arXiv:cond-mat/0004195 12 Apr 2000

Comment on “Quantum Statistical Mechanics of Nonrelativistic Membranes: Crumpling Transition at Finite Temperature” by M.E.S.

Borelli, H. Kleinert, and A.M.J. Schakel

Georg Foltin Institut für Theoretische Physik, Heinrich–Heine–Universität Düsseldorf, D–40225 Düsseldorf, Germany

April 2000

Abstract

Borelli et.al. [Phys. Lett. A 267 (2000) 201] study a 2-dimensional fluid membrane in a 2+1-dimensional space, subject to quantum fluctuations. Unfortunately, they use an unphysical kinetic-energy term which is not invariant under coordinate transformations. Moreover, they expand the resulting field theory around D = 2, which is not its lower critical dimension. We study the corrected field theory to one loop order in a D = ϵ - expansion and find a quantum transition even at T = 0.

Borelli et.al. [1] investigate the quantum fluctuations of a membrane with curvature stiffness and surface tension. They start from the action

S_0 = ∫ dtd^Dσ √ g ( 1 2ν (∂_tX)^2 + r + 2 α H^2 ) , (1)

where X(σ, t) describes the time-dependent D-dimensional surface embedded in a D + 1-dimensional space. Hence σ is a D-dimensional set of internal coordinates which parametrize the surface. d^Dσ √ g is the invariant element of area, H is the mean curvature, 1/ν is the mass density, r is the surface tension and 1/α is the bending rigidity. The action (1) only makes sense in Lagrangian coordinates, i.e. coordinates which follow the elements of fluid. Then, X(σ, t) is (for fixed σ) the trajectory of an element of fluid and ∂_tX the corresponding velocity. The velocity might be decomposed into a normal part v_⊥ = N·∂_tX and the tangential parts u_i = ∂_iX·∂_tX, where N is the normal vector and ∂_iX = ∂X/∂σ^i are the tangential vectors (see e.g. [2]). The normal velocity v_⊥ allows for a geometrical interpretation - it encodes the variations of the shape of the membrane, whereas the tangential velocity simply generates reparametrizations of the surface (coordinate transformations). Indeed, a purely tangential velocity field leaves the shape of the membrane unchanged and, therefore, belongs to degrees of freedom beyond the geometric ones^1. At this point, the authors of [1] introduce a representation of the surface in terms of a heigth-variable ϕ(x, t) - the Monge representation (x is a D−dimensional Euclidean vector) X(x, t) = (x, ϕ(x, t)) , (2) and simply identify the coordinates x of the Monge representation (2) with Lagrangian coordinates, i.e. they calculate from (2) the velocity ∂_tX = (0, ∂_tϕ(x, t)). This corresponds to fluid elements which move up and down only, thus violating Euclidean invariance. Plugging this velocity into the kinetic energy term, they find an unphysical kinetic energy ∝ ∫ dtd^Dx √ g(∂_tϕ)^2 with g = 1 + (∇ϕ)^2. Instead of using action (1) and taking care of the tangential degrees of freedom, we write down a simplified action, depending only on the shape of the membrane and its variation (with conveniently chosen coupling constants)

S_0/h̄ = ∫ dtd^Dσ √ g ( λ 2h̄ v^2_⊥ + r h̄ + 2 h̄λ H^2 ) . (3)

It can be seen easily that v_⊥ is really a scalar under general time-dependent coordinate transformations σ → σ(σ^′, t). Since the representation in terms of Lagrangian coordinates and the Monge representation are connected by a particular time-dependent coordinate transformation, which leaves the modified action (3) invariant, it is absolutely safe to convert the action (3) into the Monge representation using v_⊥ = ∂_tϕ/ √ g (where g = 1 + (∇ϕ)^2)

S_0/h̄ = ∫ dtd^Dx λ 2h̄ (∂_tϕ)^2 √ g + r h̄ √ g + 1 2h̄λ √ g ( ∇ · ( 1 √ g ∇ϕ ))2 (4) = ∫ dtd^Dx [ λ 2h̄ (∂_tϕ)^2 + r 2h̄ ∂_iϕ∂_iϕ + 1 2h̄λ (∂^2ϕ)^2 − λ 4h̄ (∂_tϕ)^2∂_iϕ∂_iϕ − r 8h̄ ∂_iϕ∂_iϕ∂_jϕ∂_jϕ − 1 4h̄λ ∂_iϕ∂_iϕ(∂^2ϕ)^2 − 1 h̄λ ∂_iϕ∂_jϕ ∂_i∂_jϕ ∂^2ϕ ] + O(ϕ^6),

where i, j = 1 . . . D. This action differs from the one used in [1] by a 1/ √ g instead of √ g in front of the (∂_tϕ)^2 term, and consequently a reversed sign in front of the first vertex. The wrong sign, however, does not change any consequence drawn by [1] (for zero temperature), since the authors expand the field

