arXiv:cond-mat/0011268 15 Nov 2000

Conformal Field Theories Perturbed by Operators with Non-Zero Conformal Spin: Exact Results

A. M. Tsvelik Department of Physics, University of Oxford, 1 Keble Road, Oxford OX1 3NP, UK

A procedure is suggested for obtaining exact solutions of critical models in (1+1)-dimension perturbed by non-holomorphic operators with non-zero conformal spin. An example discussed in detail constitutes the SU(2) level k Wess-Zumino-Novikov-Witten model perturbed by the current fused with the primary field from the adjoint representation. This perturbation (i) generates static oscillations with a wave vector dependent on the coupling constant, (ii) gives rise to a soft mode with a non-relativistic (ferromagnetic) dispersion E ¸ k^2, (iii) generates massive (roton) modes which are described by Zk -invariant massive model of parafermions.

71.10.Pm 75.10.Jm

Though general stability of critical points is determined by scaling dimensions of the perturbing operators, to conjecture the ultimate destination of the renormalization group (RG) flow is much more difficult problem. In most cases one has to resort to non-perturbative methods to solve this problem. Availability of such methods makes this task easier in (1+1)- and two dimensions.

At criticality where all two-point correlation functions follow power law behaviour, an operator Φ(z, z̄) is characterized by its scaling dimension d and conformal spin S defined as

< Φ(z_1, z̄_1)Φ(z_2, z̄_2) >= Az^{−(d+S)}_{12} z̄^{−(d−S)}_{12} (1)

Despite the fact that there are quite a few important problems in condensed matter physics which can be reduced to critical models perturbed by operators with non-zero conformal spin (NZCS perturbations), no nonperturbative results are available. The best known problem of that kind is the problem of tunneling between two Luttinger liquids. In the simplest case of spinless Luttinger liquids the action density is given by A = 1 2 (∂_μΦ)^2 + T (2)

where Φ is the antisymmetric combination of bosonic fields from the two chains and the tunneling operator is given by

T = t cos[ √ π(K^{1/2}Φ + K^{−1/2}Θ)] + t cos[ √ π(K^{1/2}Φ − K^{−1/2}Θ)] (3)

Here Θ is the field dual to Φ, K is the Luttinger liquid parameter. The perturbation T consists of two operators with conformal spins of opposite sign (S = ±1) and scaling dimension d = 1/2(K + K^{−1}) [1].

Another problem much discussed in the literature is the problem of frustrated spin-1/2 two-leg Heisenberg ladder (alias the zig-zag ladder) where the leading interchain interaction gives the following contribution to the action density [2]:

δA = g(n1∂_xn2 − n2∂_xn1) (4)

where n1_,2 are staggered magnetizations of chains 1 and 2. This operator is also a sum of two operators with d = 2, S = ±1.

In both above cases one cannot observe NZCS perturbation in its purity since a fusion of two operators with different spin generates under RG a relevant operator with zero spin. However, in certain range of parameters of model (3) this secondary flow does not catch up with the flow of the original coupling constant (for model (4 this is always the case) [3], [4], [5] (see also [1] where this topic is extensively discussed). This gives room for an energy scale on which the effect of interaction between the operator with S = 1 and S = −1 can be neglected. On this energy scale one can drop one operator and consider a perturbation with one sign of conformal spin, for example S = 1 [6].

The simplest, but trivial example of NZCS perturbation is a conserved current. This perturbation leads to a shift in the corresponding Fermi momentum generating static oscillations with a new wave vector which magnitude depends on the perturbation strength. Otherwise the perturbed theory remains critical in the infrared (IR), though the IR and UV (ultraviolet) behaviour may belong to different universality classes. One may wonder whether the same pattern emerges when the perturbation is non-holomorphic as in the models discussed above.

In this letter I describe a series of exactly solvable models with the action of the following general form:

A = W_k + h_a ∫ d^2x : J_b(x)Φ_{ab}(x) : (5)

where W_k is the action of the Wess-Zumino-Novikov- Witten (WZNW) model on the SU(2) group with level k, Φ_{ab} are primary fields from the adjoint representation, J_a are the left Kac-Moody currents and h_a is a constant vector. The suggested procedure can be easely generalized for other symmetry groups and coset models.

