�$&%7f�"�o2 '1'g-�21�O��CV�L+�!1�"�J´;=1~#0L<$&%¥L<J±��/8.�JH;8*]Ru;8*+*��2L<1'�2.s9:.0/-O�� ;8 7#
(:*+�!JH�21�"0�!1 �!L+17�2.Hµ
�2.0"0�!L+*< '1'g�ª
o8T:��T
%� '17V��!.q"´ '17;8O'%7f81'g8L<g8�!1�#}�C#0#0 '1'g-�21

ti
;8 7#

�2L<1'�2. (:l�p�/817�21�"0Li;=*<e8�!.q"��2L<*+ '17g¶J�L+"��!L+1'�!.�JHL+"q"0*<�2.��21� r�2O��217#�V';8 '�2.
τ
T���L<�·j¥;=%'.03

#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�
f̃
RS�'.

N
'��V�"a���F2�&(8� ()�Q '17Vc� J#����$;�d������¤S�!1'g8*NT����fJ#�QA����VJ � J#����4

$%� ���2��� M J2�d�/$%�/� a�'�$Q��J7§ 17;-$&%
f(x)

e-�2.0"0�2L<*+"0�bµ:;=.�L<;8O'*<�¥¤]' �.� �.D �<ª��!1'g8*NT � �.� ��J�� §
xi

Li#m"
g8�2J´f����Q�I�717L]"�L+/-1

f̃(x1, . . . , xN ) =

N∏

i=1

f(xi) .

� 
�� � �����
	 � � ��� ��� ��	 � � ������������� ��	 ���

� � � � � ��ZuX�����Zu�'vu[�����_!��Zuvw��X�x

j�L+�´g-.0/.��Li#m"�V�L<�´jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"Cª`J�L+"?o2�!%'1¥j��'.qRS�!*+1kg8�!17;= ko2²��2L%#�;=*
�2L<1'�
9f�����&�?o2 ��2.�%7;=*+"0�!1 ���QL+��³�1�"m²�/-.q")*+L<�IRS�!.q"�V'L+����L<1'/8JHLi;=*<e8�2.0"0�!L+*< '1'g

B10
1/6(2) =

(
10
2

)(
1

6

)2 (
5

6

)8

.

��L<��j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"!ª®JHL+"H¢bO��!#q"0L<JHJ�"0�!1~j��'.0RS�2*<1¶�2L<1'� 9 �����)�  717V¶JHL]"�V��21
.0�C#m"�*+Li$&%'�21HF�j��'.0RS�2*<1H�2L<1'�QG`;=%7*�e8/81��2L<17#
O7L<#{RS�71�R®o2 H�2.�%7;=*+"0�!1Uª�*<L+�2RS�2.0"�V�L+��9{/8"0�217oI3
Ru;=,�"0/-.0�!1UT'���!.@��L+1'/-JHL<;8*+,-/����´o2L<�21�"

(
10
2

)
=

10!

2! 8!
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g8L<O�"�;=1rª=²�L+��e�L<�2*<�!#}¹-g8*<L<$&%',-�2L+"0�!1s�2l�Li#q"0L<�2.��21Uª8V'L+�@o!²��!L 9f�����)�����Y;= 'R®V'L+��ACn�j��'.qRS�!*
o2 �e-�2.0"0�!L+*<�21UT��Q;-#�#qL<17V}g-�217;8 

45
T`³@ �#QV��!.Q/-O��!1�;81'g8�!g8�2O��217�21·h'/-.0JH�!*��!.0%7;8*]"��21

²�L+.��!L+1'�?j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+")e8/81��I"m²);
0.29

T
���2"0.&;8$&%�"0�2"
JH;81´;=*<*+g-�2JH�2L<1

n
o2 'Ruf=*<*+L<g�;= 7#0g8�!²�f8%'*+"0� �QO��m�2,�"���¤u/�V��2.:�!L+17� ���2L<%'�

e8/81
n
 '1�;=O'%7f81'g8L<g8�!1bµ
�2.&#q 7$&%7�21�§Iª7V�L<� �m�2²��2L<*i#@JHL]"�V��21}j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"0�!1

p
ª

1−p
V�L<�@(:L<g8�!17#0$&%�;�R¡"�¤uV7;8#
(:.�g8�!O'1'Li#�§

A
ª
Ā
%7;=O��21rª8#q/?Li#q"�V�L<�@jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"

Bn
p (k)

V7;�RS�'.Cª7V';-#0#
k

�QO��m�2,�"���V7;�e8/81�V�L<�!#0�?(:L+g-�217#�$&%7;=R¡")%�;=O��21UM

Bn
p (k) =

(
n
k

)
pk(1 − p)n−k , k = 0, . . . , n .

��L<�!#�Li#q"@1'L<$&%�"&#�;=17V��!.0�C#);=*i#�V��2.@£��2.�J V��!. �Q.�V'1� 71'g
pk L<1}V��2.�(�1-"m²�Li$&,�*+ 71'g´e8/-1

[p + (1 − p)]n = 1 .
¤w¢'T E-¨-§

�Q;�V�L+�YJHL]"0"0*<�2.��bG`;8%'*�V'�2.�(:.qRS/-*+g-� O��2L��2L<1'�2J jk '.0R@g8�2.&;8V'�
p
Li#m"Cª��!.0%�;=*+"0�21¶²�L<.

17;8$&%bV��21b/-O��!1YO��2%7;817V��!*]"��21����2g-�2*<1bO��!L
n
µ
�!.�#0 7$&%'�!1

E(k) = np .

#}L]"��2L<1'�2.�;=17;8*+/-g8�!1 ��O��!.0*<�2g- '1'g�,-¹81'1'�!1?²�L+.�V�L<��µ:;=.�Li;=1'o
�!.0JHL+"q"0�!*+1rMCh��'.
n = 1

L<#q"
#qL<�
17;8$&%?V��!.r�Q�I�71'L+"0L</81�L+1?³@O�#0$&%'17L]"0"{¢�T ¢�T E�JHL]" 〈k〉 = p

 '1�V
B1

p(k) = pk(1−p)1−k

RS�'.
k = 0, 1

σ2
1 = (1 − p)2p + (0 − p)2(1 − p) = p(1 − p) .

 '17V�17;8$&%¥¤w¢'T+A�¢8§�g8L<*+"�RS�7.�V�L<�?µ:;=.�L<;81'oQ�!L+17�2.�4� 'JHJH��e-/81
n
 UT LwT e`T�G� �Ru;8*+*i#0o!;=%7*+�!1UM

σ2 = nσ2
1 = np(1− p) .

��L<��$&%7;=.&;=,�"��2.�L<#q"0Li#0$&%7��h' '17,-"�L+/-1b%7;�"�V�L<��h'/-.0JbM

φ(t) =
[
1 + p

(
eit − 1

)]n
.

¤w¢'T ¦�n-§

#·;=1��2.�%7f=*+"�#qL<��#0�2%7.��!L+1'Ru;8$&%Uª`²��21'1kJ´;=1�L<1¥V��2.�(:1�"m²�Li$&,�*< '1'g�e8/-1�¤N¢�T E8¨-§�L<J
k
3

"0�21Y£r�!.0J
pk V� '.&$&% (p eit

)k �!.�#0�I"�oI"!T�³@ �#�L<%'.�,�;81'1 JHL+"�¤w¢'T ¢-B8§�V�L+��RS/8*<g8�!17V��8ª�;= 7$&%
L+1�"0 7L]"�L+e��!L+1'*<�2 �$&%-"��217V'�8ª����2p'.�/�V� 'o!L+�!.0O7;8.0,-�2L+"�V��2.b��L+17/8JHL<;8*+e-�2.0"0�!L+*< '1'g¶g-�IRS/8*<g8�!.q"
²��!.�V��!1UM

��L<��µ
�!.q"��2L<*+ '17g��2L<1'�!.�4� 7J�JH�sO'L+17/8JHL<;8*+e-�2.0"0�!L+*+"0�!.�G`;8%'*+�!1
k = k1 + . . . + kNJ�L+"Yµ
�!.q"��2L<*+ 71'g8�!1

Bni
p (ki)

L<#q"Y²�L<�!V��!.0 7J �!L+17����L+1'/-JHL<;8*+e-�2.0"0�2L<*< '1'g
Bn

p (k)
JHL+"

n = n1 + . . . + nN
T

# ���d�;AV� ��� & 4�$&%�²�;81',� '1'gHV��2.QG®;=%'*®e-/81b���!/8O7;-$&%�"0 '1'g-�21YL+1��2L<1'�2J G`f=%7*+.�/8%'.
(:L+1�G`f8%'*+.�/8%7.sJHL+" �2L<1'�2. ³�17#qp7.0�C$&%�²);=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�e8/-1 ¨-n � ¤

p = 0.9
§

²�L+.&V´e8/-1·A!n-n8n�£��2L<*i$&%'�21�¤
n = 1000

§{L<J #}L+"q"��2*®¨8n-n ¤
np = 900

§:.0�!g8Li#m"�.0L<�2.��21rT8��L<�
J�L+"q"�*+�!.0��4'$&%�²);=17,� 71'g

σ
Li#m" √

90 ≈ 9.5
T

# ���d�;AV� ��� &  ��217;8 'L<g8,8�!L]")O��2L�V'�2.!#}/-1-"��I3q©�;=.�*+/83N�51�"��2g8.&;�"�L+/-1
#}L]"@�!L+17�2.!#}/-1-"��I3q©�;=.�*+/83N�51�"��2g8.&;�"�L+/-1´#q/-*+*UV�L<�sG`;8%'*

π
�!.0JHL+"q"��2*+"@²��!.�V��!1UT'��;=o2 

²��!.�V��!1YL<1��2L<1'�2J �Q 7;8V�.&;�"�V��!.@h�f-$&%'�
4
$IJ 2 ª�V';8#�#06�J�JH�2"0.�L<#�$&%� 'J V��21'�Q/�/8.&V�L]3

17;�"��21� '.&#qp'.� '1'g�;81'g8�!/8.&V�1'�2":L<#q"!ª�g8*<�2Li$&%�e8�2.0"0�!L+*+"
n
9: '1',�"��Qg-�2²��'.0RS�2*+"!T���L<��G`;8%'*�V'�2.
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9: '1',�"0�-ª7V�L<���2L<1'�21b³@O7#q"�;817V�e8/-1�²��21'L<g8�!.);8*<#
1
$2J�e8/-J�d@.&#qp7.0 '17gs%7;8O��!1Uª�Li#m"�L<J

#}L]"0"0�!*
k = np

JHL]"
p = π/4

T�d�J �2L<1'�´ ��217;8 'L+g-,8�!L]"�e-/81
1%

o! ��!.0%7;8*]"��21Uª�J� �#0#
g8�2*+"0�!1

σ

np
= 0.01 ,

√
np(1− p)

np
= 0.01 ,

n =
(1 − p)

0.012p
=

(4 − π)

0.012π
≈ 2732 ,

V®T %rT'J´;=1�J� 7#�#
n = 2732

G` �Ru;=*<*<#0o!;8%'*<�21'p7;-;=.���g-�21'�!.0L<�2.��21UT
# ���d�;AV� ��� & ³@,�o2�!p�"�;81'o!#�$&%�²�;81',� '1'gsO��!LUg8�!²�L<$&%�"0�2"0�!1Y(:.��2L<g817L<#�#q�!1
��L<��³�,�o2�2p'"�;=17o��!L+17�!#�,8/-J�p7*+�2l��!1Y�Q�I"��2,�"0/-.�#�²�L+.&V�V� '.&$&% #}/81�"��I3q©�;=.�*+/H4�L+Js �3

*<;="0L</81�O��!#q"0L<J�J�"!T)�Q;8JHL]"bV�L+�k4�L+Js '*i;�"0L</81�RS�7.� '1�"0�!.�#�$&%'L<�!V�*<Li$&%'�}j�L+.�,� '1'g�# ,� '�!.q3
#0$&%'17L]"0"0��1'Li$&%�"_�m�!V��C#qJ´;8*r1'�! bV' '.�$&%7g8�IRS�7%'.q"@²��2.&V��!1�Js 7#�#2ª'²��2.&V��!1��7O'*+Li$&%'�!.0²��2Li#q�
V�L+��(:L+17o2�2*<�2.��2L<g817L<#�#q�Hg-�2²�Li$&%-"��I"CTrh��'.��!L+1'�YG®;=%'*

N
e-/81¥g8�!1'�2.�L+�!.q"��21k(:.��2L<g81'Li#0#0�21

J�L+"�(:L+17o2�2*<g8�!²�L<$&%�"��21
wi
ª
i = 1, . . . , N

 '1�V�³@,�o!�2p�"&;=1'o!�21
εi
L<#q"?V�L+�H ��!#�;=J�"�;=,�3

o2�2p'"�;=17o

εT =

∑
wiεi∑
wi

.

��L<�@µ:;=.�Li;=1'o�RS�'. �m�CV��21´�!L+17o2�2*<1'�!1H���!L]"�.�;8g�o! '.�4� 7J�JH�@L<J�G®f=%'*<�2.
Li#m"
w2

i εi(1−εi)
T

�Q;8J�L+"@²�L<.�V�V�L<�?µ:;=.�L<;81'o
σ2

T

e8/-1
εT

g-*+�!L<$&%

σ2
T =

∑
w2

i εi(1 − εi)

(
∑

wi)
2 .

� � � � � � ��vS_CZuX�����Zu�'vu[�����_!��Zuvw��X�x
j��!1'1 V��2.�(:L+17o2�2*<e8�!.�#0 7$&%Uª=;817#q"0�2*<*<��e8/81Ho!²��!Lwª

N
JH¹8g-*+Li$&%'��³@ �#qg�f=1'g-��%�;�"!ª�V�L<��J�L+"

V��21�jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"��21
p1, p2, . . . , pN

�!L+1�"0.��I"��21Uª{V';81'1�Li#m"´V�L<�Yj¥;=%7.�#�$&%'�2L<1�3
*+Li$&%',8�!L]"�O��!L

n
µ
�!.�#0 7$&%'�!1 �m�2²��2L<*<#

k1, k2, . . . , kN
µ
�2.&#q 7$&%7�@JHL]"�V��21�o2 'g-�2/8.&V�1'�2"0�!1

³@ 7#0g-f81'g8�!1
1, . . . , N

o2 b�2.�%7;8*]"��21Uª�g-*+�!L<$&%

Mn
p1,p2,...,pN

(k1, k2, . . . , kN ) =
n!

∏N
i=1 ki!

N∏

i=1

pki

i ,

²�/-O��!L{#0�2*<O7#q"0e-�2.&#m"&f=17V�*<Li$&% ∑
pi = 1

 '17V
ki = 0, 1, 2, . . .

ª` '1�"��2.?���!;8$&%�"� '1'g e-/81
∑

ki = n
g8�2*+"0�!1YJs 7#�#2T

��L<�
#} '*+"0L<1'/8JHLi;=*<e8�!.q"��2L<*+ '17gY�!1-"&#m"��2%�"!ªrg-;=17oH;817;=*</8g�o2 7.���L<1'/-J�Li;=*<e8�!.q"��2L<*+ 71'g7ª
O��!L+J (:1�"m²�L<$&,-�2*<1�V��C#!#} '*+"0L<1'/-JH#

(p1 + p2 + . . . + pN )n = 1 .

17;8$&%�9{/="��21'o!�21�e-/81
pi
ª�e�g8*NTQ¤w¢'T E-¨-§IT�³�1 V�L<�k4�"��2*<*+�kV��2.b��L+1'/-JHL<;8*+,-/����´o2L<�21�"0�!1

"0.��I"0�!1�#} '*+"0L<1'/8JHLi;=*<,8/����´o!L+�!1-"��21Uª�V�L<�sV�L<��³@17o!;=%7*�V��!.� '1�"0�!.�#�$&%'�!L<V�O�;=.��21}³@ �R¡"��2L+3
*+ '17g8�21�e8/-1

n
�QO��m�!,-"��21b;= �R

N
��*<;-#0#0�21Yo2 

k1, . . . , kN
(:*+�!JH�21�"0�!1b;81'g8�!O��!1UT
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��L<�?(:.�²�;8.q"� '1'g-#0²��2.0"0�Q#0L<17V

E(ki) = npi

 '17VbV�L<�)��/�e�;=.�Li;=1'o!JH;="0.�L]lH*i;= �"��I"

Cij = npi(δij − pj) .

��L<�$��/-.0.��2*i;�"�L+/-1'�21?#0L+17Vs1'�!g-;�"�L+e`MCj��!1'1�o8T=��T��'O��!.0p7.0/-p�/-.q"�L+/-17;=*-e�L<�2*<��(:.qRS/-*+g-��¤
ki
§

L+1¶V�L<� ��*<;-#0#0�
i
Ru;=*<*+�!1�¤uJH�2%'.�;8*<#�L<J #}L+"q"��2*:�!.0²);=.0"0�2"&§Iª�Li#q"�V�L+��G`;8%'*

kj
RS�'. �m�CV��

;=17V��!.0� ��*i;8#�#q�
j
L<J #}L+"q"��2*�,�*<�2L<1'�!.@;=*i#�V��2.�(:.�²);=.0"0 '1'g�#q²��2.0"

E(kj)
T

(:L+1}���2Li#0p'L+�!*®RS�'.@�!L+17�)#} '*+"0L<1'/8JHLi;=*<e8�2.0"0�!L+*< '1'gHLi#m"�V'L+��4�"�L+JHJH�21�e-�2.0"0�2L<*< '1'gHO��!L
V��2.�jk;8%'*��2L<1'o2�!*+17�2.�9{;8.q"��2L<�21�V' '.�$&%��2L<1'�����!e8¹8*<,8�!.0 71'g-#0g8.� 'p'p��8TI�QL+� #} '*+"0L<1'/-J�Li;=*+3
e8�2.0"0�!L+*< '1'g�#0p'L+�!*]"�;8 7$&%�O��!L'V��2.
(:1�"0Ru;=*+"0 '1'g?e-/81H�@Li#m"�/8g-.�;8J�JH�!1��2L<1'����/-*+*<�8T�µ:;8.0Li;�3
O'*+�

x
JHL]"�jk�2.0"0�!1Uª-V'L+�@L<1´�2L<1'�!J O��!#q"0L<JHJ�"0�!1´�51�"0�2.�e�;=*<*

i
*+L<�2g-�21Uª7¤

xi < x < xi+1
§Iª

²��!.�V��!1�V' '.�$&% V�L<� #}�C#0#0 '1'g�e-�2.0Ruf=*i#0$&%�"¶¤
x → x′ §� '17V *i;=1�V��21 JHL]"�g8�2²�Li#�#q�!1

jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"��21bL+1� '1�"0�2.&#�$&%'L+�CV�*<L<$&%'�!1
x′ 3K�51-"��2.�e�;=*<*+�!1UT��QL+�sg8�!J��C#0#0�217�21·�@L+3

#m"�/8g8.&;=JHJH��#qL<17VbV';=171(��O��!.0*i;=g-�2.� '1'g8�!1�e-/81�#} '*+"0L<1'/8JHLi;=*<e8�2.0"0�!L+*< '1'g-�21UT

� � � � � �Q��Zwz!zC��Xr\0�?����_!��Zuvw��X�x

(:L+17��O��!#q"0L<J�J�"0� ���!;8,-"�L+/-1b"0.��I"��s#q"0/�$&%7;8#q"0Li#�$&%�JHL+"Q�!L+1'�!.�JHL+"q"0*<�2.��21���f= '�7g8,-�2L+"
λ;= �RmT8��;=171�RS/-*+g8"�V�L+��G`;8%'*

k
V��2. �@�!;=,�"�L+/-1'�21�L+1��2L<1'�!J e8/-.0g-�2g-�2O��21'�!1�G��2L+"0L<1�"0�2.�e�;=*<*

V��2.�9{/8Li#�#q/-1�3Nµ
�!.q"��2L<*+ 71'g�¤w³@O'OrT�¢�T<ACB-§

Pλ(k) = e−λ λk

k!
.

(:.0²);=.0"0 71'g-#0²��!.q"� '17V�µ:;=.�Li;=1'o�%7;8O��!1�²�L<.�O��2.��2L+"�#)/8O��21bO��2.��!$&%'17�I"�¤u#!T 4®T7E8E�§ M

E(k) = λ ,
e�;=.

(k) = λ .

��L<��$&%7;=.&;=,�"��2.�L<#q"0Li#0$&%7��h' '17,-"�L+/-1� '17V�V�L<��4��2JHL+L<1�e�;=.�L<;81-"��21 ²� '.�V'�21��2O��21�Ru;8*+*i#
#0$&%'/-1YL<J �!.�#q"0�!1����!L<#0p'L<�2*®L<1b³�O7#�$&%'1'L+"q"Q¢�T E'T ¢��2.�%7;=*+"0�!1UM
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Pλ(k) =
∞∑
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∞∑
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Pλ1(k1) =
λk1

1

k1!
e−λ1 ,

Pλ2(k2) =
λk2

2

k2!
e−λ2 ,

k = w1k1 + w2k2 ,
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λ = w1λ1 + w2λ2 ,
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4�L+��,�;81'1�1� '.U17f8%'�2.� '1'g�#q²��2Li#q�
;8 7#®L<%'.0�!1 #}/8JH�21�"��21 ¤w4��2JHL+L<1�e�;=.�L<;81-"��21�§�O��2.��!$&%71'�I"
²��!.�V��!1UT8�QL+�C#:Li#m"T�m�!V�/�$&%HRS�'.:,-/81',�.��I"��@³@1�²��!17V� '17g8�21HJH�2Li#q"�o2 ´,-/8JHp'*<L+o!L+�!.q"CT�#·;=1
,�;81'1´#qLi$&%´;=O��2.
RS.&;=g-�21Uª�/-O´#qL<��1'Li$&%-":1�f=%'�!.0 '17g-#0²��!L<#0�8ª�O'Li#:;8 �R��!L+17�21�4�,�;=*<�21'Ru;=,�"0/-.!ª
V� '.&$&%Y�!L+1'�?9{/-L<#�#q/-1�3Kµ
�2.0"0�2L<*< '1'g

Pλ̃(k̃) =
λ̃k̃

k̃!
e−λ̃

O��C#0$&%'.�L<�2O��21�²��!.�V��!1�,�;=171UT'�Q;8o2 �²�f8%'*<�21�²�L+.�V��!1Y(:.�²);=.0"0 '1'g�#q²��2.0"
λ̃
V��2.).��2p'.&f�3

#q�!1-"&;�"�L+e-�21�9{/-L<#�#q/-1�3Kµ
�2.0"0�2L<*< '1'g�#0/7ª�V';-#0#{V';-#�µ
�!.0%�f=*+"01'Li#�e8/81s��.��2L+"0��o2 �#}L+"q"��2*<²��!.q"
g8*<�2Li$&%Yg-.0/.�sLi#m"�²�L<�?O��!LUg8�!²�L<$&%�"��I"0�!1����!/8O7;-$&%-"� '1'g-�21UT�j�L<.��2.�%7;=*+"0�!1

1

λ̃
=

σ2

λ2
,

λ̃ =
(w1λ1 + w2λ2)

2

w2
1λ1 + w2

2λ2
,
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²�/-O��!L®²�L+.@V�L<�sG� �Ru;8*+*i#0e�;8.0Li;=O7*+���21�"�#0p'.��!$&%'�!17V�#q,�;=*<L<�2.��21UM

k = k̃
λ

λ̃

= k̃
w2

1λ1 + w2
2λ2

w1λ1 + w2λ2
.

��L<��#0/~�2.�%7;8*]"��21'���Qf=%'�!.0 71'g-#0e8�!.q"��2L<*+ '17g¶e8/81
k
%�;�"�V' '.�$&%�V'L+�C#q���Q/81�#m"0.� ',�"0L</81

V�L+��.0Li$&%�"0L<g8�·��.��2L+"0�8ª�²��!L<$&%�"�;8O��!.�L<1 V��21��Q�I"&;=L<*<#Ye8/-1�V��2.Y�Il';=,�"0�!1�µ
�2.0"0�!L+*< '1'g
;=OUT���L<�H �.�¹��-�

k̃
%'�2L �="@F���'���DC�8�7����$Q� � �����WD212� # ��1#a��#���&$;'��)()����T`(:L<1'�s;8 �R�³@,�o2�!p�3

"�;=17o2e8�!.0*< 7#q"0��,-/8.�.0L<g8L<�2.0"0��G`;8%'*
k
e-/81´���2/8O�;8$&%�"0 '17g8�21H%7;="�V�L<��g-*+�!L<$&%'�@#q"�;="0Li#m"�L<#�$&%'�

4�L+g-1'L+�7,�;=1'o�²�L<�
k̃
 '1'g-�2²�Li$&%�"0�I"������2/8O�;8$&%�"0 '17g8�21rTr¤ #}L+"Q#q"�;="0Li#m"�L<#�$&%'�2.�4�L+g-1'L+�7,�;=1'o

O��!o2�2Li$&%'1'�!1b²�L+.�V7;8#)µ
�2.�%7f8*]"�1'L<#@e8/81�#}L+"q"��2*<²��!.q"@o! }4�"�;=1�V';=.&V';=O�²��2Li$&%� '1'g
µ/σ

§IT
�� '.&$&%Y���!.0�C$&%'1'�21�e8/81�4�$&%'L<�IRS�� '17V�(
l�o2�!#�#

γ1,2
;= 7#)V��!1�4��!J�L<L<1�e�;8.0Li;=1�"0�!1�¤w¢'T ¦�AC§

g8�2J´f���¤w¢'T ¢�D=§� '17V�µ
�2.�g8*<�2Li$&%�JHL+"
1/
√

λ̃ , 1/λ̃
O��C#m"��2%�" V�L+�'#}¹-g8*<L<$&%7,8�2L+"s�!L+17�2.

²��!L]"��2.��21���/-1-"�.0/-*+*<�8T
# ���d�;AV� ��� & µ
�2.0"0�!L+*< '1'gHg8�!²�L<$&%�"��I"0�!.!ª�p�/8Li#�#q/-1�e-�2.0"0�!L+*+"0�!.����2/-O7;8$&%�"� '1'g8�!1
j�L+.��!.0²);=.0"0�!1 L+J #}L+"q"0�!*

λ1 = 20
���2/-O7;8$&%�"0 71'g8�!1Uª�V�L+��JHL+"�V��2.�j¥;=%'.&#�$&%'�2L<1�3

*+Li$&%',8�!L]"
ε1 = 0.1

¤
w1 = 10

§�.0�!g8Li#m"�.0L<�2.0"?²��!.�V'�21¥ '17V
λ2 = λ1 = 20

���!/8O7;-$&%�3
"0 '1'g-�21�J�L+"?³@,�o2�!p�"�;81'o

ε1 = 1
T��Q�2.�(:.�²�;8.q"� '1'g�#q²��2.0"�V��2.�,-/8.�.0L<g8L<�2.0"0�!1·G®;=%'*�L<#q"

λ = 220
T��QL+�sµ
�2.0"0�!L+*< '1'g�V��2.�,8/-.0.�L+g-L+�!.q"��21�O��!/8O7;-$&%�"0�I"��21�G`;8%'*

k
;=p'p7.0/�l�L<J�L<�2.��21

²�L+.Cª�L+1�V��2J ²�L+.@V�L<�?9{/8Li#0#0/81'3Nµ
�!.q"��2L<*+ '17gsJHL+"�V��2J #}L]"0"0�!*+²��2.0"
λ̃,

λ̃ =
(10 · 20 + 1 · 20)2

102 · 20 + 12 · 20
= 24.0 ,

e8�2.�²��217V��!1Uª
 'J V�L<�·µ
�2.0"0�!L+*< '1'g¶e-/81
k̃
�2.�J�L+"q"��2*<1UT��QL<��#m"&;�"�L<#q"0Li#0$&%7��4�L+g-1'L+�7,�;=1'o

e8/81b.��2g-L<#q"0.�L+�!.q"��21
40

���2/-O7;8$&%�"0 71'g8�!1Y�!1-"&#qp7.0Li$&%�"�V��2.Qe8/81
24

 71'g8�!²�L<$&%�"0�2"0�!1b���23
/8O7;-$&%-"� '1'g-�21UTU�QL+� �Qf=%'�!.0 71'g-#0e8�!.q"��2L<*+ '17gYe-/81

k = k̃λ/λ̃ = k̃ · 220/24
�2.�%7;=*+"0�!1

²�L+.CªrL<17V��!J ²�L<.�V�L<� µ
�2.0"0�!L+*< '1'g�e8/81
k̃
�!.0o!�2 'g-�21¥ '17V¶V�L<� j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"0�!1

RS�'.
k
 '17V

k̃
g8*<�2Li$&%7#q�2"0o!�21UT

³@O'OUT�¢�T<A!>so2�2L<g="��!L+1'�!1Yµ
�!.0g-*+�!L<$&%�o2²�Li#�$&%'�21bV��2.@f.,� 'L+e�;8*+�!1-"��21Y9�/-L<#�#0/81�3Kµ
�2.0"0�!L]3
*+ '17gYJHL+"?V'�2.�µ
�2.0"0�!L+*< '1'g�e8/-1

kλ̃/λ
TU�Q '.&$&%�V�L<����/-17#m"�.0 7,-"�L+/-1�#q"0L<J�JH�!1 #}L+"q"��2*+3

²��!.q"? '17Vkµ:;8.0Li;=1'oH�'O��2.��2L<1UTr³� 7$&%~4�$&%'L<�IRS�H '17V �� 7.q"�/-#0L<#�#0L+17VkL<1¥O��!L<V��!1¶h�f8*+*<�21
f=%'1'*<Li$&%UTr�Q '.�$&%¶V�L<� �QL<#0,�.0�2"0Li#qL<�2.� '1'g �

k
J� 7#�#?�2L<1'�´g�;=1'o!� G®;=%'*�#0�2L<1 �}�!.0g-�2O��21

#qLi$&%�d�1�"0�2.&#�$&%'L+�CV��8T
��L<��µ
�!.�;8*+*<g8�!J��!L+17�2.� '1'g�V��C#:O��!#�$&%'.0L<�2O��217�21 µ
�!.qRu;8%'.0�!17#�;8 �RUV�L<�Q³�V'V�L+"0L</81�e8/81

J��!%'.@;=*i#)o2²��2L®g-�2²�Li$&%�"0�I"��21�9{/8Li#0#0/81�3Kµ
�2.0"0�!L+*< '1'g-�21YL<#q"�"0.�L+e�Li;=*NM

λ̃ =
(
∑

wiλi)
2

∑
w2

i λi
,

k ≈ k̃

∑
w2

i λi∑
wiλi

.

h��7.�V�L<�?4� 'JHJH��e-/81
N
o2 �Ruf8*+*<L<g8�21� ��2²�Li$&%-"��21Uª�V�L<��V��2.),8/-1�"0L<1� 7L+�!.0*<L<$&%7�21´µ
�2.03

"0�2L<*< '1'g
g(w)

RS/-*+g-�21Uª8�2.�%7;=*+"0�!1s²�L<.:�21�"&#qp'.��!$&%7�217VHV��!1�(�.0²);=.0"0 '17g-#0²��!.q"
λ = 〈k〉 =

N
∫

g(w)w dw
 '17V
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λ̃ = N

(∫
g(w)w dw

)2
∫

g(w)w2 dw
,

k ≈ k̃

∫
g(w)w2 dw∫
g(w)w dw

.

#·;=1kO��C;8$&%�"0�-ªrV';-#0#��m�I"�oI"
λi = 1

g8L<*]"CT®�51¶V��2.�³�O'OUT�¢'T+A�D´Li#q"��2L<1'�´#q,�;=*<L<�2.0"0�Hµ
�2.03
"0�2L<*< '1'g�JHL+"�g-*+�!L<$&%7JHf��8L<g e8�!.q"��2L<*]"��21� ��!²�L<$&%�"��21·o!²�L<#�$&%'�21�1� 7*+*� '17V��2L<17#�JHL+"�V'�2.
�21�"�#0p'.��!$&%'�!17V��21b9{/8Li#�#q/-1�3Nµ
�!.q"��2L<*+ 71'gHe8�2.�g8*<Li$&%'�21UT'�QL<� �@O��2.��2L<17#q"0L<JHJ� '1'g´Li#q"Q#q�!%'.
g8 �"CT

� � � � � �vw��Zwc��`[�����_!��Zuvw��X�x

��L<�� �*<�2Li$&%�e8�2.0"0�!L+*< '1'g�Li#q"�O��2.��2L+"�#�L+1�³�O7#�$&%'1'L+"q"{¢'T ¢'T D�O��2L�V��!.����2%�;=17V�*< '1'gQV�L+g-L]"&;=*<�2.
#}�!#�#q 71'g8�!1�O��21� �"0o2" ²�/-.�V'�21UT:4�L<�bO��C#0$&%'.��2L<O�"´�2L<1'�·4�L+"0 7;="0L</81Uª
L<1�V��2.´e-/81��!L+17�2.
G� �Ru;=*<*i#qe�;=.�Li;=O'*<�21?1� '.�O��!,�;81'1�"�Li#q"!ª�V';8#�#�#0L<��L<1��2L<1'�2J g-�2g8�!O��!1'�21��51-"��2.�e�;=*<*8*<L+�!g="!ªCL<J
�'O'.�L+g-�21�;=O��2.�;=*<*+��L+%7.0�:jk�2.0"0��g8*<�2Li$&%�²�;8%'.�#�$&%'�!L+1'*<Li$&%�#0L+1�V®T2�5J h7;8*+*<���!L+17�!#��51-"��2.�e�;=*<*<#
V��2.! �f=1'g-�

α
 'J V��!1'#}L]"0"0�!*+²��2.0"

ξ
*i;= �"��I"�V�L<�?µ
�2.0"0�!L+*< '1'g�#0V�Li$&%�"0�

g(x|ξ, α) =

{
1/α

²��21'1 |x − ξ| < α/2
0

#0/817#q"
.

¤w¢'T ¦�¢8§

#}L]"0"0�!*+²��2.0"� 717V~µ:;8.0Li;=1'o�#qL<17V 〈x〉 = ξ
 '17V

σ2 = α2/12
T�4��2%'.H�2L<1�Ru;-$&%~�2.�%7f=*+"

JH;81�V'L+��$&%7;8.�;8,�"0�2.�Li#m"�L<#�$&%'�Qh7 '1',�"0L</81
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φ(t) =
1

α

∫ ξ+α/2

ξ−α/2

eitxdx =
2

αt
sin

αt

2
eiξt .

¤w¢'T ¦�E-§

d@1�"0�!.{���!1� '"0o2 71'g�V'�2.{9{/="0�!1'o2.��2L<%'�!1'�21�"m²�Li$&,�*< '1'gQV��2.:4�L<1� 7#m35h' 71',�"0L</81��!.0%�f=*+"�J´;=1
;= 7#)¤w¢'T ¦�E-§URS�'.

ξ = 0
V'L+�)g8�!.�;-V��21�o2�21�"�.�;8*+�!1+#}/8JH�!1-"��?¤uV�L<�� 71'g8�!.�;-V��21se8�2.&#�$&%�²�L<1�3

V��21}#0�2*<O7#m"�e8�!.�#q"�f817V�*<L<$&%�§IM

µ′
2k =

1

2k + 1

(α

2

)2k

, µ′
2k−1 = 0 .

��L<�� �*+�!L<$&%�e8�!.q"��2L<*+ 71'g�Li#m"@³� 7#qg�;=1'g�#qp7 '1',�"�RS�'.@;8*+*<��µ
�2.0Ru;=%'.��21Yo2 '.@4�L<J� '*i;�"�L+/-1Yg-�I3
²��'17#�$&%-"��2.�µ
�2.0"0�!L+*< '1'g-�21ke8/81¥G� �Ru;=*<*i#qe�;=.�Li;=O'*<�21· 717V�V7;=%'�!. �}JH�2Li#m"?L<1�V��!.�h7/8.�J
�2L<1'�!#YG` �Ru;=*<*<#0g8�!1'�2.&;�"�/8.&#�RS�7. g8*<�2Li$&%�e8�2.0"0�!L+*+"0�·G`;8%'*+�!1

r
o2²�Li#�$&%'�21�nk '17V A ��;= 'R

²�L<#�#q�!17#�$&%7;�R¡"�*+Li$&%�O��21� �"�oI"0�!1 �@�!$&%'1'�!.01sL+1HV��!. �@�2g8�!*�L+JHp'*<�2JH�21�"�L+�!.q"CT=��L<��d@JH.0�C$&%�3
1� 71'g�;8 �R��!L+1'�H;=*<*<g8�2JH�!L+1'�H �*+�!L<$&%�e-�2.0"0�2L<*< '1'g�g-�!#�$&%'L<�2%�"QL<1�*<�I"�oI"0�!.0�!J¸h7;8*+*<��V' '.�$&%
V�L+��£r.&;=1�#mRS/-.0J´;�"�L+/-1

r → x = α(r−1/2)+ξ
T-#·�2%'.&V�L<J��!17#0L+/-17;=*<�� �*<�2Li$&%�e-�2.0"0�!L+*< '1�3

g8�21s�2.�g8�!O��!1�#qLi$&%sV' '.�$&%so2L<�2%'�!1 �m�!²��!L+*i#�J��!%'.��2.��2.:G� �Ru;=*<*i#qoC;=%'*<�21UT=G�L<�2%�"{JH;81�9
;8;8.0�
e8/81�G` �Ru;=*<*<#0o!;8%'*<�21

x
ª
y
;= �#s¤N¢�T ¦�¢8§Iª�#0/��2.�%7f8*]"�JH;81·L<1�V��2.

x y
3K(:O��!1'���!L+1�g8*<�2Li$&%�3

RS¹8.�J�L<g·O��2*<�2g8"0�!# �Q 7;-V�.�;="sV��!. �?;=1�"��21'*if=1'g-�
α
J�L+" #}L]"0"0�!*+p' 71',�"

x0 = y0 = ξ
T

��L<�� ��!.�;-V��21
x + y = z

e8�!.0*i;= �RS�!1 p7;8.�;8*+*<�2*�o2 '.)�@�!O��!17V�Li;=g8/-17;=*<�21� '17V�#�$&%'1'�!L<V'�21
4�"0.��!$&,-�21};= 7#!ª�V'L+��JHL+"

z
L+J �51�"0�2.�e�;=*<*

2ξ − α < z < 2ξ + α
*<L<1'�!;8.@e�;=.�L+L<�2.��21UT7(�#

�21�"�#q"0�!%-"�RS�'.
z
�2L<1'� %Y�?��� ����!2��D2���/$3������'��)(b¤w;= 7$&%�4�L+JHp7#0/81�3Kµ
�2.0"0�!L+*< '1'g�g8�21�;=1'1�"&§
J�L+"

V��2J 4�$&%'�2L+"0�!*UO��2L
2ξ
 '17VbV��!.@�);8#0L<#0*<f81'g8�

b = 2α
T� ��!J´f �}¤w¢'T+A�¢8§�L<#q"�V�L<�?µ:;=.�L<;81'o

V�L+�C#q�!.�µ
�2.0"0�!L+*< '1'g´V� '.&$&%

e�;8.
(z) =

e�;8.
(x) +

e�;8.
(y) = α2/6 = b2/24

g8�2g-�2O��21UT

� � � � � °}�����~�'vS[����C_C��Zuvu��X�x

��L<�� �;= &�83®/�V'�2.:�@/-.0J´;8*+e-�2.0"0�2L<*< '1'g7ªQV�L+�)²�L<.:#0$&%7/81�L+1´³@O�#0$&%'17L]"0"�¢�T ¢�T�D��!L+1'g-�IRS�'%7.q"
%7;=O��21��=ª

f(x) ≡ N(µ, σ2) =
1√
2πσ

e−(x−µ)2/(2σ2) ,

�2.0RS.0�! �"r#qLi$&%?g-;81'o{O��C#q/-17V��!.0�!.r���2*<L+�!O�"0%'�!L]"�O��!L-;=*<*<�21�4�"�;="0Li#m"�L+,-�2.�1UT!��;8#U%7;�"rJH�!%'.0�!.0�
 �.0�'1�V��8ª7V'L+�?;=*<*<�2.&V�L+17g-#)1'Li$&%�") 717;=O'%�f=1'g-L+g�e8/-1'�2L<17;=1�V��2.�#0L+17VUT

A8T=�QL+�Q4� 'JHJ���e8/81�o2²��2L71'/8.�J´;=*<e8�2.0"0�!L+*+"0�!1HG`;8%'*<�21�RS/8*<g=":²�L<�!V��!.0 7J �2L<1'�!.��@/-.q3
JH;8*+e-�2.0"0�!L+*< '1'gb¤ ���!p'.�/�V' ',�"0L<e�L+"�f="&§IT

¢�T{��L<��V'L<#0,�.0�2"0�21 ��L+1'/-JHL<;8*]3� '17V�V�L+��9{/8Li#0#0/81'3Nµ
�!.q"��2L<*+ '17g8�21¶�!O��!17#0/�²�L<��V'L+�
χ2 3Kµ
�2.0"0�!L+*< '1'g�#m"�.0�!O��!1 L<J  �.��217oIRu;=*<*7g-.0/.�8�!.�G`;=%7*+�!1

n
ª
λ
O'o!²?T-�!L+1'�!.�g-.0/.�8�21�G`;8%'*

e8/81bh'.��2L<%'�!L]"&#qg-.�;-V��21Yg8�2g-�21�V�L+����/8.�J´;=*<e8�2.0"0�!L+*< '1'g�¤Se�g8*NT';= �$&%�V';-#)µ
�2.�%7;=*+"0�!1�V'�2.
 '1�"0�21bO��!#0p'.�/�$&%7�21'�!1b �;8J�J´;�e-�2.0"0�2L<*< '1'g�§IT
� � �
� � � ���
����� ��	���	 ���
� � 
�� �
������� � �������
����� ����
����

µ
�����

σ2 ����� � � 	�	���� � ����	 ����� � ���
��� ����� �



� � � � �
��� 
�� � �
� � 	�� 
�� � ����	����
� ����
���� � 

E'T{µ�L<�2*<�}L+1�V��!. ��;�"� '. ;= 'R¡"0.��I"0�!17V��bµ
�2.0"0�!L+*< '1'g-�21 *<;-#0#0�21 #qLi$&% L+1�g8 '"0�2.´�Qf�3
%'�2.� '1'gkV� '.&$&%�V�L<����/8.�J´;=*<e8�2.0"0�!L+*< '1'g�O��C#0$&%'.��2L<O��21UT{j�L<.�%�;�"q"��21 ���!L<#0p'L<�2*<��V7;=o2 
O��!.0�!L]"&#�g-�!#0�2%'�!1UM���L<�) ��C#0$&%�²�L<17V�L<g8,-�2L+"0�21Y¤Sg8�!17;= 7�2.�L+%'.���,�;8.q"��!#0L<#�$&%'�21 ��/-J�p�/817�21�3
"0�21�§:e-/81� �;8#0JH/8*<�2,��'*<�21Uª��QL b` 7#0L+/-1Uª���.�/�²�17#�$&%'�@���2²��2g- '1'g� '1�V´e�L+�!*+�#}�!#�#mRS�!%'*<�2.
g8�2%7/8.&$&%'�21YL+1bg8 '"0�2.@�Qf=%'�!.0 71'g�V'�2.���/8.�JH;8*+e-�2.0"0�!L+*< '1'g�T

¦7T� ��!²�L<#�#0�Y#q"�;�"�L<#q"0Li#�$&%'� µ
�2.0Ru;=%7.0�!1¶o2 '.�9
;=.&;=JH�I"��2.&;=1'p7;-#0#0 '1'gb '1�V¶o2 '.Hh'�!%�3
*+�!.qRS/-.q"�p���;=17o2 '1'g�#0L<17V´1� '.�V7;=1'1 #q"0.��21'g?g-�'*+"0L<g7ª�²��!1'1 V�L<�@�21�"�#0p'.��!$&%'�!17V��!1´µ
�2.0"0�2L+3
*+ '17g8�21�g-;8 &�=RS¹-.0JHL<g�#0L<17V®T

���!1´"0L<�IRS�!.0�!1� �.0 '1�VHRS�'.)V�L+�Q9: '1',�"���¢� '1�V E?*<L+�2RS�2.0"�V��!. � ����$;�?�2�.� O ������G�^L���/$;4
���8$�G7M����!. #·L]"0"0�2*<²��2.0"��2L<1'�!.rg8.�/��-�21�G`;8%'*

N
e-/81sG� 'Ru;=*<*<#0e�;=.�L<;8O'*+�!1Uª!V'L+�� '17;=O7%7f=1'g-L+g

e8/817�2L<17;=17V'�2.Q#0L<17V· '1�V�V��!.�g-*+�!L<$&%7�21·µ
�!.q"��2L<*+ '17g�JHL]"�V��!.Qµ:;8.0Li;=17o
σ2

0

RS/8*<g8�21rª�g-�I3
%'/8.&$&%�"�17f=%'�!.0 71'g-#0²��!L<#0���2L<1'�2.��@/8.�J´;=*<e8�!.q"��2L<*+ '17g�JHL+"sV��!.�µ:;=.�L<;81'o

σ2 = σ2
0/N

T
��;�"��'.�*+Li$&%�Li#m":V�L<�!#0��³@ 7#�#�;=g8��o2 �p'.&f=o2Li#0L+�!.0�!1UT!j�L<.
²��2.&V��21�V';=.&;= �R� '17V�;= �R`V��21H���I3
²��!L<#�%'L<�2.
e-�2.�o2Li$&%-"��21UT�4�"&;�"q"&V��!#�#0�21�o2�2L<g8�!1�²�L<.
L+1HV��!.{³�O'OUT8¢'T+ACF'ª�²�L+�)O��2L�G� 717;=%'JH�
V��2.QG`;8%'*®e8/-1b4� 'JHJH;817V��!1bV'L+����/8.�JH;8*+e-�2.0"0�!L+*< '1'g�;=1'g-�217f8%'�2.0"�²�L<.&V®T

��L<��³@O'OUT8¢'T+ACF@o!�2L<g=":V�L<��µ
�!.q"��2L<*+ 71'g�V'�2. #}L+"q"0�!*+²��2.0"0��V��!.:4� 'JHJH�21He8/-1�g8*<�2Li$&%�3
e8�2.0"0�!L+*+"0�!1 O'o!²?T��Il�p�/81'�!1-"�L+�!*+*�e-�2.0"0�2L<*+"0�21 G`;=%7*+�!1UT)�51 O��2LiV��21 h{f=*<*+�!1�#0L+�!%�"�J´;=1
V��2 �"�*+Li$&% V�L<��³�1'17f8%'�2.� '1'g ;=1�V�L<�k��/8.�J´;=*<e8�2.0"0�!L+*< '1'g�T�h��'.bV�L+�k#m"&;=.�, ;-#q6�JHJH�I3
"0.�L<#�$&%'�H(
l�p�/-1'�21�"�L<;8*+e-�2.0"0�2L<*< '1'g¥¤S*<L+1',�#?L<1¶V��2.�³�O'OUT §�L<#q"�V�L<�´³@1'17f8%'�2.� '1'g};81¥V'L+�
�@/8.�J´;=*<e8�!.q"��2L<*+ '17g�*i;=17g-#�;=JH�2.�;8*<#�RS�7.sV�L<�Y �*<�2Li$&%�e-�2.0"0�!L+*< '1'g�ªUV�L+��O��!.0�!L]"&#�O��2L�V'�2.
4� 'JHJH���'O��2.�RS�'1�RQG� �Ru;8*+*i#qoC;=%'*<�21~#0�2%7.�g8 �"sJ�L+"sV��!.s��/8.�JH;8*+e-�2.0"0�!L+*< '1'gb�'O��2.��2L<1�3
#m"�L+JHJ�"CT

��L<�¶$&%7;=.&;=,�"0�!.0Li#q"0Li#0$&%'��h' '1',�"�L+/-1�V��!.}�@/8.�J´;=*<e8�!.q"��2L<*+ '17g��2.�%7f8*]"bJ´;=1 V' '.�$&%
³@ 7#qRS�'%'.��21¶¤S/�V��!.@��;-$&%7#0$&%7*<;8g8�21�§�V��!.@h'/- '.0L<�2.035£r.&;=17#qRS/8.�J´;�"�L+/-1UT�4�L<�?*i;= �"��I"

φ(t) = exp(−1

2
σ2t2 + iµt)

 '17V}Li#m"QRS�'.
µ = 0

.0�!�2*<*r '1�V}�2O��21�Ru;8*+*i#@g�;= &�8RS¹8.�JHL+g�T7��L<��4��2JHL+L<1�e�;=.�L<;81-"��21Uª�;= &�-�2.
κ1 = µ

 '17V
κ2 = σ2 ª�e8�!.�#�$&%�²�L+1�V��21Uª��2O��21�#q/ ²�L+�¥V�L<�� 71'g8�!.�;-V��21 o2�21�"�.�;8*+�!1

#}/8JH�21�"��8ª®²)f=%'.��217V�V�L+�Hg-�2.&;8V��!1�V� '.&$&%
µ′

2k = 1 · 3 · . . . · (2k − 1)σ2k g8�!g8�2O��21
#qL<17V®ª'²�L<��J´;=1}V� '.&$&%��QL7b��!.0�!1'o2L<�2.��21�e8/-1

φ(t)
¤SRS�'.