1The divergence of the tangential velocity field, however, is fixed by the (geometrical) condition 2Hv? = D^iu_i in case of an incompressible membrane.

theory around the dimension D = 2, where the flow of the coupling constants is mainly determined by their naive dimensions. In fact, the lower critical dimension of the theory is D = 0, where the coupling constants in front of the kinetic energy and in front of the curvature energy become marginal, as can be seen from the dimensions of the coupling constants (L=length), which are h̄ ∼ L^D and r ∼ L^{−2} (λ is rendered dimensionless, t ∼ L^2). Therefore, we have to calculate the quantum fluctuations of (4) in a double h̄ and D = ϵ expansion, which is done here to one loop order with the help of dimensional regularization and the minimal subtraction scheme in analogy with [3]. Not included in the action (4) are the integral over the scalar curvature R (which does not yield a contribution to one loop order and which is a topological invariant for D = 2) and a boundary term - the cross term 2 ∫ dtd^Dx √ g v_⊥H = − ∫ dt∂_tA, where A is the surface area.

The bare T = 0 two-point vertex function Γ_{0,2}(q, ω) reads (denoting from now on bare quantities with a subscript_0)

Γ_{0,2}(q, ω) = λ_0 h̄_0 ω^2 + r_0 h̄_0 q^2 + 1 h̄_0λ_0 q^4 + ω^2 2 λ_0(r_0λ_0)^{ϵ/2}I_ϵ − q^2 2 + ϵ r_0(r_0λ_0)^{ϵ/2}I_ϵ

+ q^4 (1 2 + 2 ϵ ) 1 λ_0

(r_0λ_0)^{ϵ/2}I_ϵ, (5)

where I_ϵ = (4π)^{−ϵ/2−1/2}Γ(1 − ϵ/2)Γ(ϵ/2 + 1/2)/Γ(1 + ϵ/2) (I_ϵ is finite in the limit ϵ → 0). We introduce renormalized couplings h̄, λ, r by h̄_0 = μ^{−ϵ}h̄Z_{h̄}/I_ϵ, r_0 = Z_rr and λ_0 = Z_λλ (μ is an arbitrary momentum scale) and require the renormalized vertex function

Γ_2(q, ω) = μ^ϵI_ϵ h̄ (Z_λ Z_{h̄} λω^2 + Z_r Z_{h̄} rq^2 + 1 λZ_λZ_{h̄} q^4 + ω^2 2 λh̄Z_λ − q^2 2 + ϵ rh̄Z_r + q^4 (1 2 + 2 ϵ ) h̄ λZ_λ ) (6) to be finite in the limit ϵ → 0. We find Z_{h̄} = Z_λ = Z_r = 1 + h̄/ϵ + O(h̄^2). The RG-equation is readily derived from the fact, that the bare quantities do not depent on the momentum scale μ, yielding

(μ∂_μ + β(h̄)∂_{h̄} + γr∂_r + ζλ∂λ) Γ_2(q, ω) = 0 (7)

with the beta-function β(h̄) = h̄(ϵ − h̄). The theory has an ultraviolet stable fixed point (not seen by Borelli et.al. [1]) h̄^∗ = ϵ which corresponds to a quantum phase transition at a finite h̄ (for D > 0 and T = 0) from a smooth phase for small h̄ to a crumpled phase for h̄ > h̄^∗. The main effect of quantum fluctuations on the statistics of membranes is a shift of the lower critical dimension from D = 2 to D = 0. For slightly larger dimensions a quantum phase transition takes place at a finite h̄^∗. We expect, that this picture remains true up to the physical dimension D = 2, although the numerical accuracy for the one-loop critical exponents (not presented in this comment) should be quite limited.

I would like to thank R. Bausch and H.K. Janssen for useful discussions.

References

[1] M.E.S. Borelli, H. Kleinert, and A.M.J. Schakel, Phys. Lett. A 267 (2000) 201.

[2] G. Foltin, Phys. Rev. E 49 (1994) 5243.

[3] D.J. Wallace and R.K.P. Zia, Phys. Rev. Lett. 43 (1979) 808.