The simpliest model from this set is the one with k = 2. In this case WZNW action is equivalent to the theory of three massless Majorana fermions [7] and the perturbed action (5) is A = ∫ d^2x[ 1 2 χ_a(∂_τ − i∂_x)χ_a + 1 2 χ̄_a(∂_τ + i∂_x)χ̄_a + h_aχ_1χ_2χ_3χ̄_a] (6)

The last term coincides with the one introduced by Nersesyan et al. in their study of the zig-zag ladder [6].

To solve model (5) I use the Bethe ansatz solution of WZNW model [8]. This solution describes not just the critical point, but the entire RG flow towards it. As was shown in [9], in the vicinity of the critical point the leading irrelevant operator responsible for this flow is

V = g : J̄_aJ_b(x)Φ_{ab}(x) : (7)

In the presence of magnetic field this operator generates perturbation (5). Indeed, a magnetic field H_a in WZNW model is coupled only to currents of definite chirality. Thus without loss of generality we can couple it to the right current J̄_a. In a finite magnetic field this current asquires a finite expectation value

< J̄_a >= H_a/2π (8)

and therefore in the leading order in H the irrelevant operator (refpert) is transformed into a relevant perturbation (5) with

h_a = gH_a/2π (9)

Thermodynamic Bethe Ansatz (TBA) equations for SU(2) WZNW model of level k in magnetic field have the following form [8]:

ϵ_n(v) = T s ∗ ln[1 + e^{ϵn+1(v)/T} ][1 + e^{ϵn}�^{1 (v)/T} ] (10) − mδ_{n,0}e^{−πv/2} − mδ_{n,k}e^{πv/2}, lim_{n→−∞} ϵ_n n = −H where n = −∞, ...∞ and the free energy is given by F/L = − mT ∫ dv(e^{−πv/2}δ_{n,0} + δ_{n,k}e^{πv/2}) ln[1 + e^{ϵn(v)/T} ] (11)

(L is the system’s size) and s ∗ f(v) = ∫_∞ −∞ du f(u) 4 cosh[π(v − u)/2]

We first study these equations at T = 0. In this case all ϵ_n with negative n are of order of H, ϵ_0(v) is positive at v → −∞ and changes its sign at B ∼ − ln(m/H), ϵ_n with positive n are also positive except of ϵ_k(v) which changes its sign from negative to positive at some value Q > 0. The ground state energy can be expressed in terms of ϵ_0 and ϵ_k which satisfy the following integral equations: ∫_∞ Q duD(v − u)ϵ_k(u) = −me^{−πv/2} + ∫_{−B} −∞ duK(v − u)ϵ_0(u) (12) ∫_{−B} −∞ duD(v − u)ϵ_0(u) = −me^{πv/2} + H + ∫_∞ Q duK(v − u)ϵ_k(u) (13) where the Fourier transforms of the kernels are D(ω) = tanh ωe^{k|ω|} 2 sinh kω , K(ω) = tanh ω 2 sinh kω

(14)

The limits B and Q are determined by the conditions ϵ_0(−B) = 0, ϵ_k(Q) = 0.

To determine the spectrum, we also need to know the densities ρ_0, ρ_k which satisfy similar equations: ∫_∞ Q duD(v − u)ρ_k(u) = m 4 e^{−πv/2} + ∫_{−B} −∞ duK(v − u)ρ_0(u) (15) ∫_{−B} −∞ duD(v − u)ρ_0(u) = m 4 e^{πv/2} + ∫_∞ Q duK(v − u)ρ_k(u) (16) Since we are interested only in the leading asymptotics in H, we can neglect ϵ_k in Eq.(13) (and respectively ρ_k in Eq.(16)) and solve these equations as Wiener-Hopf ones. Eqs.(12, 15) in this case also become Wiener-Hopf equations. The case k = 2 is somewhat special and will be treated separately. For k > 2 the solutions at large Q, B (small H/m) are given by

ϵ_k(v) = ∫_∞ −∞ dω 2π e^−i^{ω(v−Q)}ϵ^{(+)}_k (ω),

ϵ_0(v) = ∫_∞ −∞ dω 2π ei^{ω(v+B)}ϵ^{(+)}_0 (ω),

ϵ^{(+)}_0 (ω) = πH iω(π − 2iω)G^{(+)}(ω)G^{(+)}(0)

, (17)

ϵ^{(+)}_k (ω) = π(k − 2)me^{−πQ/2} (π − 2iω)(π − ikω)G^{(+)}(ω)G^{(−)}(−iπ/2)