µ = 0
§�*<�2Li$&%�"�17;8$&%'.��!$&%71'�I"CT

	YZw�}�~���r����Zu�~��X�z!Zw��X��'vu��°}�7���~�'vu[�����_!��Zuvw��X�x
��L<���@/-.0J´;=*<e8�!.q"��2L<*+ 71'g�L<1bo2²��2LU�QL+JH�21�#qL</81'�!1bJ�L+"�V��!J #·;�l�L<J� 'J L+J ��/�/8.&V�L<17;�3
"0�21� '.&#0p'.0 71'gs%�;�"�V�L<��;=*<*+g-�2JH�2L<1'��h'/-.0JbM

G(x, y) =
1√

1 − ρ22πsxsy

exp

[
− 1

2(1− ρ2)

(
x2

s2
x

− 2ρ
xy

sxsy
+

y2

s2
y

)]
.
¤w¢'T ¦-¦�§

��L<��4�$&%'.��2L<O�²��!L<#0�´¤w¢�T ¦8¦�§�L<#q"�#q/Hg-�2²)f=%'*+"!ª7V7;8#�#)JH;81}V';=.&;= 7#� '17J�L+"q"��2*<O7;=.QV�L+�)#·/=3
J��!1�"0�?�21�"�1'�2%'JH�!1�,�;81'1UM

〈
x2
〉

= s2
x ,

〈
y2
〉

= s2
y ,

〈xy〉 = ρsxsy .
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n
������� ��� �

� ���
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 � � � � ���
n = 5
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³@ �R�V'�21����!²��!L<#@RS�'.?V�L+�C#q�����2%7;8 'p�"0 71'g7ª`V®T %UT�V'L+���Il�p'*<L+o!L]"��s���2.��!$&%71� 71'g�V��!.Q(:.03
²�;8.q"� '1'g-#0²��2.0"0�8ª®e-�2.�o2Li$&%�"0�21¶²�L<.CT��QL+�Y�51-"��2g-.�;="0L</81¥e8/-1�¤w¢�T ¦8¦�§��'O��2.

y
*<L<�IRS�2.0"�V'L+�

�@;=17V'e8�2.0"0�!L+*< '1'g¥e-/81
x
ª�²�L+�CV��2.� 'J �!L+17���@/-.0J´;=*<e8�!.q"��2L<*+ 71'g¥J�L+"YV��!.���.0�!L]"��

sx
T

h��7.
y
g8L<*]"´�21�"&#qp'.��!$&%7�217V��C#2T{(:L<1�²��!L]"��2.��!#´©�%7;=.&;=,�"��2.�L<#q"0L<,� 'J V�L<�!#0�2.Hµ
�2.0"0�!L+*< '1'g

L<#q"!ªUV';-#0#�;8 7#�V��2.?d@17,8/8.�.��2*<L+�!.q"�%'�2L+"
(ρ = 0)

;= �$&%�V�L<�´d@17;8O'%7f=17g8L<g8,8�!L]"QRS/8*<g="CªUV';
V�L+�sµ
�2.0"0�!L+*< '1'g�#0V�Li$&%�"0�

G(x, y)
V';=1'1}L<1���/8.�JH;8*+e-�2.0"0�!L+*< '1'g-�21YRS�'.

x
 '17V

y
Ru;=,�"0/83

.0Li#qL<�2.0"!T
�� '.0e-�21·,-/817#q"�;81�"0�2.�j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"Q�2.�%7;8*]"��21k²�L+.Cª`²��!1'1�²�L<.�V��21k(
l�p�/=3

1'�21�"0�!1b,8/81�#m"&;=1�")#0�I"�o2�!1UT7�QL+�� �*<�2Li$&%� '1'g8�!1

1

1 − ρ2

(
x2

s2
x

− 2ρ
xy

sxsy
+

y2

s2
y

)
= const

�21�"�#0p'.��!$&%'�!1Y,-/81'o!�21�"0.�L<#�$&%'�!1�(:*<*+L<p7#0�21UT�h��'.�V�L<��#0p��!o2L<�2*<*+�?j¥;=%'*
const = 1

L<#q"QV�L<�
(:*+*<L<p7#q��L+1�³�O'OUT{¢�T<A!¨}V';8.0g-�!#q"0�2*<*+"!Tr³� �R�V�L<�!#0�2.�#0/8g�Trh'�!%'*+�!.0�!*+*<L<p7#q�´%�;�"sV�L<� j¥;=%'.03
#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�Qg8�!.�;-V���V��!1�jk�2.0"

G(0, 0)/
√

e
ª�L<#q");8*<#0/�e-/8J #·;=l�L<J� 7J  7J

V��21}h7;8,�"0/8.
1/

√
e
;=O'g-�IRu;=*<*<�21UT

�� '.&$&% �2L<1'�b�2L<1�Ru;8$&%'�}µ:;8.0Li;=O7*+�!1-"�.�;817#qRS/8.�JH;="0L</81�¤ ��/="&;�"0L</81�§�,8¹8171'�21�²�L+.�V'L+�
��/-.0.��2*i;�"�L+/-1 o2 'J µ
�2.&#0$&%�²�L<17V��!1�O'.�L+17g8�21rM
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x′ = x cosφ + y sin φ ,

y′ = −x sin φ + y cosφ ,

tan 2φ =
2ρsxsy

s2
x − s2

y

.

��L<����;8*+O�;8$&%7#0�21Uª�V®T %rT7V�L<��µ:;=.�L<;81'o2�!1
s′x

2  '17V s′y
2 V��!.@ '1',-/8.�.0�!*+L<�2.0"0�!1Yµ:;8.0Li;=O7*+�!1

x′  '1�V y′ #0L<17V

s′2x,y =
s2

x + s2
y

2
± s2

x − s2
y

2 cos 2φ
.

��L<���@/-.0J´;=*<e8�!.q"��2L<*+ 71'gsL<1bV��21b1'�! '�21bµ:;=.�Li;=O'*<�21�%7;�"@V';81'1}V�L<�?�2L<1�Ru;8$&%'�?h7/8.�J

G(x′, y′) =
1

2πs′xs′y
exp

(
−1

2

(
x′2

s′x
2

+
y′2

s′y
2

))
= f(x′)g(y′) .

��L<��o2²��2LiV�L+JH�!17#qL</81�;=*<���@/-.0J´;8*+e-�2.0"0�2L<*< '1'g�JHL+"¶V'�2J #·;=l�L<J� 7J ;=1 V'�2.~4�"0�!*+*<�
(x0, y0)

�!.0%7;8*]"��21?²�L<.�;8 7#�¤N¢�T ¦8¦�§`V' '.�$&%�V'L+��4� 'O7#q"0L+"0 �"�L+/-1
x → x−x0, y → y−y0

T
��L<�s��/8.�JH;8*+e-�2.0"0�!L+*< '1'g L<1

n
�QL+JH�!17#qL</817�21��!.0g-L+O'"Q#qLi$&%�V� 7.�$&%·µ
�!.�;8*+*<g8�!JH�2L<1'�I3

.0 '17g7T�j�L+.�e-�2.�o2Li$&%�"0�21Y²�L+�CV��2.�;8 �R�V�L<�?�2L<1�Ru;-$&%'�21�;=*<g8�2O7.�;8L<#�$&%'�21 ���!$&%'1� '17g8�21Y '17V
g8�2O��21·V7;8#�(:.�g8�!O'1'Li#@V�L<.0�!,�"Q;=1UT���L<��µ:;8.0Li;=O'*<�21�Ru;-#0#0�21b²�L<.@o2 ·V��!J µ
�!,�"0/8.

x
o! �3

#0;8J�JH�!1UT #}L+"Q�@L<*+RS��V��2.s¤u;=*i#@#06�J�JH�2"0.�L<#�$&%b '17Vbp�/-#0L]"�L+e�V��I�717L]"�e-/8.&;= 7#0g8�C#q�2"0o2"0�21�§
��/�e�;=.�Li;=1'o!JH;="0.�L]l

C
,-¹81'1'�!1Y²�L<.@#�$&%'.0�!L+O��21rM

G(x) =
1√

(2π)n det(C)
exp

(
−1

2
(x − x0)

T
C
−1(x − x0)

)
.

��f= '�7g�"0.�L]"0"�V�L+�?�51�e-�2.&#q��V��2.!�Q/�e�;=.�L<;81'o2J´;="0.�L]l

V = C
−1

;= �RmT�4�L+��²�L+.&V  ��2²�Li$&%�"�#0JH;="0.�L]l�g8�!17;=1'1�"Cª=²�/-O��!L',�*+�!L+17�@µ:;=.�L<;81'o2�!1
Cii

�2L<1'�2. �Q/8J�3
p�/-1'�21�"0�

xi
o2 ~g-.0/.�8�!1¶ ��!²�L<$&%�"��21

Vii
RS�'%'.��21rT��QL+�b�@/-.0J´;8*+e-�2.0"0�2L<*< '1'gbL+1

n
��L+3

J��!17#0L+/-1'�21�%7;�"�V7;=1'1bV�L<��h'/8.�JbM

G(x) =
1√

(2π)n det(C)
exp

(
−1

2
(x − x0)

T V(x − x0)

)
.

�5J�o2²��2LiV�L<J��!17#0L+/-17;=*<�21bh7;8*+*U#0L+1�V�V'L+�)#·;="0.�L+o!�21
C
 '17V

V

C =

(
s2

x ρsxsy

ρsxsy s2
y

)
,

V =
1

1 − ρ2

(
1
s2

x
− ρ

sxsy

− ρ
sxsy

1
s2

y

)

 '17VbV�L<�����2"0�2.�JHL+1�;=1�"0�
det(C) = s2

xs2
y(1 − ρ2)

T
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� � � � � ��� ¬���X���X`_!Zw�'vS[����C_C��Zuvu��X�x
³@ 7$&%�V�L+�k(
l�p�/81'�!1-"�L<;8*+e-�2.0"0�!L+*< '1'g�"0.�L]"0"�L<1 e�L<�2*<�21 p7%�6�#0L+,�;8*+Li#0$&%7�21�9:%�f=1'/-J��!1'�21
;= �RmT�³@ &�-�2.  r�2O��217#�V';8 '�2.�e8�!.q"��2L<*+ '17g8�21b¤NG`�2.0Ru;=*<*'L+1�#m"&;=O'L<*+�!.�£��2L<*<$&%7�21´/�V��2.�;=1'g-�2.��2g=3
"0�2.)G� 7#q"�f=1�V��C§�O��!#�$&%'.��2L<O�":#qL<�@V�L<��µ
�2.0"0�2L<*< '1'g�V��!.:�51�"0�2.�e�;=*<*+�)o!²�L<#�$&%'�21�p�/8Li#0#0/81�e8�!.q3
"0�2L<*+"0�21�µ
/8.�,8/-J�JH1'Li#�#q�!1�¤NG��!L]"��21�o!²�L<#�$&%'�!1 G��2.0Ruf=*<*<�21Uª  U�7$&,-�21'*if=1'g-�21¶L<1���*i;8#0�21�3
,�;8JHJ��!.�#0p' '.��21�§� 717V¶V�L<� ��f= '�7g8,-�2L+"�e-/81k(:L<17V�.�L+1'g8"0L<�IRS�!1¶e8/81¥£��2L<*<$&%'�!1UªrV�L<� ;= 'R
;=O7#0/8.�O'L<�2.��217V��C# #�;�"0�!.0Li;=*`"�.0��b��!1UT

��L<�)(
l�p�/-1'�21�"0Li;=*<e8�!.q"��2L<*+ 71'gQLi#q"�$&%7;=.&;=,�"0�!.0Li#q"0Li#0$&%�RS�'.
9�.0/-o2�!#�#0��/-%'1'���K ��!V7f8$&%�"q3
1'L<#3�2ª�V®T %UT�RS�'.Q³�O'*<f8 �RS�8ª`;= 'R
V'L+��V'L+�sµ
/8.�g8�!#�$&%'Li$&%�"0��,8�!L+1'�!1b(:L+1 �7 7#�#�%7;="!T`4�/ Li#m"�o8T
�QT�V�L+��jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]")RS�'.�V��21�G��!.qRu;8*+*U�!L+17�!#�L<17#q"�;=O7L+*<�21}£��2L<*<$&%'�!17#� '1�;=O'%7f81�3
g8L<g�e8/-1�#q�!L+17�2J ³@*+"0�!.�/�V��!.�V�L<��4�"0/��-²�;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"
RS�7.��!L+1Y �;-#qJH/-*+�!,��7*7o2 7J
G��2L+"0p' 71',�"

t
 '17;8O'%7f81'g8L<g�e-/81

t
 '17V V��!. #q�!L]" V��!J *+�2"0o2"0�21�4�"�/��ke8�!.�#q"0.�L<$&%7�21'�!1

G��2L+"�#0p7;=171'�8T���L<��j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�#�V�L<$&%�"��QRS�7.QV��!1�G��2.0Ru;=*<*r�!L+1'�C#@£��2L<*<$&%'�!17#@o! '.
G��2L+"

t1 + t2
L<#q"�g-*+�!L<$&%´V��!.�j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�#�V�L<$&%�"��

f(t2)
J� '*+"0L<p'*<L+o!L+�!.q"�J�L+"�V'�2.

jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"
1 − F (t1)

ª7V';-#0#��!#@O'L<#
t1
�7O��!.0*<�2O�"@%�;�"!M

f(t1 + t2) = (1 − F (t1)) f(t2)

�Q;
f(t1 + t2)

#q6�JHJH�I"0.�Li#0$&%´L<1
t1
 717V

t2
#q�!L+1 Js 7#�#2ª-L<#q")V'�2.��!.�#q"0�Qh7;=,�"�/8.�p7.0/-p�/-.q3

"0L</817;8*®o2 
f(t1)

1 − F (t1) = cf(t1) , f(t1 + t2) = cf(t1)f(t2)
¤w¢'T ¦�B8§

J�L+"H,8/81�#m"&;=1�"0�!J
c
T{�QL<�Y(:L<g8�!17#�$&%7;�R¡"}¤w¢'T ¦�B8§?%�;�"H1� 7.�V�L<��(
l�p�/-1'�21�"0Li;=*+RS '1',�"�L+/-1UM

f(t) = aebt T�jk�21'1�²�L<.�17/�$&%Ye8�!.0*i;=1'g-�21Uª�V';8#�#�V�L+��j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�#�V�L<$&%�"��Q;= 'R
�2L<17#�1'/-.0JHL<�2.0"�Li#m"Cª�RS/8*<g="CM
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f(t) = λe−λt .��L<�!#0�@h'/-.0J ,-¹81'17�21�²�L+.�;8 7$&%�%'�2.�*+�!L]"��21Uª8L+17V'�2J ²�L<.@¤w¢'T ¦�B8§�V�L7b��!.0�!1'o2L<�2.��21� '17V´V'L+�
�21�"�#0p'.��!$&%'�!17V��?��L7b`�2.��21�"0Li;=*<g8*<�2Li$&%� '1'g

f = −c df/dt
*<¹-#0�21UT

©�%7;=.&;=,�"0�!.0Li#q"0Li#0$&%'�´h7 '1',�"0L</81~ 717V #}/-J��!1�"0��V��!.�(
l�p�/81'�!1�"0Li;=*<e8�2.0"0�!L+*< '1'g}%�;�3
O��!1�²�L<.�O��2.��2L+"�#�L<1b�2L<1'�2J ���!L<#0p'L<�2*UL<1�³�O7#�$&%'1'L+"q"�¢'T E7T Es,8�!1'1'�217g8�2*<�2.�1�"!T

� � � � �
χ2
\0�?����_!��Zuvw��X�x

��L<�)©�%'L+3 �Q 7;8V�.&;�"03Nµ
�!.q"��2L<*+ 71'g?¤
χ2 3Nµ
�!.q"��2L<*+ 71'g�§®#0p'L<�2*+"��!L+1'��O��CV��2 �"��217V'� ��/-*+*<�:O��2L<J

µ
�2.�g8*<�2Li$&%�e8/-1)#}�!#�#q 71'g8�!1�JHL]"�"0%'�!/8.��I"�L<#�$&%'�21?µ
�!.q"��2L<*+ 71'g8�!1Y¤w4�L+g-1'L]��,�;81'oI"��!#q"�#!ªC#0L<�I3
%'���?;8p'L]"��2*�¨-§ T�4�/-*<$&%'�Q£r�C#m"&#��!.0JH¹8g-*+Li$&%'�!1� 717#2ª�#06�#q"0�!J´;�"0Li#�$&%'��#}�C#0#qRS�2%'*<�2.�o2 �!1�"q3
V��!$&,-�21Uª'O7o2²?T7�!L+17�?JH;81'g8�!*+%�;�R¡"0�����C#0$&%'.��2L<O' '17gHV'�2.���;�"��21·V� '.&$&%}V�L<��£)%'�2/-.0L<�?o2 
,- �;=1�"0L+�7o2L<�2.��21rT��QL+�´V';8O��!L{J��!L<#q"�e8�2.�²��217V��2"0��£r�C#m"�g8.�¹��8�?Li#q"?#0Li$&%'�2.�*+Li$&%·V�L<�s 71-"��21
J�L+"

χ2 O��2o!�2Li$&%'1'�2"0�� �.�¹��8�-T
(:L+1�²�L<$&%�"�L+g-�2.�9{;8.�;8JH�I"0�!.�O��2L:V��!.

χ2 3Kµ
�2.0"0�!L+*< '1'gYL<#q"?V�L+� G`;8%'*
V��2.�h'.��2L<%'�2L+"�#q3
g8.&;8V��

f
ª8V��!.0�!1����!V'�2 �"� '1'g?�2O��21'Ru;=*<*<#
#0p7f�"��2.
,�*i;=.��2.{²�L+.&V®T8�Q�2.
�!L+1'Ru;8$&%7#q"0��h7;8*+*7J�L+"

f = 1
L<#q"� 717#�O��2.��2L+"�#QL<J¸³@O7#�$&%'1'L+"q"?¢�T ¦7T<A�O��!g8�!g81'�2"!M`��L<��£�.&;=17#qRS/8.�J´;�"0L</81b�!L+1'�!.

1'/8.�J´;=*<e8�2.0"0�!L+*+"0�!1¶µ:;=.�L<;8O'*<�21
x
JHL]"´(:.�²);=.0"0 '1'g�#q²��2.0"�1� '*<*)L+1

χ2 = u = x2/s2 ª
²�/-O��!L

s2 V'L+�?µ:;8.0Li;=1'o�Li#m"Cª'*+L<�IRS�!.q"

g1(u) =
1√
2πu

e−u/2 (f = 1) .

¤u�Q�2.�O�� ,� '�!JH�2.��21 4�$&%'.��2L<O�²��!L<#0��²��2g-�21HO��2o2�!L<$&%71'�21H²�L<.�V�L<��G� �Ru;8*+*i#qe�;8.0Li;=O'*<��J��!L<#q"
J�L+":V��2J �� 7$&%�#m"&;=O��21

u
#q"�;="q"
²�L+���'O'*<Li$&%�JHL]"

χ2 T § #·L]"0"0�2*<²��2.0"� '1�V�µ:;8.0Li;=1'o�V�L<�!#0�2.
µ
�2.0"0�2L<*< '1'g´#qL<17V

E(u) = 1
O'o!²?T'e�;=.

(u) = 2
T

j��!1'1 ²�L<.�1� '1
f
 '1�;=O'%7f81'g8L<g8�-ª81'/-.0J´;8*+e-�2.0"0�2L<*+"0�8ª-;= �RUL<%'.���µ:;=.�Li;=1'o@17/8.�J�L<�2.0"0�

 �.0¹.�8�21�;8V'V'L+�!.0�!1Uª

u =

f∑

i=1

x2
i

s2
i

,

#q/HLi#m"
u
�!1-"&#qp7.0�C$&%'�217V�V��!.

χ2 3Kµ
�2.0"0�!L+*< '1'g�RS�'. f
h'.��2L<%'�!L]"&#qg-.�;-V��

gf (u) =
1

Γ (f/2)2f/2
uf/2−1e−u/2 ¤w¢'T ¦�>-§

e8�2.0"0�!L+*+"!T��Q�2.����2²��2Li#:RS/-*+g8"�L<J RS/-*+g-�217V��!1Y³�O7#0$&%71'L]"0"��'O��!.�V�L+�? �;=JHJ´;�e8�!.q"��2L<*+ 71'g7ª
V�L+�YV�L+�

χ2 3Kµ
�2.0"0�!L+*< '1'g·;8*<#�4�p��!o2Li;=*+Ru;=*<*��21�"�%7f=*+"!Tr�QL<��³@O'OrT�¢�T ¢�AHo!�2L<g="��2L<1'L<g8� ���2L+3
#qp'L<�2*<�8T��Q�2.)jk�2.0"

f = 2
*+L<�IRS�!.q")�2L<1'��(
l�p�/-1'�21�"�L<;8*]RS '17,-"�L+/-1UT'h��'.)g8.�/��-�@j��!.q"��Qe-/81

f
�2.�%7;8*]"��21�²�L+.�17f8%'�2.� '1'g�#q²��2Li#0�Q�!L+1'����/8.�J´;=*<e8�2.0"0�!L+*< '1'g�T
�� '.&$&%´³@O'*<�2L+"0�!1 V��2.�µ
�2.0"0�2L<*< '1'g-#�V�Li$&%�"0�21��71�V��I"�J´;81HRS�'.

f > 2
L<%'. #·;=l�L<J� 7J

O��!L�V��!J #}/�V';8*+²��2.0"
umod = f − 2

Tr�Q�2.�(:.�²);=.0"0 '1'g�#q²��2.0"
E(u) = f

e-/81
u =

χ2 RS/8*<g="Y 71'JHL]"0"0�2*<O7;8.�;8 7#YV'�2.b���2�71'L+"0L</81 e-/81
u
ª�V'L+�kµ:;=.�L<;81'o�;8 7#YV'�2J /8O��21

;=1'g-�2g8�!O��!1'�21�jk�2.0"�RS�7.
f = 1

T�G� 7#�;=JHJH�217g8�IRu;-#0#q"��2.�%7;=*+"0�!1Y²�L<.

umod = f − 2 ,

E(u) = f ,e�;8.
(u) = 2f .
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������_!��Zwvu��X�x¥��ZuX���� ������t���X`t�����Zu_!�

j�L+.�V��I��1'L+�!.0�!1·V�L<�s��.0�!L]"��
v
�2L<1'�2.Q9:.�/8O���e8/-1

N
(:*<�2JH�21�"��21

xi,
�'O��2.H¤Se�g8*NT�³�O�3

#0$&%'17L]"0"Q¢�T ¢�T E-§ M

v2 =
1

N

N∑

i=1

x2
i − x̄2

= x2 − x̄2 .

j��!1'1�V�L<��µ:;8.0Li;�"��
xi
V��2.�9:.0/-O��Q�2L<1'�2.��@/-.0J´;=*<e8�!.q"��2L<*+ 71'g�J�L+" #·L]"0"0�2*<²��2.0"

x0
 '17V

µ:;=.�L<;81'o
s2 RS/8*<g8�21rª7V';=171}g8�2%7/8.&$&%-" Nv2/s2 �2L<1'�2. χ2 3Kµ
�2.0"0�!L+*< '1'g´e-/81 f = N − 1h'.��2L<%'�2L+"�#0g8.&;8V��!1UT�j�L+.H²�/8*<*+�!1�V��!1����2²��2Li#�%'L+�!.H1'L<$&%�"Ho2�!L+g-�21UT{9:*i;= 7#0L<O��!*�L<#q"HV7;8#

(:.0g-�2O'17L<#�;8 �RSg8.� '17V�V��!#@L+J ³�O7#�$&%'1'L+"q"�¢'T ¢'T E�;=O'g-�2*<�2L+"0�2"0�21�(:.�²�;8.q"� '1'g�#q²��2.0"�#!M

〈
v2
〉

=
N − 1

N
s2 ,

〈
Nv2

s2

〉
= N − 1 .

�U����Zu����Zu_!zCx7���'���}��X�� a ���'X�x�z!t�����ZuX�x���X�x���X

��L<��JHL+"q"0*<�2.���,� 7;-V�.&;�"0Li#�$&%'��³@O�²��!L<$&%� '17g
v2 e8/-J #}L+"q"��2*<²��!.q"�V��2. #}�!#�#q²��2.0"0� x̄

L<#q"
17;�"��'.0*<Li$&%},�*<�2L<1'�!.�;=*i#�V�L<��e-/8J (:.0²);=.0"0 71'g-#0²��!.q"

µ
ª�V';´L<1�V�L<�����2.��!$&%'1� '1'g´e-/81

x̄
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V�L+��#}�!#�#q²��2.0"0�)�!L+1'g-�2%'�!1UT8�Q�2. #}L]"0"0�!*+²��2.0"
x̄
L<#q"�;81HV'L+��#·�!#�#q²��2.0"0��;=17g8�2p�;8#�#m"CT=���!L

1� 7.��2L<1'�2J #}�!#�#q²��2.0")L<#q"
v2 1�;�"0�7.0*<L<$&%�1� '*<*wT

���!L �� '.�e8�!17;=17p7;8#�#q 71'g8�!1�;81�#}�!#�#qp7 '1',�"0�
xi
JHL+"Qg�;= &��#0$&%'�!1'#}�!#�#mRS�!%'*<�2.�1

σiJ�L<1'L<JHL+�!.q"{J´;=1�O��2L�V��2.�#}�2"0%'/�V��)V��2.�,�*+�!L+17#q"0�!1 �Q 7;-V�.&;�"0�@¤w#qL<�2%7��>7T ¢'T ¢-§®V�L<�� �.�¹��8�

χ2 =

N∑

i=1

(xi − xt(λ1, . . . , λZ))
2

σ2
i

,

²�/-O��!L
xt
V�L<� �� '.�e8�21�²��2.0"0�sRS�'.�V�L<�

Z
;81'o2 7p7;8#�#q�!17V��!1�9
;=.&;=JH�2"0�2.

λk
#0L+17VUTr��L<�

4�"�;="0Li#m"�L+,
χ2 #q"0�!*+*+"�V�L<��4� 'JHJH��V��2.Y;= �R?V�L<�·h'�2%7*+�!. 1'/8.�JHL+�!.q"��21 ,� 7;8V�.&;�"�L<#�$&%'�!1

³@O�²��!L<$&%� '17g8�21¶V��!. #}�C#0#0²��2.0"0�´e8/-1¶V��2.sµ
/8.�%'�2.&#0;8g8�´V';8.!T� �.�/��-�´j��!.q"�� e8/-1
χ2

O��CV��2 �"��21��2L<1'�?#0$&%7*+�C$&%-"�����O��!.0�!L+17#q"0L<JHJ� '17gse-/81 #·�!#�#q²��2.0"0�!1  '17V(�� '.�e8�8T�jk�21'1
V�L+�'�� '.�e8�!1'p' '17,-"��b*+L<1'�!;8.He8/81�V��!1�9
;=.&;=JH�2"0�2.�1�;8O'%7f81'g8�!1Uª{RS/8*<g="

χ2 17;-$&% V'�2.
³@1'p7;-#0#0 '1'g�V��2.

Z
9{;8.�;8JH�I"0�!.:�2L<1'�!.

χ2 3Kµ
�2.0"0�2L<*< '1'g�JHL+" f = N −Z
h7.0�!L+%7�2L+"�#0g8.&;�3

V��21UT #�;=1�#0p'.�L<$&%�"�e8/-1
Z
G�²);=1'g�#qO��!V�L<1'g- '1'g8�!1UT��51kV��!J¸/8O��21kV�Li#q,� �"�L+�!.q"��21¥h7;=*<*

V��2.�9:.�/8O��21�O'.��2L+"0��²�L<.�V �����V�s �.0¹.�8�8ª�V��!.!#}L+"q"0�!*+²��2.0"!ª�;=1'g-�2p7;-#0#q"!ª�;=*i#0/�Li#q"
Z = 1

T

� � � � � ��'�~�~�-[�����_!��Zuvw��X�x

��L<�HL+1¥V��21ke8/-.0L<g8�!1}O��!L<V'�21¥³@O7#�$&%'1'L+"q"��21¥O��!%7;=1�V��2*+"0�!1�µ
�!.q"��2L<*+ '17g8�21rª`V'L+�H(
l�p�/=3
1'�21�"�L<;8*]3�#0/�²�L<��V�L<�

χ2 3Nµ
�!.q"��2L<*+ 71'g7ªU#0L+1�Vk4�p��2o!L<;8*]Ruf8*+*<�´V��2.� �;8JHJH;�e-�2.0"0�!L+*< '1'g�ª`V'L+�
V� '.&$&%�V�L<�?j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�#�V�L<$&%�"��

f(x) ≡ G(ν, λ) =
λν

Γ (ν)
xν−1e−λx , x > 0

V��I�717L+�!.q"�²�L<.�VUT
λ > 0

Li#m"��!L+1~4�,�;=*<�217p7;=.&;=JH�I"��2.Cª®²�f8%'.��217V
ν > 0

V'L+��h7/8.�J V��!.
µ
�2.0"0�2L<*< '1'g~RS�C#m"�*+�!g="CT��QL+�k(
l�p�/81'�!1-"�L<;8*+e-�2.0"0�!L+*< '1'g~�!.0g-L+O'"Y#qLi$&%�RS�'.

ν = 1
T

ν
L<#q"

�m�!V�/�$&% 1'Li$&%�"�;8 �RUg-;81'o2oC;=%'*<L+g-��j��!.q"���O��!#�$&%'.&f=1',�"!ª-L+1�#qO��!#0/817V'�2.��@�21�"�#q"0�!%�"�RS�'.
ν =

f/2
 717V

λ = 1/2
V�L+�

χ2 3Nµ
�!.q"��2L<*+ 71'gHJ�L+" f
h7.0�!L+%7�2L+"�#0g8.&;8V��!1Uª�e�g-*wT7¢'T >7T D�T

��L<�b �;8JHJH;�e-�2.0"0�!L+*< '1'g�²�L+.&V¶/=R¡"´g-�21� �"0o2"�o! '.´���!#�$&%'.0�!L+O7 '1'g·e-/81�G` �Ru;=*<*<#0e�;�3
.0Li;=O'*<�21rª`V'L+�-ª�²�L<��L+1k/8O'L<g8�!1�4�p��2o!L<;8*]Ruf8*+*<�21UªU;8 �R�p�/-#0L]"�L+e-�sjk�2.0"0��O��!#�$&%'.�f81',�"�#0L<17V®T
³@*<*+g-�2JH�2L<1'�2.�,8¹-1'1'�!1�;= �$&%·µ:;=.�L<;8O'*<�8ª`V�L+���2L<1'�� '1�"0�!.0�´4�$&%'.&;=1',-�

x0
%7;8O��!1Uª`17;8$&%

�2L<1'�2.�µ
�2.&#0$&%7L+�!O' '1'g
x → x−x0

O��2%7;817V��!*]")²��!.�V'�21UT��Q;8O��!L�Li#m")%'L<*]RS.��2Li$&%Uª�V';8#�#�V'L+�
$&%7;=.&;=,�"0�!.0Li#q"0Li#0$&%'��h' '17,-"�L+/-1}V�L+���!L+1�Ru;-$&%'��h'/-.0J

φ(t) =

(
1 − it

λ

)−ν ¤w¢'T ¦�D=§

%7;�"CT8��L<��/8O��21H�!.0²)f=%'1�"���µ
�!.�#�$&%'L<�2O' '17g�%�f�"q"���*+�CV�L<g8*<L<$&%
φ(t) → φ(t) exp(itx0)

o! '.
h'/8*<g8�-T

(:.0²);=.0"0 71'g-#0²��!.q"Cª�µ:;=.�Li;=1'o-ª�³�1�Ru;=1'g�#m3 #}/-J��!1�"0�8ª´4�$&%'L<�IRS�� '17V (
l�o2�C#0#�#0L+17V
V� '.&$&%��QL b`�2.��217o2L<�2.��21�e8/81

φ(t)
o! �O��2.��!$&%71'�21UT&#�;=1��2.�%7f=*+"

〈x〉 =
ν

λ
,
e�;=.

(x) =
ν

λ2
, µi =

Γ (i + ν)

λi Γ (ν)
, γ1 =

2√
ν

, γ2 =
6

ν
.



� � � � �
��� 
�� � �
� � 	�� 
�� � ����	����
� ����
���� � �

��L<�Qµ
�!.q"��2L<*+ 71'g�%7;="�L<%'. #·;�l�L<J� 'J�O��2L<J #}/�V';=*<²��2.0"
xmod = (ν − 1)/λ

ª`¤
ν > 1

§ T
��L<�� �;=JHJ´;�e8�!.q"��2L<*+ 71'g¥.0�!p'.0/�V� 7o2L<�2.0"�#qLi$&%Uª:²��21'1�V'L+��4� 'JHJ���e8/-1 g�;=JHJ´;�3

e8�2.0"0�!L+*+"0�!1sG� �Ru;8*+*i#qe�;8.0Li;=O'*<�21
xi
JHL]"\(8�7��� ������: 4�,�;=*<�21'p7;8.�;8JH�I"0�!.

λ
O��I"�.�;-$&%�"0�I"�²�L+.&V®T

�Q;8O��!LU�2.�%7f=*+"�J´;=1YRS�'.�V��!1bh7/8.�JHp7;=.&;=JH�I"��2.��2L<1�Ru;8$&%

ν =
∑

νi .

³@ 7$&%kV�L+�C#q�C#�(:.0g-�2O'17L<#Q,�;=1'1k;=J �2L<1�Ru;-$&%7#m"��21k;= 7#H¤w¢'T ¦�D=§�V� '.&$&%·9:.�/�V' ',�"0O'L<*<V' '1'g
�2.�%7;=*+"0�!1�²��2.&V��!1UT=�517#0O��C#q/-17V��!.0�)RS/-*+g8"�V';8#
/-O��!1´g8�!g8�2O��217� ���!#0 '*+"�;�"�¤w¢�T ¦->�§�RS�'.�V'L+�
χ2 3Kµ
�2.0"0�!L+*< '1'g�ª'V�L<��V� '.&$&% G(f/2, 2)

g-�2g-�2O��21�L<#q"!T
# ���d�;AV� ��� & #}L+"q"0�!*+²��2.0"�e8/-1}G��!.qRu;8*+*i#0o2�2L+"0�!1
j�L+.�O��I"�.�;-$&%�"0�21

x̄ =
∑

xi/N
ªUJHL+"��Il�p�/81'�!1-"�L<;8*+e-�2.0"0�!L+*+"0�!1

xi
ªr;8*<#0/}V��2.s$&%7;�3

.�;8,-"��2.�L<#q"0Li#�$&%'�21�h' '1',�"�L+/-1¥¤ue�g8*NT7¢�T E'T E-§

φx(t) =
1

1 − it/λ
.

��L<*iV� '1'g�V��!#
N
3NRu;8$&%'�!1·9:.�/�V' ',�"�#Q*+L<�IRS�!.q"Cª� 71-"��2.����!;8$&%�"� '1'g�V��!.�O��2,�;=171-"��21¥4�,�;�3

*+L<�2.� '1'g�#q.��2g-�2*�RS�'.�h'/- '.�L+�!.q35£r.&;=1�#mRS/-.0JHL<�2.0"0��¤N¢�T<A!¨-§Iª
φx/N (t) = φx(t/N)

ª�V�L+� $&%�;�3
.�;8,-"��2.�L<#q"0Li#�$&%'�@h' '17,-"�L+/-1 �2L<1'�!.� �;=JHJ´;�e8�!.q"��2L<*+ 71'g?JHL]"�4�,�;=*<�21'p7;8.�;8JH�I"0�!.

Nλ
 '17V

h'/8.�JHp7;=.&;=JH�2"0�2.
N
M

φx̄(t) =

(
1 − it

Nλ

)−N

.
¤w¢'T ¦�F-§

�� '.&$&%����2"0.&;8$&%�"0�!1�V��!#  �.��217o2²��2.0"0�!#sg8.�/��-�2.
N

,8¹-1'1'�!1�²�L<.� 717#�e8/81 V��2.  ��'*+3
"0L<g8,8�!L]"HV��!#H ��!#0�I"�o2�C#sV��!.�g-.0/.�8�21�G®;=%'*<�21¶O'o!²?T
V��!#´G��21�"�.�;8*+�!1� �.0�!1'o2²��2.0"�#�;�"�o2�!#
�'O��!.0o!�2 'g-�21UM'³� 7#�¤N¢�T ¦-F-§�RS/-*+g8"

ln φx̄(t) = −N ln

(
1 − it

Nλ

)

≈ −N

[(
− it

Nλ

)
− 1

2

(
− it

Nλ

)2

+
((

N−3
))
]

,

φx̄(t) ≈ exp

[
i
1

λ
t − 1

2

1

Nλ2
t2 +

((
N−2

))]
.

#}L]"�V��!1�RS�7%'.0�!17V��!1�O��2LiV��21¶£��2.�JH�21�L<J¸(
l�p�/81'�!1�"0�21k�2.�%7f8*]"�J´;=1¥V�L+�´$&%7;8.�;8,�"0�I3
.0Li#m"�L<#�$&%'�´h' 71',�"0L</81¶�2L<1'�!.��@/-.0J´;=*<e8�!.q"��2L<*+ 71'g

N(µ, σ2)
JHL]"

µ = 1/λ = 〈x〉  '1�V
σ2 = 1/(Nλ2) =

e�;8.
(x)/N

ª7²);8#@V'�2J¸G��21�"0.&;=*<�21} �.��21'o!²��!.q"&#0;="0o��217#0p'.�L<$&%�"CT #}L+"
;=*<*+�!L+1¥V��2J �2.&#m"��21¥£r�!.0J¸�!.0g-L+O'"�#0L<$&%¥V�L<�´$&%7;=.&;=,�"0�!.0Li#q"0Li#0$&%'�sh' '1',�"�L+/-1k�!L+17�2.�(:L<1�3
p' '1',�"0e-�2.0"0�!L+*< '1'g

δ(1/λ − x̄)
ª® 'J V'L+�´#0L<$&%¥V�L<�sµ
�!.q"��2L<*+ '17g�O��2L

N → ∞ o! 7#0;8J�3
J��!1'o2L<�2%�"CT7��L<�!#@L<#q"@³@ 7#�V�.� 7$&,�V��C#� ��!#0�I"�o2�!#�V'�2.�g8.�/��-�21}G`;=%'*<�21rT

� � � � � « �7��c��``\0�?����_!��Zuvw��X�x

��L<�) U/-.0�!1-"�oI3
/�V��2.@��.��2L+"q3Kj�L+g-1'�2.03Kµ
�2.0"0�2L<*< '1'gb¤u³@O7OUT�¢�T ¢8¢-§
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� ��� � ��� � ����� � ����� 	�� �%� ����	����
� ����
%� � 	&� � 	�	���� � ����	 ���
��� ����� � ����� 	��
Γ/2 =

√
2
�

f(x) =
1

π

Γ/2

(x − a)2 + (Γ/2)2

L<#q")#06�JHJ��2"0.�L<#�$&% o! 
x = a

T'4�L<��f8%'1'�!*]")�2L<1'�2.@ �*</�$&,8�217,� 7.0e-�8ª=%7;=");8O��!.)L+1�RS/-*+g-�QV��!.
*<;81'g8�!1 4�$&%�²)f=1'o!���2L<1'�� '1'�!17V�*<L<$&%'�bµ:;8.0Li;=1'o-T���;8#�O��!V��! �"0�2"!ª�V7;8#�#s²�L<.´;= 7#�V��!J
#}L]"0"0�!*+²��2.0"��!L+17�2.�9:.0/-O���1'Li$&%�"�;= 'R�V��21( r;8g8�2p�;=.&;=JH�I"��2.

a
V��2.)µ
�!.q"��2L<*+ '17g��Q#0$&%'*<L<�I3

�8�21�,8¹-1'1'�21rª{#0�2*<O7#q"�²��2171�V�L<�b9:.0/-O���O��2*<L+�!O'L+g¥g-.0/.�·L<#q"!T:�QL<�� r/8.��21�"0o!e8�!.q"��2L<*+ '17g
O��C#0$&%'.��2L<O�" ���C#q/-17;=17o2��b`�2,�"��8ª'²�/8O��2L

Γ
V�L<����.0�!L]"���V��2. �@�!#0/817;81'o2,� '.�e8��.��2p'.&f8#0�21�3

"0L<�2.0"!T
�51�V'�2.´£r�!L+*i$&%'�!1'p'%�6�#qL<,¥RS/8*<g="´V�L<��#�;8#�#q�!1�e-�2.0"0�!L+*< '1'g·,� '.�o2*<�2O7L+g-�2.H£r�!L+*i$&%'�21
V��2.! r/8.��21�"0o23{/�V��!.@��.0�!L]"03Nj�L<g81'�!.q3Kµ
�2.0"0�!L+*< '1'g�T

���!.�©�;= 7$&%�6�3Kµ
�2.0"0�2L<*< '1'gH�21�"�#0p'.�L<$&%�"@V��!.�#qp��2o!L+�!*+*<�21}j¥;=%7*�V��!.@9
;=.&;=JH�I"��2.
a =

0, Γ = 2
TC4�L+��%7;�"�V'L+��$&%7;=.&;=,�"0�!.0Li#q"0Li#0$&%'�{h' 71',�"0L</81

exp(−|t|) ª�V�L<�:/8b`�217#0Li$&%-"�*+Li$&%?O��2L
t = 0

17L<$&%�"@V�L7b��!.0�!1'o2L<�2.�O7;=.)Li#m"Cª'²);8#)�2O��21'Ru;=*<*<#�V�L<���@Li$&%�"0�2l�Li#q"0�217o�e-/81�#}/8JH�!1-"��21
O��CV��2 �"��I"CT

��L<��$&%7;8.�;8,�"0�2.�Li#m"�L<#�$&%'�~h' 71',�"0L</81 RS�7.kV��!1 #}L+"q"��2*<²��!.q"k�2L<1'�2.k9:.�/8O���;8 7#
N#}�!#�#q²��2.0"0�!1Uª

x̄ =
∑N

1 xi/N
ª'�!.0g-L+O�"@#0L<$&%�17;-$&%�V��!1����2g-�2*<1k¤N¢�T<A!¨-§IªU¤w¢'T ¢-B8§�;=*i#

φx̄(t) = (φx(t/N))N = φx(t) .

³@*i#Hµ
�2.0"0�2L<*< '1'g¥V��!#�9:.�/8O��21'JHL+"q"��2*i#H.0�!p'.0/�V� 7o2L<�2.0"�#0L<$&% V�L+�b³@ �#qg�;=1'g�#qe-�2.0"0�2L<*< '1'g7T
(:.�#q"0�!.0�C#�L<#q"@;=*i#q/�ª�²�L<�?/8O��21b#�$&%'/81�RS�!#q"0g8�C#m"��2*<*]"Cª� '1'g-�2�2L<g817�I")o2 '.@���!#q"0L<JHJ� '17gHV'�!#
 r;=g-�2p7;8.�;8JH�I"0�!.�#!T

� � � � ��� ��� _2����� ������_2[����C_C��Zuvu��X�x
��L<�?µ
�2.0"0�!L+*< '1'g J�L+"�V��!.@��Li$&%�"0�

f(x|x0, s) =
1

s
exp

(
±x − x0

s
− e±

x−x0
s

)

� � ��� � � � ����		����
�� � ����	 �*/ � � 	��
����	 � ��� �!� � � ����� � ����. � ��� � � ��������� � � � �	�� ����	�� ��� �
�
� 	 
��
���
���

a
�



� � � � �
��� 
�� � �
� � 	�� 
�� � ����	����
� ����
���� �*

g8�2%7¹8.0"{o! '.:h7;8JHL+*<L+��V��!.:(
l�"0.��2Js²��!.q"�e8�!.q"��2L<*+ '17g8�21rT�4�L+�)²�L<.�VH;= �$&%�V�/-p'p��2*+"0��(
l�p�/=3
1'�21�"0Li;=*<e8�!.q"��2L<*+ 71'g7ª  r/8g=3Kjk�2L<O' '*<*]3&ª®/�V��2.� � 'JsO��!*]3Kµ
�2.0"0�!L+*< '1'g}g-�217;81'1�"!Tr4�L<�´%7f81'g="
;=O e8/81 �2L<1'�!J  r;8g8�2p�;=.&;=JH�I"��2.

x0
ª�V��2. V�L<�' r;8g8�bV��!# #·;=l�L+Js 'J´#´;=1'g-L+O�"Cª:V®T %UT

xmod = x0
ª' 717V��2L<1'�2J 4�,�;=*<�21'p7;8.�;8JH�I"0�!.

s > 0
T

���!. #·L]"0"0�2*<²��2.0"
µ
 '17V�V�L<��µ:;=.�L<;81'o

σ2 %�f=1'g-�21�JHL+"�V�L<�!#0�21�9{;8.�;8JH�I"0�!.01Y�'O��2.

µ = x0 ∓ Cs ,
JHL]"�V'�2.�(: '*<�2.&#�$&%'�21���/-17#q"�;=1�"��21

C = 0.5772 . . . ,

σ2 = s2 π2

6
o2 7#�;=JHJH�21UT #}�2Li#q"�Li#m"�V7;8#:17�2g-;="0L<e8��µ
/-.0o!�2Li$&%'�21´L<1 V��21�(
l�p�/-1'�21�"0�!1´.0�C;=*<L<#0L<�2.0"!T=�51
V��2.@��/8.�JH;8*]RS/-.0J

f(x|0, 1) = exp
(
−x − e−x

)

L<#q"�#qL<��L+1}V��!.@³@O'OrT�¢�T ¢=EH;=O7g8�2O7L+*iV��I"CT
#}L]"@��L+*+RS�?�2L<1'�2.)�51�"0�!g8.&;=*iV';=.&#q"0�2*<*< '1'gsV'�2.)(: '*<�2.&#0$&%7�21

Γ
35h' '17,-"�L+/-1 �71�V��I"@J´;=1

V�L+��$&%�;=.&;=,�"0�!.0Li#m"�L<#�$&%'��h' '1',�"�L+/-1

φ(t) = Γ (1± ist)eix0t ,

;= 7#�V��2.��21�*</8g�;=.�L]"�%'JHL<#�$&%'�!.r³@O'*<�2L+"0 71'g�²�L<�!V��!.0 7J V'L+�)4��2JHL<L+1�e�;=.�L<;81�"0�21�V'L+�C#q�!.rµ
�2.03
"0�2L<*< '1'gHRS/8*<g8�!1UM

κ1 = x0 ∓ Cs , κi≥2 = (∓1)i(i − 1)!siζ(i) ,

J�L+"·V��2.���L<�2J´;81'17#�$&%'�21 G��I"&;�RS '1',�"�L+/-1
ζ(z) = Σ∞

n=11/nz T?¤Sµ
�!.0g-*+�!L<$&%7��%'L<�2.�o2 
� ¢8n��¡§IT�4�$&%'L<�IRS�? 717V�(
l�o2�!#�#)�2.�.��!$&%'1'�!1Y#0L<$&%�o2 

γ1 ≈ 1.14
 '17V

γ2 = 12/5
T

���!L��2L<1'�2.�g8.�/��-�21�G`;8%'*�e8/81����2/8O�;8$&%�"0 '17g8�21rª�V�L<�¥�2L<1'�2.}�@/-.0J´;8*+e-�2.0"0�2L<*< '1'g7ª
(
l�p�/-1'�21�"0Li;=*<e8�!.q"��2L<*+ 71'g�/�V��!.��!L+17�2.);=17V��!.0�!1YV';8JHL]")e8�!.0²);=17V�"0�21�µ
�2.0"0�2L<*< '1'gb¤Se8/-J
�Il�p�/-1'�21�"�L+�!*+*<�21¶£�6�p�§QRS/8*<g8�21rª®²�L+.&V¥V��2.�,�*<�2L<17#q"0�´O'o!²?TUg8.�¹��8"0��O��!/8O7;-$&%-"��I"��´j��!.q"
V� '.&$&%�V�L<�)(
l�"0.��2Js²��!.q"�e8�2.0"0�!L+*< '1'g�JHL]":p�/-#0L+"0L<e8�2J O'o2²?T�1'�!g-;="0L<e8�2J µ
/-.0o!�2Li$&%'�21�O��I3
#0$&%'.�L<�2O��21UT
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�

� ��� ��� ���������

�T� ���7����� ��J#���S$;'�$��/�N��� ����$
��'��	J#�2�N*,�/�������+a��/���&(8$�� �Y�2��� e_� ����$

 rL<$&%�"0�!1�O��!.0g

� 
�	 	 ����	 ��� ���!����� ����� ��� 	 � ��	 ���

d@1�"0�!. #}�C#0#qRS�2%'*<�2.�1�e8�!.�#q"0�!%'�21�²�L<.U1'Li$&%-"��I"m²);�V�L+�:�Q 'JHJH%'�2L+"0�!1sV��C#®(
l�p��2.�L+JH�21�"&;�3
"0/8.&#!ª!#0/817V��!.01��!L+1'�� '1�e8�2.�JH�2LiV�*<L<$&%'�-ª!#q"0/�$&%7;-#m"�L<#�$&%'�@¤uVUT %UTCJHL]"�jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#m3
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t = (34.5 ± 0.7) 10−3 #
t = 34.5 10−3 # ± 2 %
me = (0.510 999 06± 0.000 000 15)

#}�5µ
/c2

me = 0.510 999 06 (15)
#}�5µ

/c2

me = 9.109 389 7 10−31 ,�g ± 0.3 ppm

��L<��³@O',��'.�o2 '17g
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Z = (150 ±
√

150) ≈
150± 12
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δt = 1/

√
12
# ≈ 0.3
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t = (237.5± 0.3)
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N = 45
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N0 = 60
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ε = N/N0 = 0.75

Tr���!.�h7�2%'*<�2.H;= �#
V��2.@��L<1'/8JHLi;=*<e8�2.0"0�!L+*< '1'g�Li#m"

δε = δN/N0 =
√

ε(1 − ε)/N0 =
√

0.75 · 0.25/60 = 0.06 .
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(δx)2 =
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(xi − x̄)2 ,
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ym = 〈y(x)〉

≈ 〈y(xm)〉 + 〈y′(xm)∆x〉
= y(xm)
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(δy)2 = 〈(y − ym)2〉
≈ 〈(y(xm) + y′(xm)∆x − ym)2〉
= y′2(xm)〈(∆x)2〉
= y′2(xm)(δx)2 ,

δy = |y′(xm)|δx .

��L<�!#0�!#)(:.�g8�!O'1'Li#)%7f�"0"0�!1�²�L<.@;= �$&%�V�L<.��2,�"@;= 7#�³�O'OUT�E7T+A��21�"�1'�2%'JH�!1�,-¹81'17�21UT
(:L+17L+g-�s���2Li#qp7L+�!*+��RS�'.Q*<L<1'�!;8.0��h'�2%7*+�!.qRS/-.q"�p���;=17o2 '1'gY#qL<17V}L<1�V��!.@RS/-*+g-�217V��!1�£�;�3

O��!*+*<�?o2 7#�;=JHJH�217g8�IRu;-#0#q"!T

��� ��������� ��� ��� � � � � �����
��� � � ��	  � � ��� ����

� ����
 	��!� � � �����
�������� 
 � � �� ����

y = axn δy

|y|
=| n | δx

|x|

y = a ln(bx) δy =| a | δx
|x|

y = aebx δy
|y|

=| b | δx

y = tan x δy
|y|

= δx
|cos x sin x|
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 rf81'g8�!1�3@ '17Vk�2L<1'�
G��2L+"0JH�!#�#0 '1'g¶o2 7.0�7$&,�g-�IRS�'%'.0"!T�G` '. ���2.��!$&%'1� '1'g¶V��!.�d@1�#qLi$&%'�2.�%'�!L]"´e8/-1

v = s/tJ��7#�#q�!1Y²�L<.@V�L<��h'�!%'*+�!.�e8/-1
s
 '17V

t
O��2.��7$&,�#qLi$&%�"0L<g8�21rT

j�L+.:O��I"�.�;-$&%�"0�21�o2 717f8$&%7#q":;=*<*+g-�2JH�2L<1H�2L<1'�@h' 71',�"0L</81
y(x1, x2)

e-/81�o2²��2L&#}�C#0#q3
g8.�¹��8�!1Uª�V�L<��V�L+��jk�2.0"0�

x1m, x2m
 '17VbV�L<��h7�2%'*<�2.

δx1, δx2
%�;=O��21UT

��L<��£�;�6�*</8.03N(�1-"m²�Li$&,�*+ 71'g

y = y(x1m, x2m) +
∂y

∂x1
(x1m, x2m)∆x1 +

∂y

∂x2
(x1m, x2m)∆x2...

*+L<�IRS�!.q"@;=1�;=*</8g�²�L+�?/-O��!1YL<1b1'L+�CV�.�L+g�#m"��2. �Q.�V'1� 71'g7M

ym = 〈y(x1, x2)〉
= y(x1m, x2m)

 '17V



���  � ����� � �����
���

(δy)2 = 〈(∆y)2〉

= (
∂y

∂x1
)2〈(∆x1)

2〉 + (
∂y

∂x2
)2〈(∆x2)

2〉 + 2(
∂y

∂x1
)(

∂y

∂x2
)〈∆x1∆x2〉

= (
∂y

∂x1
)2(δx1)

2 + (
∂y

∂x2
)2(δx2)

2 + 2(
∂y

∂x1
)(

∂y

∂x2
)R12δx1δx2 ,

¤wE'T B8§

J�L+"�V��!J �Q/8.�.0�!*<;="0L</817#0,8/����´o!L+�!1-"��21

R12 =
〈∆x1∆x2〉

δx1δx2
.

�51·V��21}JH�2Li#q"0�21·h{f8*+*<�21·#0L+1�V}V�L+�� �.0¹.�8�21
x1

 '17V
x2

 '17,8/8.�.��2*<L+�!.q"CT'�Q;81'1}e8�!.q3
�2L<1�Ru;8$&%�"@#qLi$&%bV�L+�����!o2L<�2%� '1'g}¤uE7T B-§�J�L+"

R12 = 0
o2 

(δy)2 = (
∂y

∂x1
)2(δx1)

2 + (
∂y

∂x2
)2(δx2)

2 .

��L<�Q%7L+�!.);8O'g8�!*+�!L]"��I"���,� 7;8V'.�;="0Li#0$&%'��³�V'V�L+"0L</81Ye8/81� '17;=O7%7f=1'g-L+g-�21 #·�!#�#mRS�!%'*+�!.01
g8L<*]")²�L+�CV��2.� 'J�1� '.�RS�'.)V�L+���Q�I�71'L+"0L</81bV��C# #}�C#0#qRS�2%7*+�!.�#�;=*i#�4�"�;=1�V';=.&V';=O�²��2Li$&%� '1'g7T

�51�e�L+�!*+�!1�h{f=*<*<�21·Li#m"�V�L<���2.�.0�C$&%'1'�I"���h' 71',�"0L</81k�'O��!.�9:.0/�V� 7,-"��sJHL+"� 71-"��2.��2L<1�3
;=17V��!.� '1',8/-.0.��2*<L<�2.0"0�21 #}�!#�#qg-.0¹.�8�!1}e8�2.�,�1��'p�R¡"!T`�51¥V�L<�!#0�2J¸h7;8*+*��·#0L+�!%'��RS/-*+g-�217V'�!#
���!L<#0p'L<�2*�� .��!$&%'1'�2"@J´;=1�o2²��!$&,�J´f �8L<g8�!.0²��2Li#0�@JHL]"�V��!1b.0�!*<;="0L<e8�21�h'�!%'*+�!.01rM

z = xnym ,
(

δz

z

)2

=

(
n

δx

x

)2

+

(
m

δy

y

)2

.

j�L+.�,8¹8171'�21´ '1�#q�!.0�@(�.0g-�2O'1'Li#�#q��*<�2Li$&%�"�;= �RU�!L+17��h' '17,-"�L+/-1
y(x1, .., xN )

e8/81
N#}�!#�#qg-.0¹.�8�!1 e8�!.�;8*+*<g8�!J��!L+17�2.�1UT��Q;-#)(:.0g-�2O'17L<#)Li#m"

(δy)2 =

N∑

i,j=1

(
∂y

∂xi

∂y

∂xj
Rijδxiδxj

)

=

N∑

i=1

(
∂y

∂xi
)2(δxi)

2

)
+

N∑

i6=j=1

(
∂y

∂xi

∂y

∂xj
Rijδxiδxj

)

J�L+"�V��!J �Q/8.�.0�!*<;="0L</817#0,8/����´o!L+�!1-"��21UM

Rij =
〈∆xi∆xj〉

δxiδxj
,

Rij = Rji ,

Rii = 1 .
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��� ����� � �����
��� � ����	 ���� ��� ����
 � �
����['����Zu�7X��-�~��_2��Z �
(:L+1'Ru;8$&%'�!.�²�L+.&VbV�L+��4�$&%7.0�!L+O�²��2Li#q�-ª�²��2171�²�L<.@V�L<�)��/�e�;8.0Li;=1'o!J´;�"0.�L+l

C

C =




〈∆x1∆x1〉, 〈∆x1∆x2〉, ... 〈∆x1∆xn〉
〈∆x2∆x1〉, 〈∆x2∆x2〉, ... 〈∆x2∆xn〉

: : :
〈∆xn∆x1〉, 〈∆xn∆x2〉, ... 〈∆xn∆xn〉


 ,

Cij = Rijδxiδxje8�2.�²��217V��!1UªUV�L<�´L+1~V'L+�C#q�!J G� 7#�;=JHJH�217%7;=1'gbJH�2Li#q"�h'�2%7*+�!.0J´;�"�.0L+l�g-�217;81'1�"�²�L+.&V®T
��L<� ��/�e�;=.�Li;=1'o!JH;="0.�L]l�L<#q"�#q6�JHJH�I"0.�Li#0$&%UT��5J�h�;=*<*®e8/81�o2²��2L`µ:;=.�L<;8O'*<�21 JHL+")g�;= 7#�#0L]3
#0$&%'�!1�h7�2%'*<�2.�1b%7;=O��21�²�L<.@17;8$&%k¤w¢'T ¦-¦�§

G(∆x1, ∆x2) =
1

2πδ1δ2

√
1 − ρ2

exp


−1

2

(∆x1)
2

δ2
1

− 2ρ∆x1∆x2

δ1δ2
+ (∆x2)

2

δ2
2

1 − ρ2




 '17V��2.�%7;=*+"0�!1

C =

(
δ2
1 , ρδ1δ2

ρδ1δ2, δ2
2

)
.

���!.Qh'�!%'*<�2.
δy

V��!.Q;=O7%7f=1'g-L+g-�21bµ:;=.�Li;=O'*<�21
y
Li#m"�V';=1'1}L<1�V��!.�*<L+17�!;=.��21·�Qf=%'�23

.0 '17gHV' '.�$&%bV��!1b³� 7#�V�.0 �$&,

(δy)2 =
N∑

i,j=1

(
∂y

∂xi

∂y

∂xj
Cij

)

g8�2g-�2O��21Uª'V'�21b²�L+.@;8 7$&%�L+1bµ
�2,�"�/8.0RS/8.�J�V';=.&#m"��2*<*+�!1Y,-¹81'17�21UM

(δy)2 = ∇yT
·C·∇y .

� � � � � � �������-��� ����X��®_!Zw��X���X��~���r�������-� � ��zCz!x������U��X
j��!1'1�²�L<.H�2L<1'�· ��2.&;8V���V� '.&$&%�o!²��!L!#}�!#�#qp7 '1',�"0��*+�!g8�!1Uª{O��!.0�C$&%'1'�21�²�L+.HL<1 V'�2.
���2g-�2*�4�"0�!L+g- '1'g� 717V�³�$&%7#0�21�;=O7#�$&%'1'L+"q"CT��QL+�bh'�!%'*<�2.HV�L+�C#q�!.sO��2LiV��!1  �.�¹��8�!1�#0L+17V
,8/8.�.��2*<L+�!.q"CTC�QL+�!�Q/8.�.��2*i;�"0L</81?²�L<.&V�O��21'¹8"0L<g="Cª=²��!1'1�o8T=��T=;=17#�$&%'*<L+� �8�!17VsV'�2.:4�$&%'1'L+"q"03
p' '1',�"�¤u '17V #0�2L<1'��h7�2%'*<�2. §
V��!.��!.0.��!$&%'17�I"0�!1� ��2.&;8V��!1HJ�L+"��!L+17�2.�;817V��!.0�!1´ ��!.�;-V��21
O��C#m"�L+JHJ�"@²��2.&V��!1�#0/8*<*wT

�5J ;=*<*<g8�2JH�!L+17#q"0�!1¶h7;=*<*�%�;=O��21¶²�L<.��!#?JHL+"
K

h7 '1',�"0L</81'�!1
yk(x1, .., xN )

e8/81
N
µ:;=.�Li;=O'*<�21�J�L+"?e8/-.0g-�2g8�!O��!1'�21�#·�!#�#q²��2.0"0�!1

xim
 '17Vkh'�!%'*<�2.�JH;="0.�L]l

C
o! ·"0 71UT

 ��!#0 7$&%�")Li#q"�V�L+��h7�2%'*<�2.�J´;�"�.0L+l
E
V'�2.�jk�2.0"0�

yk
T'j�L<�?/8O��21Y�717V'�21b²�L+.

〈∆yk∆yl〉 =

N∑

i,j=1

(
∂yk

∂xi

∂yl

∂xj
〈∆xi∆xj〉

)
,

¤wE'T >-§

Ekl =
N∑

i,j=1

∂yk

∂xi

∂yl

∂xj
Cij .
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#}L]"�V'�2.@³@O7,��7.0o! '1'g

Dki =
∂yk

∂xi�2.�%7;=*+"0�!1Y²�L<.@V�L<�?,8/8JHp7;8,�"0�2.����Q;8.�#q"0�!*+*< '1'g

Ekl =

N∑

i,j=1

DkiDljCij ,

E = D C D
T .

� � � � � ����Zuz!¬�Zw��vw�

�51�V��!1�RS/-*+g-�217V'�21Y���!L<#0p'L<�2*<�21�e-�2.�²��!17V��!1�²�L<.�1� '.�"��2L<*+²��2Li#q�?V�L<��;=O'g-�2*<�2L+"0�I"��21bh'/-.q3
J��!*+1rT7��f8 ��7gHO��C#m"�L+JHJH�21}²�L<.@V�L<�?h'�2%7*+�!.�V�L<.0�!,-"@V� 7.�$&%�#}L+"q"0�!*+²��2.0"0O7L+*iV� '1'g�T

# ���d�;AV� ��� & h'�2%7*+�!.��!L+17�2.}h' '17,-"�L+/-1 e-/81 #}�!#�#q²��2.0"0�!1UM@ ��!#�$&%�²�L+17V'L+g-,8�2L+"Y�!L+17�!#
4�p'.�L+1�"0�!.�#

 ��2g8�!O��!1�#0�2L<�21
s = (100.0± 0.1)

J�ª
t = (10.00± 0.02)

# ª'g-�!#0 7$&%�"
δv
M

(
δv

v

)2

=

(
δt

t

)2

+

(
δs

s

)2

,

δv

v
=

√(
0.02

10

)2

+

(
0.1

100

)2

= 2.2 10−3 .

# ���d�;AV� ��� & h7�2%'*<�2.��2L<1'�2.�h' '17,-"�L+/-1 e8/-1
#}�!#�#0²��!.q"��21UM�h�*if8$&%7�@�2L<1'�!#�.��!$&%�"0�C$&,�L<g8�!1
£)L<#�$&%'�!#

 ��2g8�!O��!1´#q�!L+�!1 V�L+��4��2L+"0�!1
a
ª
b
J�L+"��!L+1'�!J ³�O'*<�!#0�IRS�2%7*+�!.

δ1
 '17VH�!L+1'�!J�4�,�;8*+�!1�3

RS�2%'*<�2.
δ2
ª8V'�2.�;8 7#{�2L<1'�2.�J�¹-g8*<L<$&%7�21H���!%'1� '1'g?/�V��2.�4'$&%'.0 7J�p'RS '1'g�V��C#%#·; �-O7;=1�V��!#

%'�2.�.0�7%'.q"CT7 ��!#0 7$&%�"�L<#q"�V��2.@h7�2%'*<�2.
δF

V��2.@h�*if8$&%'�
F = ab

T�j�L<.)�717V��!1

(δa)2 = (δ1)
2 + (aδ2)

2 ,

(δb)
2 = (δ1)

2 + (bδ2)
2 ,

Cab = ab(δ2)
2 ,

(δF )2 = b2(δa)2 + a2(δb)
2 + 2abCab ,

(
δF

F

)2

= (δ1)
2

(
1

a2
+

1

b2

)
+ 2(δ2)

2 .

���!.H���!L]"�.�;8g�V��C#�³�O'*<�!#0�IRS�2%7*+�!.�#�²�L<.�V�O��!L�g8.�/��8�!1�h�*<f-$&%'�21�e8�!.017;-$&%'*if8#�#qL<g8O7;8.
g8�2g-�21bV��21bV��C#�4�,�;=*<�21�RS�!%'*<�2.&#2T

# ���d�;AV� ��� &  ��2.&;8V���V� '.&$&%bo2²��2L #}�C#0#0p' '17,-"��
 ��2g8�!O��!1Y#0�2L<�21�o2²��2L #}�C#0#0p' '1',�"��

(x1, y1 ± δy1)
ª
(x2, y2 ± δy2)

V��!.� ��!.�;-V��21
y = mx+ b

ª=²�/-O��!L71� '.�V'L+� �Q.&V�L<17;�"����2L<1'�21
#·�!#�#mRS�!%'*+�!.�;= 'RS²��!L<#q"!T- ��C#q �$&%-"�L<#q"�V�L<�
h'�2%7*+�!.0J´;�"�.0L+l RS�'.@V'�21}³�$&%7#0�217;8O7#0$&%71'L]"0"



 � � � �
��� ����� � �����
��� � ����	 ���� ��� ����
 � �
b = (x2y1 − x1y2)/(x2 − x1)

 '17VbV�L<��4�"0�!L+g- '1'g
m = (y2 − y1)/(x2 − x1) .

(:1�"�#0p'.0�C$&%'�21�VYV��!.����2o!L+�!%� 71'g�¤wE'T >-§��!.0.��!$&%'17�21�²�L<.)RS�'.�V'L+�?h'�!%'*<�2.

(δm)2 =
(δy2)

2 + (δy1)
2

(x2 − x1)2
,

(δb)2 =
x2

2(δy1)
2 + x2

1(δy2)
2

(x2 − x1)2
,

E12 = 〈∆m∆b〉 = −x2(δy1)
2 + x1(δy2)

2

(x2 − x1)2
.

��L<��h'�!%'*+�!.0J´;="0.�L]l
E
RS�'.

m
 '1�V

b
L<#q"�;=*i#0/

E =
1

(x2 − x1)2

(
(δy1)

2 + (δy2)
2, −x2(δy1)

2 − x1(δy2)
2

−x2(δy1)
2 − x1(δy2)

2, x2
2(δy1)

2 + x2
1(δy2)

2

)
.

�Q;-#$��/-.0.��2*i;�"�L+/-17#qJ´;="0.�L]l��2*<�2JH�!1-"
R12

L<#q"

R12 =
E12

δm δb
,

= − x2(δy1)
2 + x1(δy2)

2

{[(δy2)2 + (δy1)2] [x2
2(δy1)2 + x2

1(δy2)2]}1/2
.

h��7.@V��21·4�/-17V��2.0Ru;=*<*
δy1 = δy2 = δy

e-�2.��2L<1�Ru;8$&%7�21b#qLi$&%�V'L+�?(:.�g8�!O'1'Li#0#0��o2 

(δm)2 =
2

(x1 − x2)2
(δy)2 ,

(δb)2 =
(x2

1 + x2
2)

(x1 − x2)2
(δy)2 ,

E12 = − (x1 + x2)

(x1 − x2)2
(δy)2 ,

R12 = − x1 + x2√
2(x2

1 + x2
2)

.

# ��:]���?!8'��)( &����!L
g8�2�!L+g-1'�I"��2.�j¥;=%'*�V'�2.�³@O�#qo!L<#�#q�H,�;=171kV�L<�
�Q/8.�.0�!*<;="0L</81}o2 7J
µ
�2.&#0$&%�²�L<17V��21�g8�2O7.�;-$&%-"Q²��!.�V��!1UT®�Q;8o2 �*+�!g="QJ´;81�V��!1�d@.&#0p'.0 71'gYV��C# ��/�/8.&V�L<17;�3
"0�21�#q6�#q"0�2J´#�L<1kV��!1 � 4�$&%�²��!.0p7 '1',�" �

xs
V��!.�µ
�!.q"��2L<*+ 71'g7ª`²�/8O��2L
V�L<�

xi
3Kjk�2.0"0��J�L+"

V��2J �51�e-�2.&#q�!1�L<%'.��2. �Q.&V�L+1�;�"0�!1�RS�2%7*+�!.!ª
1/(δyi)

2 ª�g8�!²�L<$&%�"0�2"�²��!.�V��!1UM

xs =
∑ xi

(δyi)2
/
∑ 1

(δyi)2
.
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# ���d�;AV� ��� & h'�!%'*+�!.@V��2.�4� 'JHJ��?g-�2²�Li$&%�"0�I"��2.!#}�C#0#0²��2.0"0�
���!L�V'�2.�(:.0JHL+"q"�*+ '17g�e8/-1~(:.��2L<g81'Li#0o!;=%7*+�!1¶L<#q"��C#�/8R¡"H#0L+171�e-/8*<*wª�V�L<�Y(:.��2L<g817L<#�#q�

J�L+"� '1�"0�2.&#�$&%'L+�CV�*<L<$&%'�!1� ��2²�Li$&%�"0�!1�o2 �²��!.q"��21Uª� 'J o-T ��T`e�;=.�L<;8O'*+�s³@,�o2�!p�"�;81'o�V'�!#
���2"0�2,�"�/8.&#@o2 �O��!.0�7$&,�#0L<$&%�"�L+g-�21UT7³� 7$&%·O��2L{V��2. #}/-1-"��I3q©�;=.�*+/8354�L+Js '*<;="0L</81Y²��!.�V��!1Uª
²�L+��²�L+.�#0p7f�"��2.Q#0�2%7�21�²��2.&V��!1Uª7J´;=1�$&%'J´;=*
 ��2²�Li$&%-"���e-�2.�²��!17V��I"Cª� 7J �2L<1'�s#0L+Js �3
*+L<�2.0"0�Yµ
�2.0"0�2L<*< '1'g�O��!#�#0�2.��!L+17�2.s"0%'�!/8.��I"0Li#�$&%¶�2.�²�;8.q"��I"0�!1~;=1'o! 'g8*<�2Li$&%'�!1�¤u#!T�¦�T ¢'T >�§ T
(:L+1¥(:.��2L<g817L<#�JHL]"�V'�2J  ��!²�L<$&%�"´A!nYe8�!.q"�.0L+"q"�o2�!%'1�(�.0�!L+g-1'L<#�#0�sJHL+"�V��2J  ��!²�L<$&%�"
A8T����2L

N
(:.��2L<g817L<#�#q�!1�JHL+"� ��!²�L<$&%�"0�!1

w1 . . . wN
Li#m"@V�L<��g8�2²�Li$&%�"0�2"0��(:.0�!L+g-1'Li#qoC;=%'*
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f(x)dx = u(r)dr,
∫ x

−∞

f(x′)dx′ =

∫ r(x)

0

u(r′)dr′ = r(x),

F (x) = r,

x(r) = F−1(r) .
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f(x) = 2x 0 ≤ x ≤ 1,

x(r) =
√

r

• 9�/8"0�!1'o2e-�2.0"0�2L<*< '1'g7M

f(x) = (n + 1)xn 0 ≤ x ≤ 1, n > −1,

x(r) = r1/(n+1)

• (
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f(x) = γe−γx,

x(r) = − 1

γ
ln(1 − r)
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f(x, y) =
1

2π
exp

[
−x2 + y2

2

]
,

x(r1, r2) =
√
−2 ln(1 − r1) cos(2πr2),

y(r1, r2) =
√
−2 ln(1 − r1) sin(2πr2)
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f(x) =
1

πΓ/2

(Γ/2)2

x2 + (Γ/2)2
,

x(r) =
Γ

2
tan

[
π(r − 1

2
)

]
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f(x) = exp(−x − e−x),

x(r) = − ln(− ln r)
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;=1'o! 'g8�!O��!1� '17V o2 L<1�e8�!.q"�L+�!.0�!1UT�³�*<#b���2Li#qp7L+�!*�RS�'.b1'Li$&%�"�;817;=*<6�"0Li#0$&%'�C# µ
/-.0g-�2%'�!1
 '1�"0�2.&#0 7$&%'�21�²�L<.�V�L<�?(:.0o!�2 'g- '1'gHe8/-1Y9�%'/="�/81'�!1Uª7V�L<��V��!J  ��!#0�I"�o�V��2.�4�"0.&;=%'*< '1'g
V��!#�4�$&%�²);=.�o2�21 �Q¹8.�p��!.�#:RS/8*<g8�!1UT��QL<��g-�2�!L+g-1'�I")#q,�;=*<L<�2.0"0��h7.0�-,- 7�21'o
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�!.q"��2L<*+ '17g�o! ��!.0o!�2 'g-�21Uª®O��!#q"0�!%�"�1� '1¥V';8.0L<1Uª
o2²��2L�g8*<�2Li$&%�e-�2.0"0�!L+*+"0��G` �Ru;=*<*<#0o!;8%'*<�21

r1
 717V

r2
o! ²)f=%'*<�21Uª�²�/8O��2L

r1
o2²�Li#0$&%7�21�1� '*<*



��� � � � � � 	�� ��. � ���!���1� �!� ��� ��	��!���

������� � ����� � ����	����
� ����
 � � 	*� � ������� � 	�� � � ���������
����	 � � �!� ��� 	�� �������������� � ���*� � ������� � 	�� �
� �
� 
 	 ��� ��� � � ��� 	�� � ��� � �
�
��� � ��� � ���
� � � �
��� ����� � ��� ������� � ��� � � ������� � 	�� 
���� � ��� 	 � �
�!� �
��
 ���������!
 ����� � ��� 
 	��!����� � �
�!� ��� � � ����� 
���� �  ��� ��� � � ��� �
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x
 '17V

r2
o2²�Li#0$&%'�!1�1� '*<*@ '17V�V��!J #·;=l�L<J´;=*<²��!.q"

e8/81
f(x)

*+L<�2g-�21UT`�QL+�C#q�C#�G`;8%'*<�21'p7;-;=.
P (r1, r2)

�21�"�#0p'.�L<$&%�"��2L<1'�2J 9: 71',�"�L<1�V��!J
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f(x)
*<L<�2g8�!1UTU�QL+�´µ
�!.q"��2L<*+ '17g�e-/81

r1
V'�2.
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m(x)
J�L+"QV��!1Y(�L+g-�217#�$&%7;�R¡"��21

• m ≥ f
RS�7.�;=*<*+�

x
ª

• x = M−1(r)
ª�V®T %rT'V�L+��4�"�;=JHJ�RS '1',�"�L+/-1

M(x) =
∫ x

−∞ m(x′)dx′ Li#q")L<1�e8�!.q"�L+�!.q3
O7;=.Cª
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x
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m(x)
 '17V
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[m(x)−f(x)]/f(x)
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m(x)

�!.0o!�2 'g8"� '17V�V';8#�(:.��2L<g81'Li#:e-�2.�²�/-.qRS�!1Uª=²��21'1
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f(x)
L<#q"!T����!. µ
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# ���d�;AV� ��� & #·;2�m/-.�;81�"0�217J��2"0%'/�V��
j�L+.��!.0o!�2 'g-�21

f(x) = c(e−0.2x sin2 x)
RS�'.

0 < x < ∞
J�L+"�V��!.!#·;2�m/-.�;81-"��

m(x) = c e−0.2x .
j�L+.Q1'/8.�JHL+�!.0�!1�V�L<�!#0��h7 '1',�"0L</81} '1�VbO��!.0�C$&%'1'�21·V'L+���!1�"�#0p'.0�C$&%'�21�V���µ
�2.0"0�2L<*< '1'g-#q3
RS '1',�"0L</81

r =

∫ x

0

1

0.2
e−0.2x′

dx′

= 1 − e−0.2x .
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r1
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x
Li#m"

;=*i#q/

x = − 1

0.2
ln(1 − r1) .
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r2
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O'L+*iV��!1�²�L<.:V';-#�9�.0/�V� ',�"
r2 m(x)

 '17V��'O��2.�p'.���RS�21rª=/8Os�!#{g8.�¹��-�2.�L<#q"!ª-;=*i#�V'L+�@h7 '1',�3
"0L</81

f(x)
M

RS�7.
r2 < sin2 x → O��!%7;=*+"0�

x
ª

RS�7.
r2 > sin2 x → e8�2.�²��2.0RS�

x .

�Q;-#:µ
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# ���d�;AV� ��� & (:.�o2�2 7g8 '1'g´V��!.�9:*i;=17$&,�3Kµ
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³@*i#����2Li#qp'L<�2*�#q 7$&%7�21k²�L+.��!L+17�
#·;2�m/-.�;81-"���RS�7.�V�L<�´9:*<;817$&,�3Nµ
�!.q"��2L<*+ 71'g¶¤S¦7T<AC§IMrh��'.
,�*<�2L<1'�Hjk�2.0"0�´e8/-1

x < x1
,8¹8171'�21k²�L+.?�!L+17��,-/817#q"�;81�"0� #·;2�m/-.�;81�"0�

m1(x) = 6 c²�f8%'*+�!1UT®h��'.?g8.�¹��-�2.���j��!.q"��
x > x1

#0/8*<*]"��21¥V�L<��o!²��!L]"��/#�;2�m/8.&;=1�"��
m2(x)

L+1�"0�23
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m2�2L<1'�21}(
l�p�/81'�!1�"0Li;=*+Ru;=,�"0/-.!ª'O��2L�V��2J
x
V' '.�$&%

x1−ε �2.&#q�2"0oI"@Li#q"!T #·L]"�V��2.@²�L<*<*+,��'.�*+L+3
$&%'�21�jk;8%'*

ε = 0.1
#0�I"�o2�!1�²�L<.

m2(x) = 200 c x−0.1e−x0.9

.

���!.�µ
/-.qRu;8,-"�/8.
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M2(x) =

∫ x

x1

m2(x
′)dx′,

=
200c

0.9

[
e−x0.9

1 − e−x0.9
]

.
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x
;8 ��7¹-#0�21rª: '17V�#0/8JHL+" ,�;81'1

m2
�'O��2.

�2L<1'�·g8*<�2Li$&%�e8�!.q"��2L<*]"���G� �Ru;=*<*i#qoC;=%'*@�!.0o!�2 'g8" ²��!.�V'�21UT�j�L+.Ye8�2.�o2Li$&%�"0�!1 %7L+�!.�;= �R�V'L+�
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f(x) = f1(x) + f2(x),

J�L+"

S1 =

∫ ∞

−∞

f1(x)dx,

S2 =

∫ ∞

−∞

f2(x)dx,

S1 + S2 = 1 .

j�L+.�²)f=%'*<�21�1� 71�JHL]"�V��!.�jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"
S1

¤
S2
§@�!L+17� G` �Ru;=*<*<#0o!;8%'*Nª`V'L+�

17;8$&%
f1

¤
f2
§�e8�!.q"��2L<*]"�Li#m"CT7h7;8*+*i#�V�L<��4�"�;8JHJsRS 71',�"0L</81'�!1

F1(x) =

∫ x

−∞

f1(x
′)dx′,

F2(x) =

∫ x

−∞

f2(x
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0 < φ < 2π

ª
φ
g8*<�2Li$&%�e8�!.q"��2L<*]"Cª

• O��!.0�C$&%'1'�kp'.0/#�mL+o!L+�!.q"��21�j�L<1',-�2*
α
o2 '.}h�L+O��2.�/8O��2. ��f-$&%'�21'17/8.�JH;8*+�!1 ¤

sin α =
r sin φ

§ ª
• ²�f8%'*+��9�/-*<;8.0²�L<1',-�2*

ϑ
RS�'.)9:%'/8"0/-1'.0Li$&%�"0 '17g7ª

0 < cos(ϑ) < 1, cos(ϑ)
g8*<�2Li$&%�e8�!.q3

"0�2L<*+"!ª
• ���!.0�C$&%'1'��j�L+1',-�2*

β
V��!#b9:%7/="0/-17#bo2 7.bh�L<O��!.0/-O��!. ��f8$&%'�!1'1'/8.�J´;=*<�8ª

cosβ =
sinϑ cosα,
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• e8�2.�²��2.0RS��µ
�2.&#0 7$&%�RS�7.
β < β0

ª
• %'L<#q"0/-g8.&;=JHJHL+�!.0�

x
RS�'.@e8�!.0O7*+�!L+O��217V'��µ
�!.�#0 7$&%'�-T
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x
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π��L<� h�*<f-$&%'�´�2L<1'�!#+��.0�!L<#0�!#�JHL+"�JHL]" ��;8V�L< 7#´A´Li#m"

π
T����2L

N0
g8*<�2Li$&%�e-�2.0"0�!L+*+"0�!1

µ
�2.&#q 7$&%7�21�L+1b�2L<1'�!J  'J´#�$&%'.0L<�2O��217�21��Q 7;8V�.&;�"�JHL+"�V��2.@h�*if8$&%'�
4
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V�L+�sG®;=%'*UV��!.�(:.0RS/8*<g8�
N
L<J #·L]"0"0�2*

〈N〉 =
π

4
N0 .

(:L+1·4�$&%�f�"0o!²��!.q"
π̂
RS�'.

π
L<#q"
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π̂ =
4N

N0
,

δπ̂

π
=

√
1− π/4√
N0π/4

,

≈ 0.52
1√
N0

.

j�f=%'*+"
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t � � � �C�����'X`_!�

(
l�L<#q"0L<�2.0"@�2L<1'� #·;2�m/-.�;81�"0�
m(x)

o2 7.@h' '1',�"�L+/-1
y(x)

ª7V'�2.��21��51-"��2g-.�;8*

I =

∫ xb

xa

y(x)dx
¤u¦7T ¦�§
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o2 bO��!.0�C$&%'1'�!1YLi#m"Cª�RS�'.�²��2*i$&%'�?V�L<��4�"�;8J�J�RS '17,-"�L+/-1

M(x) =

∫ x

xa

m(x′)dx′

L+1�e8�!.q"�L+�!.q"Q²��!.�V��!1·,�;=1'1rª`#0/ ,-¹81'1'�!1·²�L<.
x
3Njk�2.0"0�

xi
g8�!1'�2.�L+�!.0�!1Uª�V'L+��17;8$&%

m(x)e8�2.0"0�!L+*+"s#0L+1�V�¤ #·;8�m/8.&;=1�"0�!1'JH�I"0%7/�V'�8ª�#0L<�2%'� /-O��!1�§ T:G� c�m�CV��2J jk�2.0"
xi
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²�L+.��2L<1'��g-*+�!L<$&%�e8�!.q"��2L<*]"��QG� �Ru;8*+*i#qoC;=%'*
yi
L<J��51�"0�2.�e�;=*<*

0 < y < m(xi)
T-j�L<�!V'�2.�²��!.q3

V��21·V�L<�?9: '17,-"���/8O��2.�%7;8*+Obe8/-1
y(xi)

e8�!.0²�/8.0RS�21rT��QL<��G`;=%7*
N
V��2.@e-�2.�O'*<�2L<O��!17V��21

(:.0�!L+g-1'Li#0#0��*+L<�IRS�!.q"@V';-#)�51-"��2g-.�;8*

I = M(xb)
N

N0
.

� � � � � � Zuc��`_C��X�x�zC�~��_!���U���

� �s��ZwX��K�'c���� � Zuc��`_C��X�x

(:.0�!L+g-1'Li#0#0�
xi
²��!.�V'�21�L<J¸�51�"0�!.0e�;8*+*

xa < x < xb
g-�21'�!.0L<�2.0"� '17VkV�L+�´h7 '1',�"0L</817#q3

²��!.q"���g-�2JHL+"q"0�!*]"CM

y =

N∑

i=1

y(xi)/N .

(:L+1·4�$&%�f�"0o!²��!.q")RS�'.@V7;8#)�51�"0�!g8.&;=*:¤S¦�T ¦�§�L<#q"

Î = (xb − xa)y .
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V�L+JH�!17#qL</81�;=*<�2.
µ
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y(x)
L+J

O��2"0.&;8$&%�"0�2"0�21��51�"��2.�e�;8*+*Nª�#0/�V';-#0#�²�L+.Y�2L<1'��j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�V�Li$&%�"0�b�2.�%7;=*+"0�!1UT
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N
T

(δȳ)2 =
1

N

∫ xb

xa

(y(x) − 〈y〉)2 y(x)dx/

∫ xb

xa

y(x)dx .
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(δȳ)2 ≈ 1

N(N − 1)

∑

i

(y(xi) − y)
2
,

¤u¦7T B8§

δÎ

Î
=

δȳ

ȳ
.

t �H¯r�rt�_2�����®_CZu��X�zC�~��_!���U���

(:L+17��µ
�2.�O��C#0#0�2.� '1'g V��!.� ��217;8 'L<g8,8�!L]"¶,-¹81'1'�!1�²�L+.~�!.0.��2Li$&%'�!1Uª�L+17V'�2J ²�L+.�V'L+�
4�$&%�²�;81',� '1'g8�!1�L<J �51�"0�!g8.&;=17V'�21�.��!V' 'o2L<�2.��21UT

j��!1'1�²�L<.��!L+17��h' 71',�"0L</81
ỹ(x)

,-�21'17�21Uª�V�L<��;817;=*<6�"0Li#0$&%�L<1�"0�!g8.�L+�!.q"r²��2.&V��!1�,�;=1'1
 '17V�1� '.�²��!1'L<g�e-/81

y(x)
;8O�²��2Li$&%�"!ª�#0/�,-¹81'17�21�²�L+.@V';-#)�51�"0�2g-.�;8*® 'J�RS/8.�JH�21UM

∫ xb

xa

y(x)dx =

∫ xb

xa

ỹ(x)dx +

∫ xb

xa

(y(x) − ỹ(x)) dx .
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f(x)
ª=V��2.
�!L+17�2.{�2L<1�Ru;8$&%�o2 �g8�!1'�2.�L<�2.��217V��!1�j¥;=%'.03
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y1(x)
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∫ xb

xa

y(x)dx =

∫ xb

xa

f(x)y1(x)dx

= 〈y1〉 .
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P{A ∩ B} = P{A|B}P{B} = P{B|A}P{A} .
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P{k} =
∑

i

P{k ∩ Hi} =
∑

i

P{k|Hi}P{Hi} .

j�L+�Ho2 �RS/8.&V��2.�1Uª`Li#m"?V';=JHL+"
P{Hi|k}

#0/�17/8.�J�L<�2.0"!ª®V';-#0#�V�L<��jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"
RS�'.�V�L<�� ��'*]"�L+g-,8�!L]"@L<.0g-�217V'�2L<1'�2.��@6�p�/="�%'�!#0�?g8*<�2Li$&%Y�!L+1�#)L<#q"!T'j�L<.��2.�%7;8*]"��21

P{Hi|k} =
P{k|Hi}P{Hi}∑
j P{k|Hj}P{Hj}

.
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P{Hi|k}
P{Hj |k}

=
P{k|Hi}P{Hi}
P{k|Hj}P{Hj}

.

# ���d�;AV� ��� & �);�68�C#m35£)%'�!/8.��2JbM89:L</81'3�/�V��2.!�?;8/81'o!�2.0Ru;=*<* �
(:L+1 #}68/-1 ²�L<.�V�17;8$&%'g-�2²�L<�!#0�21UT�4�"&;=JHJ�"b�!#b;= �#��!L+1'�!J 9:L</81�3´/�V��2.��2L<1'�!J

�?;=/817o2�2.0Ru;=*<* �·�QL+�~G��2.0Ru;=*<*i#q²);=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"0�!1�L<J ���2"0�2,�"�/8.Y#0�2L<�21
P{µ|π} =

0.02
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P{µ|K} = 0.10
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P{K|µ}
P{π|µ} =

0.10× 1

0.02× 3
=

5

3
,

P{K|µ}
P{K|µ}+ P{π|µ} =

0.10× 1

0.02× 3 + 0.10× 1
= 0.625 .
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f(x, θ) = fx(x|θ)πθ(θ) = fθ(θ|x)πx(x)
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fθ(θ|x) =
fx(x|θ)πθ(θ)∫∞

−∞ fx(x|θ)πθ(θ)dθ
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V��2.�9:.�L+/-.!ª�L<#q"

π(θ) = e−θ/τ/τ
ª
θ ≥ 0

T��QL+�sjk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0��RS�'.
t
O��2L

g8�2g-�2O��21'�!J¸9
;=.&;=JH�I"��2.�²��!.q"
θ
L<#q"�V�L+�� �*</�$&,8�!1',� '.0e-�8T �Q/817#q"�;81-"��sh�;=,�"0/-.0�!1�,-¹81�3

1'�21H²�L<.:²��!g8*i;8#�#q�!1Uª�V';�²�L<.:1'/8.�JHL+�!.0�!1UT=h��'.�V��!1 #}�!#�#q²��2.0"
t
�!.0%�;=*+"0�21H²�L<.
JHL]"�V'�2.

���!o2L<�2%� '1'gH¤wB'T B-§�V�L+��j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�V�Li$&%�"0�
f(θ) = f(θ|t) RS�'.:V'�21Hg8�C#q 7$&%�"��219{;8.�;8JH�I"0�!.

θ
ª

f(θ) =
e−(t−θ)2/(2σ2)e−θ/τ

∫∞

0 e−(t−θ)2/(2σ2)e−θ/τdθ
,

V�L+��L<1YV��!.�³�O'O'L<*<V� 71'gHB'T ¢�g8�!o2�2L<g="�L<#q"!T��51�RS/-*+g-�QV��!.��2l�p�/-1'�21�"0L<�2*<*<�21 9:.�L</8.&V�L<$&%�"���Li#m"
#qL<��g8�2g-�21��'O��2.@V��!.@���2/8O�;8$&%�"0 '17g�V��! �"0*<Li$&%Y17;-$&%Y*<L<1',�#�e8�!.�#�$&%'/8O��21rT

j��!1'1kV'�2.�j��!.q"?V��!.?jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�
fx(x|θ) L<1�¤NB�T B8§Q²��!#0�21�"0*<L<$&%#m"&f=.�,8�2.�JHL+"

θ
e�;8.0L<L+�!.q"�;8*<#�V'L+�H9:.�L+/-.�V'L<$&%�"0�

π(θ)
��V';8#�Li#q"�V';=1'1¶V��!.�h7;8*+*NªU²��21'1

V�L+�?���2/-O7;8$&%�"� '1'g�V��!1Y9
;8.�;8J��2"0�!.�#q"�;8.0,H�2L<17#�$&%'.&f=1',�" � V';81'1�,�;=171�L<J�L+1�"��2.��!#�#qL<�I3
.0�!17V��21����!.0�!L<$&%�V��2.�9:.�L+/-.�;8*<#�17f=%'�!.0 71'g-#0²��!L<#0��,-/817#q"�;81-"�;=1'g-�!#0�2%'�!1·²��!.�V'�21UT�(�#
g8L<*]"�V';81'1

fθ(θ|x) ≈ fx(x|θ)∫∞

−∞ fx(x|θ)dθ
.