, (18)

ρ^{(+)}_k (ω) = ϵ^{(+)}_k (ω) (π − ikω) 2π(k − 2) (19)

where

exp (−πQ/2) = β_k(H/m)^{(k+2)(k}�^{2)} , β_k (20) = { k tan(π/k) 2π(k + 2)[G^{(+)}(iπ/k)]^2 }_{k/(k−2)} [ G^{(+)}(iπ/2) G^{(+)}(0)

]^{(k+2)}_{(k}�_{2)}

and

G^{(−)}(ω) = ( iωk + 0 πe )_− iωk_π Γ(1 + i^{kω}_π )Γ(^1_2 + i^ω_π ) √ 2πkΓ(1 + i^ω_π )

(21)

with G^{(−)}(ω) = G^{(+)}(−ω) and D(ω) = G^{(−)}(ω)G^{(+)}(ω). From these equations we can extract the following information. First of all, we observe that ϵ_k approaches zero at two points: at v = Q and v → ∞. The latter point we identify with zero momentum; then point v = Q corresponds to the wave vector δP = 2π ∫_∞ Q dvρ_k(v) = 2πρ^{(+)}_k (ω = 0)

= mγ_k(H/m)^{(k+2)(k}�^{2)} (22)

where

γ_k = β_k G^{(+)}(iπ/2)G^{(+)}(0)

This incommensurate wave vector scales with H exactly as one expects it to scale (that is δP ∼ H^{1/(2−d)}), taking into account that the scaling dimension of the perturbation in Eq.(5) is d = 1 + 4/(k + 2). The excitation spectrum in the vicinity of v = Q is linear; the velocity is given by

V_R = 1 2πρ_k(Q) ∂ϵ_k(v) ∂v |_{v=Q} =

(k − 2) k V_L (23)

where V_L is the velocity of the left-moving particles.

The fact that ϵ_k approaches zero also at v → ∞ means that there are soft modes at zero momentum. From Eqs.(18, 19) we see that at v → ∞ ϵ_k ∼ ρ_k ∼ v^{−2} which means that the spectrum is quadratic. The momentum is given by

P (v) = 2π ∫_∞ v dvρ_k (v) (24)

Using this formula and Eq.(19) we find the dispersion law:

ϵ(P ) =

(k − 2) k (P/δP )^2, (P << δP ) (25) For k = 2 the formulae for the velocity and the dispersion law should be modified: Q = 2π/g + 1 π ln(4g), g = [HG^{(+)}(iπ/2)/m]^2 (26) V_R/V_L = 1 π^2 g ∼ H^2, (27) δP = m H[G^{(+)}(iπ/2)]^2 exp{−[πm/HG^{(+)}(iπ/2)]^2} (28)

As I have said, at T = 0 all ϵ_n(v) with n ≠ 0, k are positive. The energies with negative n are all of order of H and will not interest us. I will be interested only in soft modes. From Eqs.(10) one can extract the following expressions for the Fourier transforms:

ϵ_n(ω) = sinh nω sinh kω ei^{ωQ}ϵ^{(+)}_k (ω) + sinh(k − n)ω sinh kω e^−i^{ωB} ϵ^{(+)}_0 (−ω), (29) 0 < n < k ϵ_{n+k}(ω) = e^{−n|ω|}ϵ^{(+)}_k (ω)ei^{ωQ} (30)

The first observation is that at v >> Q one can neglect the term with ϵ_0 in Eq.(29). In this approximation the expressions for ϵ_n(n > 0) coincide with the asymptotics of energies for the spin-(k/2) integrable ferromagnet. The latter ones can be extracted from TBA equations obtained in [10]. It is easy to generalize this result for nonzero T. Thus the ferromagnetic mode is indeed a part of the low-energy effective theory.

Another soft mode in the right chiral sector has the linear spectrum with velocity (23) and is centered at the the momentum δP . Using the standard manipulations with TBA equations one can find its contribution to the specific heat and establish that this mode carries central charge 1. Therefore it is described by the chiral Gaussian model.