�51bV'L+�C#q�!.@��f=%7�2.� '1'gH�21�"�#0p'.�L<$&%�"@V�L<�?jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�
fθ
RS�'.QV��21b9
;=.&;�3

J��2"0�!.@V��2.@17/8.�J�L<�2.0"0�!1  rL+,-�2*<L+%'/�/�V�RS '17,-"�L+/-1UT
�51sV��!.�p'.&;=,�"�L<#�$&%'�21s³@1�²��!17V� '17g�%7;="

fθ
/=R¡"{L<1�g8 '"0�2.{��f8%'�2.� '1'g�V�L<��h7/8.�J��!L+17�2.

�@/8.�J´;=*<e8�!.q"��2L<*+ '17g7TI�QL+�:jk�2.0"0�-ªIO��2L-V'�21'�!1
fθ
 'J V��21�h�;=,�"0/-.

e1/2 ;=O�Ruf8*+*+"!ª!�21�"�#0p'.��I3
$&%'�21�V7;=1'1 �!L+17�2.�4�"�;=1�V';=.&V';=O�²��2Li$&%� '1'g7ª8*+�!g8�21 ;8*<#0/�V�L<��d@17#�$&%7f=.0RS��V��!.�4�$&%�f�"0o! '1'g
e8/81

θ
RS�!#q"!T
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µ
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# ���d�;AV� ��� &  rL+,-�2*<L+%'/�/�V�e-�2.�%7f=*+"01'Li#!M
V + A

/�V��2.
V − A

���!;8,-"�L+/-1 �
 ��2JH�!#�#q�!1H²�L+.&VsV'L+�@(�1'�2.�g8L<�

E
V��!#%#·68/81�#
L+J £�;8 �3qG��2.0Ru;=*<*

τ− → µ−ντ ν̄µ
 7J

RS�!#q"0o2 �#m"��2*<*+�!1Uªr/-O¥V'�2.�G��!.qRu;8*+*
�!L+17�2J
V − A

/�V'�2.��!L+1'�!J
V + A

#�;�"0.�L+l��!*+�!JH�21�"
�21�"�#0p'.�L<$&%�"!T�j�L<.{,8�2171'�21�V�L+�)�!1-"&#qp7.0�C$&%'�217V'�21�j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"�#�V�Li$&%�"0�21

f−(E)
ª

f+(E)
 '17V?,-¹81'17�21�V';-#rµ
�!.0%�f=*+"01'Li#

RL = f−(E)/f+(E)
O'L<*iV��21Uª�;=O��2.�²�L<��²)f=%'*<�21

²�L+.�V�L+��9:.�L+/-.0²);=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"0�!1�RS�'.{V�L<��O��2LiV��21�,8/817,� 7.0.�L+�!.0�!17V��!1���6�p�/="�%'�!#0�21��
(�#?Li#m"�²)f=.��sL<1¶/8O7L+g-�2J ���2Li#0p'L+�!*
1'Li$&%-"�#0L<1'1�e8/8*<*�ªrV�L<�´�2L<g8�!1'�21kµ
/8.� '.0"0�!L+*<�HRS�'.

V�L+���2L<1'�}/�V��2.�;817V��!.0�·��6�p�/="�%'�!#0�}o2 �,� 7;81�"0L+�7o2L<�2.��21� '17V�V';8.�;8 7#´.��!#0 '*+"0L<�2.��217V��
jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"��21�o! sp' 7O'*+L<o2L<�2.��21rT=���C#q%7;8*+O�O��!#�$&%'.�f81',8�!1�²�L<.� 717#
V';=.&;= 'Rmª�V7;8#
µ
�2.�%7f=*+"01'Li#

RL =
f−(E)

f+(E)
;=1'o! 'g8�!O��!1UT'��L<�� �.�¹��8�

RL
%'�!L �8"! UL<,8�2*<L<%'/�/�V'e8�2.�%7f8*]"�1'L<#!T

���2�71'L+"0L</81UM ��L<�� rL+,-�2*<L+%7/�/�V
Li
RS�'.��!L+17�Q�@6�p�/="�%'�!#0�

Hi
ª�V��2.��2L<1'��j¥;=%7.�#�$&%'�2L<1�3

*+Li$&%',8�!L]"&#0V'L<$&%�"0�
fi(x) ≡ f(x|Hi)

/�V��!.?�2L<1'� V�Li#q,�.��I"0�Hj¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"�#0e8�!.q"��2L+3
*+ '17g

Wi(k) ≡ P{k|Hi}
�!1�"�#0p'.0Li$&%�"!ª'O��2L��2.0RS/8*<g="��21}���2/8O�;8$&%�"0 '17g8�21

x
O'o!²?T

k
ª�L<#q"

g8*<�2Li$&%
Li ≡ L(i|x) = fi(x)

O'o2²?T
Li ≡ L(i|k) = Wi(k) .
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�Q;8O��!L
²�L+.&V�V'�2.��@6�p�/="�%'�!#0�21'L<17V��2l
i
;8*<#� '17;8O'%7f81'g8L<g8��µ:;=.�L<;8O'*<��;81'g8�C#q�!%'�21UT`(:.03

#q�2"0oI"QJH;81bL+%'1}V� 7.�$&%b�2L<1'�!1},8/81�"�L+1� 'L<�2.�*+Li$&%'�!1Y9
;=.&;=JH�2"0�2.
θ
 '1�VbO��!o2L<�2%�"Q#0L<$&%};= 'R

p7;=.&;=JH�I"��2.&;=O'%�f=1'g-L+g-�@��Li$&%�"0�21�O'o!²?T�j¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"0�!1
fx(x|θ) O'o2²?T W (k|θ)#q/�²�L<�?���!/8O7;-$&%�"0 '1'g-�21

x
O'o2²?T

k
ª'g-L+*+"��21�"�#0p'.��!$&%'�!17V

L(θ) ≡ L(θ|x) = fx(x|θ) ,

L(θ) ≡ L(θ|k) = W (k|θ) .

j�f=%'.��217VkV�L<�
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"0 '1'g�O��2L'V�L<�!#0�2.
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;=1rª�²�L+��#q"�;=.�,��2L<1'���@6�p�/=3
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µ
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L<#q"!T
�@O'*<L<$&%7�2.�²��!L<#0�:*<L+�2RS�2.�1�(
l�p��2.�L+JH�21�"����!L+17��9:.�/8O��);= 7#

N
 '1�;=O'%7f81'g8L<g8�!1�jk�2.0"0�21

xi
ª7V�L<�� 717;=O'%�f=1'g-L+gHe8/-1'�2L<17;817V��2.�;8*+*<�?V��2.�LiV��21�"�L<#�$&%'�21�µ
�2.0"0�!L+*< '1'g

f(x|θ) RS/8*<g8�!1UªV�L+��1'/�$&%�e-/81}V��!J  '1�O��2,�;=171-"��21}9
;=.&;=JH�2"0�2.
θ
;8O'%7f81'g="�¤u UT LNT e�T<ª`#qL<�2%'��³�O7#�$&%'1'L+"q"

¢�T B�T�D=§ T'�QL<�?,8/8JsO'L<1'L+�!.q"���jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�
f̃
Li#q"�V';=1'1bg-*+�!L<$&%bV��2J 9:.�/=3

V� ',�"�V��2.
N
(:L<1'o!�2*iV�L<$&%�"��21

f̃(x1, . . . , xN |θ) =

N∏

i=1

f(xi|θ) .

(:1�"�#0p'.0�C$&%'�21�V�g-L+*+"�RS�'.�V�Li#0,�.��I"��?G` �Ru;=*<*<#0e�;=.�L<;8O'*<�

W̃ (k1, . . . , kN |θ) =

N∏

i=1

W (ki|θ) .

���!.)h7 '1',�"0L</81�#q²��2.0"�e-/81
f̃
RS�'.@V�L<�Q9�.0/-O��

x1, . . . , xN
Li#m")g8*<�2Li$&%YV'�2. e\�7!"��� �7��1U1�J
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L̃(θ) ≡ L̃(θ|x1,x2, . . . , xN )

= f̃(x1,x2, . . . , xN |θ)

=
N∏

i=1

f(xi)

=

N∏

i=1

L(θ|xi) .

��L<�!#0�����2o2L<�2%� '17gsg-L+*+"�;= 7$&%YRS�'.�V'L<#0,�.0�2"0��G� �Ru;8*+*i#qe�;8.0Li;=O'*<�8T

L̃(θ) ≡ L̃(θ|k1, . . . , kN )

=
N∏

i=1

W (ki|θ)

=

N∏

i=1

L(θ|ki) .

h��7.
 UT LNT e�T�µ:;8.0Li;=O7*+�!1sLi#m"
�C#{p'.�;8,�"0Li#0$&%Uª�V��!1  U/8g�;=.�L]"�%'J� �#
ln(L)

o2 �O��2"0.&;8$&%�"0�!1UT
(:.@%'�!L �8" eW1�(84%e_�7!#�����7��1U1UJ

ln L̃(θ) =
N∑

i=1

ln [f(xi|θ)]
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LA(θ) = fA(x1|θ) ,

LB(θ) = fB(x2|θ) ,

f(x1, x2|θ) = fA(x1|θ)fB(x2|θ) ,

L(θ) = f(x1, x2|θ) ,
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L = LALB ,

ln L = ln LA + ln LB .
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L =
∏

Li

ln L =
∑

ln Li .
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L1 = P2(5) = 0.036 ,
L2 = P9(5) = 0.061 ,
L3 = P20(5) = 0.00005 .
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L2/(L1 + L2 + L3) = 0.63
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L1 = P2(5)P2(8) = P4(13) = 6.4 · 10−3 ,
L2 = P9(5)P9(8) = P18(13) = 5.1 · 10−2 ,
L3 = P20(5)P20(8) = P40(13) = 6.1 · 10−7 .
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f1 =
1√
2π1

e−(x−1)2/2 ,

f2 =
1√
2π2

e−(x−2)2/8 .
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L1

L2
= 2

e−1/2

e−4/8
= 2 .
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= 2

e−1/2

e−0
= 1.2 .
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L1/L2 = 30
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,
L1/L2 = 1/430
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f2(t) = const.
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f1(t) =
1

τ

e−t/τ

e−tmin/τ − e−tmax/τ
,
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f2(t) =
1

tmax − tmin
.
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L1 =
[
τ
(
e−tmin/τ − e−tmax/τ

)]−N

exp

(
−

N∑

i=1

ti/τ

)
,

L2 = 1/(tmax − tmin)
N .
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W1

W2
=

L1

L2
=

(
tmax − tmin

τ(e−tmin/τ − e−tmax/τ )

)N

e−Nt̄/τ .
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L = γN
N∏

i=1

exp(−γti)

= γN exp(−
N∑

i=1

γti)

ln(L) = N ln(γ) −
N∑

i=1

(γti) .
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γ exp(−γt)

1 − exp(−γtmax)
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1 − exp(−tmax/τ̂)
,

V�L+�´1� '.?1� 'JH�!.0Li#0$&%¥;= �#qg-�2²��2.0"0�I"�²��2.&V��21k,�;=1'1UTUh�;=*<*<#�V';8#�G��!L]"�L+1�"��2.�e�;8*+*
17L<$&%�"�o2 
,� 7.0o�Li#q"s¤

tmax > τ
§ ª�O'L<�I"0�2"�#0L<$&%}�!L+17��L]"��2.&;�"�L+e-�����2.��!$&%'1� '1'g´;81UM��Q�2. ��/-.0.��2,�"� '.q3

"0�2.�J ;8 �R�V��!.?.0�C$&%�"0�21¥4��2L+"0�H²�L<.�V�L<1kV��!.?1� '*+*+"0�!1k�Qf=%'�!.0 71'gbe8�2.�17;-$&%'*<f-#0#0L<g="!T����2L
V��21¥RS/-*+g-�217V��!1¥�K"0�2.&;�"�L+/-1'�21¥²�L<.�V`�m�!²��!L+*i#�RS�'.�#q�!L+17�����2.��!$&%'1� '1'g}V��!.�jk�2.0"�RS�'.

τ;= 7#�V��!.�e8/-.0%'�!.0g-�2%'�!17V��!1��K"0�!.�;="0L</81Y�2L<1'g8�C#q�2"0oI"CT



�  � � , � ����� ��	���������� � 	�� ����
 �

�51-"��2.��!#�#0;81�"�L<#q"!ª®V';-#0#�V��!.�4�$&%�f�"0o!²��!.q"QRS�'.?V�L<�sJHL+"q"0*<�2.��� U�2O��21�#0V';8 '�2.�²�L<�!V��!.q3
 'J¸1� '.��'O��2.?V��21 #}L+"q"0�!*+²��2.0"

t̄
e8/-1�V��!1�O��2/-O7;8$&%�"0�2"0�!1¥G��!.qRu;8*+*i#qo!�2L+"0�!1�;=O'%�f=1'g8"!T

��L<�� �.�¹��-�
t̄
Li#q"��2L<1'�`��������� ��A2-����fJ#� 4�"&;�"�L<#q"0L<,`T7j�L<.�²��2.&V��21·V�L<�!#0�21·���!g8.�L b� 71-"��21

g8�21�;= '�!.��!.0*if= '"0�2.�1UT
���!.)h�;=*<*®JHL]"@;= �$&%��2L<1'�!.� '1�"0�2.��21b �.0�!1'o2�

tmin
RS�7.

t
,8¹-1'1'�21Y²�L+.�*<�2Li$&%�")V' '.�$&%

V�L+�?µ:;8.0Li;=O7*+�!1-"�.�;817#qRS/8.�JH;="0L</81
t′ = t − tmin

;= �R
V��!1�e-/8.�%'�2.�g8�!%'�21�V��21 o! '.��7$&,�RS�'%�3
.0�!1UT

# ���d�;AV� ��� & #}L+"q"��2*<²��!.q"��!L+1'�!.��@/-.0J´;8*+e-�2.0"0�2L<*< '1'g
 ��2g8�!O��!1�#0�2L<�21

N
#}�C#0#0²��2.0"0�

xi
ª�V�L<���2L<1'�!.���/8.�JH;8*+e-�2.0"0�!L+*< '1'g�O��2,�;=171-"��2.{��.0�!L]3

"0�
σ
ª7;8O��!.�J�L+"@ '1�O��2,�;=1'1�"��2J #·L]"0"0�2*<²��2.0"

µ
�21�"�1'/8JHJH�21}#0L+17VUM

f(x|µ) =
1√
2πσ

exp

[
− (x − µ)2

2σ2

]
,

L(µ) =

N∏

i=1

1√
2πσ

exp

[
− (xi − µ)2

2σ2

]
,

ln L(µ) = −N

[
1

2
ln 2π + ln σ

]
−

N∑

i=1

(xi − µ)2

2σ2
.

¤NB�T ¨-§

��L<��³@O'*<�2L+"0 71'g´17;8$&%bV��!J�g8�C#q 7$&%�"��21�9{;8.�;8JH�I"0�!.
µ
 '1�V��� '*<*<#0�I"�o2�21b*<L+�2RS�2.0"

N∑

i=1

(xi − µ̂)

σ2
= 0 ,

N∑

i=1

xi = Nµ̂ ,

µ̂ = x̄ .

���!.  UL<,8�!*+L<%'/�/�V'#0$&%�f�"0o!²��!.q"
µ̂
RS�7.�V��21H(:.�²);=.0"0 '1'g�#q²��2.0"
V��2.���/8.�J´;=*<e8�2.0"0�!L+*< '1'g

L<#q"@g8*<�2Li$&%�V'�2J ;8.0L+"0%'JH�2"0Li#0$&%'�!1(#·L]"0"0�2*
x̄
V��2.�9:.�/8O��8T

# ���d�;AV� ��� & ��.��2L+"0���2L<1'�2.@��/8.�J´;=*<�2.0"0�2L<*< '1'g
 ��2g8�!O��!1�#0�2L<�21H1� '1

N
#}�!#�#q²��2.0"0�

xi
ª8V'L+���!L+1'�!.:�@/-.0J´;=*<e8�!.q"��2L<*+ 71'gQ 71�O��2,�;81'1�3

"0�2.@��.��2L+"0�
σ
ª�;8O��!.�JHL]"@O��2,�;=171-"��2J #}L]"0"0�!*+²��2.0"

µ
ª'�21�"017/8JHJH�21}#qL<17V®T

L(σ) =

N∏

i=1

1√
2πσ

exp− (xi − µ)2

2σ2
,

ln L(σ) = −N(
1

2
ln 2π + ln σ) −

N∑

i=1

(xi − µ)2

2σ2
.

��L<��³@O'*<�2L+"0 71'g´17;8$&%bV��!J�g8�C#q 7$&%�"��21�9{;8.�;8JH�I"0�!.) '17Vb�@ '*<*i#q�2"0o2�!1b*+L<�IRS�!.q"
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 �  �

0 = −N

σ̂
+

N∑

i=1

(xi − µ)2

σ̂3
,

σ̂2 =
1

N

N∑

i=1

(xi − µ)2 .

j�L+�CV��2.��2.�%7;=*+"0�!1�²�L<.��!L+1sO��!,�;=1'1�"0�C#�(:.0g-�2O'17L<#!TC�QL<��JHL+"q"0*<�2.�� ,- �;8V�.&;�"�L<#�$&%'��³�O�3
²��!L<$&%� '1'gsV��2.�9:.0/-O��!1�²��!.q"��@*+L<�IRS�!.q"��2L<1'�21�4�$&%7f�"�o2²��2.0"
RS�'.)V�L+����.0�!L]"��QV��!.��@/-.0J´;8*]3
e8�2.0"0�!L+*< '1'g�TC�QL<�!#0�)���!o2L<�2%� '1'gQL<#q":V�L+���'O'*<Li$&%'�8ª�e-�2.0"0�2L<*< '1'g-#0 '17;8O'%7f81'g8L<g8��4�$&%�f�"0o! '1'g
V��2.�µ:;8.0Li;=1'o-ª�²��!1'1bV��2.�(:.�²);=.0"0 '1'g�#q²��2.0")O��!,�;81'1�"@L<#q"!T

� � � � � ��ZS����vwZu���U�U���'Xr¬{�'zCz!��X�x��K^����~���r�������b�������'�~��_C�-�

j�L+.�,8¹-1'1'�21b '1�#q�!.��Q/81'o!�2p�"�*<�2Li$&%�"Q;= 'R�V�L+�s³@1'p7;-#0#0 '1'g�J��!%'.��2.��2.@9
;=.&;=JH�2"0�2.
λk�2.�²��!L]"��2.�1Uª'V�L<��²�L<.�o2 b�!L+1'�!J µ
�!,-"�/8.

λ = {λ1, . . . , λK} o! 7#0;8JHJ��!1�Ru;8#�#0�21UT

L(λ) =

N∏

i=1

f(xi|λ) ,
¤wB'T+ACn-§

ln L(λ) =
N∑

i=1

ln f(xi|λ) .
¤wB'T+A-AC§

d@J V';8# #·;�l�L<J� 'J V��!.  rL+,-�2*<L+%7/�/�V�o! ?�717V��!1Uª�#q�2"0o2�!1�²�L<.�V�L<��p�;=.0"0L<�2*<*+�!1�³@O'*<�2L+3
"0 '1'g´g-*+�!L<$&%�1� '*<*wT'�QL+� �m�21'L<g8�!1bj��!.q"��

λ̂k
ª�V�L+��V7;8#�#0/��!.0%�;=*+"0�217�? �*<�2Li$&%� '1'g�#0#06�#m"��2J

�2.0RS�'*+*<�21rª7#qL<17V�V�L<�) UL<,8�2*<L<%'/�/�V7#0$&%7f="0o!²��!.q"��@RS�'.�V'L+�?9
;=.&;=JH�2"0�2.
λk
M

∂ ln L

∂λk
|λ̂1,...,λ̂K

= 0 .
¤wB'T+A�¢8§

# ���d�;AV� ��� & #}L+"q"��2*<²��!.q"� '1�V���.��2L+"0�?�!L+1'�!.@�@/-.0J´;=*<e8�!.q"��2L<*+ 71'g
 ��2g8�!O��!1�#0�2L<�21H1� '1

N
#}�!#�#q²��2.0"0�

xi
ª8V'L+���!L+1'�!.:�@/-.0J´;=*<e8�!.q"��2L<*+ 71'gQ 71�O��2,�;81'1�3

"0�2.���.0�!L]"��
σ
 '17V}JHL+"� 71�O��2,�;81'1�"0�2J #}L+"q"��2*<²��!.q"

µ
�21�"01'/-JHJ��!1·#qL<17V®T�j�L<��/8O��21

L<#q"�V�L<�) U/8g83  rL+,-�2*<L+%7/�/�VHRS�7.�V�L<��µ
�!.q"��2L<*+ 71'g

ln L(µ, σ) = −N(
1

2
ln 2π + ln σ) −

N∑

i=1

(xi − µ)2

2σ2
.

��L<�s³�O'*+�!L]"� '1'gY17;8$&%·V��!1·g8�C#q �$&%-"��21b9
;=.&;=JH�I"��2.�1} '17V·�� '*<*<#0�I"�o2�21�*+L<�IRS�!.q"�²�L+�
/8O��21}V�L<��(�.0g-�2O'1'Li#�#q�-M

µ̂ =
1

N

N∑

i=1

xi = x̄ ,

σ̂2 =
1

N

N∑

i=1

(xi − µ)2 = (x − x̄)2 .
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%'�´JHL]"�#q"�;="0Li#m"�L<#�$&%� 717;=O'%�f=1'g-L+g-�21 #}�!#�#q 71'g8�!1�RS�'.�V'L+� ���2.��!$&%71� 71'g�V'�2.�µ:;8.0Li;=1'o
1'L<$&%�"
V� '.&$&%

N
V�L+e�LiV�L<�2.0"!ª�#q/-17V��!.01�V' '.�$&%

N−1
TC�51�V'�2.{£�;="�*<L+�2RS�2.0"{V'L+�$ UL<,8�!*+L<%'/�/�V�3

J��2"0%'/�V��H#06�#q"0�!J´;�"0Li#�$&%·o2 �,�*<�2L<1'�H��.0�!L]"��21Uª`²��21'1kV��2. #}L+"q"0�!*+²��2.0"�g8�!#�$&%7f="0oI"� '17V
�2L<1'g8�C#q�2"0oI"Q²�L+.&V®T���;8#Q(:.�g8�!O'1'Li#@Li#m"�e-�2.0Ruf=*i#0$&%�"CT7³@*<*+�!.�V'L+1'g�#@�!.0%7f8*]"QJH;81}�2L<1'�21� '1�3
e8�2.0Ruf=*i#�$&%-"��21 jk�2.0"!ª7²��!1'1Y�7O��!.@V��21�9
;=.&;=JH�I"��2.

µ
L<1-"��2g-.0L<�2.0"�²�L<.&V®ª�/�V��2.��!.)V' '.�$&%

���!#q"0.� ',�"0 '.�L<�2.� '1'g��2*<L+JHL<1'L+�!.q"@²�L<.&V®TU¤w4�L<�2%7��;= 7$&%b³@O7#�$&%'1'L+"q"QB'T F�§ T
# ���d�;AV� ��� & (:.�JHL]"0"0*< '1'g�V'�2.@³�$&%7#0���2L<1'�2.�g-�2g8�!O��!1'�21���Li$&%�"0 '1'g�#qe-�2.0"0�!L+*< '1'g �
 ��2g8�!O��!1´#q�!L+�!1�V�L<� ��Li$&%�"0 '17g8�21�e8/-1

N
4�p' '.��21HL+J �@;= 7J V� '.&$&%´V�L<��(:L+17%'�2L+"�#q3

e8�2,�"�/8.��21
ek
T��5%'.��(��L<$&%�"� '1'g-#0e8�!.q"��2L<*+ 71'gsO��2o!�'g8*<Li$&%��!L+17�2.�³�$&%7#0�

u
�!1-"&#qp7.0Li$&%�"�V'�2.

µ
�2.0"0�2L<*< '1'g

f(cosα) =
3

8
(1 + cos2 α) .

 ��!#0 7$&%�"�#q�!L�V�L<�&��Li$&%-"� '1'g~V��!.�³�$&%7#0�8T��QL<��³�$&%7#0�
u(u1, u2, u3)

²�L<.&V�p�;=.&;=JH�I3
"0.�L<#0L+�!.q"?V� '.&$&%�V'L+����Li$&%�"0 '1'g�#0$2/-#0L+1� 7#

ui
T:¤u��;8#�#0L+17V�o2²��2L{ '1�;=O'%7f81'g8L<g8�s9
;=.&;=JH�I3

"0�2.
u1, u2

ª�V';
u3 =

√
1 − u2

1 − u2
2

e-/81
u1

 '1�V
u2

;8O'%7f=17g8L<gkLi#q"!T §H��L<�� U/-g=3
 UL<,8�2*<L<%'/�/�V�RS '1',�"0L</81�L<#q"

ln L =

n∑

k=1

ln(1 + cos2 αk) ,

²�/-O��!L�V�L<�
cos(αk) = u · ek

e-/81·V��!1·g8�C#q 7$&%�"��21}9
;=.&;=JH�I"��2.�1Uª7V��!1&��Li$&%�"0 '1'g�#0$2/=3
#qL<1� 7#Q;8O'%7f81'g8�!1UT #·;=l�L+JHL<�2.��21}e8/-1

ln L
*+L<�IRS�!.q"?V�L<��g8�C#q �$&%-"��21}9
;=.&;=JH�2"0�2.

u1, u2
T

j�L+.�e-�2.�o2Li$&%-"��21Y%'L+�!.@;= �R{V�L<���Q�I"&;=L<*<#�V��2.����C$&%'1� '1'g7T'�QL<�!#0�!#����2Li#qp7L+�!*®L<#q"�L+17#0/=RS�!.01
L+1�"0�!.0�C#0#�;=1�"Cª{;8*<#HV�L<�' U¹�#q '17g�JHL+"�V��2. #}�2"0%'/�V��}V��!.´,�*<�2L<17#q"0�!1 �Q 7;-V�.&;�"0�¥¤u#0L<�2%'�
 '1�"0�21�§�.0�!*<;="0L<e ,8/-J�p7*+L<o2L<�2.0"�L<#q"!T

� � � � � �Y����t�ZwX��'_!Zu��X�[���X � ��z!zC��X�x���X

j��!.�V��!1�9
;=.&;=JH�2"0�2.�L+1Y '17;8O'%7f=17g8L<g8�21�(
l�p��!.0L<JH�21�"0�!1��2.�JHL]"0"0�!*]"Cª'#q/s�2.�%7;=*+"0�!1 ²�L+.Cª
²�L+�:/-O��!1?�2.�*<f8 �"0�!.q"CªIg8�!J´f ��V��2.����2�71'L+"0L</81�V��!.  rL+,-�2*<L+%'/�/�V�V�L<�  UL<,8�!*+L<%'/�/�V�RS '1',�"0L</81
RS�'.sV�L<��,-/8JsO'L+17L+�!.q"��21¥(
l�p��!.0L<JH�21�"0��V� '.&$&% #} '*+"0L<p'*<L+,�;�"�L+/-1~V��2./ UL<,8�!*+L<%'/�/�V�RS '1',�3
"0L</81'�!1bV'�2.��2L<1'o!�2*<1'�21b(
l�p��2.�L+JH�21�"��8T

L(λ) =
∏

Li(λ) ,

ln L =
∑

ln Li .

��L<�  UL<,8�2*<L<%'/�/�V'J��2"0%'/�V��H�!.0JH¹8g-*+Li$&%�"��!L+17� ;= &�-�2.�/8.&V��21�"0*<Li$&%·�2L<1�Ru;8$&%7�s '1�VkV7;�3
O��!L7/8p'"0L<JH;8*+��G� 7#�;=JHJH�21�Ru;-#0#0 '1'g��Il�p��2.�L+JH�!1-"��2*<*+�!.:(:.�g8�!O'1'Li#0#0�8T8��;=O��2L�,8¹-1'1'�21 V'L+�
#}�!#�#q²��2.0"0��;= 7#Qg-;81'o�e-�2.&#0$&%7L+�CV��217;8.q"�L+g-�21b(
l�p��2.�L+JH�21�"��21�#q"�;8JHJ��!1Uª®V';Y,8�2L<1'�!.0*<�2L
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� ��
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µ
/8.&;= 7#�#q�2"0o! '1'g8�!1b�'O��!.?V�L+�sjk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�!1
fi
V��!.Q�!L+17o2�2*<1'�!1·(
l�p��23

.0L<JH�21�"0��g8�!J´;8$&%�"�²��!.�V��!1Uª';= �8�2.Cª�V';8#�#�#0L+�� '17;8O'%7f81'g8L<gse-/81��2L<17;=1�V��2.@#0L+1�V®T
���!L7V��!. ��/-J�O'L<17;="0L</81��Il�p��!.0L<JH�21�"0�!*+*<�2.�(:.0g-�2O'17L<#�#q��Li#q"��!#
o!²��C$&,�JHf��8L<g7ª=V�L<��*</=3

g-;=.�L+"0%'JHLi#0$&%'�Q�Q;8.�#q"0�!*+*< '1'g�o2 e-�2.�²��!17V��!1UT-jk�2.&V��!1YV�L<� r/8g�;=.�L]"�%'JH�21´17f8%'�2.� '1'g�#m3
²��!L<#0�}V� '.&$&% 9
;8.�;8O��!*+1 ¤ ,� 7;-V�.�;="0Li#0$&%7�bh7 '1',�"0L</817�21�§HO��!#�$&%'.�L+�!O��!1Uª�#0/¥*+L<�IRS�!.q"YV'L+�
³�V'V�L+"0L</81b²�L+�CV��2.� 'J��!L+17�?9{;8.�;8O��!*wT

� � � � � ��ZS����vwZu���U�U� �N^����}Zwz2_C��x����'�~�~�

���!L?g8.�/��-�21 9�.0/-O��!1 Li#m"·�C#b���´o2L<�21�"��2.Cª@³@17;8*+6�#0�21 ;81'%7;817V e-/81 �@Li#m"�/8g-.�;8J�JH�!1
V� '.&$&%'o2 �RS�7%'.0�!1Uª�;=*i#�V'L+�  UL<,8�!*+L<%'/�/�VHRS�'.)e�L+�!*+��(:L<1'o2�!*+�!.0�!L+g-1'Li#0#0��o! �O��2.��!$&%'1'�!1UT���L<�
�2L<1'o2�!*+1'�!1 ���2/-O7;8$&%�"� '1'g8�!1�²��2.&V��21�L<1 ��*<;-#0#0�21 ¤w�@Li#m"�/8g-.�;8J�JHL<1�"0�2.�e�;=*<*+��§H�2L<1'g-�I3
"0�2L<*+"!T�j�L<.�e-�2.�g8*<�2Li$&%'�21´L<1YV'L+�C#q�!J�h7;=*<*`V�L+�?³�1'o!;8%'*�V'�2.)(:*<�2JH�21�"0��L<1�V��!1��51�"0�!.0e�;8*]3
*+�!1�¤u��L+1�#�§�J�L+"�V'�2.�p�;=.&;=JH�I"��2.&;=O'%7f81'g8L<g8�!1�µ
/-.0%'�!.�#�;=g-�8TU�QL+�}G`;=%7*�V��!.�(:L<1�"0.&f=g8�
di
p'.0/���L<1

i
RS/8*<g="��!L+17�2. #· '*]"�L+17/8JHL<;8*+e-�2.0"0�!L+*< '1'g�ªr²�/8O��2L�#0Li$&%¥RS�'. �m�CV��!#���L+1�V'L+�

£r.���b`�2.�²�;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"
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;=.&;=JH�I"��2.&f=17V'�2.� '1'g´o2 
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h��7.N�m�!V�� #}/81�"0�23m©�;8.0*</=35���2/-O7;8$&%�"0 71'g
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f(x|θ0)RS�'.�V��21k9
;=.&;=JH�I"��2.
θ0,

V��!.�O��!L+J  ��21'�!.0L<�2.��21�e8�2.�²��217V��2"�²� 7.�V��-T®���!L
�2L<1'�2.($�1�3
V��2.� '1'g~V��!.�9
;=.&;=JH�2"0�2.&#H²�Li$&%-"��21�²�L<.´RS/8*<g8*<Li$&%0�m�CV������!/8O7;-$&%-"� '1'g¥JHL]"

w(θ) =
f(x|θ)/f(x|θ0)

T��QL+��g8�!²�L<$&%�"��I"0�Qµ
�2.0"0�!L+*< '1'g�L+1
x′ O��C#0$&%7.0�!L+O�"�V';81'1YV�L<��g8�!f817V��!.q3

"0�?µ
/8.�%'�!.�#�;=g-�8T
��L<�H(:L+17o2�2*<²�Li$&%-"� '1'g��2.0RS/8.&V��2.0"QO��2Lf�m�CV��2.?9
;8.�;8J��2"0�!.�f817V��2.� '1'g´�!L+17��17�2 '�´�@L+3

#m"�/8g8.&;=JHJHL<�2.� '1'g~V��!.(#}/-1�"0�I3q©�;=.�*</=35���!/8O7;-$&%�"0 '1'g�T
�Q;-#Y,�;81'1�.��!$&%'�!17;= �RS²��21�V�L+g
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#q�!L+1UT®(�L+1'�´���´o2L<�21�"0�!.0��#}�I"�%'/�V��´O��2.� '%�"?;8 �R�V'�2.�£�;�6�*</8.��21�"m²�Li$&,�*+ '17g�V��2.�j¥;=%'.03
#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0��L<1b9�/8"0�!1'o2�!1bV'�2.�9
;=.&;=JH�I"��2.CT�j�L+.�L+*<*+ �#m"�.0L<�2.��21bV';8#�;81bo2²��2L
�2L<1�Ru;8$&%'�!1����!L<#0p'L<�2*<�21UT

# ���d�;AV� ��� &  UL<1'�!;8.0��µ
�2.0"0�!L+*< '1'g´JHL+"�#}/81�"��I3q©�;=.�*+/83 �Q/8.�.0�!,�"0 '.
��L<�?jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0��#q�!L

f(x|θ) =
1 + θx

1 + θ/2
, 0 ≤ x ≤ 1 .

j�L+.�g8�!1'�2.�L+�!.0�!1}���!/8O7;-$&%�"0 '1'g-�21
x
g-*+�!L<$&%�e-�2.0"0�2L<*+"@L+J �51�"0�!.0e�;=*<*

0 ≤ x ≤ 1
ª�#qL<J� '3

*+L<�2.��21}V�L<���Il�p��2.�L+JH�!1-"��2*<*+��³� ��7¹�#q '17g´ '17V}³@,�o!�2p�"&;=1'o? '1�Vb%'L<#q"0/-g8.&;=JHJHL+�!.0�!1�V'L+�
V��IRS/-.0JHL<�2.0"0��µ:;8.0Li;=O7*+�

x′ L+1 ��L<17# i
o2 

m′
0i

T{��L<�Yg-*+�!L<$&%7�21~���2/-O7;8$&%�"0 71'g8�!1¶²��!.q3
V��21 JHL]"

x
g8�!²�L<$&%�"��I"H '17V�o2 'J ��L<#q"0/-g8.&;=JHJ

m′
1i

;= 'Ru#q 'JHJHL<�2.0"!T:�QL+�C#q�bO��2LiV��21
µ
�2.0"0�2L<*< '1'g8�!1�o!�2L<g="�V�L<�´³@O'OUT�B�T<A!n8;7ª OrT���;8#�g-�2p' '17,-"��I"��H��L<#q"0/-g8.&;=JHJ �21�"&#qp'.�Li$&%-"
V��21bµ
�2.0"0�!L+*< '1'g-�21be8/-.�V��2.@µ
�!.�#�$&%'JHL<�2.� '1'gHV� '.&$&%�V��!1·���2"0�!,-"�/8.CT7 �*+�!L<$&%7o2�2L+"0L<g´Li#m"
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∆γ
��
�� ����
 � 
 ��� � � � �
��� 	���� �

�2L<1'�Qg-�2JH�!#�#0�21'�Qµ
�2.0"0�2L<*< '1'gHL+1�³@O'OrT7B�T<A!n8$QV';=.�g8�C#m"��2*<*]"CT�4�L+��#q/-*+*+"0��#0L<$&%�V� '.&$&%��2L<1'�
�@O��2.�*<;8g8�2.� '1'g

m′
i

V��2.�O��2LiV��21'#}/-1�"0�I3q©�;=.�*</=3Kµ
�2.0"0�2L<*< '1'g8�!1 O��!#�$&%'.0�!L+O��21b*i;8#�#q�!1UM

d′i ∼ m′
i = m′

0i + θm′
1i .

���!.?9{;8.�;8JH�I"0�!.
θ
²�L<.�V�#q/b/-p�"0L<JHL+�!.q"CªUV';8#�#�V�L+�Hµ
�!.q"��2L<*+ '17g

d′i
O'Li#?;= �R��2L<1'�´�@/-.q3

J�L<�2.� '1'g�#q,-/817#q"�;81�"0�HJH¹8g8*<Li$&%7#m"sg8 �"sV' '.�$&%~V'L+� ��O��!.0*i;=g-�2.� '1'g·V��!.�O��2LiV��21��@Li#m"�/=3
g8.&;=JHJH�QO��!#�$&%'.�L+�!O��!1�²�L<.&V®T

# ���d�;AV� ���5M  r�2O��217#�V';8 '�2.�JH�!#�#q '17gsJHL+"�#}/81�"0�23m©�;8.0*</=3 �Q/8.�.0�!,-"� '.
j�L+.��!1-"m²�Li$&,8�!*+1bV�L<��µ
�2.0"0�2L<*< '1'g

f(t|γ) = γe−γt
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L+1b�2L<1'�?£�;�6�*</8.03 ���2L<%'�� 'J �!L+1'�!1b�2.&#m"��21}4�$&%7f�"�o2²��2.0"
γ0
M

f(t|γ) = γ0e
−γ0t

{
1 +

∆γ

γ0
(1 − γ0t) + (

∆γ

γ0
)2(−γ0t +

γ2
0 t2

2
) + ...

}
.

��L<�)#}/81�"��I3q©�;=.�*+/835 ��!1'�2.�L+�!.0 71'g?RS/8*<g="@V��!.�µ
�2.0"0�!L+*< '1'g
f0 = γ0e

−γ0t T7�Q '.&$&%Y²�Li$&%�3
"0�21�JHL]"

(1/γ0 − t)
O'o2²?T

(−t/γ0 + t2/2)
�2.�%7;=*+"0�!1¶²�L+.HV�L<�Yµ
�!.q"��2L<*+ '17g8�21

f1 =
(1 − γ0t)e

−γ0t ª f2 = (−t + γ0t
2/2)e−γ0t  '17V

f(t|γ) = f0(t) + ∆γf1(t) + (∆γ)2f2(t) + . . . .

j��!1'1}�!#�g-�2.��!$&%�"qRS�!.q"�L+g8"�L<#q"!ª�V�L+�?%7¹8%'�!.0�!1�9{/8"0�217o2�21be-/81
∆γ/γ0

o! }e8�2.�17;-$&%'*<f-#0#0L+3
g8�21rª',8¹-1'1'�21b²�L<.@ '17#0�2.��?g8�!JH�!#�#q�!1'��µ
�2.0"0�2L<*< '1'g ²�L<�!V��!.�V� '.&$&%}V�L<�)�@O��2.�*<;8g8�2.� '1'g
V�L+�C#qJ´;8*�e-/81�V'.0�!L-µ
�!.q"��2L<*+ '17g8�21sO��C#0$&%7.0�!L+O��21UT��Q�2.�9
;=.&;=JH�I"��2.

∆γ
²�L<.�V�V' '.�$&%s�2L<1'�

χ2 /�V'�2.$ UL<,8�!*+L<%'/�/�V';=1'p�;8#�#q '17g?�2.�J�L+"q"��2*+"!T��51Y '17#0�2.��2J h7;8*+*`Li#m")�!#�1'/�$&%��!L+1'Ru;8$&%'�!.!ª
²��!1'1b²�L+.

f0
JHL]"

t
ª7O'o2²?T�J�L+"

t2
²�Li$&%�"0�!1� 717V}V�L<�?�21�"�#0p'.��!$&%'�!17V��21bµ
�!.q"��2L<*+ '17g8�21

f0
ª
g1 = tf0

ª
g2 = t2f0

J�L+"�V��!1 h7;8,-"�/8.��21´V��C#
RS/8*<g8�!17V��!1 ³@ 7#�V�.� 7$&,�#
�'O��2.�*<;8g8�2.�1UT

f(t|γ) = f0(1 +
∆γ

γ0
) + g1γ0

(
∆γ

γ0
+ (

∆γ

γ0
)2
)

t +
1

2
g2γ

2
0(

∆γ

γ0
)2t2 .

��L<��h�;=,�"0/-.0�!1 ²��2.&V��21�V7;=1'1Y²�L+�CV��2.�JHL]"�V��2J 9
;8.�;8J��2"0�!.�O��2LUV��!.�³�1'p7;8#�#0 '1'gsV'�2.
e8�2.&#�$&%'JHL+�!.q"��21���L<#q"0/-g8.&;=JHJH��g8�Cf=17V'�2.0"!T�³@O'OrT7B�T<A8A�o!�2L<g="��2L<1Y���!L<#0p'L<�2*NT�j��!1'1�V'�2.
,- �;8V�.&;�"�L<#�$&%'��£r�!.0J�e-�2.�17;8$&%7*<f-#0#0L+g8"�²��2.&V��21�,�;=1'1rª�g8�21��'g-�21�o2²��2LU��L<#q"0/-g8.&;=JHJH�8T

���!.H;8*+*<g8�!JH�2L<1'�Yh�;=*<*�²�L<.&V~g-;81'ob;=17;8*+/-g·O��!%7;=1�V��2*+"!T:�QL+�}£�;�6�*+/-.0�!1-"m²�Li$&,�*+ 71'g
L<#q"!M

f(θ) = f(θ0) + ∆θ
df

dθ
(θ0) +

(∆θ)2

2!

d2f

dθ2
(θ0) + . . .

= f(θ0)

{
1 + ∆θ

1

f0

df

dθ
(θ0) +

(∆θ)2

2!

1

f0

d2f

dθ2
(θ0) + . . .

}
.

��L<�����2/-O7;8$&%�"0 71'g8�!1
x′ ;= 7#�V��2.?µ
�!.q"��2L<*+ '17g f0(x|θ0)

�!.0g-�2O��21¥V';8#���L<#q"0/-g8.&;=JHJ
m′

0

T7�� 7.�$&%�j�L<$&%�"� '1'g´JHL]"
w1

O'o!²?T
w2
ª�JHL+"

w1 =
1

f0

df

dθ
(x|θ0) ,

w2 =
1

2f0

d2f

dθ2
(x|θ0) ,

�2.�%7;=*+"0�!1�²�L+.�o2²��2L�²��2L+"0�2.�����L<#q"0/-g8.&;=JHJH�
m′

1i

ª
m′

2i

T����2L�V��!.�9
;=.&;=JH�2"0�2.&;=17p7;8#�#q 71'g
e8/81

∆θ
e-�2.�g8*<�2Li$&%'�21b²�L<.

m′
i = (m′

0i + ∆θm′
1i + ∆θ2m′

2i)
JHL]"�V��2J �2l�p��2.�L<J��!1�3

"0�2*<*<�21}�@Li#m"�/8g-.�;8J�J
d′i
T

� 
���� ��� � � " � ��� ��� ��	 � � 	 �� �  � ��� 	 � ����� �!��	 � ��	 ���

�@Li$&%-"{L<J�JH�!.{#0L<17V�V�L<��g8�!#0 7$&%�"0�!1�9
;=.&;=JH�I"��2.�e8/81��2L<17;=17V'�2.{ '17;8O'%7f=17g8L<g7T!���2"0.&;8$&%�3
"0�21�²�L+.:o-T���T�V��21YG��!.qRu;8*+*��2L<1'�!#

Λ
35£��2L<*<$&%'�!1HL+1 �!L+1´9�.0/8"0/81´ 717V´�2L<1´9:L</81Uª

Λ → p+
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π
ª�²�/8O��2L@V�L<��h�*+ 7g8.�L<$&%�"0 71'g¶V��!#

Λ
 '17V�V�L<�·�5JHp' '*i#q�·V��!.�G��!.qRu;8*+*i#qp7.0/�V� ',�"���g-�I3

J��C#0#0�21k#qL<17V®T®�QL+���5JHp' '*i#q�HV��!.�V'.0�!L�O��I"��2L<*+L<g="��21k£r�!L+*i$&%'�21k#qL<17V �m�!V�/�$&%�17L<$&%�"� '1�3
;=O'%7f81'g8L<g¶e8/-1��2L<17;=17V'�2.Cª�#0/817V��!.01��'O��2.bV�L<�·(:.�%7;=*+"0 71'g-#�#0f="0o!�bRS�'.�(:17�2.�g8L<�· '17V
�5J�p7 '*<#�JHL+"0�2L<17;817V��2.�e8�!.0,�1��'p�R¡"CT��Q '.&$&%����2.��7$&,�#0L<$&%�"0L<g8 71'g·V��2.HV';8.�;8 7#�.��!#0 '*+"0L<�I3
.0�!17V��21·G�²);=1'g�#qO��!V'L+1'g- '1'g-�21�,-¹81'17�21bV�L+�?�5JHp' 7*<#0��g8�21�;= '�!.�O��C#m"�L+JHJ�"@²��2.&V��!1UT

�5J ;=*<*+g-�2JH�2L<1'�!1Yh7;8*+*r%7;=O��21�²�L+.
I
V'L+.��2,�"0�?���2/-O7;8$&%�"� '1'g8�!1

xi
RS�'.

I
9
;=.&;=JH�I3

"0�2.
θi
#0/�²�L+�

K
G�²);=1'g�#qg-*+�!L<$&%� '17g8�21bV��!.Qh'/-.0J

hk(θ1, . . . , θI) = 0
T`�@�!%'JH�21·²�L<.

;=1Uª�V';8#�#�V�L<�Q���!/8O7;-$&%-"� '1'g-�21H1'/8.�J´;=*<e8�!.q"��2L<*]"��@d@17#0L<$&%7�2.�%'�2L+"0�!1
∆i

%7;8O��!1´ '17V�V'L+�
G�²�;81'g-#0O��!V�L<1'g8 71'g8�!1�JHL]"@JHL+"q"�*+�!.0�!.� ��217;8 'L+g-,8�!L]"

δk
�2.0RS�'*<*]"�#0L<17V®ª

〈
(θi − xi)

2
〉

= ∆2
i ,

〈
h2

k(θ1, . . . , θI)
〉

= δ2
k ,

¤wB'T+AC>-§

V';=1'1b,-¹81'1'�!1�²�L<.�V�L<�� �.0¹.�8�
χ2 O��2.��!$&%'1'�!1UM

χ2 =

I∑

i=1

(xi − θi)
2

∆2
i

+

K∑

k=1

h2
k(θ1, . . . , θI)

δ2
k

.
¤wB'T+A�D=§

j�L+.
JHL<1'L+JHL<�2.��21
χ2 V� 7.�$&%�µ:;=.�L<;="0L</81�V��2.
9
;=.&;=JH�2"0�2.{ '1�V��!.0%7;8*]"��21H;=J #·L+1'L<J� 7J

e8/81
χ2 L<%'.0�����!#q"m²��!.q"��8T���;8#�µ
�2.0Ru;=%'.��21�RS '1',�"0L</817L+�!.q"@;= �$&%Uª�²��!1'1�V'L+��G�²);=1'g�#qO��I3

V�L+17g8 '1'g-�21~JH�!%'.�;8*<#
I
9
;=.&;=JH�I"��2.��!1-"�%7;=*+"0�!1Uª
#q/-*<;81'g8�YV��2.��21 G®;=%'*)V�L<��4� 'JHJH�

I + K
1'Li$&%�"��'O��!.�#�$&%'.��2L+"0�2"!T

�@ '1�#0L<17V�G�²);=17g-#0O��CV�L+17g8 '1'g-�21HL<1YV��!1 JH�2Li#m"��21Yh{f8*+*<�21 �2l';=,�"��!.qRS�'*<*+"!T�h��7.)V'L+�
9{;8.�;8JH�I"0�!.0O��!#q"0L<JHJ� '17gY.��2Li$&%�"��C#�V';81'1¶;= 7#!ªUV�L<� d@17#0L<$&%7�2.�%'�2L+"0�!1

δk
1� '.?%7L+1'.��2L+3

$&%'�217V�,�*<�2L<1Yo! �²)f=%7*+�!1UT
j�L+.�L<*+*< 7#q"0.�L+�!.0�!1�V'L+�C#q�C#)µ
�2.0Ru;=%'.��21�JHL]"@�!L+1'�!J �!L+1�Ru;-$&%'�21b���2Li#qp7L+�!*wM
# ���d�;AV� ��� & ³@1'p�;8#�#q '17g�JHL+"�G�²);=1'g�#qO��!V�L<1'g- '1'g7M7G�²��2LU£��2L<*<���!L+17�2.�4�$&%'1� '.
(:L+17��4'$&%'1� '.
e8/-1��Il';8,-"

1 m
 rf81'g8��²�L+.&V�V' '.�$&%7g8�!#�$&%'1'L+"q"��21UT��QL+�!#·�!#�#q '17g�V��!.

O��!L<V��!1¥4�"0�7$&,-�s�!.0g-L+O�"
l1 = 35.3

$2JYª®O7o2²
l2 = 64.5

$IJ JHL+"?g8*<�2Li$&%'�2.�g-;8 &�8Li#0$&%7�2.
#}�!#�#q 71'g8�!17;= 'L<g8,-�2L+"�e-/81

∆ = 0.1
$2JYT�G` Y�!.0JHL+"q"0�!*+1b#0L+17Vb4�$&%7f="0o!²��!.q"��

λ̂1, λ̂2
V'�2.

 rf=17g8�21rT�j�L+.�JHL<1'L+JHL<�2.��21

χ2 =
(35.3 − λ1)

2

0.12
+

(64.5 − λ2)
2

0.12
+

(λ1 + λ2 − 100)2

10−10
.

��L<��#}L<1'L+JHL<�2.� '1'g¥O��2o2�7g8*<L<$&%
λ1

 '17V
λ2

*<L<�IRS�2.0"!M
λ̂1 = 34.45

ª
λ̂2 = 65.55

JHL+"
χ2 = 4.50

T
��L<�!#0�!#?9�.0/-O'*+�!J %�f�"q"��21¶²�L<.�17;="0�'.�*<L<$&%¶;= �$&%¶�2L<1�Ru;8$&%'�!.�V� '.&$&%¥�Il�p'*<L+o!L]"�� µ
�2.03

²��!17V� '1'g�V��2.·G�²);=1'g�#qO��!V�L<1'g- '1'g¶JHL]"�1� '.Y�!L+17�2J 9
;=.&;=JH�I"��2.  '1�V*#}L<1'L<J�L<�2.��21
e8/81

χ2 =
(35.3 − λ1)

2

0.12
+

[64.5− (100− λ1)]
2

0.12

*+¹�#q�!1 ,-¹81'17�21UT>��R¡"Y#qL<17V�V�L<�kG�²);=17g-#0O��CV�L+17g8 '1'g-�21�;=O��2.�#q/¶,-/8JHp'*<�Il®ª�V';-#0# V7;8#
(:*+L<JHL+17L+�!.0�!1�e-/81�9
;=.&;=JH�I"��2.�1Y '1�"��2.�µ
�2.�²��217V� 71'g´V��2.����!o2L<�2%� '1'g-�21¥¤wB�T<A!>�§�1'L<$&%�"
J�¹-g8*<L<$&%�Li#m"CT
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�51YV��!.  rL]"��2.&;�"� '.)²��!.�V��!1�G�²);=1'g�#qO��!V'L+1'g- '1'g-�21 �'O7*+Li$&%'�2.�²��2Li#q��V� '.&$&%�µ
�2.�²��21�3
V� '1'gYe8/81' �;=g8.&;=17g8�I3 #} '*+"0L<p'*<L+,�;="0/8.��21� '17V�V� '.&$&%� UL<1'�!;8.0Li#qL<�2.� '1'g V'�2.Q³�O'%7f81'g8L<g=3
,8�2L+"0�!1?�2.0RS�'*<*]"CTC�Q�2.��21�"�#0p'.��!$&%'�!17V�� #·;="0.�L+o!�21�RS/-.0J´;8*+Li#qJs 7#`Li#m"r 71'1'¹="�L+gQ,8/-J�p7*+L<o2L<�2.0"!T
³@ &�-�2.&V��2J J���#0#0�21�17L<$&%�"0*<L<1'�!;8.0�:(6b��!,-"���L+"0�!.�;="0L<eQO��2.��7$&,�#0L<$&%�"0L<g="�²��!.�V��!1UT����C#q%7;8*+O
L<#q"@ '17#0�2.�� #}�I"�%'/�V��?e8/-.0o! 'o2L<�2%'�!1UT

G�²�;81'g-#0O��!V�L<1'g8 71'g8�!1?,8¹8171'�21�;= 7$&%sL+1s�2L<1'�2.  UL<,8�!*+L<%'/�/�V';=1�;=*<6�#0��.��!;8*+Li#0L+�!.q"�²��!.q3
V��21UT�4�"�;="q"�¤wB'T+A�D=§�o2 �JHL+17L+JHL<�2.��21Uª'J´;=l�L<JHL+�!.0�!1Y²�L<.@V�L<�) U/-g=3  UL<,8�2*<L<%'/�/�VUM

ln L =

N∑

i=1

ln fi(xi|θ) −
1

2

K∑

k=1

(
h2

k

δ2
k

)
.

�Q;8O��!L',8¹-1'1'�21 �m�2"0oI"�V�L+�@���!/8O7;-$&%-"� '1'g-�21
xi
O��2*<L+�!O'L<g?e8/81HV��!1�9
;8.�;8J��2"0�!.01

θ
�'O��2.

V�L+��jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�!1
fi
;=O'%7f81'g8�!1UT-4�L<17V´V�L<��G�²);=17g-#0O��CV�L+17g8 '1'g-�21��Il�3

;=,�"��2.0RS�'*<*]"Cª�²��2.&V��!1YRS�7.�V�L<��d�17#qLi$&%'�!.0%'�!L]"��21
δk
%'L+17.0�!L<$&%'�!17Vb,�*+�!L+17��j��!.q"����2L<1'g-�I3

#q�2"0oI"CT

� 
���� � ��� " � ��(� ����� � �%� ����� � � � � � � � �

� � � � � 	��'z´�����7t{vu���

4�"�;="0Li#m"�L<#�$&%'�H³@17;8*+6�#0�21·�!L+17V'L+JH�21�#qL</817;8*+�!.Qµ
�!.q"��2L<*+ 71'g8�!1�#qL<17V�17;�"��'.0*<Li$&%��2L<1�Ru;-$&%'�2.
;=*i#�#0/8*i$&%'�:Js '*]"�L<V'L+JH�21�#qL</817;8*+�!.!T���;8#�g8L<*]"{1'Li$&%-"�1� '.rRS�7.�V��!1 ,� 7;8*+L+"�;="0L<e8�21rª!e�Li#q '�!*+*<�21
µ
�2.�g8*<�2Li$&% �2L<1'�!.�9�.0/-O��kJHL]"}�2L<1'�!.�p�;=.&;=JH�I"��2.&;=O'%7f81'g8L<g8�!1�jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#m3
V�L<$&%�"��8ª�#0/817V'�2.�1 ;8 7$&% RS�'.�V�L<��,� 7;=1�"�L]"&;�"0L<e8�b9
;=.&;=JH�2"0�2.&#�$&%7f�"�o2 '1'g�T��51�#qO��!#0/817V'�I3
.0�-ª�²��!1'1}V�L+��j¥;=%'.&#�$&%'�2L<1'*<L<$&%',-�2L+"�#�V�Li$&%-"���V' '.�$&%bV��!1�#·�!#�#qp'.�/8o!�!#�#�e-�2.0Ruf=*i#0$&%�") '17V
�2L<1'� #}/-1�"0�I3q©�;=.�*</=3m4�L+Js '*i;�"0L</81k�2.0RS/8.&V��!.0*<L<$&%¶Li#q"!ª�,�;81'1�V�L<�YV'L+.��2,�"0�(#� ®3 #}�2"0%'/�V��
1'L<$&%�"s;81'g8�!²�;817V�"?²��2.&V��21UT���L<� 9
;=.&;=JH�I"��2.&#0$&%�f�"0o! '1'g-�21��!.qRS/-*+g8"�V';=171Uªr²�L<� /8O��21
O��C#0$&%'.�L<�2O��21Uª�V� '.&$&%YV'�21�µ
�2.�g8*<�2Li$&%�e8/-1Y��L<#q"0/-g8.&;=JHJH�21Uª�JHL]"@V��!J�9:.�/8O'*<�2Jbª�V';8#�#
O��!L-Js '*]"�L<V'L+JH�21�#qL</817;8*+�!1(�@f= 7J��!1�V�L<�:(:.��2L<g81'Li#qoC;=%'*<�21?L<1?�2L<1'o!�2*<1'�21���L<17#r,�*<�2L<1�#q�!L+1
,8¹8171'�21UT�j�L<.�%7;8O��!1YV��C#q%�;=*<O �2L<1��51�"0�!.0�C#0#0�8ª�V��21Yµ:;=.�L<;8O'*<�21'.&;= 'J�V� '.&$&% g-�2�2L<g817�I"0�
£r.&;=17#qRS/8.�J´;�"�L+/-1'�21bo2 �.0�CV� 'o2L<�2.��21 �b17;�"��'.0*<Li$&%}J�¹-g8*<L<$&%�#m"�/-%'1'���51'RS/8.�JH;="0L</817#0e8�!.q3
*+ 7#q"!T�(�#�L<#q"�;8O��!.�1'Li$&%-"�L+JHJH�2.s�2L<1�Ru;8$&%rªr%'�!.�;8 7#qo! ��717V'�21Uª�²��!*<$&%'�´µ:;8.0Li;=O7*+� O7o2²?T
²��!*<$&%'�sµ:;=.�L<;8O'*<�21',-/8J�O7L+17;="0L</81�RS�'.?V�L<�����C#m"�L+JHJ� 71'gYV��C#�9{;8.�;8JH�I"0�!.�#�O��C#q/-17V��!.�#
²�L<$&%�"0L<gHL<#q"!T

� � � � � a ����Z��?����Zw��t�vw�·��X�����ZuX�vwZuX����'�������Q�����'�~��_!���

(:L+17��j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�#�V�L<$&%�"��
f(x, y|θ) RS�'.Qo2²��2L
G� �Ru;=*<*i#qe�;=.�Li;=O'*<��J�L+"Q�!L+17�2.�*<L+31'�!;8.0�!1Y9
;=.&;=JH�2"0�2.&;=O7%7f=1'g-L+g-,8�!L]"�,-¹81'17�21�²�L+.�L<JHJ��!.�L+1}V��!.@h'/-.0J

f(x, y|θ) = v(x, y)[1 + u(x, y)θ]

#0$&%'.��2L<O��21UT'�QL+�) r/8g83  rL+,-�2*<L+%'/�/�V�RS '17,-"�L+/-1 RS�'.�#}�!#�#q²��2.0"0�
u = u(x, y)

ª
v = v(x, y)

ln L(θ) = ln v + ln(1 + uθ),



� � � � , � ����� ��	���������� � 	�� ����
 �

L<#q"Q�!L+1'�sh' '1',�"�L+/-1·e8/-1�1� '.Q�2L<1'�2.�#qL<g817L]�7,�;81-"��21�#}�C#0#0g8.�¹��-�
u(x, y)

ª`V';
ln v

1'Li$&%�"
e8/81

θ
;8O'%7f81'g="CT�(�L+1'�  rL+,-�2*<L+%'/�/�V';817;=*<6�#q�Qo2 '.)9
;=.&;=JH�I"��2.&#0$&%�f�"0o! '1'g�;8 7#��2L<1'�2.�g-�I3

g8�2O��217�21b9:.�/8O�� {x1, y1,, . . . , xN , yN} JHL+"

ln L(θ) =
∑

ln(1 + uiθ) + const
¤wB�T<A!F�§

 '17V
ui = u(xi, yi)

,�;=1'1 #0Li$&% ;=*i#q/�;8 �R�V�L<�~�21�"�#0p'.��!$&%'�!17V��!1 µ:;=.�L<;8O'*+�!1�²��!.q"��
{u1, . . . , uN} O��!#�$&%'.�f81',8�!1UT2��;=O��2L-,8¹8171'�21?V�L<�:(:L<1'o2�!*+²��2.0"0��/�V'�2.r�!L+1���L<#q"0/-g8.&;=JHJe8�2.�²��217V��2"�²��!.�V��!1UT

��L<�Y�!L+1'Ru;8$&%'��h'/8.�J V��!.����2o!L+�!%� '1'g�¤NB�T<A!F�§�#0 'g8g-�2.�L+�!.q"Cª�V';-#0#�V�L<��;817;=*<6�"0Li#0$&%'�
h'/8.�J

g(u|θ) V��2.�µ
�2.0"0�2L<*< '1'g e-/81 u
RS�'.�V'L+��9
;8.�;8J��2"0�!.�#�$&%7f�"�o2 '17gs1'Li$&%�"�O��21'¹8"0L<g="

²�L+.&V®T& U�CV�L<g8*<L<$&%�V�L+���2l�p��2.�L<J��!1�"0�2*<*<�21�j��!.q"��
ui
g8�!%'�21YL+1}V�L<�  UL<,8�!*+L<%'/�/�V�RS '1',�"0L</81

�2L<1UT  U�2LiV��!.�²�L<.&V�V�L<�!#0�Y#�$&%'¹817��(:L<g8�!17#0$&%�;�R¡"Ho2�2.&#q"0¹8.0"!ª�²��21'1 ³@,�o2�!p�"�;81'o2e-�2.�*+ 7#q"0�
/�V'�2.Q³� ��7¹�#q '17g-#0��b`�2,�"0�?e-/8.�*+L<�2g-�21 �Y '17V}V';-#@Li#m"�V�L+� ���2g-�2*NT7�51·V�L<�!#0�2J h7;8*+*�g8�2%�"
V� '.&$&%bV'L+��17/="m²��217V�L<g8�(�@�21'/-.0JHL<�2.� '1'g´V��2.Qµ
�2.0"0�!L+*< '1'g V�L<�+ rL+1'�C;=.�L]"&f�"@L<1

θ
e8�!.0*</=3

.0�!1UT�'8�CV�/�$&%�g8�!²�L+171'�21Y²�L+.@V� 7.�$&%�V�L+�����CV� ',�"0L</81b;= �R��2L<1'��µ:;=.�L<;8O'*+�
u
T�jk�2171bV'L+�

�Il�p��!.0L<JH�21�"0�!*+*<�21H(_b`�2,�"��@1'Li$&%-":g-.0/.�?#qL<17V®ª=�!1�"0%7f8*]"�V�L<�@µ
�!.q"��2L<*+ '17g?e8/81
u
17;-$&%H²�L+�

e8/8.�Ru;-#m"�V�L<��g-;81'o2���51�RS/-.0J´;�"�L+/-1Y%7L+17#0Li$&%-"�*+Li$&%
θ
T

��L<��µ:;8.0Li;=O'*<�21�"�.�;817#mRS/-.0J´;="0L</81� '17V�3N.��!V� 7,-"�L+/-1�L<#q"bL+1�V��21 #0�2*+"0�C#m"��21�h�f8*+*<�21
;=17;8*+6�"0Li#�$&%kJH¹-g8*<L<$&%UT{4�L<� ²�L+.&V¶;=O��2.sL+JHp'*<L<o2L+"s�'O��2.�V�L+�(#}/81�"��I3q©�;=.�*+/8354�L<J� 7*<;="0L</81
V� '.&$&%'g8�2RS�'%'.0"!T��Q;8o2 Y²�L+.&V g-�2J´f �

f(x, y|θ) g8�!1'�2.�L+�!.q"� '17V�RS�'.\�m�!V'�����2/-O7;8$&%�"� '1'g
xi, yi

V��!.��!1�"�#0p'.0�C$&%'�21�V��Qjk�2.0"
ui = u(xi, yi)

O��!.0�C$&%'1'�2"!T����!.�9
;=.&;=JH�I"��2.
θ
²�L<.�V

;= 7#:V'�2.:µ
�!.q"��2L<*+ '17g?e8/81
u
V' '.�$&%H�!L+1'�! rL+,-�2*<L+%7/�/�V�3�/�V'�2.

χ2 35³@1'p7;-#0#0 '1'g��!.0JHL+"q"0�!*]"CT
��L<�:µ
�2.0"0�!L+*< '1'g�e-/81

u
O'L<�I"��I"�#0Li$&%�;= 7$&%�RS�'.U�!L+17�21�4�L<g81'L+�7,�;=17oI"0�C#m"r;81 ¤u#0L+�!%'�%�?;=p7L]"��2*

¨-§ T

� � � � � �������'vwvux�������ZwX�������X�x·�7���Q�~���r�������Y�?����Zw��t�vw�·��X����Q�����'�~��_!���

��L<��µ
�!.�;8*+*<g8�!J��!L+17�2.� '1'g@;= 'R
N
µ:;=.�L<;8O'*+�-ª!V�L<��²�L<.ro! 'J µ
�2,�"0/-.

x
o! 7#0;8JHJ��!1�Ru;8#�#0�21Uª

L<#q"�"0.�L+e�Li;=*NM
f(x|θ) = v(x) [1 + u(x)θ] .

j�L+�CV��2.Y,8¹8171'�21�²�L<.YV��!1�µ:;=.�L<;8O'*+�!1'.&;= 'J ;= �R?1� '. �!L+1'��#qL<g81'L+�7,�;=1�"��8ª�#0,�;=*i;�3
.0�bµ:;=.�Li;=O'*<�

u
/-%'1'�b�51�RS/8.�J´;�"�L+/-17#qe-�2.�*+ �#m"�.0�CV� 'o2L<�2.��21rT�jk�2171 ²�L<.´g8*<�2Li$&%'o!�2L+"0L<g

p9{;8.�;8JH�I"0�!.Qo! �O��!#q"0L<JHJ��!1�%7;8O��!1Uª®O��21'¹8"0L<g8�21�²�L+.�L<J¸³@*<*+g-�2JH�2L<1'�21k;= 7$&%
p
17�2 '�

µ:;=.�L<;8O'*+�
u1, . . . , up

M

f(x|θ) = v(x)
[
1 +

∑
uµ(x)θµ

]
.

d@17#0�2.Yµ
�2.0Ru;=%'.��21�J´;8$&%�"Y;8*<#0/¶1� '.YV';81'1 4�L<1'1Uª�²��!1'1�V�L<�¥G`;8%'*�V��!.�9
;=.&;=JH�I"��2.
,�*<�2L<1'�!.�L<#q"�;=*i#�V�L<���QL<J��!17#0L+/-1bV'�!#�µ:;8.0Li;=O'*<�217.�;8 'J´#2T

# ���d�;AV� ��� & ���!V' ',�"0L</81bV��!#�µ:;8.0Li;=O7*+�!1'.�;8 'J´#
j�L+.�O��I"�.�;-$&%-"��21bV�L<�?jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�

f(x, y, z|θ) =
1

π

[
(x2 + y2 + z2)1/2 + (x + y3)θ

]
, x2 + y2 + z2 ≤ 1 ,

¤wB'T+AC¨-§



� � � � � ����
 	�� � � � ���6� � ��� ��
��
��� ��� ��� � � � �

������� ���
� ��� � � � ��� ��	��!� � � ��� � ���������������
��� �
��� 
 ���
	�� � �
� � 	�� � ��� � � ����
 	�� � ���� ����� ��
��
���
u
��� �

� �
� , ������� � 	���� � ����	�� ±θ
�

V�L+�Qe8/-1 V�.0�!L®G` �Ru;=*<*<#0e�;=.�L<;8O'*<�21H '17V´�!L+17�2J 9
;=.&;=JH�I"��2.�;8O'%7f81'g="CT� ��2g-�2O��21�#0�2L��2L<1'�
9:.0/-O���e-/81�#}�!#�#q²��2.0"0�!1YL<J V�.��2LiV�L<JH�217#0L+/-17;=*<�21�,�;=.0"0�C#qLi#0$&%7�21 ��;= 'JbT� ��C#q 7$&%�"@#0�2L
V��2.�9
;=.&;=JH�2"0�2.

θ
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u =
x + y3

(x2 + y2 + z2)1/2
, |u| ≤

√
2 ,

v = (x2 + y2 + z2)1/2 , 0 ≤ v ≤ 1 ,

z = z

RS�'%'.0"@o2 '.�1'�! '�21}�QL<$&%�"��
g′(u, v, z)

g′(u, v, z|θ) =
v

π
[1 + u θ]

∂(x, y, z)

∂(u, v, z)
,

V�L+��17;8$&%H�51�"0�!g8.&;�"0L</81H�'O��2.
v
 '1�V

z
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g(u|θ) *<L<�IRS�2.0"!M

g(u|θ) =

∫ V
z
V
v g′(u, v, z|θ) .
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θ

ln L(θ) =
∑

i

ln(1 + uiθ) + const
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θ0
M

f(x|θ) = f(x|θ0) +
∂f

∂θ
|θ0 ∆θ +

1

2

∂2f

∂θ2
|θ0 ∆θ2 + . . .

= V
[
1 + u1∆θ + u2∆θ2 + . . .

]
.
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"�;=17o2e8�!.0*< 7#q"0��V';=o! �RS�'%7.0�!1UªUV';8#�#Q '17#0�2.��/#}�2"0%'/�V��H1'Li$&%�"?J��!%'.�g8 �"�RS '1',�"�L+/-1'L+�!.q"CT
�51�V�L<�!#0�21 h�f8*+*<�21�J��7#�#0�21~²�L<.´V�L+��µ
�2.�*< 7#m"��YO��2.��7$&,�#0L<$&%�"0L<g8�!1UTrj�L<.HO��C#0$&%7.�f81',8�!1
 '17#�%'L<�2.�V';=.&;= 'Rmª��!L+17�Qg-�2�2L<g817�I"0� #}�2"0%'/�V���,�17;=p7p�o2 �#q,�L<o2o!L+�!.0�!1UT��QL<��³�,�o2�2p'"�;=17oI3
,8/8.�.�L+g-L+�!.q"���j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"�#�V�L<$&%�"��

f ′(x|λ)
RS�'.@V�L<�����2/8O�;8$&%�"0 '17g8�21

x
L<#q"

f ′(x|λ) =
α(x)f(x|λ)∫
α(x)f(x|λ)

V
x

,

²�/-O��!LrV��2.@���21'17�2.Cª7V�L<��g8*</8O7;8*+��³@,�o!�2p�"&;=1'o-ª'o2 '.Q�@/8.�JHL+�!.0 71'g´V�L+�!1�"!T'j�L<.@,��'.�o2�21
L+%'1?JHL+"

A(λ)
;=OUT!�Q;8J�L+"r²�L<.�V?V'L+�  r/8g83  rL+,-�2*<L+%'/�/�V�RS '17,-"�L+/-1�RS�7.

N
���2/8O�;8$&%�"0 '17g8�21

ln L(λ) =
∑

ln α(xi) +
∑

ln f(xi|λ) − NA(λ).

��L<� ³@,�o2�!p�"�;81'o
A(λ)

,�;=1'1k�'O��2.?�!L+1'�
#·/81�"0�23m©�;8.0*</=3m4�L<J� '*i;�"�L+/-1}O��C#m"�L+JHJ�"�²��2.03
V��21Uª�²�/-O��!LU²�L<�!V��!.0 'J �2L<1'��g-.0/-O��?�Qf=%'�!.0 '17g ;= 7#0.0�!L<$&%�"CT'��f=%7�2.� '1'g8�!1be8�2.�.�L+1'g-�2.�1
;=*<*+�!1�Ru;=*<*<#�V�L+�� ��!17;= 7L+g-,8�2L+"�V��!.s4�$&%7f="0o2 71'g7ª`RS�'%7.0�!1~;=O��2.?1'Li$&%�"�o2 ¥�2L<1'�!.�µ
�2.�o2�!.q3
.0 '17g�V��!#)4�$&%7f="0o!²��!.q"��!#!ª8V';�V'L+����f=%7�2.� '1'g�;8 �"0/-JH;="0Li#0$&%´�7O��!.�V�L<�Qh7 '1',�"0L</81

λ(λ′),8/8.�.�L+g-L+�!.q"�²�L+.&V®T
��L<�����!o2L<�2%� '1'g�¤wB�T ¢�A�§®Li#m"{/=R¡"
1� '.�1� 'JH�2.�L<#�$&%�o2 s*+¹�#q�!1Uª�V®T�%UT�J´;=1s#0 7$&%�"�;8 �R�V'L+�

�'O'*<L<$&%'�Hjk�2Li#q�´V';-# #·;�l�L<J� 'J V��2.  UL<,8�!*+L<%'/�/�V�RS '1',�"�L+/-1UT®j�L+.?,-¹81'17�21¥;=O��2.?;= 7$&%
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V�L+�����!o2L<�2%� '1'g}¤wB'T ¢'AC§�#0/H;8p'p'.�/�l�L+JHL<�2.��21Uª�V';-#0#)�!L+1'�?;817;=*<6�"0Li#0$&%'�  r¹-#0 '1'gHJH¹8g8*<Li$&%
L<#q"!T7�Q�2.@V7;=O��2LUg-�2J´;8$&%�"0��h'�!%'*<�2.@²�L<.�VYL<1bV'�2.�4�L<J� '*i;�"�L+/-1Y²�L<�!V'�2.�,8/-JHp��!17#qL<�2.0"!T

# ���d�;AV� ��� & ³@p'p'.�/�l�L+JHL<�2.0"0�  UL<,8�!*+L<%'/�/�V'#�$&%7f�"�o2�2.CM  UL<1'�C;=.��� 717V ,� 7;8V�.&;�"�L<#�$&%'�{µ
�2.03
"0�2L<*< '1'g8�!1

(:L+17��9:.�/8O��Ye-/81¶(:.��2L<g817L<#�#q�!1
xi

#0�2L�L+J �51�"0�!.0e�;=*<*
[−1, 1]

*+L<1'�!;8.!ª�V®T{%UT�17;8$&%
f(x|b) = 0.5 + bx

e8�!.q"��2L<*]"CT®���!.?4�"0�2L<g8 71'g-#0p7;=.&;=JH�2"0�2.
b , |b| < 1/2

ª�Li#m"?g-�!#0 7$&%�"!T
��L<�) UL<,8�!*+L<%'/�/�V�RS '1',�"0L</81

ln L =
∑

ln(0.5 + bxi)

%7;=O��?L+1bV��!.���f8%'�?V��!#)g-.0/-O��!1b4�$&%�f�"0o!²��!.q"&#
b0
L+%7.!#·;�l�L<J� 'JbT�j�L<.�#q�2"0o!�21

b = b0 + β

 '17V�*+�!L]"��21}V�L<�) UL<,8�!*+L<%'/�/�V�RS '1',�"0L</81�17;-$&%
β
;=Orª� 'J V';-#$#·;�l�L<J� 'J o2 Y�717V��!1UM

∑ xi

0.5 + (b0 + β̂)xi

= 0 .

j��!1'1�²�L<. ,- �;8V�.&;�"�L<#�$&%'��£��2.�JH�s '1�V�#0/8*i$&%'��%'¹-%'�2.��2.N�Q.�V'1� 71'g�L<1
β
e8�2.�17;-$&%'*<f-#m3

#qL<g8�!1Uª{,8¹8171'�21�²�L+.´V�L<�!#0�· �*+�!L<$&%� '1'gk17;-$&%
β̂
;= ��7¹�#q�!1~ '17V��2.�%7;8*]"��21�JHL+"

f0i =
f(xi|b0)

V��!1·4�$&%7f�"�o2²��2.0"

β̂ ≈
∑

xi/f0i∑
x2

i /f2
0i

.

j��!1'1b²�L+.@;8 7$&%Y�!L+17�21',� 7;8V�.&;�"�L<#�$&%'�!1Y£��2.�J�o2 '*i;8#�#0�21Uª

f(x|a, b) = a + bx + (1.5 − 3a)x2,

�2.�%7;=*+"0�!1�²�L+.�RS�'.
V�L<��³�O�²��2Li$&%� '1'g
α = a−a0

V��C#�9
;8.�;8J��2"0�!.�#®e-/81�#0�2L<1'�!J 4'$&%7f�"�oI3
²��!.q"�1'L<�!V�.�L<g-#q"0�2. �Q.&V�1� '1'g

α̂ ≈
∑

(1 − 3x2
i )/f0i∑

(1 − 3x2
i )/f2

0i

.

��L<�����!.0�C$&%'1� '1'g Li#m"�²��!#0�21�"0*<L<$&%�#0$&%'17�2*<*+�!.�;8*<#Q�2L<1'��#·;�l�L<J� 'J´#0 7$&%'�� '1�V·Ru;-#m"
�2O��217#0/?g8�!17;= UT-���!L7g-.0¹.�8�2.��21�³@O�²��2Li$&%� 71'g8�!1�V��!. �Q/8.�.0�!,�"0 '.��21

α̂, β̂
e8/81H1� '*<*7²�L<.�V

JH;81YL+"0�!.0L<�2.��21rT

� 
�� � � �,� �!� � ��� ��� �� � � � � � ���%� � � � ����� �

��f= '�7g��!1-"�%7f=*+")�2L<1'��"�%'�2/-.0�2"0Li#0$&%7�Q���!#�$&%'.��2L<O' '1'g�JH�!%'.0�!.0�Q9
;=.&;=JH�I"��2.Cª8e8/-1�V��!1'�21
 '17#�;8O��!. 1� '.��!L+17�2. L<1�"0�2.��!#�#0L+�!.q"CT���L<��;817V��2.��21�9
;=.&;=JH�2"0�2.Cª�V�L<��4�"�¹8.�p7;=.&;=JH�2"0�2.
¤S�217g8*NTV��'��d���2�V��� A��8�?�2:@��$Q����§�Js�7#0#0�21Y²�L+.)�!*+L<JHL+1'L<�2.��21rT���;=o! �O'L<�I"��21b#qLi$&%�JH�!%'.0�!.0�
µ
�2.0Ru;=%'.��21�;=1UT�j�L<.)V'L<#0,� �"0L<�2.��21Y1� 7.)V'�21Yh�;=*<*`�2L<1'�!#)L<1�"0�2.��!#�#0L+�!.0�!17V��21´9
;8.�;8J��2"0�!.�#
θ
 '1�V �2L<1'�C#)4�"0¹8.�p7;8.�;8J��2"0�!.�#

ν
T'��L<�Qµ
�!.�;8*+*<g8�!JH�2L<1'�2.� '1'g�;= �RrJH�!%'.0�!.0�Q9
;=.&;=JH�I"��2.

L<#q"�"0.�L+e�Li;=*NT
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4��2%'.��2L<1�Ru;-$&%~L<#q"�V7;8#s(:*+L<JHL+17L+�!.0�!1�V��C#�4�"�¹8.�p7;=.&;=JH�2"0�2.&#!ª®²��!1'1�V�L<��j¥;=%7.�#�$&%'�2L<1�3
*+Li$&%',8�!L]"&#0V'L<$&%�"0�

f
e8/81bV��!.@h'/8.�J

f(x|θ, ν) = fθ(x|θ)fν(x|ν)
¤wB'T ¢-¢8§

L<#q"!ª7;8*<#0/HV�L+��³�O'%7f81'g8L<g8,-�2L+")e-/81
θ
1� '.�L<1

fθ
#q"0�!$&,�"Cª'V��21'1}V';81'1bg8L<*]"

L(θ, ν) = Lθ(θ)Lν(ν)

J�L+"
Lθ =

∏
fθ(xi|θ)

 '17;=O7%7f=1'g-L+g�e8/-J 4�"�¹8.�p7;=.&;=JH�I"��2.
ν
T

# ���d�;AV� ��� & (:*+L<JHL+17L+�!.0�!1´�2L<1'�!#�4�"0¹-.0p7;8.�;8JH�I"0�!.�#
V' '.�$&%´h�;=,�"0/-.0Li#qL<�2.��21H�!L+1'�!.:o2²��2L+3
V�L+JH�!17#qL</81�;=*<�21b�@/8.�J´;=*<e8�!.q"��2L<*+ '17g

 ��2g8�!O��!1´#q�!L7�2L<1'��9:.�/8O��@e-/81H9: '1',�"��21
(xi, yi)

ª
i = 1, . . . , N

T� ��!#0 7$&%�":L<#q"�V��!.
9{;8.�;8JH�I"0�!.

θ
V'�2.�µ
�2.0"0�!L+*< '1'g

f(x, y|θ, ν) =
2

π
e−

1
2 [a

2(x−θ)2+b2(y−ν)2]

=
2

π
e−

a2

2 (x−θ)2e−
b2

2 (y−ν)2 .

��L<�Y17/8.�J�L<�2.0"0�
x
3Kµ
�2.0"0�!L+*< '1'g�%7f=1'g8"s1� '.�e8/-1

θ
;8OUª�g-*+�!L<$&%�²��!*<$&%'�!1~jk�2.0"

ν
;81�3

1'L+JHJ�"!T{�Q;8%'�2.�,�;=1'1
θ
 717;=O'%�f=1'g-L+g·e-/81

ν
O��!#q"0L<JHJ�"s²��2.&V��!1UT��QL+�� UL<,8�!*+L<%'/�/�V�3

RS '1',�"0L</81bLi#m"@p'.�/8p�/8.0"0L</81�;=*`o2 ��2L<1'�2.@��/8.�J´;=*<e8�2.0"0�!L+*< '1'g�L<1
θ
ª

L(θ) ∼ e−
a2

2 (θ−θ̂)2 ,

J�L+"Q4�$&%7f="0o!²��!.q"
θ̂ = x̄ =

∑
xi/N

T

� � � � � �Q�����'�~��_!����_2���'X�z!�K�����~��_!Zw��X � �Y��z2_!�����®_!����Zu������X�x

#·;=17$&%7JH;8*�g8�2*<L<1'g="
�!#!ª�V� '.&$&%s�!L+17�)£�.&;=17#qRS/8.�J´;�"0L</81
ν′ = ν′(θ, ν)

V�L+�)j¥;=%'.&#�$&%'�2L<1�3
*+Li$&%',8�!L]"&#0V'L<$&%�"0�HL<1¶V�L+��g8�2²��717#0$&%�"��Hh7/8.�J ¤wB'T ¢-¢8§�JHL+"�V��21¥9
;=.&;=JH�I"��2.�1

θ
 717V

ν′

o2 �O7.0L<1'g8�!1UT�(:L+1¥���2Li#qp7L+�!*�V';8o2 �%7;=O��21�²�L+.�O��!.0�!L]"&#�L+1k³@O7#�$&%'1'L+"q"�E'T ¦7T B´#0,�L+o!o2L<�2.0"!T
¤S(�#
²�L<.&V�L<J 17f-$&%7#q"0�21H³@O�#0$&%'17L]"0"�B�T F'T EQ17/�$&%7JH;8*<#�O��!#0p'.�/�$&%7�21�§IM=j��!1'1H²�L+.:;81�V'�2.
4�"0�!L+g- '1'g

θ
ª®1'Li$&%-"�;8O��!.�;8J¸³�$&%7#0�217#�$&%'1'L+"q"�p' '1',�"

ν
�2L<1'�!.? ��!.�;-V��21

y = θx + ν
ª

V�L+�sV� '.&$&%�#}�!#�#qp7 '1',�"0��g-�2%�"!ª7L+1�"0�!.0�C#0#0L<�2.0"�#qL<17V®ª�V';=1'1},-¹81'17�21}²�L<.�V�L<�+��/-.0.��2*i;�"�L]3
/81·V��!.@O��!L<V'�21·9
;=.&;=JH�2"0�2.��!*+L<JHL+17L+�!.0�!1Uª7L<17V��!J ²�L<.�V�L<�s ��!.�;-V��21'g-*+�!L<$&%� '17gHV' '.�$&%
4�"0�!L+g- '1'gH '17VbV�L<� �Q.�V'L+17;="0�?;=J 4�$&%�²��!.0p' 71',�"�V'�2.!#}�C#0#0p' '1',�"���;8 7#�V�.0��$&,8�21rT

j��!1'1·V�L<�  UL<,8�!*+L<%'/�/�V�RS '1',�"�L+/-1}p'.0/-p�/-.q"�L+/-17;=*®o! }�2L<1'�2.��@/-.0J´;=*<e8�!.q"��2L<*+ 71'gHJ�L+"
,8/8.�.��2*<L+�!.q"��21�9
;=.&;=JH�2"0�2.�1 Li#q"!ª�,�;=1'1 V� '.&$&%��2L<1'�¥*+L<1'�!;8.0�¥£�.�;817#mRS/-.0J´;="0L</81

ν′ =
c1ν+c2θ

�2L<1'��Ru;=,�"0/-.0Li#0L+�!.0�!17V��  rL+,-�2*<L+%'/�/�V�RS '17,-"�L+/-1�L<1�V'�2J 1'�! '�21�9
;=.&;=JH�I"��2.�p7;8;8.
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θ, ν′ �2.�%7;8*]"��21´²��2.&V��21UT8j�L+.�e8�2.�o2Li$&%�"0�!1�%7L+�!.�;= 'R®V'�21 �!L+1�Ru;-$&%'�21´���2²��2Li#�V'L+�C#q�!.����I3
%7;= 'p'"0 '1'g�T®(�#?o!�2L<g="�#qLi$&%UªUV';-#0#?V'L+�C#q�C#�µ
�2.0Ru;=%'.��21ko2 'J g8*<�2Li$&%'�21k(:.�g8�2O71'L<#�RS�7%'.q"Cª
²�L+��V�L<���2L<1�Ru;8$&%7���51�"��2g8.&;�"�L+/-1Y�7O��!.@V��21·4�"�¹8.�p7;=.&;=JH�I"��2.CT-�51}V��!.�4�$&%'.��2L<O�²��!L<#0�

L(θ, ν) ∼ exp

(
−a2(θ − θ̂)2 − 2abρ(θ − θ̂)(ν − ν̂) + b2(ν − ν̂)2

2(1 − ρ2)

)
,

²�/-O��!L�V�L<��jk�2.0"0�
θ̂, ν̂

V�L+�  UL<,8�!*+L<%'/�/�V�RS '1',�"0L</81�JH;=l�L+JHL<�2.��21UªC*+L<�IRS�!.q"{V�L<���51�"0�!g8.&;�"0L</81
V';8#)(:.�g8�!O'1'Li#

Lθ(θ) =

∫
L(θ, ν) dν ∼ exp

(
−a2

2
(θ − θ̂)2

)
.

���!L-�!L+17�2.�g8.�/��8�!1sG`;=%7*-e-/81����2/-O7;8$&%�"� '1'g8�!1?17f=%7�2.0"�#0L<$&%�V'L+�  UL<,8�!*+L<%'/�/�V�RS '1',�"0L+3
/81��!L+17�2.��@/-.0J´;=*<e8�!.q"��2L<*+ 71'g�O'Li#);= �Rr�!L+17�21�9�.0/-p�/-.q"�L+/-17;=*+Ru;=,�"0/-.�;81�¤u#0L<�2%'��³@1'%�;=1'g
AC¢�T<AC§IT7�Q�!#0%7;=*<ObL<#q"��!#@L+1·V�L<�!#0�2.Q��f=%7�2.� '1'g´�2L<1�Ru;-$&%Uª7V��!1}/�V'�2.�V�L<�s4�"�¹8.�p7;=.&;=JH�2"0�2.
V� '.&$&%Y�51�"0�!g8.&;�"�L+/-1�o2 b�!*+L<JHL+1'L<�2.��21rT

(:L+1};817V��2.��!#)���2Li#0p'L+�!*r;= �#��+ACE��UL<#q"�RS/8*<g8�!17V��C#2M
# ���d�;AV� ��� & (�*+L<JHL+1'L<�2.��21 �2L<1'�C#H4�"0¹8.�p7;8.�;8J��2"0�!.�#sV� '.&$&% ���C#m"�.0 ',�"� '.0L<�2.� '1'g�M�³�O�3

#q/-.0p�"�L+/-17#0J��C#0#0 '1'g
���!.�³@O7#0/8.�p�"0L</81�#mRu;8,-"�/8.

θ
�2L<1'�2.?9�*<;="q"0�HRS�7.�.�;-V�L</-;=,�"�L+e-��4�"�.�;8%'*+ 71'gb²�L+.&V�;8 7#

V��2.�G`;8%'*@V��2.HL<1 V'�2.Hg8*<�2Li$&%'�21�G��2L+"0�!1�O��2/-O7;8$&%�"��I"0�!1�(:.��2L<g817L<#�#q�
r1

 717V
r2
ª:V'L+�

J�L+"� '1�VY/-%'1'��V��!1·³@O7#0/8.�O��2.��2.�%7;8*]"��21b²� '.&V��21Uª7O��C#m"�L+JHJ�"CT��QL+�sG®f=%'*<.�;="0�!1
r1, r2RS/8*<g8�21�9{/8Li#0#0/81'3Nµ
�!.q"��2L<*+ '17g8�21YJHL]"�#}L+"q"��2*<²��!.q"��21

ρ1
 '17V

ρ2
M

f1(r1|ρ1) =
e−ρ1ρr1

1

r1!
,

f2(r2|ρ2) =
e−ρ2ρr2

2

r2!
.

 ��!#0 7$&%�")Li#q"
θ = ρ2/ρ1

T
�51��2.&#q"0�2.���f8%'�2.� '1'gs,8¹8171-"��21 ²�L<.�V�L<��4�$&%�f�"0o!²��!.q"���V��!.�O��2LiV��!1� '17;8O'%7f81'g8L<g8�!1

9{;8.�;8JH�I"0�!.
ρ1

 717V
ρ2

 '17VkL+%7.0� h7�2%'*<�2.�e-�2.�²��!17V��!1� '1�V¥L+1¶V��!.��'O'*<L<$&%7�21¶jk�2Li#q�
V';=.&;= 7#

θ
 '17Vb#0�2L<1'�21}h7�2%'*<�2.��'O��2.Qh'�2%7*+�!.qRS/-.q"�p���;=17o2 '1'g�O��2.��!$&%'1'�!1UM

θ̂ =
r2

r1
,

(δθ̂)2

θ̂2
=

1

r1
+

1

r2
.

h��7.?g8.�/��8�´G`;=%7*+�!1
r1, r2

L<#q"�V�L<�!#0� #}�I"�%'/�V��He8�2.0"0.��I"�O7;=.Cª`;=O��2.?O��!#�#q�!.�Li#q"!ªUL<1kV'�2.
,8/8JsO'L<1'L+�!.q"��21�jk;8%'.&#0$&%'�!L+17*+Li$&%',8�!L]"&#0V'L<$&%�"0�

f(r1, r2|ρ1, ρ2) =
e−(ρ1+ρ2)ρr1

1 ρr2
2

r1!r2!
V�L+��O��!L<V��!1·e8/-1'�2L<17;817V��2.� 717;=O'%�f=1'g-L+g-�21b9
;=.&;=JH�I"��2.

θ = ρ2/ρ1
 '17V

ν = ρ1 + ρ2�2L<1'o2 �RS�7%'.0�!1UT7�QL+�?9
;8.�;8J��2"0�!.q"�.�;817#mRS/-.0J´;="0L</81´*<L+�2RS�2.0"!M
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r1 = 10, r2 = 20
�

f̃(r1, r2|θ, ν) = e−ννr1+r2
(1 + 1/θ)−r1(1 + θ)−r2

r1!r2!

= fν(r1, r2|ν)fθ(r1, r2|θ) .

��L<�) U/-g=3  UL<,8�2*<L<%'/�/�V�RS '1',�"0L</81�RS�'.
θ
L<#q"�RS/8*<g8*<L<$&%

ln L(r1, r2|θ) = −r1 ln(1 + 1/θ) − r2 ln(1 + θ) .

4�L+�?Li#q"�RS�7.�V�L<��#0p��2o2L<�2*<*<�21bj��!.q"��
r1 = 10, r2 = 20

L+1b³@O'OrT�B�T<A2¦´V';8.0g-�!#q"0�2*<*+"!T��Q;-#
#·;�l�L<J� 'J *<L+�!g="�O��!L

θ̂ = r1/r2
ª`²�L+�H/8O��21�O��!L:V��2.��!L+1�Ru;-$&%'�21k³@O7#�$&%7f="0o2 71'g7T`��L<�

h'�2%7*+�!.@#qL<17Vb;=O��2.@;-#q6�JHJH�I"0.�Li#0$&%UT

� � � � � ���7���~�'vw� ����z2_!���r�®_C�r��Zu������X�x

j��!1'1¥²�L+.?�!L+1'� 4�"&;�"�L<#q"0L<,
y
�71�V��21Uª�V�L+�S���%()F2�&GU���VJ �}¤u�21'g-*wTL�8�V�������7�2�/M�§?O��2o!�'g8*<L<$&%

V��!#�4�"0¹-.0p�;=.&;=JH�I"��2.&#
ν
Li#m"Cª®;=O��2.�V��2.�9
;=.&;=JH�I"��2.

θ
e8/81}L<%'.?;=O7%7f=1'g8"!ª�V';=1'1�,�;=1'1

V�L+��µ
�2.0"0�2L<*< '1'g-#�V�Li$&%�"0�
f(y|θ) e8/-1 y

ª-V�L<�_�q;? '1�;=O'%7f81'g8L<g?e8/-J jk�2.0"�e-/81
ν
L<#q"!ª-o2 '.

4�$&%7f�"�o2 '17g�e8�!.0²��21�V��I"�²��!.�V��!1UT���;�"��'.�*+Li$&%�Li#m"{JHL]"
V�L<�!#0�2.�#}�I"�%'/�V��� '1�"0�2.
d�JH#q"�f81�3
V��21´�!L+1´�51�RS/-.0J´;="0L</817#0e8�!.0*< 7#q"{e-�2.�O' '17V'�21Uª�V';

y
17L<$&%�"�1'/8"m²��!17V�L<g?�2L<1'�@�!.�#�$&%'¹8p'RS�21�3

V���4�"�;="0Li#m"�L+,�O��!o2�'g-*+Li$&%
θ
Li#q"!T

� � �
��� � 	�� 	�� � 	�� 
 �
� 	 ���	
 ��������� � 
 ��� ��
 �
� ��� ���
������, ������� � 	������
ν
��� ����� ��� �(
 ���
���L��� � ��� �

� � 	��!��� ��
 ��� ����� � � ��	 ����
ν

��� 	�� ���
	 � ���
����� $&
���� ����� 	�	 � � ��� � � �
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# ���d�;AV� ��� & (:*<L+JHL<1'L+�!.0�!1��!L+1'�C#?4�"0¹-.0p7;8.�;8JH�I"0�!.�#QV� '.&$&%&���C#m"�.0 ',�"� '.0L<�2.� '1'g�M`4�"0�2L+3
g8 '1'gH�!L+1'�!.� ��2.&;8V��!1YJHL+"�³�$&%7#0�217;8O7#0$&%71'L]"0"@;=*i#@4�"0¹-.0p7;8.�;8JH�I"0�!.

j�L+.?,-/8JHJH�21�;8 �R)�2L<1'�!#� '1�#q�!.0�!.?4�"�;=1�V';=.&V�O��2Li#qp'L<�2*<��o2 '.��7$&,`T®9: '1',�"��
(xi, yi)#qL<17V�;= �R��2L<1'�2.@ ��2.&;8V'�21�e-�2.0"0�!L+*+"!ª�²�/8O��2L®V�L<�

x
3 �Q/�/8.&V�L<17;�"��21 �2l�;8,�"�O��2,�;=171-"�#0L<17V®T

h��7.�V�L<�
y
3 ��/�/-.�V�L<17;="0�21kLi#m"HV�L+�Yµ
�2.0"0�!L+*< '1'g�L+1�V'�2.Hh'/8.�J

f(y1 . . . yn|θ, ν)
g-�2g-�I3

O��!1UT�4�L<�·�!1-"�%7f=*+"�V��!1 4�"0�!L+g- '1'g-#0p7;8.�;8J��2"0�!.
θ
 '1�V�V��21�³�$&%7#0�21�;=O7#�$&%'1'L+"q"

ν
;=*i#

4�"0¹-.0p7;8.�;8JH�I"0�!.!T�(�#@Li#m"�*<�2Li$&%�"��2L<1'o! 7#q�!%'�21rª�V';-#0#@V'L+�s4�"�;�"�L<#q"0L<,
ỹ1 = y1 − yn, ỹ2 =

y2 − yn, . . . , ỹn−1 = yn−1 − yn
 '17;8O'%7f81'g8L<gbe8/81

ν
Li#q"!Tr�51~V'L+�C#q�!J±h�;=*<*:L<#q"�V'L+�

1'�2 '��4�"�;�"�L<#q"0L<,�;8 7$&%Y�!.�#�$&%'¹-p�RS�217VYO��2o2�7g8*<L<$&%bV��2.�4�"0�!L+g- '1'g
θ
T

# ���d�;AV� ��� & (:*<L+JHL<1'L<�2.��21H�2L<1'�!#
4�"�¹8.�p7;=.&;=JH�2"0�2.&#�V� '.&$&% ���C#m"�.0 ',�"� '.0L<�2.� '1'g�MC��.��2L+"0�
σ
�!L+1'�!.� �;= &�83Nµ
�!.q"��2L<*+ 71'gHJ�L+"�#}L+"q"��2*<²��!.q"

µ
;=*i#@4�"0¹-.0p7;8.�;8JH�I"0�!.

#}L]"�V'�2J�9:.�/8O��217J�L+"q"��2*<²��!.q"
x̄
�!.0%7;8*]"��21�²�L+.

f(x1, . . . , xN |µ, σ) =
1√
2πσ

exp

{
−

N∑

i=1

(xi − µ)2

2σ2

}

=
1√
2πσ

exp

{
− N

2σ2

[
Σ(xi − x̄)2

N
+ (µ − x̄)2

]}
.

�� '.&$&%HV�L+��£�.�;817#qRS/8.�JH;="0L</81
u = Σ(xi− x̄)2/σ2 �!.0g-L+O�":#0L<$&%�RS�'. u

�!L+1'�)µ
�!.q"��2L<*+ '17g7ª
V�L+�� '17;8O'%7f81'g8L<g�e-/81

µ
L<#q"!ª`17f8J�*<Li$&%�V�L<�

χ2 3Kµ
�2.0"0�!L+*< '1'gYRS�'. N − 1
h'.��2L<%'�2L+"�#0g8.&;�3

V��8Tr�QL<� ³@O'*<�2L+"0 '17gb�717V��2"�#qLi$&%�o-TU��TUL+1 ���2RmT �<A!E��KªU;=O��2.�;8 7$&%�L<1¥e�L+�!*+�!1k;817V��2.��21
4�"�;="0Li#m"�L+,�O'�7$&%7�2.�1UT-¤uj��!1'1� 'JHg-�2,8�!%'.0"rV��2.�L+1�"��2.��!#�#qL<�2.��217V'�
9{;8.�;8JH�I"0�!.

µ
ª!V'�2.
4�"0¹-.q3

p7;=.&;=JH�I"��2.T�m�!V�/�$&%
σ
L<#q"!ª�V';=171�,�;=1'1YV��2.�4�"0¹-.0p�;=.&;=JH�I"��2.�17L<$&%�"��!L+1'Ru;8$&%��!*+L<JHL+17L+�!.q"

²��!.�V��!1UT�G`²�;8.rLi#m"{V��2.{4�$&%7f�"�o2²��2.0"re8/-1
µ
 '17;8O'%7f=17g8L<g@e8/-1

σ
ªC17L<$&%�"�;8O��!.�V�L<����.��2L+"0�

V��2.! rL+,-�2*<L+%'/�/�V�RS '17,-"�L+/-1UT §

� � � � � ������y�vwvuZS����vuZu���U�U�

µ
/81¶J´;=17$&%7�21~4�"�;="0Li#m"�L+,-�2.�1¶²�L+.&Vk�2JHp�RS/-%'*+�!1Uª{V��21�4�"�¹8.�p7;=.&;=JH�2"0�2.?V� 7.�$&%~#0�2L<1'�21
4�$&%7f�"�o2²��2.0"´o2 ��2.&#q�2"0o!�21UT���;8# �21�"�#0p'.�L<$&%�"´�2L<1'�2J p' '17,-"0RS¹8.�JHL+g-�21�9:.�L+/-.´ '17V�Li#m"
#0$&%'/-1Y;8 7#)V�L+�C#q�!J  �.0 717V��2"m²�;-#��2l�/="0Li#�$&%UT�³@ 7#�#q�!.�V'�2J Li#m"�V';8#�µ
�!.qRu;8%'.0�!1�g-�IRuf=%7.q3
*+Li$&%UT'(:L<1'�?o! ��!.0²);=.0"0�!17V�� �Q/8.�.0�!*<;="0L</81�V��!.@9
;=.&;=JH�I"��2.?¤u#0L<17Vb#qL<�?1'Li$&%-"@,-/8.�.0�!*+L<�2.0"!ª
L<#q"�/=R¡"Q�2L<1'��h7;8,-"�/8.�L<#0L<�2.� '1'gHJH¹8g8*<Li$&%�§�RS�'%'.0"�o2 b�!L+1'�!. ���CV� ',�"0L</81·V��!.�h'�!%'*<�2.�g8.��21�3
o2�21rT��5J (
l�"0.��2J�Ru;=*<*wª`O��2L
�!L+1'�!.�e8/8*<*i#m"&f=17V�L<g8�!1��Q/8.�.0�!*<;="0L</81Uª'²�L<.&V�V��!.�h7�2%'*<�2.��!e�L+3
V��21�"0�!.0²��2Li#0�Qg-*+�!L<$&%�1� '*+*NT

(:L+1 ²��!#0�21�"0*<L<$&% #qL<1'1�e8/-*+*<�2.��!#sµ
�2.0Ru;=%7.0�!1�e-�2.�²��!17V��I"´V�L<�}#q/-g8�21�;=1'1�"0�Y9:.�/=�7*<*+L+3
,8�2*<L<%'/�/�V�RS '1',�"0L</81 � ¢�¦���o2 'J (:*<L+JHL<1'L+�!.0�!1·V��!#Q4�"0¹-.0p7;8.�;8JH�I"0�!.�#!T�j�L+.��2.�*<f8 �"0�!.01}#0L+�
²�L+�CV��2.´;=J ���!L<#0p'L<�2*)�2L<1'�!.
 UL<,8�2*<L<%'/�/�V�RS '1',�"0L</81�e8/81�1� '.´�2L<1'�2J 4�"0¹-.0p7;8.�;8JH�I"0�!.!T
��L<�) UL<,8�!*+L<%'/�/�V�RS '1',�"0L</81b²�L<.�V�J´;�l�L<JHL+�!.q"�17;-$&%bV'�2J 4�"0¹8.�p7;8.�;8J��2"0�!.

ν
;8*<#@h7 '1',�3

"0L</81�V'�!#�g8�C#q 7$&%�"��21·9
;=.&;=JH�2"0�2.&#
θ
T®���!.�jk�2.0"

ν̂(θ)
ªUV��2.?V�L<�/ rL+,-�2*<L+%7/�/�V�RS 71',�"0L</81

JH;=l�L+JHL<�2.0"!ª��2.0RS�'*<*]"�;8*<#0/´V�L<�����!o2L<�2%� '1'g

∂L(θ, ν|x)

∂ν
|ν̂ = 0 → ν̂(θ).
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(:.H²�L+.&V¶L<1�V�L<�( rL+,-�2*<L+%'/�/�V�RS '17,-"�L+/-1~�2L<1'g-�!#0�I"0o2"s '1�V~*<L+�2RS�2.0"HV�L<��9�.0/8�7*+*<L<,8�2*<L<%'/�/�V
Lp
ª

Lp = L (θ, ν̂(θ)|x) ,
V�L+�?1� '.�17/�$&%�e8/-1

θ
;8O'%7f=17g="!T

��L<�!#0�!#�µ
�2.0Ru;=%'.��21b%7;="QV��21�g8.�/��8�!1Yµ
/-.q"��2L<*wª�V';8#�#@1� '.�V�L<�+ UL<,8�!*+L<%'/�/�V�RS '1',�"0L</81
#q�!*+O7#q"Qe-�2.�²��!17V��2"@²�L+.&V} '17V·,8�2L<1'��³�1'17;8%'JH�21·�'O��2.�V��!1}9:.0L</8.�V��!#�4�"�¹8.�p7;=.&;=JH�I3
"0�2.&#��2.0RS/8.&V��2.�*<L<$&%·#0L+1�V®T`(�#�O��!.0�7$&,�#0L<$&%�"�L+g8"�;= �$&%�V�L<���Q/8.�.��2*i;�"0L</817�21UT7��;8#�;8 7#QV'�2.
9:.0/8�7*<*+L<,8�!*+L<%'/�/�V};=O'g-�2*<�2L+"0�I"��21�h7�2%'*<�2.�L<1-"��2.�e�;=*<*

∆ ln Lp = 1/2
�2.�%7;=*+"0�!1·²�L+.�;= 7$&%rª

²��!1'1�²�L<.QL<1�V'�2.
θ − ν

3K(:O��21'�HV�L<��£�;=1'g-�21�"0�!1·p7;8.�;8*+*<�2*�o2 '.
ν
35³�$&%7#q��;=1kV�L+���21�"03

#qp'.��!$&%7�217V�� �� '.�e8�
∆ ln L = 1/2

*+�!g8�21rT
�51�V��2.  UL+"0�!.�;="0 '.�²��2.&V��21 JH/�V�L+�7o2L<�2.0"0�Q9:.�/=�7*<*+L<,8�!*+L<%'/�/�V'#�p'.0/-p7;=g-L+�!.q"Cª8V�L<�Q17/�$&%

O��C#0#0�2.���(:.0g-�2O'17L<#�#q��*<L+�2RS�2.�1b#0/8*<*<�21 � ¢-B��
�5J  �.0�!1'oIRu;8*+*��!L+1'�!.
g8.�/��-�21�G`;8%'*�e8/-1s���2/-O7;8$&%�"0 71'g8�!1Uª!L<1HV��2J V�L+�$ rL+,-�2*<L+%'/�/�V�3

RS '1',�"0L</81´V�L<�@h'/-.0J �!L+17�2.���/8.�JH;8*+e-�2.0"0�!L+*< '1'g�;=1'1'L<JHJ�"Cª=L<#q"�V�L<�!#0�!#
µ
�!.qRu;8%'.��21�L<V��!1�3
"0Li#0$&%·JHL+"�V��!.��2l�;8,�"0�21�#·�I"0%7/�V'�sV��!.
���C#m"�.0 7,-"� '.�L+�!.0 '17g´ '17V·h�;=,�"0/-.0Li#qL<�2.� '1'g V'�2.
 UL<,8�2*<L<%'/�/�V�RS '1',�"0L</81UT

� � � � � |IX`_C��x7����_CZu��X�^rt���� ����X ¯®_ �7��¬{�����'�~��_!���

j��!1'1 V�L<�@O'Li#q%'�!.:O��!#0p'.0/�$&%'�!1'�21Hµ
�!.qRu;8%'.0�!1He8�2.&#�;=g8�!1Uª�O'*<�2L<O��!1´ '17#:1� '.�o2²��2L #}¹-g=3
*+Li$&%',8�!L]"��21UM�(:1�"m²��!V��!.�²�L<.{e8�!.0o!L<$&%�"0�!1�;= 'R�V�L<��e-/8*<*<#q"�f817V�L<g8�:(�*+L<JHL+1'L<�2.� '1'g?V��C#
4�"0¹-.q3
p7;=.&;=JH�I"��2.&#2ª�/�V��!.�²�L+.�L<1�"0�2g-.0L<�2.��21Y�'O��2.@L<%'1UT7�QL<�?�2L<1�Ru;8$&%'���51�"0�!g8.&;�"�L+/-1

Lθ(θ|x) =

∫ ∞

−∞

L(θ, ν|x)dν

L+JHp'*<L+o!L+�!.q"�V�L<�Q³�1'17;=%7J����2L<1'�C#�,-/817#q"�;81-"��21 9�.0L</8.�RS�'.
ν
 '17V L<#q")V7;=JHL]")e8/-1 V�L<�!#0�2.

µ
/8.&;= 7#�#q�2"0o! '1'gH;=O'%7f81'g8L<g7T��QL+�C#q�?�Qf=%'�!.0 '17g�Li#q"�;8O��!.�L+1}V��!1YJH�!L<#q"0�!1bh{f8*+*<�21b#q�!%'.
g8 �"CT��Q�2.Q9:.0L</8.�#0$&%�²);=1',�"@L<1'1'�!.0%7;8*+O·V'�!#����!.0�!L<$&%�#2ª'L<1�V��!J

L
#qL<g817L]�7,�;81-"QL<#q"!ª�/=R¡"

1� 7.:²��!1'L<g? '17V®ª=²��2171 V�L+�! rL+,-�2*<L+%7/�/�V�RS 71',�"0L</81HL+1 V'�2.��Qf=%'�@V��C#%#·;=l�L<J� 7JH#:1'L<$&%�"
#m"&;=.�,�;-#q6�JHJH�I"0.�Li$&%´O��!o2�'g-*+Li$&%�V��!.�9
;=.&;=JH�2"0�2.&#
Li#m"Cª�"0.&f=g="�;= 7$&% �!L+1�*+L<1'�!;8.0�!.�£��2.�J
L+J 9:.�L+/-.�1'Li$&%�"�O��2LNT��51�V'�2.� �;8 &�=35³@p7p'.0/�l�L<J´;�"0L</81¥V��!.  UL<,8�!*+L<%'/�/�V�RS '1',�"�L+/-1Uª�V'L+�
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λ
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λ
M

µn(λ) =

∫
xnf(x|λ) dx .
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µ̂n =
1

N

∑

i

xn
i

O��!.0�C$&%'1'�21rªU#q/��2.�%7;=*+"0�!1�²�L<.�;= �#?V��2.�d�J�,-�2%'.0RS '1',�"�L+/-1�e-/81
µ
�2L<1'�21~4�$&%�f�"0o!²��!.q"

V��!#)9
;=.&;=JH�2"0�2.&#!T
λ̂ = µ−1(µ̂) ,

V��21'1b17;-$&%�V'�2J  ��C#q�2"0o?V��!.�g8.�/��8�!1bG`;8%'*<�21�g8L<*]"�¤w#2T'³�1'%7;=17g}AC¢�T<AC§

lim
N→∞

P{|µ̂ − µ| > ε} = 0 .

���!L�V��!1·%'¹-%'�2.��21'#}/-J��!1�"0�21}Li#q"��!#�o2²��!$&,�J´f �8L<g7ª'#0L<��;= �R�V'�21�#}L+"q"��2*<²��!.q"�o! ·O��I3
o2L<�2%'�!1UT-4�L<��*+L<�IRS�!.01HV';81'1Hg8�21�;= '�!.0��(:.�g8�2O71'L<#�#0�� 717VH#qL<17V�²��!1'L<g8�2.
#q"�;8.0,�,-/8.�.0�!*+L<�2.0"!T

# ���d�;AV� ��� & #}/-J��!1�"0�217J��2"0%'/�V��-M #}L]"0"0�!*+²��2.0"� 717V�µ:;8.0Li;=17o��2L<1'�!.)��/8.�J´;=*<e8�2.0"0�!L]3
*+ '17g

 ��2g8�!O��!1�#0�2L<�21�A!n�g-;8 &�8e-�2.0"0�2L<*+"0�Y���!/8O7;-$&%-"� '1'g-�21
x1, . . . x10

ª
g-�!#0 7$&%�"H#0�2L<�21
#}L]"0"0�!*+²��2.0"@ '17V�µ:;=.�Li;=1'o�V��2.�µ
�!.q"��2L<*+ 71'g

f(x|µ, σ) =
1

σ
√

2π
exp

[
−(x − µ)2/(2σ2)

]
,

µ1 = µ ,

µ2 = σ2 + µ2 ,

µ̂ = µ̂1 =
∑

i

xi/10 ,

µ̂2 =
∑

i

x2
i /10 ,

σ̂2 = µ̂2 − µ̂2
1 .
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V��Y�m�CV�/�$&%~²��21'L<g8�!.sg-�217;8 UT{4�L+��%7;�"H;=O��2.HV��21�µ
/8.0"0�!L+*Nª
V';8#�#s#0L<�Y#0�2%'.��2L<1�Ru;8$&%�L+1
V��2.@³�1�²��21�V� '1'g´Li#m"CT7�Q�21}h'�!%'*+�!.@V��!#Q4�$&%7f�"�o2²��2.0"0�C#��!.0JHL+"q"��2*<1�²�L<.@�!L+1�Ru;-$&%�V' '.�$&%
h'�2%7*+�!.qRS/-.q"�p���;=17o2 '1'g�T���;8#sLi#m"�JH;817$&%'J´;=*��I"m²);8#sJ��7%7#0;8JbT���/="qRu;8*+*i#s,8¹8171'�21~²�L<.
#qL<�?;= 7$&%bV� '.&$&%YJH�!%'.qRu;-$&%'� #}/81�"��I3q©�;=.�*+/8354�L<J� 7*<;="0L</81 O��!#q"0L<JHJ��!1UT

# ���d�;AV� ��� & #}/-JH�21�"0�!1'JH�I"0%7/�V'�8M`³�#06�JHJH�I"�.0L<���!L+1'�!.�j�L<1',8�!*+e-�2.0"0�!L+*< '1'g
f(x) =

1/2(1 + αx)³@ 7#
N

(�.0�!L+g-1'L<#�#0�21~JHL+"H�!L+17�2.H*+L<1'�C;=.��21~µ
�!.q"��2L<*+ '17g�e-/81
x = cos θ

#q/-*+*�V��!.
³�#06�JHJH�I"�.0L<�2p�;=.&;=JH�I"��2.

α
O��!#q"0L<JHJ�"�²��2.&V��!1UTr�Q�2.�(:.�²);=.0"0 '1'g�#q²��2.0"�V��2.�µ
�2.0"0�2L+3

*+ '17g L<#q"
µ = α/3

T�j�L<.�,-¹81'17�21·;=*i#0/ V��21·9
;8.�;8J��2"0�!.�;= 7#QV��2J g-�2JH�!#�#q�!1'�21'#}L+"q3
"0�2*<²��2.0"

x̄ =
∑

xi/N
�!.0.��!$&%71'�21UM

α̂ = 3x̄ .
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���!.+,� 7;8V�.&;�"�L<#�$&%'�´h'�!%'*<�2.��!L+17�2.�(:L<1'o!�2*<J��C#0#0 '1'g}Li#q"sV�L<� µ:;=.�L<;81'o
1/3 − α2/9V��2.�µ
�!.q"��2L<*+ '17g7T7d�1-"��2.�µ
�!.0²��217V' '1'g´V��!#@4'$&%7f�"�o2²��2.0"�#)�2.�%7;8*]"��21�²�L+.

δ =

√
1 − 3x̄2

3N
.

(:L+17�  rL+,-�2*<L+%7/�/�V';817;=*<6�#q��L<#q"
²��C#q�!1-"�*+Li$&%�g-�217;8 '�2.� '17Vsg8L<O�"
�2L<1'�21�O��!#�#q�!.0�!1�(:L<1�3
V�.0 �$&,��'O��2.�V7;8#!#}�C#0#0�2.�g8�!O'1'Li#2ª'V7;8#@V� 7.�$&%}#06�JHJH�I"�.0Li#�$&%'�?h'�2%7*+�!.�O��2LU,�*<�2L<1'�21}(:.03
�2L<g81'Li#qoC;=%'*<�21�²��2g8�!1}V��2.@,�L<1'�2J´;="0Li#0$&%'�!1· �.0�!1'o2�!1 |α| < 1

1� '.�#�$&%'*+�C$&%�"@O��C#0$&%'.�L<�I3
O��!1�²��2.&V��!1Y,�;=171UT

� � � � � � ��_C���U���b����� �Uvw��ZuX�z2_C��X�� ���'������_!�

��L<�#·�I"0%7/�V'�QV��!.�,�*<�2L<17#m"��21 �Q 7;8V�.&;�"��@JHL+17L+JHL<�2.0"!ª�²�L+��/8O��21 O��2.��2L+"�#�O��!#0p'.0/�$&%'�!1Uª
V�L+��4� 'JHJH��V'�2.�1'/8.�JHL+�!.q"��21
,� 7;8V'.�;="0Li#0$&%'�!1 ³@O�²��2Li$&%� 71'g8�!1´e8/81
#·�!#�#q²��2.0"0�!1´e8/81
�2L<1'�2.@h7 '1',�"0L</81Uª�V�L+�?e-/81��2L<1'�2J 9{;8.�;8JH�I"0�!.@;=O'%�f=1'g8"�¤w#qL<�2%'��³�O'OUT�B'T D8§ T

h��7.
N
g8�!g8�2O��217� #}�C#0#0²��!.q"��

xi, yi±δi
ª� '1�V��!L+1'�)h' 71',�"0L</81

t(x, λ)
ª-V�L+��O'Li#
;= �R

�2L<1'�21s/�V'�2.�J��!%'.��2.���9
;=.&;=JH�2"0�2.�O��!,�;=1'1�"{L<#q"!ª�²�L<.�VsV��2.{9
;=.&;=JH�I"��2.
λ
#q/QO��C#m"�L+JHJ�"Cª

V';8#�#

χ2 =
N∑

i=1

(yi − t(xi, λ))2

δ2
i

¤w>'T B8§

�2L<1�#·L+1'L<J� 7J ;=171'L+JHJ�"!T

j�L+.�O��2"0.&;8$&%�"0�!1´1'/�$&%�V��!1Yh7;8*+*Nª�V';8#�#�V'L+��h'�2%7*+�!.�,-/8.�.0�!*+L<�2.0"�#qL<17V®T���;=1'1�L<#q")V'L+�
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G ∝ exp


−1

2

B∑

i,j=1

(yi − ti)Vij(yj − tj)




o2 ¥e8�!.0²��217V'�21Uª®²�/8O��2L
V
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"0.�L]l �~Li#m"CT{�Q�2. ³� 7#�V�.0 �$&,¶L+1�V��2. ��*i;=JHJH�2.�L<#q" −χ2/2
T
�QL+�'#·;=l�L<JHL+�!.0 71'g�V��!.

 UL<,8�2*<L<%'/�/�VYLi#m"@²�L<�!V��!.@f�,� 'L<e�;=*<�21�"�J�L+"�V��!.!#}L+17L+JHL<�2.� '1'gHe8/-1

χ2 =

B∑

i,j=1

(yi − ti)Vij(yj − tj) .

(�#?Li#m"sV7;=O��2L�g-*+�!L<$&%7g8�'*+"0L<g7ª®/-O¥V'L+� µ
/-.0%7�2.&#0;8g8�
ti
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�2.0"0�2L<*< '1'gHL+J ��L+1

i
JHL+"

ti = 100
 717V

di = 80L<#q"
δi =

√
100 = 10

ª{ '17;8O'%7f=17g8L<g�e8/-1
di
T
��L<�}h'�2%7*+�!.H#0L<17V�;8*<#0/�L<1�V��!.����2g-�2*

�2O��21�Ru;8*+*i#@h' 71',�"0L</81'�!1bV'�2.�9
;=.&;=JH�I"��2.CT
#·;=1}#0/8*<*]"��?1'L<$&%�"�e-�2.�g8�C#0#0�21Uª'V7;8#�#@V�L<�+#}�I"�%'/�V��?1� '.QV7;=1'1b/8p'"0L<JH;8*rLi#m"Cª7²��21'1

V�L+��#}�C#0#0²��!.q"�� �2L<1'�!.H �;8 &�=3Kµ
�2.0"0�!L+*< '1'g}RS/-*+g-�21UT
�QL+�}4� 'JHJH��L<#q"s1'Li$&%�"�L<1�e�;=.�L<;81-"
g8�2g-�21��2L<1'��1'Li$&%-"�*+L<1'�C;=.���µ:;8.0Li;=O7*+�!1-"�.�;817#qRS/8.�JH;="0L</81

y′(y)
T

# ���d�;AV� ��� & #}�2"0%'/�V���V'�2.�,�*+�!L+1�#m"��21��Q 7;8V�.&;�"��8M7 ��!.�;-V��217;81'p7;-#0#0 '1'g
���C#m"�L+JHJ�")²��2.&V��!1�V�L<�?9
;=.&;=JH�I"��2.

a
ª
b
V'�2.� ��2.&;8V'�21'g-*+�!L<$&%� '1'g

f(x) = ax + b
¤u>7T >�§

V� '.&$&%(#}L<1'L<JHL+�!.0�!1bV'�2.
χ2 3Kh7 '1',�"0L</81

χ2 =
∑

i

(yi − a xi − b)2

δ2
i

,

∂χ2

∂a
=
∑

i

(−yi + a xi + b)2xi

δ2
i

,

∂χ2

∂b
=
∑

i

(−yi + a xi + b)2

δ2
i

.

j�L+.�#0�I"�o2�21¥V�L<�´p7;=.0"0L<�2*<*<�21¥³@O'*<�2L+"0 '17g8�21k1� '*<*: '17V�RS�'%'.��21¶V�L<��RS/8*<g8�21�V��21¥³@O',��'.03
o2 '1'g-�21��2L<1¶¤SL<1���*i;=JHJH�2.�1bV��2.@h�;=*<*UJHL]"@g-*+�!L<$&%'�!1�h7�2%'*<�2.�1

δi = δ
§IM

x =
∑

i

xi

δ2
i

/
∑

i

1

δ2
i

(
∑

i

xi/N) ,

y =
∑

i

yi

δ2
i

/
∑

i

1

δ2
i

(
∑

i

yi/N) ,

x2 =
∑

i

y2
i

δ2
i

/
∑

i

1

δ2
i

(
∑

i

x2
i /N) ,

xy =
∑

i

xiyi

δ2
i

/
∑

i

1

δ2
i

(
∑

i

xiyi/N) .

j�L+.@�!.0%�;=*+"0�21
b̂ = y − â x ,

xy − â x2 − b̂ x = 0 ,

â =
xy − x y

x2 − x2
,

b̂ =
x2 y − x xy

x2 − x2
.
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x
*<�2g="CM

x′ = x − x ,

â′ =
x′y

x′2
,

b̂′ = ȳ .

��L<�� ��2.&;8V��!1'g8*<�2Li$&%� '1'gsL<#q"

y = â′(x − x̄) + b̂′ .
¤w>'T�D=§

(:L+1Yo2 7#�f�"�o2*<L<$&%7�2.�µ
/-.q"��2L<*�V'L+�C#q�!.�j¥;=%'*�L<#q"!ª�V';-#0#�V�L<�Qh'�!%'*<�2.)V��2.�4�$&%7f="0o2²��2.0"0��1'L<$&%�"
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yt(λ) = a + bλ
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χ2 = (y − a − bλ)T
V(y − a − bλ) ,
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y′ = y − a ,
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χ2 = (y′ − bλ)T V(y′ − bλ)

17;8$&%bV��2J 9
;=.&;=JH�I"��2.
λ
;=O� '17Vb#0�I"�o2�21}V�L<��³@O7*+�!L]"� '1'g´1� '*<*wM

∂χ2

∂λ
= 0 = −bT V(y′ − bλ̂) .
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λ̂ = (bT Vb)−1bT Vy′ .
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δ2
λ = E((λ̂ − λ)2) ,
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= (bT Vb)−1 .
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Lτ =

N∏

i=1

1

τ
e−ti/τ =

1

τN
e−Nt̄/τ .
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λ

∑

i=1,2

Ni(ln λ − t̄iλ)
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λ̃
= τ̃ =

N1t̄1 + N2t̄2
N1 + N2

.
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2

∑
Vi(θ − θi)

2 =
1

2
Ṽ (θ − θ̃)2 + const .
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Vi ,
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− lnL(θ) =
1

2
(θ − θ̂)2/δ2

±
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δ± =
1

2
δ+[1 +

#0g81
(θ − θ̂)] +

1

2
δ−[1 − #0g81

(θ − θ̂)] .
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− lnL(θ) =
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(θ − θ̂)/σ(θ)
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σ(θ) =
2δ+δ−

δ+ + δ−
+

δ+ − δ−
δ+ + δ−

(θ − θ̂)
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(σ(θ))2 = δ+δ− + (δ+ − δ−)(θ − θ̂) .
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′

= θ′(θ̂) ,
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+ δ′+ = θ′(θ̂ + δ+) ,
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C(θ0) =

∫ θo

−∞ L(θ) dθ∫∞

−∞ L(θ) dθ
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Cu(θ0) =

∫∞

θo
L(θ) dθ
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C =

∫ µo

0

P (k|µ)dµ

=

∫ µo

0
e−µ µk dµ

k!
.
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C = 1 −
k∑

i=0

e−µ0 µi
0

i!

= 1 −
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i=0

P (i|µ0) ,

�m�!V�/�$&%�,�;81'1�J´;=1�V�L<��4� 7J�JH���'O��2.�V�L<�Q9{/8Li#�#q/-1�3Nj¥;=%7.�#�$&%'�2L<1'*<L<$&%7,8�2L+"0�!1H1'L<$&%�")�Il�3
p'*+L<o2L+"r17;-$&%

µ0
;= ���¹-#0�21UT2���-,- 7�2JH�2.r;8*<#U�2L<1'�
1� 'JH�2.�L<#�$&%'�% U¹�#q 71'g�L<#q"rV�L<�:(:1�"01�;=%'JH�

V��2.� �.��21'o!�?;= 7#�£�;=O��2*<*+�!1}V��2.@d�1�e-/8*<*<#q"�f817V�L<g8�!1� �;=JHJ´;�RS 71',�"0L</81UT
(:L+17��O��C#q/-17V��!.0�(��/-*+*<��#0p'L<�2*+"QV��2.�4�p��!o2Li;=*+Ru;=*<*

k = 0
ª�V®T %UT7²��2171},8�2L<1b(:.��2L<g81'Li#

g8�IRS 717V��21b²� '.&V��-T'�Q;-#)�51-"��2g-.�;8*®L<#q"@V';=1'1rM

C = 1 − e−µo ,

µo = − ln(1 − C) .
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C =

∫ µo

0
P (k|µ + b)dµ∫∞

0
P (k|µ + b)dµ

.
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C = 1 −
∑k

i=0 P (i|µ0 + b)
∑k

i=0 P (i|b)
.
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g(k|µ) =

∫
db

∫
dε P (i|εµ + b)fb(b)fε(ε) = L(µ|k) .
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C =

∫ µ0

0 L(µ|k)dµ∫∞

0 L(µ|k)dµ
.

��L<�����2.��!$&%'1� '1'g��2.0RS/8*<g="@V� 7.�$&%�#}/81�"��I3q©�;=.�*+/83N�51�"0�!g8.&;�"�L+/-1UT
# ���d�;AV� ��� & �QO��2.��s �.��21'o!�?RS�'.Q9�/-L<#�#0/81�3 �@;�"���J�L+"�d�17#0L<$&%'�!.0%7�2L+"�L+1·d�1�"0�2.�g8.� '17V

 '17Vb³@,�o2�!p�"�;81'o
���!/8O7;-$&%�"0�I"H²��2.&V��21

2
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$&%'�217V��2L<1'�2.?��/8.�JH;8*+e-�2.0"0�!L+*< '1'g
N(b|2.0, 0.5)

J�L+")#}L+"q"0�!*+²��2.0"
b0 = 2

 '17V¥4�"�;81�3
V';=.&V';=O�²��2Li$&%� '1'g

σb = 0.5
TU�QL<��³@,�o2�!p�"�;81'o

ε
RS/8*<g="��!O��!1�Ru;=*<*i#?�2L<1'�2.���/8.�J´;=*<e8�2.03

"0�2L<*< '1'g´JHL]"#}L]"0"0�!*+²��2.0"
ε0 = 0.5

 '17V}4�"&;=17V7;=.&V';=O�²��2Li$&%� 71'g
σε = 0.1

T'��L<�+ rL+,-�I3
*+L<%'/�/�V�RS '1',�"0L</81bLi#m"

L(µ|2) =

∫
dε

∫
dbP (2|εµ + b)N(ε|0.5, 0.1)N(b|2.0, 0.5) .
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µ
L<J

���!.0�!L<$&% e8/-1
µmin = 0

O'Li#
µmax = 20

ª
L<1�V��2J V�L<�� UL<,8�2*<L<%'/�/�V�RS '1',�"0L</81�1'�!1�3
1'�217#0²��2.0"�e-/81�1� 7*+*:e-�2.&#0$&%7L+�CV��21·Li#q"�¤u#0L+�!%'�´³@O'OUT{D�T E-§ TU³�17#�$&%'*+L<�"�-�217V�²�L<.�V

µ0
#q/

O��C#m"�L+JHJ�"Cª�V';-#0#?V'�2.���.� 7$&%�"0�2L<*
C = 0.9

V'�2.�µ
�!.q"��2L<*+ '17g}*+L<1',�#?e8/-1
µ0

*<L+�!g="!T��Q;
1'�2g�;�"0L<e8��j��!.q"���V'�2.{�@/8.�J´;=*<e8�!.q"��2L<*+ '17g8�21? 71'p'%�6�#qL<,�;=*<L<#�$&%�#0L+17VUªC²��2.&V��!1�V�L<�!#0��µ
�2.03
"0�2L<*< '1'g8�!1�O��!L@1� '*<*Q;=O7g8�!#�$&%'1'L+"q"��21� '17V .��21'/-.0JHL<�2.0"!T:�QL+�����!.0�C$&%'1� '1'g¥*<L+�2RS�2.0" L+1
 '17#0�2.��2J ���2Li#qp'L<�2*{V��!1·/8O��2.��21� �.��217o2²��2.0"

µ0 = 8.7
T��51�V��!.�³�O'OUT®#qL<17V·;8 7$&%�V�L<�

�'O'*<L<$&%'�!1· �.0�!1'o2�!1k¤
e−1/2, e−2 §);= 7#�V'�2J  rL+,-�2*<L+%7/�/�V�e-�2.�%7f=*+"017L<#��2L<1'g-�2o2�!L<$&%71'�I"CT
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#·;=17$&%7JH;8*=Li#m"rV��!.U9
;=.&;=JH�I"��2.�O��!.0�!L<$&%�V� '.&$&%�p'%�6�#0L<,�;8*+Li#�$&%'�: ��!#0�I"0o!�:�2L<1'g-�!#�$&%'.�f81',�"!T
G�T���Tr,�;81'1¶�!#�e8/8.�,8/-JHJ��!1UªUV';-#0#�L+1¶�!L+1'�!J (
l�p��!.0L<JH�21�"s#0L<$&%~;8 7#�V��!1�#}�!#�#�V';�3
"0�21¶�!L+17� 1'�2g�;�"�L+e-��#�;8#�#q�HRS�'.��2L<1~£r�!L+*i$&%'�21¥�!.0.��!$&%'17�I"!Tr�51¥V'L+�C#q�!J±h�;=*<*:J� 7#�#�V'L+�
 UL<,8�2*<L<%'/�/�V�;= �R�V��21ko2 '*if8#�#0L+g-�21·jk�2.0"0�!O��!.0�!L<$&%kV��!#�9
;=.&;=JH�I"��2.&#�O��!#�$&%'1'L+"q"��21k '17V
1'/8.�JHL+�!.q"�²��!.�V��!1UT`�Q;-#�Li#m"�L+1kV��2.�³@O7OUT�D�T ¦ O��!#�$&%'.0L<�2O��21rT`��;8#Q�51�"0�!g8.&;=*r�7O��!.�V'L+�
1'/8.�JHL+�!.q"��  UL<,8�!*+L<%'/�/�V¶L+J p'%�6�#0L+,�;=*<Li#0$&%'�!1~���2.��2Li$&%¶L<#q"��!L+1�#2T{���!.s 71-"��2.�*+�!g="������I3
.0�!L<$&%~%�;�"´V�L+�bh{f8$&%'�

α
T{�Q�2.H9
;=.&;=JH�2"0�2.

θ
Li#m"H,�*+�!L+17�2.´;=*i#

θmax
JHL]"
�Q/81���V��21'o

C = 1 − α
T

µ
/8.&#qLi$&%�"{Li#q"�g8�!O�/8"0�21HO��2L�V��2.:�51�"��2.�p'.0�2"�;="0L</81H#q�!%'.:,�*+�!L+17�2.:jk�2.0"0��RS�7.
θmax
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f(x)
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f
JHL+":V��2.
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l�p��2.�L+JH�!1-"?e-�2.�g8*<L<$&%'�!1·²��2.&V��21k#q/-*+*Nª`L<#q"?�2L<1'�H(:1�"qRu;=*+"0 71'g�m�!V�/�$&%k1'L<$&%�"
o2 b 'JHg8�!%'�21UT

��L<�sg-�IRu;8*]"��I"0�-ª®V��2.�9:.�/8O��so! k �.� '17V��H*<L+�!g8�!17V���µ
�!.q"��2L<*+ 71'g
f ′(x′)

%7f=17g="�J�L+"
V��2.�²);=%'.��21�µ
�2.0"0�!L+*< '1'g

f(x)
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f ′(x′) =

∫ ∞

−∞

t(x, x′)f(x)dx
¤uF7T+A�§

o2 7#�;=JHJH�21UT����!,�;=1'1�"@Li#m"�V�L<��h7;8*]"� '1'g�#m3�/�V��!.@£r.&;=1�#mRS�!.qRS '17,-"�L+/-1 �
t(x, x′)

ª�V�L<�?O��!L
�2L<1'�2J 9:.�/8O��217�2*<�2JH�21�"�;81�V��!.�4�"��2*<*+�

x
JHL]"�V��2.�j¥;=%'.&#0$&%7�2L<1'*+Li$&%',-�2L+"

t(x, x′)dx′

o2 k�2L<1'�2.?���2/-O7;8$&%�"0 71'g�L<J �51�"0�!.0e�;8*+*
dx′  'J x′ RS�'%'.0"!Tr4�L<�H%7;�"?L<1�e�L<�2*<�21¥h�f8*+*<�21

V�L+��h'/-.0J �2L<1'�!.s�@/-.0J´;8*+e-�2.0"0�2L<*< '1'g·e-/81
x − x′  '17V�#q/-*+*+"0�N�m�CV��21'Ru;=*<*<#sRS�'.�g8.�/��-�

j��!.q"�� |x − x′| ¤ue8�!.0g-*+Li$&%'�21�JHL]"sV'�2J ���2.��2Li$&%Uª®L<1¶V��2J
f
#0L+g-1'L]��,�;81�"�Li#q"&§�g8�!g8�!1

1� 7*+*Ug-�2%'�!1UT
�51kV��!.?1� 'JH�2.�L<#�$&%'�21 #·;="0%'�!JH;="0L<,·²��2.&V��21�µ
�2.0Ru;=%'.��21ko2 '.) r¹-#0 '1'gbV��2.�h7.0�CV�3
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d@17#0�2.���³� �RSg-;8O��HLi#m"CªU;= 7#��!L+1'�!.�9:.0/-O�� {x′
1, x

′
2, . . . , x

′
n}
ªUV�L<�HV'�2.�µ
�2.0"0�!L+*< '1'g

f ′(x′)
�21�"017/8JHJH�21 Li#m"Cª�V�L+�Qµ
�2.0"0�!L+*< '1'g

f(x)
o! .��2,8/-17#q"0.� 'L+�!.0�!1UT��Q¹81'17�21´²�L<.�V';-#
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f(x)
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h��7.�V�L<�  UL<,8�2*<L<%'/�/�V'J��2"0%'/�V��k#qp7L+�!*]"b�!#Y,8�!L+1'� ��/8*<*<�8ª)/8O V'L+�~G`;=%7*�V��!.���L<17#
L+J ²);=%'.��21b '17V·L+J O��!/8O7;-$&%�"0�I"��21·��L<#q"0/-g8.&;=JHJ �'O��2.��2L<17#q"0L<JHJ��!1UT��m#m"Q#0L<��g8*<�2Li$&%Uª
#q/YL<#q"�V'L+�� UL<,8�!*+L<%'/�/�V�*+¹�#q 71'g /8%71'� �@�2g8 7*<;8.0Li#qL<�2.� '1'g´g-*+�!L<$&%kV��2.  U¹�#q 71'g7ª`V�L<�sJ´;=1
V� '.&$&%��2L<1�Ru;8$&%7� #·;="0.�L]l�L<1�e8�2.&#0L+/-1��!.0%�f=*+"!ª!Ru;=*<*<#�*<�I"0o2"0�!.0��,8�2L<1'��1'�2g�;�"0L<e8�!1�9
;=.&;=JH�I"��2.
*+L<�IRS�!.q"CT

���!L�%7/8%'�!1�(:.��2L<g81'Li#0o!;=%7*+�!1 ,�;=1'1�;=17#q"0�!*+*<�Q�!L+17�2.$ UL<,8�!*+L<%'/�/�V';=1'p�;8#�#q '17g�V�L<�
χ2 3

³@1'p7;-#0#0 '1'gHe-�2.�²��!17V��I")²��2.&V��21UM

χ2
stat =

M∑

i=1

N∑

j=1

(Tijθj − d̂i)
2

Tijθj
,

χ2(θ) = χ2
stat(θ) + Rregu(θ) .

� � � � � ¯U_������������-� ����x���vu�'��Zwz!Zw������X�x

j�L+��²�L<.@L<J �?;8p'L]"��2*U¦´g-�!#0�2%'�!1Y%�;�"q"��21Uª�L<#q"�V�L<��1'�!g-;�"�L+e-�  U/8g83  UL<,8�!*+L<%'/�/�V�RS '1',�"0L+3
/81kO'L<#?;8 �R��!L+17�H;8O7#0/8*< �"0����/-17#q"�;=1�"��s '1�V��!L+1'�!1kh�;=,�"0/-.�o2²��2L
O��2L�;8 7#q.��2Li$&%'�!17V��2.
4�"�;="0Li#m"�L+,YL+1bg8 '"0�2.@�Qf=%'�!.0 71'g�f.,� 'L+e�;8*+�!1-"�o! '.

χ2 3Nµ:;8.0Li;=O'*<�21rM

χ2 ≈ −2 lnL + const .

��L<��.��2g- '*<;8.0Li#0L+�!.q"��  r¹-#0 '1'g´Js 7#0#Q17;="0�'.�*+Li$&%}JHL]"�V��21��Q;="0�21�,8/8JHp7;="0L<O��!*�#0�2L<1UT
���!.@j��!.q"@e-/81

χ2 17;-$&%�V'�2.!#}L<1'L<J�L<�2.� '1'g #0/8*<*+"0�?V� '.&$&%�V'L+�(���!g8 '*i;=.�Li#qL<�2.� '1'gH;=*i#q/
1'L<$&%�"� 'J JH�2%'.);=*i#�V'L+��G`;=%7*

B
V��2.)��L+17#);81'g8�!%'/8O��21´²��2.&V��21rT��QL+���21�"&#qp'.��!$&%7�217V��

µ
�2.�.0L<1'g8�!.0 71'g�V'�2.! U/-g=3  UL<,8�!*+L<%'/�/�V´²�f8.0�
B/2

M

Minimum(χ2) = Minimum(χ2
stat) + B ,

Minimum(− lnL) = Minimum(− lnLstat) +
B

2
.

³@O'%7f81'g8L<g@e-/8J�,8/817,�.��I"��21?9:.�/8O7*+�!J�#0L+1�V�;= 7$&%s#0$&%�²)f8$&%'�!.0� ���!g8 '*i;=.�L<#0L<�2.� '1'g8�!1
;= 7#0.0�!L<$&%7�217V®T��51be�L+�!*+�!1}h�f8*+*<�21�Li#m"@�C#�#qL<1'1�e8/-*+*Nª�*+�!L<$&%�"���h�*< ',�"0 7;="0L</81'�!1bL+1��?;= �R{o2 
1'�2%'JH�!1Uª'²��21'1bV';8V' '.�$&%YRS�2L<1'��4�"�.0 7,-"� '.��21bL+1bV��!1}4�p��!,-"�.0�!1b�2.�%7;=*+"0�!1YO'*<�2L<O��21UT

� � � � � �Yt�����vu��x���X�x���X �8��� ��ZuX�X�ZwX�x

��L<�´��L<1�O'.��2L+"0�HL+J � ²);=%'.��21 � �@Li#m"�/8g8.&;=JHJbª`V';8#?#�$&%'*<L+� �8*<L<$&%�;8*<#�(�.0g-�2O'1'Li#�p'.&f8#0�21�3
"0L<�2.0"�²�L<.�VUª�#0/8*<*]"��Y;81�V�L<���Il�p��2.�L+JH�!1-"��2*<*+��³@ ���¹-#0 '1'g�;81'g8�!p7;8#�#q"s#q�!L+1rT�(�#�J´;8$&%�"
²��!1'L+g¥4�L<1'1Uª:#0L+�Y²��C#q�!1-"�*+Li$&%�,�*<�2L<1'�2.�o2 �²�f8%'*<�21�;8*<#HV�L<�Ye-/8*<*+����.0�!L]"��Y;= 'R�%7;=*<O��2.
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�@¹8%7�QV��!.�£�.�;817#mRS�!.qRS 71',�"0L</81UT�G� #0$&%7JH;8*+���51-"��2.�e�;=*<*+��#0 'g-g8�2.�L<�2.��21´V��2J ���I"�.�;-$&%�"0�2.
�2L<1'��1'Li$&%-":e-/8.�%7;=1�V��21'��9:.&f=o!L<#0L+/-1�V'�2. #}�C#0#0 '1'g�T-G� HO��C;8$&%�"0�!1sLi#q"�;=*<*+�!.�V'L+1'g�# ��²�L+�
/8O��21��!.0*if= '"0�2.0" �}V';-#0#�V�L<�H£r.&;=17#qRS�2.0RS '1',�"�L+/-1�JHL]"?�!L+1'�!.Q.��!;8*+Li#q"0Li#0$&%'�!1�³@ �#qg�;=1'g�#m3
e8�2.0"0�!L+*< '1'g¶�!.0JHL+"q"��2*+"Y²��2.&V��21�Js 7#0#!T��Q�!#0%7;8*+O�Li#m"Y�!#�V' '.�$&%�;= 7# ;81'g8�!O'.&;8$&%�"!ª�V'L+�
(:1�"qRu;=*+"0 71'g JHL]"Q.0�!*<;="0L<eY#�$&%'J´;=*<�21b��L<17#QV� '.&$&%'o2 �RS�7%'.0�!1Uª7;8O��!.�V';=171�O��21�;8$&%�O7;=.0"0�
��L<17#)o! 7#0;8JHJ��!1'o2 'Ru;8#�#q�!1UT

�Q;8g8�2g-�21~g-L+O'"��C#s,-�2L<1'�21� �.0 717V®ª
V�L<�·G®;=%'*)V��2.H�51�"0�!.0e�;8*+*<�YL<J O��2/8O�;8$&%�"0�2"0�21
�@Li#m"�/8g8.&;=JHJ ,�*+�!L+1�o2 �²)f=%7*+�!1Uª�²��2171��2L<1'�/ UL<,8�2*<L<%'/�/�V�3K³�1'p7;8#�#0 '1'g�V� 7.�$&%'g-�IRS�'%7.q"
²�L+.&V®T=(�#:L<#q":�2JHp�RS�!%'*+�!17#0²��!.q"Cª=#qL<��g8.�¹��-�2.�o2 H²�f8%'*<�21H;=*i#{L+J �21�"qRu;8*]"��I"0�!1Uª-V7;=JHL]"�V'L+�
G`;=%'*�V��2.s9{;8.�;8JH�I"0�!.?,�*+�!L+1'�!.�Li#m"s;8*<#sV�L<��G`;=%7*�V��2. #}�!#�#qp7 '1',�"0�  717V�G�²);=1'g�#qO��I3
V�L+17g8 '1'g-�21 O7*+�!L+O��21UT���;8#�%7;�")V��21Yµ
/8.0"0�!L+*Nª�V7;8#�#��!L+1Y4�L+g-1'L]��,�;81'oI"��!#q"�V� 7.�$&%'g-�IRS�'%7.q"
²��!.�V��!1Y,�;81'1UT

� � � � � � �7��v������ �Y��x���vu����Zwz!Zw�-����X�x�zC�N��X��®_!Zu��X

h��7.��2L<1Y�@Li#q"0/8g-.�;8JHJ J�L+"
B
��L<17#� '17VY,8/-17#q"�;=1�"��2.)��L<1�O'.��2L+"0��;=p'p'.�/�l�L+JHL<�2.��21 ²�L<.

F'T BsV' '.�$&%

R′
regu = r

B−1∑

i=2

(2θi − θi−1 − θi+1)
2 .

¤wF'T F-§

��L<� ���2g- '*i;=.�L<#0L+�!.0 71'g-#0,8/-17#m"&;=1�"0�
r
.��2g-�2*+"´V'L+��4�"�f=.�,8�bV��!. ���2g- '*i;=.�L<#0L+�!.0 71'g7T
�Q�2.

³@ 7#�V�.� 7$&,�Li#q"��21'g�e8�2.�,�1��'p�R¡"�JHL+"�V��!. ��.��'JHJ� '1'g�V��2.�h' '1',�"�L+/-1UT�(�.�²�L<.�V¶1� '*<*
RS�'.��2L<1'�´*<L+17�!;=.��´µ
�2.0"0�!L+*< '1'g�TU(�#?Li#q"�1'Li$&%-"�#�$&%�²��!.!ª
¤wF'T F-§�;=1¥e�;=.�Li;=O'*<�´��L<1�O'.��2L+"0�21
;=1'o! 'p7;8#�#0�21UT

��L<�s4� 'JHJ´;=1�V��21·V��!.�h' 71',�"0L</81�¤wF'T F-§�²��2.&V��21bL<J ³�*+*<g8�!J��!L+17�21bRS�'.�#m"&;=.�,�O��I3
e8¹8*<,8�!.q"��Y��L<17#�g8.�/��7T��51����!.0�!L<$&%7�21�V'�!#H�@Li#m"�/8g-.�;8J�J´#sJHL]" g-�2.�L+1'g-�2.���f= '�7g8,-�2L+"!ª
L+1�V��!1'�21�V�L<�}.0�!*<;="0L<e8�!1 #q"�;="0Li#m"�L<#�$&%'�21�4�$&%�²);=1',� '1'g-�21 O��C#q/-17V��!.�#�g8.�/��¥#0L+17VUª�Li#m"
V�L+� �@�2g8 7*<;8.0Li#qL<�2.� '1'gk17;-$&%�¤wF'T F-§�1'Li$&%�"�#q�!%'.´²�L+.�,� '1'g�#qe-/8*<*wT
�Q�!#0%7;=*<O�#q/-*+*+"0�!1�V'L+�
4� 'JHJ´;=17V��!1b�21�"�#0p'.��!$&%'�!17V�L<%'.��2.�#q"�;�"�L<#q"0Li#�$&%'�21}4�L<g81'L+�7,�;=1'o?g-�2²�Li$&%�"0�I"�²��2.&V��21rM

Rregu = r

B−1∑

i=2

(2θi − θi−1 − θi+1)
2

δ2
i

.
¤wF'T ¨-§

�@L<�2.�O��!L�Li#q"
δi
V'L+��JHL]"0"0*<�2.���#q"�;="0Li#m"�L<#�$&%'�´4�$&%�²�;81',� '1'g�V��C#�G`f=%'*<�2.&#!T�jk�21'1

θi
V'�2.

G`;=%'*�V��!.
p�/-L<#�#0/81�e8�!.q"��2L<*]"��21����2/-O7;8$&%�"� '1'g8�!1�p'.�/���L<1s�!1�"�#0p'.0Li$&%�"!ª�V';81'1s�!.0g-L+O'"{#0L<$&%
V�L+��4'$&%�²);=17,� 71'g

δi
17f=%7�2.� '1'g-#0²��2Li#q�Qo2 

δ2
i = 4θi + θi−1 + θi+1 .

j��!1'1~O��2L)V��2.s(:1�"qRu;=*+"0 71'g�;8 7$&%¶µ
�2.�*+ �#m"���,8/-.0.�L<g8L<�2.0"�²��2.&V��!1Uªr#0L+17V�V�L+�C#q��L+1�V'�2.
h'�2%7*+�!.0O��2.��!$&%'1� '17gQo! sO��2.��7$&,�#qLi$&%�"0L<g8�!1UT!j�L<.
�'O��2.�*<;-#0#0�21�V�L<�)���!.0�C$&%'1� '1'gQV'�2J  r�I3
#q�!.!T

���!L�JH�!%'.�V'L+JH�21�#qL</817;8*+�!1��@Li#q"0/8g-.�;8JHJ��!1},�;=1'1·g�;=1'o�;=17;8*+/-g �2L<1!�@�2g8 7*<;8.0Li#qL<�I3
.0 '17g-#q"0�2.�J �2L<1'g8�2RS�'%'.0"�²��!.�V'�21Uª�L+17V'�2J V�L<�s³@O�²��2Li$&%� '1'gN�m�CV��!#���L+17#�e8/-J #}L+"q"��2*+3
²��!.q"@#0�2L<1'�2.� '17J�L+"q"��2*<O7;=.��21}�Q;8$&%�O7;=.�1�²�L<��L+1¶¤wF'T F-§�O��C#m"�.�;=R¡"@²�L+.&V®T
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�51�³�O'OUT�F7T ¦�;k²�L+.&V�V�L+�}(�1-"0Ru;=*+"0 '17g~JHL]" ���!g8 '*i;=.�Li#qL<�2.� '1'gkJHL]"YV'�2J ²);=%7.0�!1
�@Li#m"�/8g8.&;=JHJ e8�2.�g8*<Li$&%'�21UT���L<� ��O��!.0�!L+17#q"0L<JHJ� '17g�Li#m"Y#0�2%7.�g8 '"!T)��L<��³@ �#qg�;=1'g�#m3
e8�2.0"0�!L+*< '1'g-�21�#qL<17V�V�L<�·g-*+�!L<$&%'�!1�²�L<�·L<1�³@O'OUT�F'T E'ª:L<1�V��!.�V�L<�}(:.0g-�2O'17L<#�#q�}/-%'1'�
���2g- '*<;8.0Li#0L+�!.0 '17g�g8�!o2�!L+g8")#0L+1�V®T7³@O7OUT7F'T ¦8OYe8�!.�V��! �"0*<Li$&%-"@V��!1Y(6b��!,-"Q�2L<1'�2.)o2 }#q"�;8.q3
,8�21 ���2g- '*<;8.0Li#0L+�!.0 '17g7M-�QL<��#�$&%'J´;=*<�� rL+1'L<��²�L+.&V V��! �"0*<L<$&%Ye8�!.0O'.��2L+"0�!.q"Cª-V';�V�L<� rL+17L+�
;=1�L+%'.��2.�4�p'L]"�o2��#q"�;8.0, g-�2,�.��'JHJ�")L<#q"!T

(�#�,�;81'1�17;="0�'.�*<L<$&%}"�.0L7b�"0L<g8�� �.��'17V'��g8�!O��!1Uª`e8/-1�¤uF7T F�§@;=O�²��2Li$&%'�21�V�� ���!g8 '*i;�3
.0Li#qL<�2.� '1'g�#mRS 71',�"0L</81'�!1·o2 ke8�!.0²��217V'�21Uª�o8TU��T`²��!1'1�O��2,�;81'1�"�Li#q"!ªUV';-#0#�V�L<��g-�!#0 7$&%�3
"0�´h' '17,-"�L+/-1k#q"�;8.0,}17L<$&%�"0*<L<1'�!;8.�Li#q"!TU³@1�#m"&;�"q"��!L+17����.��'JHJ� 71'gYV��C#?�@Li#m"�/8g-.�;8J�J´#
o2 ¶ '1�"0�!.�V'.0�7$&,-�21Uª®,�;81'1~V�L<��³@O�²��2Li$&%� 71'gbe8/81¶V��!.��2.�²);=.0"0�I"��21¥h'/-.0J V��!#��@Li#m"�/=3
g8.&;=JHJ´#�.0�!g8 '*i;=.�Li#qL<�2.0"�²��!.�V��!1UT���;8#�g8�C#0$&%'L<�2%�"Q;8J �!L+1'Ru;8$&%7#q"0�!1·V� '.&$&%·V�L+��£r.&;=1�#m3
RS/8.�JH;="0L</81

θ = θ0 + τ ,
²�/-O��!L

θ0
V��2.�(:.�²�;8.q"� '1'g@�!1-"&#qp7.0Li$&%�"r '17VsV��2.�1'�2 7��9
;=.&;=JH�I"��2.�e8�!,-"�/8.

τ
;81'g8�!p7;8#�#m"

 '17V�.0�!g8 '*i;=.�Li#qL<�2.0"�²�L<.�VUT

� � � � � | _C�����'_!ZS[�� � X`_!�K�'vS_C��X�x

j�L+��²�L<.�g8�!#0�2%7�21�%�;�"q"��21Uª�,-¹81'17�21�,�*<�2L<1'��$@17V'�2.� '1'g8�!1YL<1bV��2.�O��2/-O7;8$&%�"0�2"0�!1�µ
�2.03
"0�2L<*< '1'g�o! �g8.�/��-�21�$@1�V��2.� '1'g-�21�L<1 V��2.�²);=%'.��21�µ
�!.q"��2L<*+ '17g¶RS�'%'.��21Uª�²��21'1�²�L<.
,8�2L<1'�Yo2 7#�f�"�o2*<L<$&%'�!1�#0 'O��m�2,�"�L+e-�21~(:L<17#�$&%'.&f=1',� '1'g-�21¶J´;8$&%7�21UT
�QL+�C#q�Y9:.0/-O'*<�2J Li#m"
L+1�V��2.´�� 'JH�2.�L+,~O��2,�;81'1�"!T%#·;81 #0p'.�L<$&%�"He8/81=�KL<*<*�p�/-#0�!V�p'.�/8O'*<�2J´#3�IT
d�J 1� 'JH�I3
.0Li#0$&%7�H4�$&%�²�L<�2.�L+g-,8�!L]"��21�o! �e-�2.�JH�2LiV��21Uª®²� 7.�V��H�!L+1¥L+"0�2.&;�"�L+e-�!#�µ
�2.0Ru;=%7.0�!1#� E8E��:o! '.
#·;�"�.0L+l�L+1�e8�!.�#0L</81b�21�"m²�Li$&,8�2*+"!ª`V';-#�#0Li$&%�;= 7$&%�o2 '.�(:1�"qRu;8*]"� '1'g�e8/-1��@Li#m"�/8g-.�;8J�JH�!1
�2L<g81'�2" � E=¦��KT����!.�#�$&%'.�L]"0"m²��!L<#0�21?�51�e8�!.�#0L</81?�21�"&#qp'.�Li$&%-"��2L<1'��#�$&%'.�L]"0"m²��!L<#0�:(:1�"0Ru;=*+"0 '1'g�T
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∑
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∑
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∑
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}
=

∫ ∞

Ṽ
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∫ ∞
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[(F (x) − S(x)]
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∫ ∞
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√
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φ =
1
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∫
dr

∫
dr′ [f(r) − f0(r)] [f(r′) − f0(r

′)] R(r, r′).
¤w¨'T<AC§

�Q;8O��!L®O��!o2�2Li$&%'1'�!1Y²�L<.
R
;=*i#�³@O�#m"&;=17V'#qRS '1',�"�L+/-1UT'���!.@h7;8,-"�/8.

1/2
RS�'%'.��21�²�L<.

�2L<1Uª' 'J ²��!L]"��2.� '1�"0�!1};=O'g-�2*<�2L+"0�I"��?h'/8.�JH�2*<1Yo! be8�2.��2L<1�Ru;-$&%'�21UT�h��'.�V'�21}#qp��2o!L+�!*+*<�21
h7;=*<*

R = δ(r−r′)
�!.0%7;8*]"��21?²�L<.r�!L+1�Ru;-$&%�V�L<�:L+1�"��2g8.�L<�2.0"0�%,� 7;8V'.�;="0Li#0$&%'�:³�O�²��!L<$&%� '1'g

φ =
1

2

∫
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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50% linear 30% A 30% B 30% C 20% N(0.5,1/24)
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1: Anderson, 2:Kolmogorov, 3: Kuiper, 4: Neyman (k=2), 5: Watson,

6: 3 Regionen, 7: Energie (log), 8: Energie (Gauß), 9: Chi−Quadrat
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+ 〈yj(x) − ŷj(x)〉2 .
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ŷ(x) =
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i=1 yie

−α|x−xi|
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i=1 e−α|x−xi|
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.
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δ2yj = σ2

∑
e−2α|x−xi|

2

[∑
e−α|x−xi|

2]2 + 〈yj(x) − ŷj(x)〉2 .
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∫

u∗
i (x)uj(x)dx = δij ,

∑

i

u∗
i (x)ui(x

′) = δ(x − x′) .
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∑

i

aiui(x) ,
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ai =

∫
f(x)u∗

i (x)dx .
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∫ ∞

−∞

Wik(t)Wjl(t)dt = δijδkl .

j��!1'1}²�L+.QV�L+��jk;�e-�2*<�I"qRS 71',�"0L</81bg-;81'o?*+L<1',�#� '1�"��21}JHL]"
W00 = Φ(x)

O��2o!�2Li$&%�3
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Wsl = 2s/2Φ(2−sx − l) .
(�#rLi#q"��2e�LiV��21�"CªCV';-#0#�j¥;�e8�2*<�I"&#Ue�L<�2*�g8�2�!L+g-1'�I"��2.�#qL<17V®ªC*+/-,�;=*<��4�"�.0 ',�"� '.0�!1�²�L<�!V��!.q3

o2 'g-�2O��21Uª=;8*<#
V�L<��j�L<1',8�!*]RS '17,-"�L+/-1'�21´V��!.:h'/- '.0L<�2.035£r.&;=17#qRS/8.�J´;�"�L+/-1Uª!V�L<��#qLi$&%H²��!g8�!1
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V�L+�Yp'.&;=,�"0Li#0$&%7� ³@1�²��!17V� '17g·e8�!.0²��217V'�I"�J´;=1~;8*+*<�2.&V�L<1'g-#�L+1�V��2. ���2g-�2*�17L<$&%�"�V'L+�
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��L<�H �.� '17V�RS '1',�"0L</81
Φ
Js 7#0#�1'�!O��!1kV'�2.�"0.�L+e�Li;=*<�21�(:L+g-�217#�$&%7;=R¡" ∫ |Φ|2dx = 1;= 7$&%

∫
Φ(x)dx = 0

�2.0RS�'*+*<�21rª�V®T�%UT`#qL<��Js 7#�#@²�L<�sV�L<�s�);8#0Li#mRS '17,-"�L+/-1'�21·V'�2.Qh7/8 '.�L<�2.03 ���!L+%7��/-#0o2L<*+*<L<�2.��21UT
 ��2O'.&f= 7$&%7*+Li$&%Y#0L+1�VY 71-"��2.@;817V��2.��2J V�L+��RS/-*+g-�217V'�21bh' '1',�"�L+/-1'�21¶¤S 71'1'/8.�JHL+�!.q" § M

Φ(x) =
1√

2πσ3
e−

x2

2σ2 (
x2

σ2
− 1)

¤ #}�2l�L+,�;=17L<#�$&%'�2.@�� �"&§
,



� � � � � � 	���	��
� 	��
��� ����� � ���������

� � ��� � � � ��� � �
��� ��� 	�� ����� � �  ���
��	 �

Φ(x) = eiate−
x2

2σ2
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f(x) ≈
K∑

k=0

akBk(x) .
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yi
 717V�L+%'.Qh'�2%7*+�!.

δyi
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xi, i =
1, 2...N
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χ2 =
N∑

i=1

[
yi −

∑K
k=0 akBk(x)

]2

(δyi)2
.

¤mACn'T ¦�§

��L<�YG`;=%7*
N
V��!.�4�"0��"�o!#q"0�!*+*<�21¥J� �#0#�17;="0�'.�*<L<$&%�J�L<17V��C#m"��217#�#q/�g8.�/���#q�!L+1k²�L+� V'L+�

G`;=%'*
K
V'�2.���354�p'*+L<1'�C#2ªrV7;=JHL]"�V'L+�YG`;8%'*:V��!.�h'.��2L<%'�2L+"�#0g8.&;8V���1'Li$&%�"�1'�2g�;�"0L<e`ªUV®T %UT

V�L+��³�1'p7;-#0#0 '1'gH1'Li$&%�") 71-"��2.�O��C#m"�L+JHJ�"@L<#q"!T

¯®¬{vuZwX����'X�¬��7z!zC��X�x¥ZuX�� ����������X�	�Zu�~��X�z!Zw��X���X

��L<��4�p'*<L+17�!;=17p7;8#�#q 71'gY*if8#�#q"?#0Li$&%�L<J 9:.�L<1'o2L<pk;8 �R)%'¹8%'�!.0�H�QL+JH�21�#qL</81'�!1¥e8�2.&;=*<*<g8�I3
J��!L+17�2.�1UT
³@*<*+�!.�V�L<1'g�#�"�.0L+"q"´%'L<�2.H�!L+1'�·4�$&%�²�L<�2.�L+g-,8�!L]"s;8 �RmM:�QL+�bj¥;=%'*@V��C#)�@;8#q"0�!.�#
o2�2Li$&%'1'�2"�O��!#q"0L<JHJ�"�� ��Li$&%�"0 '17g8�21 L+J ��;= 'J ;8 7#2T)��;=O��2L�L<#q"b�!#�²�L+�CV��2.�o2²��!$&,�3
JHf��8L<g7ª�J�L+"���3m4�p'*<L+17�!#so2 ~;=.�O��2L+"0�21rT�³� 7#sV'�21~*<L+17�!;=.��21~V'.0�!L+�C$&,�L<g8�!1¶h' '1',�"�L+/-1'�21



��� � � � ����
 	��!� ����� �������	����
 ��� �

������� � ������� � � 
��
��� ���*� �1���� �
��� ����� 
 	��!������� �

²��!.�V��!1·o8T`��T`9:6�.�;8J�LiV��!1Uª�O��2L ,� 7;-V�.�;="0Li#0$&%7�21�4�p'*<L<1'�!#Q"0.��I"��21·g-�2JHLi#0$&%�"0�H �*+L<�!V'�2.
xy

;8 �RmT

��� � � � � � X�¬��'zCzC��X�x¶�~ZS_��'vuvwx����~��ZwX���X ����X��®_!Zw��X���X

h��7.�V�L<� h' '1',�"�L+/-17#q1�f=%'�!.0 '17g�g-L+O'"��!#?,-�2L<1k�!L+1'Ru;8$&%'�C# ���2o!�2p�"CTr(:L<1¥g8�2�7O�"0�!.�j�L<#q3
#q�!17#0$&%�;�R¡"0*<�2.�²�L+.&V�o2 '�!.�#q"�e8�!.�#0 7$&%'�!1Uª'h' 71',�"0L</81'�!1}o2 b�717V'�21Uª�V�L+�sV';8#@;-#q6�JHp�"�/="0L+3
#0$&%'�?µ
�!.0%�;=*+"0�21}V��!.!#}�!#�#0²��!.q"��� 717V}V��21bg-.0/-O��!1Yµ
�!.0*i;= �R{O��!#�$&%'.0�!L+O��21b '1�V}V';=1'1
²��!L]"��2.��Hh7 '1',�"0L</817�21¥�'O��2.�*<;8g8�2.�1� 7J �Q�I"�;8L+*i#�;81'o2 'p�;8#�#q�!1UT®��L<�!#0� ³@.0"�V��2.�h7 '1',�3
"0L</817#017f=%7�2.� '1'gYRS�'%'.0"�L+1¥V��2.(�@�2g8�!*{o2 ¥²��C#q�!1�"0*<L<$&%�O��C#0#0�2.��21k(:.�g8�2O71'L<#�#0�21�;8*<#?V'L+�
/8O��21bO��C#0$&%7.0L<�2O��21'�!1Uª';=*<*<g8�2JH�!L+1'�!1Yµ
�!.qRu;8%'.��21UT

 ��2�2L<g817�I"0�Hh' 71',�"0L</81'�!1¥#0L<17V�17�2O��21k9�/-*+6�1'/-JH�21Uª
a0 + a1x + a2x

2 + . . .
ª®.&;�3

"0L</817;8*+�!1Hh7 '1',�"0L</817�21·¤S9
;-V��I35³@p'p7.0/�l�L<JH;="0L</81�§Iª=V�L<�@(
l�p�/-1'�21�"�L<;8*]RS '17,-"�L+/-1
eαx ª-V'�2.

 U/8g�;=.�L]"�%'J� �# b log x
ª�V��!.�³�.�$2 7#q"�;=17g8�21�#

arctanx
ª�V'L+�� �*+/�$&,8�!1',� '.�e8�

e−ax2 ª-9:.�/=3
V� ',�"0e-�2.�,�1��'p'RS '1'g8�!1}²�L+�

xae−bx JHL+"�³@17p7;8#�#q 71'gYV� 7.�$&%}�!L+1�Ru;-$&%'��£�.�;817#0*<;="0L</81'�!1
 '17Vb���!%'1� '1'g-�21Uª

x → a(x + b)
T #}�!L<#q"0�!17#�"0 �"Q�!#�#�$&%'/81��2L<1b�2L<1�Ru;8$&%'�C#�9�/-*+6�1'/-JbT

��� � � � � �s��Zuz!¬{Zu��v

d@J V'L+�be8�!.�#�$&%'L<�!V��!1'�21�µ
�2.0Ru;=%'.��21 o2 e8�!.0g-*+�!L<$&%'�!1Uª�g8�217�2.�L+�!.0�!1~²�L+.´L<1 .0�!g8�2*<J´f�3
�8L<g8�21�³@O�#m"&f=17V��!1 V'�2.´µ:;=.�Li;=O'*<�21

x
ª:;8*<#0/¶;=1 �Q.q"��21

xi
h' 71',�"0L</817#0²��!.q"��

yi
ª�V'L+�

V��2.?h' 71',�"0L</81
xe−x RS/8*<g8�!1� '17VkV��!1'�21ko2 7#�f�"�o2*<L<$&%�g-;8 &�8e-�2.0"0�2L<*+"0��4'$&%�²);=17,� 71'g8�!1

�'O��!.0*i;=g-�2.0"�#qL<17V®T���L<�Q#0/?�2.�o2�! 'g="��21 #}�C#0#0²��!.q"���²��!.�V'�21´g8�!g8*if�"0"0�I"Cª=O��2o2L<�2%� '17g-#0²��!L]3
#q�·;81�#0L<�}²��!.�V��!1�h' '1',�"�L+/-1'�21�;=17g8�2p�;8#�#m"CT:�Q;-#´(:.�g8�2O71'L<# o2�2L<g="�V'L+�·³�O'OUT�ACn'T�D�T
³@*<*+�´;8$&%�"���L<*iV��2.�o2�!L+g-�21�V'L+� �Q.�g8L<17;=*+RS '1',�"0L</81} 717V�V'L+�HV� '.&$&%��!L+1'�!1�9{/8*<6�g8/-1'o2 'g
e8�2.�O' '1�V��21'�!1(#·�!#�#qp' 71',�"0�8T

�51 V'�21 O��!L<V'�21 /8O��2.��21 ��L+*iV��2.�1 ²� '.&V��¥�2L<1'�� �*<f="q"� '1'g�V� '.&$&%  ��2²�Li$&%-"� '1'g
V� '.&$&%'g8�2RS�'%'.0"!T����!L<V'��o2�!L+g-�21�V7;8#�"m6�p7L<#�$&%'��µ
�!.0%�;=*+"0�21rª�V';-#0#)4�"�.0 ',�"� '.0�!1 e8�!.0²�Li#�$&%-"
²��!.�V��!1� '17V #m"&;=.�,8�·³@O�²��2Li$&%� '1'g8�!1�;=1 V'�21 �@f817V��!.01 V'�!#����!.0�!L<$&%�#�;= 'R¡"0.��I"0�!1UT



�&� � � � � 	���	��
� 	��
��� ����� � ���������

������� � ������� � � � 	�		����
 ����� � ����
 	��!� ����� � ������ ����
 ����� ����� ���� 
 	�� � ��� ��� � , � � ��
������ ��

�����
���������� � � � �
� ���  �	����
��
�
� ��� � ����
 	�� � � �
� 	 
���� 	���� �������
	 ��� �	
���� 	���� � 	 �



��� �  � � � �	 
����  ������� 	������������!� ����� � �*
 	�� ������� ��� � � ��� ��� 

��L<�Yg�;= &��#0$&%7�Y ��2²�Li$&%�"0 '1'gk*<L+1',�#sL<#q" �m�!V�/�$&%�²��!#0�21�"�*+Li$&%~O��!#�#q�!.�;8*<#HV�L<�YJHL+"HV'�2.
#}�I"�%'/�V���V��2.�1�f8$&%7#q"0�!1��Q;8$&%�O7;=.�1YV' '.�$&%7g8�IRS�7%'.q"��8T

��L<�s³�1'p7;8#�#0 '1'g�JHL+"�*<L<1'�!;8.0�!1�4�p'*<L+1'�2RS '1',�"0L</817�21�Li#q"��!.0²);=.0"0 '17g-#0g8�2J´f����!O��!1�3
Ru;=*<*<#�1'Li$&%�"�O��2RS.0L<�!V'L+g-�217V®TU³�*+*<�2.&V�L<1'g-#�²��2.&V��!1kV�L<���@f=1�V��2.?O��!#�#q�!.?²�L+�CV��2.�g8�!g8�!O��!1
;=*i# O��2L?V��2.Yj�L<$&%�"� '1'g-#0JH�I"�%'/�V��8T �Q 7;8V'.�;="0Li#0$&%'�} 717V�,� 'O'Li#0$&%7����354�p7*+L<1'�!;81'p7;-#m3
#q '17g8�21�J�L+"bA!nbRS.��2L<�21�9{;8.�;8JH�I"0�!.01¶O��!#�$&%'.��2L<O��!1�V�L<� #}�C#0#0p' '17,-"��YO��IRS.�L<�!V�L<g8�!17V®ª
²�/-O��!LUV�L+�?,� 'O7L<#�$&%'�21·4�p7*+L<1'�!#@ '1'�2.�²��'17#�$&%�"0�Y��#0o2L<*+*i;�"�L+/-1'�21�o2�!L+g-�21UT&#·;81b�2.�,8�2171-"
V��2 �"�*+Li$&%YV'L+�?4�"0.� ',�"0 7.�V��!.)4�p'*+L<1'�!L+1�"0�!.0e�;8*+*<�8T��� 7.�$&%Y�2L<1'�"���CV� ',�"0L</81�V��2.@G`;8%'*�V'�2.
9{;8.�;8JH�I"0�!.�;= 'R®RS�'1�Rr²��2.&V��21 V'L+��1'Li$&%-"�#qL<g81'L+�7,�;=1�"��21Y4�$&%�²�L<1'g8 71'g8�!1´ '1�"0�2.&V�.��7$&,�"!ª
�m�!V�/�$&%·,-¹81'1'�!1·V�L<��4�p'*<L<1'�IRS '17,-"�L+/-1'�21kV��2J #q"0�!L+*<�21�³�17#q"0L<�2g�V��!.�h7 '1',�"0L</81�L+1�V'�2.
d@JHg8�!O' '1'g}e-/81

x = 0
1'Li$&%�"�JH�2%'.�RS/8*<g8�21rTr��L<��³�1'p7;8#�#0 '1'g}JHL]"/,- �;8V�.&;�"�L<#�$&%'�21

 '17V�,� 'O'Li#0$&%'�!1b4�p'*+L<1'�C#� '1�"0�!.�#�$&%'�2LiV��!1�#0L<$&%�%'L<�2.�1� '.�J´;=.�g8L<17;8*wT
��L<��³@17p7;8#�#q 71'g@�2L<1'�C#U�2L<1�Ru;-$&%'�21?9{/8*<6�1'/8J´#re�L<�2.0"0�!. �Q.&V�1� '1'g7ªC;=*i#q/�JHL+"

5
RS.��2L<�21

9{;8.�;8JH�I"0�!.01rª8RS '17,-"�L+/-1'L<�2.0")L<1� '17#0�2.��2J����2Li#qp7L+�!*`;8 7#0g8�2o!�2Li$&%'1'�2"!T��� '.&$&%YV'�21�j��!g=3
Ru;=*<*�V��!.�V��!.�4�p7*+L<1'�!;81'p7;-#0#0 '1'g��!L+g-�21'�!1 #m"&;=.�.0�!1H�51-"��2.�e�;=*<*+�@,�;81'1 #qLi$&%�V�L<��h7 '1',�"0L</81
;=1� '1�"0�2.&#�$&%'L+�CV�*<L<$&%b#m"��2L<*+�?���2.��2Li$&%'�?V��!.!#}�!#�#qp7 '1',�"0�?;=17p7;8#�#q�!1UT

³@*i#Qh�;=o2L+"�,-¹81'1'�!1·²�L<.�o2L<�2%7�21Uª`V';8#�#@�!L+17��L<17V�L<e�LiV� '�!*+*<�8ª`;=1�V';8#�,8/817,�.��I"��?9:.�/=3
O'*+�!J ;=1'g-�2p7;-#0#q"0�
#}�2"0%'/�V���L+1�V'�2. �@�2g8�!*�O��!#�#q�!.�RS '17,-"�L+/-1'L<�2.0"�;=*i#s4�"�;=1�V';=.&V�JH�I3
"0%'/�V��!1UT

	�� 
�� ��� ��� ��" �� �  ������� � � ��� ��� � � ��� � �%" �� � ����� ����� � � �

��f= '�7g�#0L<17V�e-�2.&#0$&%7L+�CV��21'��#}�2.�,�JH;8*+���2L<1'�C#>�QO��m�2,�"�#�,8/-.0.��2*<L<�2.0"� '17VY²�L+.)JH¹�$&%�"0�21
#qL<��V� '.&$&%bJ�¹-g8*<L<$&%�#m"�²��21'L<g8���2L<1�Ru;-$&%'�8ª' 71',8/-.0.��2*<L+�!.q"���Q/8JHp�/81'�!1�"0�21b;= �#0V�.��7$&,-�21Uª
V�L+��V';=171~JH¹8g8*<Li$&%'�2.�²��!L<#0�Ho2 ~�!L+17�2J±"0L<�IRS�!.0�!1¶µ
�2.&#m"&f=17V�17L<#s*<;="0�!1-"��2.�G` 7#0;8JHJ��!1�3
%7f=1'g-��RS�'%'.��21UT'j�L<.�²�/8*<*+�!1YJH¹8g-*+Li$&%7#q"�²��!1'L+g-�8ª��!.0,�*if=.��217V���h7;8,�"0/8.��21��717V��!1UT

4�"0�!*+*<�21 ²�L<.� 717#:e-/8.Cª8e8/-1
20
�Q 7;-V��2.�1´²��!.�V'�21

6
g-�2/8JH�2"0.�L<#�$&%'�� '17V p'%�6�#0L<,�;8*+L+3

#0$&%'��#}�2.�,�JH;8*+��O��!#q"0L<JHJ�"Cª-²�L<��µ
/-*+ 'JH�!1Uª&�QO��2. ��f8$&%7�8ª- �.� '17V ��f8$&%'�-ª�4� 'JHJH�QV'�2.
�?;=1�"0�!1Uª #·;-#0#0�8ª`��;8 'p�"0"0.&f=g8%7�2L+"�#0J�/-JH�21�"0�-T��QL+�C#q�/#}�!#�#qg-.0¹.�8�!1Uª'V�L<�s²�L<.Q;8*<#Qµ
�2,�3
"0/8.HV';8.�#q"0�!*+*<�21�,8¹8171'�21Uª{#q"0�2*<*<�21�²�L<.H�2L<1'�2J �Q/8*<*<�2g8�!1¶/8%'17�Y²��2L+"0�!.0���51�RS/8.�J´;�"�L+/-1
o2 '.�µ
�2.0RS�'g8 71'g7T�4��2L<1'��³@ �RSg�;=O���Li#m")�!#�o2 �!.0.&;�"��21Uª�V';8#�#�;8*+*<�Q��;�"��21N�m�CV��!# �Q¹8.�p��!.�#
V� '.&$&%¶1� 7.�e�L+�!.�9
;=.&;=JH�I"��2.CªU17f8J�*<Li$&%  rf=17g8�8ª���.0�!L]"��8ª���¹8%'�� '17V~V�L<���QL<$&%�"���O��I3
#0$&%'.�L<�2O��21�²��!.�V��!1�,-¹81'1'�!1UT'�QL+��4� �$&%'��17;8$&%bV�L<�!#0�21�g8.� '17V�*<�2g-�217V��!1�9
;=.&;=JH�2"0�2.�1Uª
V��21'�Q/8JHp�/-1'�21�"��21Uª�%'�!L �8" RT�U!2$Q12�?���V�8�V�8��MC����¤u�21'g-*wT#-��"��$Q12�Y�8�V�8��MC�/�d�C§ � ¦�D'ª'¦-F��NT

(:L+17�/ r¹-#0 '1'g-#0²��2gHRS�'.�V��21k;=*<*+g-�2JH�2L<1'�!1·h7;=*<*{,�;=1'1·17L<$&%�"�;81'g8�!g8�!O��!1}²��!.�V��!1Uª
/8%'1'�:V7;8#�#®�2L<1�³@17#�;�"�o
RS�'.�V��21�RS '17,-"�L+/-1'�2*<*<�21sG� 7#�;=JHJH�217%7;=1'g)o!²�L<#�$&%'�21?V��!. #}�!.0,�3
JH;8*<#0J´;�"�.0L+l� '17V�V'�21���/-JHp�/-1'�21�"0�!1Uª:#0/�²�L+�b�'O��2.�V'L+�}o! ��2.�²�;8.q"��217V��!1�³�O�²��2L+3
$&%� 71'g8�!1�V��2.{���2/-O7;8$&%�"0 71'g-#0g8.�¹��-�21�e8/8J�#}/�V��!*+*�g8�!J´;8$&%�"�²��2.&V��21rTCd�17#q�!.����!L<#0p'L<�2*
o2�2L<g="�;8O��!.!ª8L+1H²��2*i$&%'�2. �@L<$&%�"0 71'g�²�L+.�V7;8#
9:.�/8O7*+�!J ;=17g8�2%7�21H,8¹-1'1'�21rT�'8�CV��2J ��¹-.q3
p��!.��!1�"�#0p'.0Li$&%�"��!L+1k9: '17,-"?L<J #0�!$&%7#�V�L<J��!17#0L+/-17;=*<�21�#·�2.�,�J´;8*+.&;= 'JbT`³@*<*+�H9: 71',�"0�
*+L<�2g-�21�L+1b�2L<1'�!J e�L+�!.�V'L+JH�21�#qL</817;8*+�!1Yd�1-"��2.�.�;8 'Jbª'V��2J ��/-JHp�/-1'�21�"0�!1'.&;= 'JbT

��L<� h7;8,-"�/8.��217;817;=*<6�#q�sg8�!%-"�V';�e-/81k;= 7#!ªUV';8#�#?V�L<�YG� 7#�;=JHJH�21'%�f=1'g-�so!²�L<#�$&%'�21
V��21 #·�2.�,�J´;8*+�!1� 717V V��!1 9
;=.&;=JH�I"��2.�1�*<L<1'�!;8.�#qL<17V®T��51�V�L<�!#0�2J�h7;8*+*�Li#m"�V'�2.�d�1�"0�2.03
.�;8 'J��2O��21b '1�V�,�;=171�*<�2Li$&%�"�L<V��!1�"0L+�7o2L<�2.0"�²��!.�V��!1UT�jk�21'1bo8T'��T'1� '.��!L+17� �Q/8JHp�/=3



�&� � � � � 	���	��
� 	��
��� ����� � ���������

1'�21�"0���Il�L<#q"0L<�2.0"!ª!V';=1'1?*<L<�2g8�!1?;=*<*+���QO��m�!,�"0�:;= 'R��!L+17�2.� ��!.�;-V��21�L<J �@;8 'Jbª2²�/8O��2L=1�;�3
"0�'.�*+Li$&%)#}�C#0#qRS�2%'*<�2.� '17V���L<$&%�"�*+L<1'�!;8.0L+"�f="0�!1?o2 �³@O�²��2Li$&%� '1'g8�!1�RS�'%'.��21UT!�5J �2L<1'g-;81'g-#
�2.�²�f8%'1�"0�21����2Li#qp'L<�2*®#0L+1�VYV�L<��G� 7#�;=JHJH�21'%�f=1'g-��1'Li$&%�")*<L<1'�!;8.!T��QL+� �Q/8JHp�/-1'�21�"��21�3
;=17;8*+6�#0��RS '17,-"�L+/-1'L<�2.0")%7L+�!.�1� 7.!ª�²��21'1b;=*<*<� �Q �;8V��!.)#0Li$&%Y1� '.�²��21'L<g� '1�"0�2.&#�$&%'�2LiV��21
 '17V�V7;=JHL]")�2L<1'��*+L<1'�C;=.��Q��f8%'�2.� '1'gsL+1�V��21�³@O�²��2Li$&%� 71'g8�!1�V��2. #}�!.0,�J´;=*<��e-/81 L<%�3
.0�!1(#}L+"q"��2*<²��!.q"��21bJH¹8g-*+Li$&%�Li#m"CT'(�#�g-�2%�"@V';=171YL<J jk�!#0�21�"0*<Li$&%'�21bV';=.� 'Jbª'V�L<�)��/-.q3
.0�!*<;="0L</817#0J´;�"0.�L+l�o2 b�2.�JHL]"0"0�!*+1UT���L<��£�.�;817#qRS/8.�JH;="0L</81bV��2.���/-.0.��2*i;�"�L+/-17#qJ´;="0.�L]l ;= 'R
��;= 7p�"�;-$&%7#q�!1�*<L+�2RS�2.0")V'L+�	KY�8'UAV$H!#18: A�12�f����$3���~¤S�!1'g8*NT"AV�/���f��� A��2�\��18: A�12�f����$ ��§ T���L<�
��;= 7p�"�;-$&%7#q�!1�#qL<17V�V�L<�·(:L<g8�21�e-�2,�"0/-.0�!1 V��!. �Q/8.�.0�!*<;="0L</817#0J´;�"0.�L+l¥g-�2/-.�V�17�I"´17;8$&%
V��2.� �.�¹��-��V��!.@(:L<g8�!1�²��2.0"0�-T

��L<� K �2'UAV$H!"12: A�18�V����$Q���f�2�V�8��MC���´¤S�!1'g8*NT"AV�/���f��� A��2�T��12: A�12�V����$��2�V�8��MC�/�d� ª�< 5 �@§
L<#q"@L+1·V'�2.QG�L<�2*i#q�2"0o! '1'g ;=*i#0/��2"m²�;-#)O��C#0$&%7�2LiV��21'�!.@;=*i#@V�L<��h7;8,-"�/8.��217;817;=*<6�#q�-T��51bV'�2.
 UL+"0�2.&;�"� '.�#0L<17V�V�L<��O��2LiV��!1�e8�!.0²);=1�V�"0�!1?µ
�2.0Ru;=%'.��21?1'Li$&%�"�L<JHJ��!.{g8�21�;= ? '1�"0�!.�#�$&%'L<�I3
V��21b '17Vb;8 7$&%Y 71-"��2.&#0$&%7L+�CV�*+Li$&%YV'�I�71'L<�2.0"!T

��L<�Qh�;=,�"0/-.0�!17;=17;8*+6�#0�) '17V�V'L+��4� 7$&%'�@1�;8$&%��Q;= 'p�"�,8/-J�p�/817�21�"0�!1 #qp'L<�2*+"�L<1 e�L<�I3
*+�!1}O��C#0$&%'.��2L<O��217V��!1}j�L<#�#0�217#�$&%7;�R¡"��21}�!L+1'�s²�L<$&%�"�L+g-�(��/8*<*+�-T�³� 7$&%}L+1¥©�%'�2JHL<�� '17V
��L</8*</8g-L+�H²�L<.�Vk#0L+� ;81'g8�!²�;817V�"!T®(�L+1¶%'Li#q"0/8.�Li#0$&%'�!.� �.0 '1�V�RS�7.�L+%7.0� ���2*<L<�2O�"�%'�2L+"�Li#m"
V��2.{g8�!.0L<1'g-� ���C$&%'�217;8 �RS²);=17V®ª�V��!.{;8*+*<�2.&V�L<1'g-#�V� '.&$&%sV'L+�����!#�$&%'.&f=1',� '1'gQ;= �R�*+L<1'�!;8.0�
G� 7#�;=JHJH�21'%7f81'g8�Q�2.�,�;= �R¡")²�L+.&V®T #}L+"@V��21�%'�2 '"0��e8�2.0RS�'g-O7;=.��21�©�/-JHp' �"0�!.01Y%7;�"�#0L+�
 '17#0�2.��2. #}�!L+1� '17g�17;8$&%´,-�2L<1'�@g-.0/.�8��(
l�Li#m"��21'o!O��!.0�C$&%-"�L+g- '1'g?JH�2%7.!T-j�L+.)#q,�L<o2o!L+�!.0�!1
#qL<��%'L+�!.!ª�²��2L<*U#0L+��17;-$&%�²�L<��e-/8.)e8�!.0²��21�V��I")²�L+.&VY '17V��!#)V��C#q%7;8*+O�²�Li$&%-"�L+gHLi#m"Cª�L+%7.0�
(:.0g-�2O'17L<#�#q��.�L<$&%�"�L+g��2L<1'o2 7/8.&V�1'�21rT

(:L+17��"m6�p7L<#�$&%'��³@1�²��217V� 71'g L<#q"�V�L<� 4� 7$&%'��17;-$&% �!.0,�*if=.��217V��!1 #·�2.�,�J´;8*+�!1
RS�'.�f8%'1'*<L<$&%'�)(:L<g8�!17#�$&%7;�R¡"��21´e8�!.�#�$&%'L<�!V��!1'�2.L�QO��m�!,�"0�8T-d@1�"0�!.�#�$&%'L<�!V�*<L<$&%7�)$&%7�2JHL<#�$&%'�
µ
�2.�O'L+1�V� '1'g-�21�,-¹81'17�21sf8%'1'*<L<$&%7��j�L<.0,� '1'g-�21s%7;=O��21Uª�o-T��QT�L<1  r¹-#0 '1'g�V�L+� �QO��2. ��f�3
$&%'�217#0p7;81'1� '1'g�e8/81�j¥;8#�#q�!.�%7�2.&;=O7#0�I"�o2�21rT'��L<�?µ
�2.�O'L<17V� '1'g-�21� '1�"0�!.�#�$&%'�2LiV��!1�#0L<$&%
L+1�V'�21�#}�!.0,�J´;=*<�21� �.�¹��-�8ª'�!*+�!,-"�.0Li#�$&%'�2J ��L<p�/-*+JH/-J��!1�"!ª #}/8*<�2,� '*i;=.�g8�!²�L<$&%�"� '17V
;=17V��!.0�!1}9
;=.&;=JH�I"��2.�1UT�j�L+.�²�/8*<*+�!1�²�Li#�#q�!1Uª7²��2*i$&%'�+�Q/8JsO'L+1�;�"0L</81bV��!.�9
;=.&;=JH�I"��2.
�21�"�#�$&%'�2LiV��!17VYRS�'.QV�L<�� '1�#@L<1-"��2.��!#�#qL<�2.��21�V���(:L+g-�217#�$&%7;=R¡"@L<#q"!T�(:L+17��;=17V'�2.���³@1�²��!1�3
V� '1'g¥V��2.´h�;=,�"0/-.0�!17;=17;8*+6�#0� Li#m"´V�L<�b4� �$&%'�Y1�;8$&%��!1�"�#�$&%'�2LiV��21�V��21�(:L+g-�217#�$&%7;=R¡"0�21
e8/81�e8�2.&#�$&%'L+�CV��217�21 #}�CV�L<,�;8JH�21�"0�!1Uª�V�L+���2L<1'��f=%'17*+Li$&%'��%'�2L<*+�!17V���j�L+.�,� '1'gso2�2L<g8�!1UT
��L<�$���21'1�"017L<#{V��!.{�Q;= 'p'"qRu;=,�"�/8.��21��!.0*<�2Li$&%�"0�!.q"{V�L+��4� 7$&%7��1�;8$&%�1'�! '�21�#}�CV�L+,�;8J��!1�3
"0�21bJHL+"�V��2.�g-*+�!L<$&%'�!1Yp�/-#0L+"0L<e8�21�j�L<.0,� '1'g�T

�51 V��2.Y9:%�6�#qL<,�#qp'L<�2*+"�V'L+�kh7;=,�"�/8.��217;817;=*<6�#q�}�!L+1'�� '1�"0�!.0g-�2/8.&V�1'�2"0� ��/-*+*<�8ª)V';
V�L+�s(:.�g8�2O71'L<#�#0�?J��!L<#q"0�!17#�#0$&%�²��2.@o! }L+1�"0�!.0p7.0�2"0L<�2.��21·#0L+17VUT7(�#QL<#q"�V'�!#0%7;=*<O·#0$&%�²�L<�I3
.0L<g7ª�³@1�²��217V' '1'g8�!1�;8 7#�V�L<�!#0�2J ���!.0�!L<$&%Yo2 Y�717V��!1UT'(:L<1bL+1�"0�!.0�C#0#�;=1�"��!#!ª�;8*+*<�2.&V�L<1'g-#
,8/81�#m"�.0 'L<�2.0"0�C#{���!L<#0p'L<�2*Nª8;=1´V��!J ²�L<.�V';-#{9:.0/-O'*<�2J g-�217;8 '�2.:#q"0 �V�L+�!.0�!1H²�/-*+*<�21Uª��!1�"q3
1'�2%'JH�!1�²�L<.@V��!.@³�#q"0.�/81'/-J�L<�8T

# ���d�;AV� ��� & �Q;= 'p�"�,8/-J�p�/817�21�"0�!17;=17;8*+6�#0�· �;=*i;�l�L+�!1�o2�!L+g-�21�V�L<�·O��2,�;=1'1�"��!��/8"q3
e8�2.&#�$&%'L+�!O' '1'g V'�!#�4�p��!,�"0.� 'J´#2ª®V�L<��JHL+"�V��!."���!*<;="0L<e�g8�!#�$&%�²�L+1�V�L+g-,8�!L]"Cª'JHL]"?V��2.�#0L+�
#qLi$&%�e-/81� '17#H�21�"0RS�2.�1'�21Uª
o! 7#�;=JHJH�21'%7f81'g="CT
�@�2O��21�V��!J #}�!#�#0²��!.q"H/�V��2.
#}�!.0,�3
JH;8* � 18$%D2���������&� �Ua�'��&(

x1
,8�2171'�21k²�L+.�V'L+� KY������� (C!#����$

x2
V��!.� �;=*i;�l�L<�21UT®d@J e8/81

4�,�;=*<�21· '1�;=O'%7f81'g8L<g´o2 �#q�!L+1Uª�"0.&;=1�#mRS/-.0JHL<�2.��21b²�L+.�V�L<�!#0�� �.�¹��-�21}#q/�ª�V';-#�L<%'.#}L]"03
"0�2*<²��2.0"@g8*<�2Li$&%Y1� '*<*r '1�V�V'L+��µ:;8.0Li;=17o�g-*+�!L<$&%b�!L+17#�#qL<17V®T�4�L+��#0L+1�VbL+1}V��!.�³@O'OrTrA!n7T F



��� �  � � � �	 
����  ������� 	������������!� ����� � �*
 	�� ������� ��� � � ��� ��� �

J�/�V��!*+*<%7;=R¡"�V';8.0g-�!#q"0�2*<*+"��CT®4�L<�s#0L+17V�#m"&;=.�,�,8/-.0.��2*<L<�2.0"!T7�QL+��h7;8,-"�/8.��217;817;=*<6�#q���!.0JHL+"q3
"0�2*+"�;= 7#�V��!.? ��C#0;8J�"�%'�2L+"�V'�2.�g8�!J��C#0#0�217�21� �;8*<;=l�L<�21�V�L+���Q/8.�.0�!*<;="0L</81'�!1� 717V�*<L<�I3
RS�2.0"Qo2²��2L� '1',-/8.�.0�!*+L<�2.0"0�-ª�/8.0"0%'/-g8/-17;=*<�) UL<1'�!;8.0,-/8JsO'L+1�;�"0L</817�21Uª'V�L<�H#q/-g7T  �;8V� '17g8�21
Q1 = L11x1 + L12x2 + Q10

 717V
Q2 = L21x1 + L22x2 + Q20

 '17VYo2²);=.�#0/7ª�V';8#�#
Q1, Q2

g-�2JHL]"0"0�!*]"{�'O��2.{;=*<*+�) �;=*i;�l�L+�!1?1� '*+*�²��2.&V��21? 717V�V�L<��4� 'JHJ��)V��!.�jk�2.0"0��e8/81
Q2

1

J´;=l�L<J´;=*�²�L+.&V®T '-�!V��/ r;8V' '1'g�L<#q"�;8*<#0/ �!L+1'�� UL<1'�C;=.�,8/8JsO'L<17;�"�L+/-1·;= 7#
��/="�e8�!.q3
#0$&%'L<�2O7 '1'g´ '17V}���2*<*+L<g8,-�2L+"@ '17VbL<1 ��Li$&%-"� '1'g´�!L+1'�!.���;8 'p�"&;8$&%7#0�?e8�!.q"��2L<*]"CT'j�L<$&%�"�L+g
#qL<17V 1� '1( r;-V� '1'g-�21Uª�L+1�V��217�21Y#0Li$&%YV�L<�QO��2/-O7;8$&%�"��I"0�!1`�QO��m�!,-"��Q#q"�;8.0,H '1�"0�!.�#�$&%'�!L]3
V��21UT'��;8#)Li#q"@L+1� '17#0�2.��2J h�;=*<*®p��!.@���2�71'L+"0L</81bV�L<�) r;8V' '1'g

Q1
T'�Q�2.�jk�2.0"�e8/81

Q2#qp'L<�2*+"?p'.&;=,�"0Li#0$&%�,8�!L+1'����/-*+*<��RS�'.��@�!*+*<L<g8,8�!L]"? '1�V!��/8"0e-�2.&#0$&%'L<�2O7 '1'g7T`j¥;8#�O��!V��! �3
"0�I"@V�L<�!#0�!#�(:.�g8�!O'1'Li# ��j�L<.),8¹-1'1'�21Y#0$&%'*<L<�"�8�!1Uª�V';8#�#�V�L+��jk�2.0"0��O��!L<V'�2.$#}�!#�#0g8.�¹��8�!1
L+J j��C#q�!1-"�*+Li$&%'�!1k�!L+17��g-�2JH�2L<17#�;=JH�´d@.&#0;-$&%'�H%7;=O��21rªUV�L+� V'�21¥j��!.q"�e-/81

Q1
O��I3

#m"�L+JHJ�"CT'�51b '17#0�2.��2J ���!L<#0p'L<�2*®²�Li#0#0�21�²�L+.Cª7V';-#0#)���2*<*+L<g8,-�2L+"@ '17V���/="�e8�!.�#�$&%'L<�2O' '17g
O��!L<V��s#m"&;=.�, e8/-1�V��!.@(:1�"qRS�!.01� '17g V��2.Q �;8*<;=l�L+�!1b;8O'%7f81'g8�!1UT'�Q;H/#b��!17#0L<$&%�"0*<Li$&%bV'L+�
(:1�"qRS�2.�1� '1'g

Q1
RS�C#m"�*+�!g="!ª�,-¹81'1'�!1´²�L+.� 'JHg8�!,8�!%'.q"�17;8$&% �!L+17�2.�g8�2�!L+g-1'�I"��21´(:Li$&%� '1'g

V��21b9
;=.&;=JH�I"��2.
Q1

o2 7.@(:1�"qRS�!.01� '1'g�#qJH�C#0#0 '1'g�e8�!.0²��217V'�21UT
j�L+.�e-�2.&;=*<*+g-�2JH�2L<1'�2.�1  '1�VYp7.�f8o2Li#qL<�2.��21Y1� 71� 717#q�!.0� ��O��!.0*<�2g- '1'g8�!1UM
���!.�h7;8,-"�/8.��217;817;=*<6�#q��#m"��2%�"��!L+1'�!#�;�"0.�L+l

Xnp
;8 7#

N ×P
(:*<�2JH�!1-"��21Ho2 7.:µ
�2.03

RS�'g8 '17g7T
Xnp

#q"0�2*<*+"�V';8# #}�2.�,�J´;=*
p
V'�!#��QO��m�2,�"�#

n
V';8.!T8(:.�#q"0�C#�G�L<�2*�L<#q"��C#2ª ��/-.0.��I3

*<;="0L</81'�!1}o2²�Li#0$&%'�!1�V��!1
P
#}�2.�,�JH;8*+�!1~¤ #}� �8g-.0¹.�8�21rª'9
;=.&;=JH�I"��2.�1�§�o2 ·�!.0JHL+"q"��2*<1UT

�� '.&$&%k�2L<1'�s�!L+1'Ru;8$&%'�´£�.�;817#mRS/-.0J´;="0L</81·,-¹81'1'�!1� '17,8/8.�.��2*<L+�!.q"��+ UL<1'�!;8.0,-/8JsO'L+1�;�"0L</=3
1'�21kV��2.�9
;=.&;=JH�I"��2.��!.0%�;=*+"0�21�²��!.�V��!1Uª� 'J¸V';=171� '1�²�Li$&%-"�L+g-� �Q/8JsO'L+1�;�"0L</817�21}o2 
�2*<L+JHL<1'L+�!.0�!1UT=�QL+�!#}�C#0#0 '1'g-�21H#q/-*+*<�21s17;8$&%�#}¹-g8*<L<$&%',-�2L+"{V' '.�$&%

P ′ < P
 UL<1'�C;=.�,8/8J�3

O'L+1�;�"0L</817�21Uª'V�L<����;8 'p�"�,8/8JHp�/81'�!1�"0�21rª�O��C#0$&%'.�L<�2O��21b²��!.�V'�21UT
�Q;8o2 Y#q"�;817V';8.�V�Li#0L+�!.0�!1´²�L+.)o2 7�2.&#m")V�L+� #}�C#0#0²��!.q"��6�m�CV��2.$#}�C#0#0g8.�¹��-�8T.��O��!.�;=*<*+�

�QO��m�2,�"0�Hg-�2JHL]"0"0�!*]"�#0/8*<*V�m�!V��
#}�C#0#0g8.�¹��-��1� '*<*:#q�!L+1k '17VkL<%'.����!JHp'L+.�Li#0$&%'�Hµ:;8.0Li;=1'o
g8*<�2Li$&%Y�!L+17#!T�j�L<.@O'L<*<V��!1

xnp =
Xnp − X̄p

δpJ�L+"

X̄p =
1

N

N∑

n=1

Xnp ,

δ2
p =

1

N − 1

N∑

n=1

(Xnp − X̄p)
2 .

��L<�� �.�¹��-�
xnp

#q"0�2*<*+"s�2L<1'�Y1'/8.�JHL+�!.q"���³@O�²��2Li$&%� 71'g·V��2./#}�!#�#0g8.�¹��8�´e-/8J±£�6�p
pV��!# �QO��m�!,�"�#

n
e8/8J #}L]"0"0�!*+²��2.0"@;=*<*+�!. �QO��m�2,�"0�?V';8.!T

 �;=1'o);=17;8*+/-g�²�L<�)O��!L7V��2.
h7�2%'*<�2.�.0�C$&%'1� '1'g�L+J �?;=p'L+"0�!*�E�,-¹81'1'�!1�²�L<.
�2L<1'�$��/-.q3
.0�!*<;="0L</817#0J´;�"0.�L+lHV��2�71'L<�2.��21UT��QL+�?#06�JHJH�I"�.0Li#�$&%'�

P ×P
��/-.0.��2*i;�"�L+/-17#0JH;="0.�L]l

R
RS�'.

V�L+�se8�!.�#�$&%'L<�!V��!1'�21�#}�C#0#0g8.�¹��-�21��2.�%7;=*+"0�!1·²�L<.�O��2L�#}L]"0"0�!*+ '17gY�'O��2.�;=*<*<�����2/8O�;8$&%�3
"0 '1'g-�21UM

� � �
�  ��� � ������� 	���� � � 	���� ���
� � ��� ������� ��� �



�&��� � � � 	���	��
� 	��
��� ����� � ���������

������� ��� ����� � 	���� ����� � 
 ����� � ����� � � ��� � � ��� �
����	�� � ����� 
 � � � ���  � � � � � 
 � � 
 	���� ��� �
� � � �	�� ��������� �

R =
1

N − 1
xT x ,

Rij =
1

N − 1

N∑

n=1

xnixnj .

��L<����Li;=g-/817;8*+g-*+L<�!V'�2.)V�L+�C#q�!.@#q6�JHJH�I"�.0Li#0$&%7�21�#·;�"�.0L+lY#0L+17V�g-*+�!L<$&%Y�2L<17#2T
��L<�'��/-.0.��2*i;�"�L+/-1¶,8¹8171'�21�²�L+.´o! 'J µ
�2.&#�$&%�²�L<17V��!1�O'.�L<1'g8�!1Uª
L+1�V��2J ²�L<.´�2L<1'�

g8�2�!L+g-1'�I"��! UL<1'�!;8.0,-/8JsO'L+1�;�"0L</81�e8/-1 #}�!#�#qg-.0¹.�8�!1�O'L<*<V'�21Uª�;=*i#q/�V7;8#%�Q/�/8.&V�L+1�;�"0�!17#06-3
#m"��2J �!1�"�#0p'.0�C$&%'�21�V .�/="0L<�2.��21rª'#q/�V';-#0#)V�L<�)#}�!#�#0²��!.q"��

yni,

y = Ax ,

L+J g-�!V�.��2%�"��21�4�6�#q"0�!J  '1',-/8.�.0�!*+L<�2.0"�#0L+1�V®T
A
Li#m":V�L<�)/8.0"0%'/-g8/-17;=*<� ��/8"�;�"�L+/-17#0JH;="0.�L]l®T

��L<��1'�! '�21�³�$&%7#0�21 #0L+17V�V�L+�Q(:L<g8�21�e-�2,�"0/-.0�!1HV'�2. ��/-.0.��2*i;�"�L+/-17#qJ´;="0.�L]l®ª�V�L<�QV��C#q%7;8*+O
V�L<;8g8/-17;=*`²�L<.�V®T�G` �L<%'.��2.@���2.��!$&%71� 71'gs*<¹-#0�21�²�L<.@V';8#@ �*<�2Li$&%� '1'g-#�#06�#q"0�!J

(R − λiE)ui = 0 ,
¤mACn'T B8§

²�/-O��!L
λi
V�L+�Q(:L<g8�21�²��2.0"0�Q '17V

ui
V�L<��o2 'g-�2%'¹-.0L<g8�!1�(�L+g-�21�e8�!,-"�/8.��21´O��!V��! �"0�!1UT���L<�

(:L+g-�21�²��2.0"0���2.�g8�!O��!1�#0L<$&%b;= �#�V��2.@���2o!L+�!%� '1'g

det(R − λE) = 0 .

h��7.�V��21¥/8O��21kO��!#�$&%'.0L<�2O��217�21k�2L<1�Ru;8$&%'�!1kh�;=*<*:e8/-1�1� '.?o!²��!L%#}�2.�,�JH;8*+�!1�Li#q"?V7;8#
�2L<1'�),� 7;8V�.&;�"�L<#�$&%'�? �*+�!L<$&%� '17g

∣∣∣∣
R11 − λ R12

R21 R22 − λ

∣∣∣∣ = 0 ,



��� �  � � � �	 
����  ������� 	������������!� ����� � �*
 	�� ������� ��� � � ��� ��� �

V��2.��21
 r¹-#0 '1'g�V�L<��o!²��!L�(�L+g-�21�²��!.q"��@*<L+�2RS�2.0"!T���L<��(:L<g8�!1�e8�2,�"�/8.��21H,8¹-1'1'�21´²�L<.)V';=1'1
17;8$&%�(:L+1�#q�2"0o2�!1�V��!#H�!1-"&#qp7.0�C$&%'�217V'�21�(�L+g-�21�²��!.q"&#H;= 7#}¤qA!n'T B8§�O��2.��!$&%'1'�!1UT:�QL+�C#q�
³@ �RSg�;=O��� 717VHV�L+�����2.��!$&%71� 71'gQV��!. ��/="&;�"�L+/-17#qJ´;="0.�L]l

A
1'�2%'JH�!1� 717#�RS�2.0"0L<g8�@©�/8J�3

p' �"0�!.0p7.0/-g8.&;=JHJH�b;8OUT���;�V'L+�·(�L+g-�21�²��!.q"��·V�L<���QL<;8g8/81�;=*<�2*<�2JH�21�"0�}L<J .0/8"0L<�2.0"0�!1
4�6�#m"��2J #qL<17V®ª'g-�2O��21·#0L+��V'L+��µ:;8.0Li;=17o2�21bO��2o!�'g8*<L<$&%}V��!.���;8 'p�"&;8$&%7#0�21b²�L<�!V��!.!T'(�L+1
,�*<�2L<1'�!.�(:L<g8�!1�²��2.0"

λi
O��!V��! �"0�2"!ª`V';8#�#@V�L<��9:.�/8�m�!,-"�L+/-1

yni
;8 �R:V�L<���21�"&#qp'.��!$&%7�217V��

³�$&%7#q�k#0$&%7JH;8*QLi#q"� '1�V V��C#q%7;8*+O V�L+�kµ
�2.�J� '"0 '1'g�17;=%7��*<�2g8"!ª)V';8#�#YV'L+�k�21�"�#0p'.��I3
$&%'�217V'�b �.�¹��-�

Qi
1� '.H�2L<1'�!1�#�$&%�²);8$&%7�21~(:L<1��7 �#0#´;8 �R�V�L<��#}�!#�#q²��2.0"0��%7;="!T
��L<�

��;= 7p�"0,-/8JHp�/-1'�21�"��21 ²��2.&V��21�17;8$&%�V'�2.� �.0¹.�8��V��!.�(�L+g-�21�²��!.q"���g-�2/8.&V�1'�2"!T���L<��V'/=3
J�L<1'L<�2.��217V'�21 (:L<g8�!1�²��!.q"����21�"�#0p'.��!$&%'�!1 V��21 ²�Li$&%�"0L<g8�!1 ��;= 7p�"0,-/8JHp�/-1'�21�"��21UT����!J
µ
�2.0Ru;=%'.��21�*+L<�2g8"HV�L<�}�@/#b�1� '1'gko2 � �.0 717V��8ª:V7;8#�#sV�L<�}�Q;="0�!1 #0L<$&% V� '.&$&%~²��21'L<g8�
V�/8JHL<1'L+�!.0�!17V��?��;8 'p�"�,8/8JHp�/81'�!1�"0�21�O��!#�$&%'.0�!L+O��21�*i;8#�#q�!1UT

h7;=,�"�/8.��21
fni

�2.�%7;=*+"0�!1?²�L+.Cª2L<17V��!J�²�L<.�V'L+�
yni

#q"�;817V';=.&V�Li#qL<�2.��21?V� 7.�$&%��QL+e�Li#qL</81
J�L+"�V��!.�j� '.�o2�!*r;= �#�V��21b(:L<g8�!1�²��2.0"0�!1Uª √

λi
M

fni =
yni√
λi

.

j��!1'1H²�L+.V�m�I"�oI"�V�L<�!#0��h7;8,-"�/8.��21�JHL+"�V��21� '.&#qp7.0�'17g8*<L<$&%'�!1 #}�C#0#0²��2.0"0�21�e8�2.�,�1��'p�RS�21
²�/-*+*<�21UªCO��21'¹8"0L<g8�21�²�L+.{�2L<1'��1'�2 '�)£�.�;817#mRS/-.0J´;="0L</817#0J´;�"0.�L+l

Q
ª�V�L<�  �;8V� '17g-#0JH;="0.�L]l®M

f = Qx .
¤u�QL+�HJHL]"0"0*<�2.��H �.�¹��-�sV��!.�"0.&;=17#qRS/8.�JHL+�!.q"��21�#}�C#0#0²��!.q"��8ª`V�L<� �q;YL<17V�L<e�LiV� '�!*+*<�21 �QO�3
�m�2,�"0�!1~o2 'g-�2/-.�V�17�I"s#0L+1�V®ª�²�L<.&V¶�Il�"0.&;=%7L+�!.q"� '1�V~L<1�V�L<��g8*</8O�;=*<��4�6�#m"��2JHJ´;�"0.�L+l

QL+JHp'*<�2JH�21�"�L+�!.q"CT §Q�5%'.�� ��/-J�p�/817�21�"0�!1�g8�!O��!1�;81Uª®²�L+�´#q"�;8.0,bO��!#q"0L<J�J�"0� h�;=,�"0/-.0�!1
;=1¥V��21k '.&#qp'.��'1'g-*+Li$&%'�!1�#}�!#�#0²��!.q"��21�O��I"��2L<*+L<g="�#0L+1�V®T®j��!g8�!1�V��!. �Q.q"�%'/8g-/817;8*+L+"�f="
V��2.:£�.�;817#qRS/8.�JH;="0L</81'�!1�#0L+17V�V�L<���51�e8�2.&#0�21�V��!.%#·;�"�.0L<o2�!1

A , Q
g8*<�2Li$&%�L<%'.��21H£r.&;=17#q3

p�/-1'L+�!.q"��21UT����C#q%7;8*+O�g8�!*]"��21bV�L<��d@JH,8�!%'.0 71'g8�!1

x = QT f ,

x = AT y .

# ��:]���?!8'��)()��� &
A8T�³@ �R\�m�CV��21¶h7;8*+*�L<#q"��!#�#0L<1'1�e8/8*<*NªUV�L+�
�Q/8.�.��2*i;�"0L</81�#qJ´;�"�.0L+lbo2 ¶V�Li;=g8/-17;=*<Li#qL<�2.��21Uª
 'J ;8 �R�V�L<�!#0��j��!L<#0�� '17;=O7%7f=1'g-L+g-��(:L<1'g�;=O��2g8.�¹��-�21´o! Y�!.0%7;8*]"��21UT��QL+�C#q��1'�! '�21
9
;=.&;=JH�I"��2.:%'�!*]RS�!1  '17#�%7f8 ��7g7ª-�2L<1´O��C#0#0�2.��!#�µ
�2.&#m"&f=17V'1'L<#�V��2.�G� 7#�;=JHJH�21'%�f=1�3
g8�?o!²�L<#�$&%'�21b(:L<1'g�;=O��2,8/-JHp�/-1'�21�"0�!1b '17VbV��21�#·�!#�#q²��2.0"0�!1k¤w³@ 7#0g-;8O��!²��!.q"��21�§
o2 g8�!²�L+1'17�21UT
�QL+�b#m"�L+*<*i#0$&%�²��2L<g8�21�V��Y³�1'17;=%7J��-ª:V';8#�#�V�L+�b��;8 'p�"�,8/8JHp�/81'�!1�3
"0�!1�JHL]"�g8.�/��-�21}(:L<g8�!1�²��2.0"0�!1}²�L<$&%�"�L+g-�2.Q#0L<17V·;=*i#�V'L+� �m�21'L<g8�!1�JHL]"�,�*+�!L+1'�!1·(:L+3
g8�!1�²��2.0"0�!1Uª'Li#m"�;=O��2.@1'Li$&%�"�o2²�L<1'g-�217V®ª�V��21'1rª7²��'.&V��21}²�L<.@JHL+"Q '1',-/8.�.0�!*+L<�2.0"0�!1
#}�!#�#0g8.�¹��8�!1?O��!g8L<1'1'�!1Uª�²��'.�V'�� '17#0�2.{µ
�!.qRu;8%'.0�!1�*i;= �"��2.�L<V��!1�"0Li#0$&%'��(:L<g8�!1�²��2.0"0�
*+L<�IRS�!.01rT

¢�T���L<���Q;= 'p�"�,8/-J�p�/817�21�"0�!17;=17;8*+6�#0��L<#q"@�2L<1}p'.�L+JHL+"0L<e8�!#!ª'*<L+17�!;=.��!#)µ
�!.qRu;8%'.��21Uª7V7;8#
1� '.�;=17g8�2²);=1�V�"
²��!.�V��!1´#q/-*+*+"0�-ª=²��!1'1H,8�!L+1´�!L+1'L<g8�!.0J´;��8�21sp'*i;= 7#0L+O7*+�C#2ª=p�;=.&;=JH�I3
"0.�L<#0L<�2.�O7;=.��!# #}/�V��!*+*®o! '.�µ
�2.0RS�'g8 71'g #m"��2%�"!T



�&� � � � � 	���	��
� 	��
��� ����� � ���������

E'T)j��!1'1 17L<$&%�"Y;8 �R?RS�2.0"0L<g8��9:.0/-g8.&;=JHJH�}o2 '.��7$&,�g8�!g8.�L b`�21�²��2.&V��21�,�;81'1Uª��2JHp�3
�7�2%7*]"H�!#H#0L<$&%Uª{;=1 4�"0�!*+*<��V'�2. #·;�"�.0L+l�/8p��2.&;�"�L+/-1'�21 #}L<1'L<J�L<�2.� '1'g�#qp7.0/-g8.&;=JHJH�
o2 Ye8�2.�²��217V��!1Uª� 'J V�L<�Q�!1�"�#0p'.0�C$&%'�21�V��21Y �*<�2Li$&%� '1'g-�21�o! �*<¹-#0�21UT���;8#�Li#m")o2²);=.
.0�C$&%'�217L+1�"0�!17#0L+e-�2.Cª`;8O��!.��2L<1�Ru;-$&%'�2.CT�G� 7V��!J ,-¹81'17�21¥V�L+��*+L<1'�!;8.0�!1kh{f8*+*<�´*+�!L<$&%�"
;= �R{1'Li$&%�"0*<L+1'�C;=.��Q�!.0²��2L+"0�!.q"�²��2.&V��21rT

	�� 
�� � ����� � � ����� ��� � ��	

��L<��G� '/8.&V�1� '1'g�o2 �2L<1'�2.���*<;-#0#0��/�V��!. �?;�"0�!g8/-.0L<� ²�L<.�V~V' '.�$&%��2L<1'�b#q/-g8�21�;=1'1�"0�
,�;="0�!g8/8.�Li#0$&%'��µ:;=.�Li;=O'*<�HO��C#0$&%'.�L<�2O��21UTr�Q;=17V'�2*+"��!#�#0L<$&%¥ 'J 1� '.�o2²��2L �?;�"0�!g8/-.0L<�21Uª
,8¹8171'�21�²�L+.QV�L+�?O��2LiV��!1�#·¹8g8*<Li$&%',8�!L]"��21bV� '.&$&%Y�!L+1'��V'L+g-L]"&;=*<�?1� 7J��!.0Li#�$&%'��µ:;=.�L<;8O'*+�
,8�2171'o2�!L<$&%'17�21UT �@O'*<L<$&%7�2.�²��!L<#0� ²)f=%'*+"�J´;=1~V�L<��jk�2.0"0�

+1
 '17V −1

T��51~J´;=17$&%7�21
h�f8*+*<�21�L<#q"��C#�;8O��!.�#0L+171�e-/8*<*wªC;=1�4�"��2*<*+���2L<1'�C#�V�L<g8L+"�;8*+�!1?(:.�g8�2O71'L<#�#0�!#U�!L+17��,8/-1�"0L<1� 7L+�!.q3
*+Li$&%'��µ:;=.�L<;8O'*<��;81'o2 'g-�2O��21Uª'V'L+�?�!L+1�#·; �sRS�'.@L<%'.��
�@L<$&%�"0L<g8,-�2L+"@V��2.!��*i;8#�#qL+�7o!L+�!.0 '17g
V';=.&#m"��2*<*]"CT

j�L+.�O��2g-L+1'17�21bJHL]"@�!L+1'�!J ���2Li#0p'L+�!*wM
(:L+1 9
;�"�L+�!1-"´*<�2LiV��I"  71-"��2.HO��!#q"0L<J�J�"0�!1�4�6�JHp�"�/8JH�21rM:��;8 7$&%�²��!%Uª
�� 7.�$&%�Ru;8*+*Nª

h�L<�2O��2.Cª �Q/8p'RS²��!%UT'���!.�³@.�oI"�#q/-*+*U�!L+17����Li;=g-1'/-#0��#m"��2*<*+�!1UT'(:.Q²�L+.&V�²��!L]"��2.���h7;8,-"�/=3
.0�!1´²�L+��³@*+"0�2.Cª� ��C#0$&%7*+�C$&%-"Cª=RS.��'%'�!.0����.&;=17,�%7�2L+"0�21rª8O'Li#q%7�2.�L+g-�2.:µ
�!.0*i;= �RUV��!. ��.&;=1',�3
%'�2L+"!ª�³@17#q"0�C$&,� 71'g-#0JH¹8g8*<Li$&%',8�!L]"��21��I"�$8T=O��2.��7$&,�#qLi$&%�"0L<g8�21rT=��L<�Q�QL<;8g81'/�#q�)O��2.� '%�"�;= 'R
O'L<#0%'�!.0L<g8�!1Y(:.0Ru;=%7.0 '17g8�21� '17VbV��!.@³@ 7#0O'L<*<V' '1'g V��C#�³@.�oI"0�C#2T

(:L+1�©�/-J�p7 �"0�!.0p'.�/8g-.�;8JHJ�ª�V';8#?V'�2J ³�.0o2"�V�L+�C#q�´³�.0O��2L+"?"0�!L+*<²��!L<#0�´;=O'17�2%'JH�21
#q/-*+*Nª�J� 7#�#�RS/8*<g8*<L<$&% L<1bV��2.$ r;8g8��#q�!L+1Uª�o! �*<�2.�1'�21Y '17VY1'�2 '��(:L<1'g-;8O��!1�#0L<1'1�e8/8*<*�J�L+"
V��21¥g8�C#qp��2Li$&%'�!.q"��21���;�"��21¥o2 ¥e-�2.�g8*<�2Li$&%'�21UT®�Q;�"0�7.0*<L<$&%kLi#m"��C#�%'L+�!.!ªrL+J  ��2g8�!17#�;�"0o
o2 ¶e�L+�!*+�!1¶9:.�/8O'*<�2JH�21¶V��!.s�Q;�"0 7.0²�Li#0#0�21�#0$&%7;=R¡"0�!1Uª®1'Li$&%-"sJ�¹-g8*<L<$&%rªU�2L<1'�21¥RS 71',�"0L</=3
1'�2*<*+�!1Uª`p7;=.&;=JH�2"0.�L<#0L+�!.0O�;=.��21�G� 7#�;=JHJH�21'%�;=1'g�;=1'o! 'g8�!O��!1UT`j�L+.�J���#0#0�21�;8*<#0/ #·�I3
"0%'/�V��!1}�21�"m²�L<$&,-�2*<1Uª7V�L<��L<J ��;= 'J V��2.Q(:L<1'g-;8O��!e�;8.0Li;=O7*+�!1�g-�2�!L+g-1'�I"@L<1�"0�2.�p�/8*<L+�!.0�!1
O'o2²?T��Il�"�.�;8p�/-*+L<�2.��21UT�4�L<17V�V�L+�C#q�? �.�¹��8�!1 1'Li$&%�")#0L+171�e-/8*<*�o! Y/-.�V'1'�21Uª�J���#0#0�21(��*<;-#m3
#qL+�7o2L<�2.� '1'g-�21·e-/8.�g8�!1'/8JHJH�21}²��2.&V��21rT`4�/-*<$&%7�� �.�¹��8�!1�#0L+17V�o8T ��T`V7;8#� ��!#�$&%'*+�C$&%�"!ª
�2L<1'��h7;8.0O���/�V'�2.@h'/-.0JbT

��L<�)²�L<$&%�"0L<g-#q"0�!1/#·�I"0%7/�V'�21�RS�'.:V�L<��O��C#0$&%7.0L<�2O��21'�)³@ 'RSg-;=O��@#0L+17V�V�L<� %	�d�?!8�/��: ��4
�V�2��GU�2�V�8��MC���Iª�V�L<�)h' '1',�"�L+/-17#0;8p'p'.�/�l�L+JHL<�2.� '1'g�JHL]"L! P ���/$%� � �������@�f��'��?18�V�8�7���	X ��$HGU���
¤S�217g8*NT �8�/$%� ����� �8���f��'����2�L�f��$%� ª � X X·§Iª []���/��4@/�V��!. 
`� ����$%'��&(2�/:@��$H��1UJ#��� ¤;!"���/�f���
:]��$���1�J2�C§Q '17V ��*<;-#0#0L]��o2L<�2.� '1'g�V� 7.�$&% I ��$%��������� J2'��&(2��a�F2'�:@�}¤�J#�����d�/� 18�=$%�������C§IT��51
V��21b*<�I"0o2"0�!1 '-;8%'.0�!1�#0L<17V��21�"�#�$&%'�2LiV��!17V���h'/-.q"&#0$&%7.0L+"q"��H¤ �/'UA#A�12�/$ DC����$318�N:]�"�������V��� ª
a�1U1C�/$Q��J J#�����d�/� 12� $%�?�����C§�L+1}V�L<�!#0�21}���2.��2Li$&%'�!1��2.�o2L<�2*+"@²�/8.&V��21UT

���!e8/-.@²�L+.�V�L<���2L<1'o!�2*<1'�21�#·�I"0%7/�V'�21·17f8%'�2.Q '1�"0�!.�#0 7$&%'�!1Uª7O��I"�.�;-$&%-"��21}²�L<.Q�!L+1
²��!L]"��2.��!#����2Li#qp7L+�!*wT

# ���d�;AV� ��� & �QL+�@jk�!$&%�#q�!*+²�L<.0,� '17g8�21He-/81H(:*<�2,�"0.�/81'�!1´ '17V´�Q;8V�.�/81'�!1HL+1 V��!1
�?;�3
*+/-.0L<JH�I"0�!.01·V'�2.�£r�!L+*i$&%'�217p'%�6�#0L<,Y '1�"��2.&#0$&%'�!L<V'�21�#0L<$&%�L+1·�!L+17�2.�µ�L<�2*<o!;=%7*�e-/81}9
;=.&;�3
J��2"0�!.01UT �?;=*</8.�L+JH�2"0�2.�O��!#q"0�!%'�21·;8 7#��!L+1'�!.�g-.0/.�8�21·G`;8%'*Ue8/-1}���2"0�2,�"�/8.��2*<�2JH�21�"0�!1Uª
V��2.��21~4�L<g817;8*+%7¹8%'�!1�.��2g-L<#q"0.�L+�!.q"?²��2.&V��21rTU�Q;-#�4�6�#m"��2J±#q/-*+*+"0� ;8 7#?£r�C#m"�JH�!#�#q '17g8�21
J�L+"@O��2,�;=1'1�"��21}£r�!L+*i$&%'�!1Y*<�2.�1'�21rª' '1�O��!,�;=1'1�"0�?£��2L<*<$&%7�21bo2 b,�*<;-#0#0L+�7o2L<�2.��21UT



� � � � � � � ����� �����
���	����
 ��� �

���!L�V'�2.
���2 '.0"0�!L+*< '1'g�V��2.
 ���"0�)�!L+1'�C#rµ
�!.qRu;8%'.��217#�#qp7L+�!*]"{1'Li$&%-"{1� '.{V��2.{9:.�/8o!�21�"q3
#0;="0o�V��!.�.�L<$&%�"0L<g8�!1Y(�.0g-�2O'1'Li#�#q�?�!L+1'� ��/8*<*+�-ª7#0/817V��!.01};8 7$&%Uª'²��2*i$&%'�)�Q/817#0� ,� '�!1'o2�!1
Ru;=*i#0$&%'�Y(:.��2L<g81'Li#0#0� o!�2L+"0L<g8�21rT�(�#sLi#q"s1'Li$&%�"H#0/�#�$&%'*<L+JHJbª�²��2171��2L<1'�b4�9®³�# 1'L<$&%�"
�2.�,�;81'1�"�²�L+.&V®ª�²�L<�?²��!1'1Y�!L+17�?²�L<$&%�"0L<g8� #}�!*<V' '1'g´e8�!.0*</8.��21�g8�2%�"CT��51bV'�2.�4�"&;�"0Li#q"0L<,
O��!.0�7$&,�#0L<$&%�"�L+g8"�J´;=1 V�L<�!#0�21 4�;8$&%�e-�2.�%7;=*+"�V� '.&$&%��2L<1'��e8/8J ���21� �"�o2�!.�V��2�71'L<�2.0"0�
�����/� '&��$ -�'��&!8$;� 12��¤ �71C���W-�'��f��$;� 12�®§ T��51 �!L+1�Ru;-$&%'�21 h{f8*+*<�21Uª-O��!L�V'�21'�!1 V';8#�9:.0/-g8.&;=JHJ
�2L<1�Ru;8$&%'�?9
;8.�;8J��2"0�!.�p7.0/�V� 'o!L+�!.q"Cª',�;=1'1}V��!.@µ
�2.�*< 7#m"@/8R¡"�V� '.&$&%b�2L<1'�?JHL]"0"0*<�2.��),- �;�3
V�.�;="0Li#0$&%7�)³�O�²��!L<$&%� '1'g�V��C#{(:.0g-�2O'17L<#�#q�C#{e8/-J ²�;8%'.��21�jk�2.0":/�V��2.
O��2L�V��2.%��*i;8#�#qL+�'3
o2L<�2.� '1'gsV' '.�$&%�V�L<��G®;=%'*`V��2.�h7�2%'*<�2.)O��!#�$&%'.0L<�2O��21Y²��!.�V'�21UT�'-�Q,�*<�2L<1'�2.�V��!.�JHL+"q"0*<�2.��
µ
�2.�*+ 7#q"@Li#m"Cª� 'J´#q/´O��!#�#q�!.)L<#q"�V';8#)9�.0/-g8.&;=JHJbT

��� � � � � 	YZwz2�®��Zu��ZuX��'X��-�'X��'vSUzC�
��L<��;8 �R��?T ��T�h�L<#0%'�2.�o2 '.��7$&,�g8�!%'�21�V��:,�*<;-#0#0Li#0$&%'�:�QLi#q,�.�L+JHL<17;=1'oC;=17;8*+6�#0�
L<#q"��!L+1�4�p��23
o2Li;=*+Ru;=*<*-V��C#UL<J h7/8*<g8�!17V��21?e-/8.�g8�C#m"��2*<*]"��21�µ
�2.0Ru;=%'.��217#!ª!V7;8#r;81? '17#0�2.��%�@O��2.�*+�!g8 '17g8�21
e8/81��?;=p7L]"��2*rB�ª'³�O7#�$&%'1'L+"q"QB�T ¦´;=1',�1��'p�R¡"CT

j��!1'1?²�L+.�V�L+��jk;8%'.�#�$&%'�!L+1'*<Li$&%',8�!L]"&#0V�Li$&%�"0�!1
f1(x)

 '17V
f2(x)

e8/81�o!²��!L���*<;-#0#0�21
e8/81�(:.��2L<g81'Li#0#0�21 ,8�!1'1'�!1Uª:#q/kLi#m"´�!#H�!L+1'Ru;8$&%Uª
�!L+1'�b(:L<1'g�;=O��

x
�2L<1'�!.HV'�2.´O��2LiV��21

��*<;-#0#0�21�#q/Ho2 7o2 '/-.�V�17�21Uª'V';-#0#�V'L+��h7�2%'*<�2.�.�;="0��JH¹8g8*<Li$&%7#m"�,�*<�2L<1YLi#m"�¤wh7;8*+*:A�§ M

x → ��*i;8#�#q��A8ª�Ru;8*+*i#
f1(x) > f2(x) ,

x → ��*i;8#�#q�?¢�ª�Ru;8*+*i#
f1(x) < f2(x) .
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x → ��*i;8#�#q��A8ª�Ru;8*+*i#
f1(x)/f2(x) > c ,

x → ��*i;8#�#q�?¢�ª�Ru;8*+*i#
f1(x)/f2(x) < c .
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f1(x)dx =
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f2(x)dx .
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(x − µ1)
T V1(x − µ1) − (x − µ2)

T V2(x − µ2) < 0 → ��*i;8#�#q��A
,

(x − µ1)
T V1(x − µ1) − (x − µ2)

T V2(x − µ2) > 0 → ��*i;8#�#q�?¢
.
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θ

lim
N→∞

P{|tN − θ| > ε} = 0
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lim

N→∞
〈tN 〉 = θ , lim

N→∞

e�;8.
(tN ) = 0 ,
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tm =
1

N

N∑

i=1

xm
i
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f(x)
ª
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ln L(θ|x) =

N∑

i=1

ln f(xi|θ) ,

V��2.�V' '.�$&%
#·L]"0"0�2*< '1'g��'O��!.�V�L<�@9:.�/8O��21�²��2.0"0� �� '1�"0�2.����21� �"0o! '1'g�V��!.:²);=%'.��21Hµ
�2.03
"0�2L<*< '1'g-#�V�Li$&%�"0�}¤SJHL+"�V��2J ²�;8%'.0�!1�9
;=.&;=JH�2"0�2.

θ0
§�o! �O��2.��!$&%71'�21kL<#q"!Tr(�#?g8L<*+"�o! �3

17f8$&%7#q"@V�L<��d@1'g-*+�!L<$&%� '1'g

〈ln L(θ|x)〉 < 〈ln L(θ0|x)〉 ,

#q/8RS�2.�1
θ 6= θ0

ª�V��!1'1}V'; V��!.� U/-g-;8.0L+"0%'Js 7#)�2L<1'��#q"�;8.0,�,8/81�e-�Il��?h' '1',�"�L+/-1}L<#q"!ª�g8L<*]"
#m"��I"�# 〈ln(. . .)〉 < ln〈(. . .)〉 ª7;8*<#0/

〈
ln

L(θ|x)

L(θ0|x)

〉
< ln

〈
L(θ|x)

L(θ0|x)

〉
= ln

∫
L(θ|x)

L(θ0|x)
L(θ0|x)dx = ln 1 = 0 .

�Q;�#0L<$&%
ln L(θ|x)/N =

∑
ln f(xi|θ)/N

;=*i#};=.�L]"�%'JH�I"0Li#�$&%'�!#(#}L+"q"0�!*��'O��2.·V�L<�
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lim
N→∞

P{lnL(θ|x) < ln L(θ0|x)} = 1 , θ 6= θ0 .
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θ̂
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N
;8 �Rr �.0 717V´#q�!L+17�2.

(
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ln L(θ̂|x) ≥ ln L(θ0|x) .
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lim
N→∞

P{|θ̂ − θ0| < ε} = 1
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(N − a)/(N − b)
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〈tN 〉 = θ .
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b = 〈tN 〉 − θ .
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〈
(t − θ)2

〉
=
e�;=.

(t) + b2
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% � �6����$%� 18� & (:L<1'��4'$&%7f�"�o2 '1'g

t
L<#q"s���Ho!L+�!1�"!ª�²��!1'1¶RS�'.

N → ∞  '17V�;=*<*+� L<1
h'.&;=g8�?,-/8JHJH�217V'�21}9
;=.&;=JH�I"��2.�²��!.q"���V�L<��O��!L<V'�21}RS/-*+g-�217V��!1����!V�L<1'g- '1'g8�!1b�2.0RS�'*+*+"
#qL<17V®M
A8T √

N(t−θ)
RS/-*+g8"��2L<1'�!.���/8.�JH;8*+e-�2.0"0�!L+*< '1'g�JHL+"�#}L+"q"��2*<²��!.q"�1� '*+*� '1�V?,8/-17#m"&;=1�"0�!.

µ:;=.�L<;81'o
σ2 T

¢�T)e�;=.
(t) ≤ e�;8.
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f(x|θ) = exp[α(θ)a(x) + β(θ) + b(x)]
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y(θ̂) = 0
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y′(θ̂) → y′(θ0) → 〈y′〉 = −σ2
y = const ,
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θ
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ln L
M

ln L(θ) = ln L(θ̂) − 1

2
σ2

y(θ − θ̂)2 ,
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y ∼ 1/N
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θ̂ − θ0
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[t1(θ), t2(θ)]
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P{t1(θ) ≤ t ≤ t2(θ)} = C .
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P{t < t1} = P{t > t2} =
1 − C

2
,
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(t, θ)
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t = t1(θ) , t = t2(θ)
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A : θA = (7.50± 2.25)
%

,

B : θB = (50 ± 100)
%
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f(t) =
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2πθ2
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[
−625(t− θ)2

2θ4

]
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+
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U2 =

N∑

i=2

(zi − zi−1)
2
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i=1 z2

i
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A2 = −N +
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(zi − 1) (ln zi + ln(1 − zN+1−i)) .
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