The remaining soft modes are massive, but the mass is much smaller than H (the latter serves as a cut-off for the low-energy sector). They correspond to ϵ_n with 0 < n < k. From Eqs.(29) I find the following expressions for the spectral gaps for k ≠ 2: M_n = M_0 sin(πn/k), n = 1, ...k − 1 M_0 = [ 2(k − 2) cot(π/k) πk(k + 2) ]_{1/2} δP (31)

For k = 2 the gap is exponential in H^{−2}. The energy minimum for ϵ_n with n = 1, ...k − 1 occurs at v ∼ (Q − B)/2. This means that the massive modes are centered at incommensurate wave vectors. The magnitude of these wave wectors is of order of δP . In rapidity space these spectral minima are far away from v = Q and v = −B where gapless modes are located. Therefore the interaction with the gapless modes is weak and one can consider massive modes in isolation. Restricting TBA equations to this sector, as it was done in one of my previous publications, I obtain the equations which coincide with the equations describing Z_k-invariant integrable massive model [11]. The latter model can be presented as a critical model of Z_k parafermions perturbed by the thermal operator. The latter one is a primary field with scaling dimension 4/(k +2). For k = 2 this model becomes a free theory describing one massive Majorana fermion field.

To better understand the origin of these soft modes let us consider the k = 2 case. In this case the interaction can be decoupled by the Hubbard-Stratonovich transformation using an auxilary vector field S:

V = gχ_1χ_2χ_3χ̄_c = S_aJ_a + iS_b < χ_bχ̄_c > + S_aS_a 2g (32) where J_a = iϵ_{abc}χ_bχ_c. At T = 0 the field acquires a finite expectation value spontaneously breaking the right SU(2) symmetry (at T ≠ 0 the fluctuations destroy the order parameter, but its modulus remains finite) shifting the Fermi wave vector of those fermions which are ’perpendicular’ to < m > (so, if < m > is along the 3-rd axis, it would be χ_1, χ_2) and mass for the one which is ’parallel’ to it (recall that the Bethe ansatz description contains this massive mode!). To calculate the effective action for fluctuations of S_a one has to integrate over the fast degrees of freedom. One way to do it is to introduce a triad of mutually perpendicular unit vectors e^{(j)} such that S = Se^{(1)} and introduce new Majorana fermions η_j:

χ_a(x) = ∑ j e^{(j)}_a (x)η_j (33)

Then interaction term (32) becomes diagonal:

V = iS(2η_2η_3 + η_1χ̄_c) + S^2/2g (34)

Substituting (33) into the bare action of chiral fermions I obtain

A = η_j[δ^{jk}∂ + e^{(j)}_a ∂e^{(k)}_a ]η_k (35)

where ∂ is the holomorphic derivative. Since i < η_2η_3 >≡ h ≠ 0, the action for e-fields acquires a term

ih[e^{(3)}_a ∂e^{(2)}_a − e^{(2)}_a ∂e^{(3)}_a ] ∼ i cos θ∂ψ (36)

where angles θ, ψ parametrize the ferromagnetic order parameter e^{(1)} = (cos θ, sin θ cos ψ, sin θ sin ψ). The integration over the massive Majorana mode gives the term proportional to (∂e^{(1)} ¯∂e^{(1)}). As a result one does get an effective action for a ferromagnet:

A_{eff} = ih cos θ∂ψ + B(∂θ ¯∂θ) + B sin^2 θ(∂ψ ¯∂ψ) (37)

A similar decoupling procedure was employed by Nersesyan et al. in [2]. One may consider the exact solution as a justification of such mean field approach.

I am grateful to Ph. Lecheminant for inspiration, to A. A. Nersesyan and F. H. L. Essler for illuminating discussions and interest to the work and E. Papa for help with preparation of the manuscript.

δP E_k E 0 P E_1

E_2

E_3

FIG. 1. A scematic picture of the excitation spectrum.

[1] For references and discussion see A. O. Gogolin, A. A.

Nersesyan and A. M. Tsvelik, ’Bosonization and Strongly Correlated Systems’, Chapter 8, 20; Cambridge University Press (1998).

[2] A. A. Nersesyan, A. O. Gogolin and F. H. L. Essler, Phys.

Rev. Lett. 81, 910 (1998).

[3] F. V. Kusmartsev, A. Luther and A. A. Nersesyan, JETP Lett. 55, 692 (1992); Phys. Lett. A176, 363 (1993).

[4] V. M. Yakovenko, JETP Lett. 56, 5101 (1992). [5] D. V. Khveshchenko and T. M. Rice, Phys. Rev. B50, 252 (1993); D. V. Khveshchenko, Phys. Rev. B50, 380 (1993).

[6] M. Zarea, M. Fabrizio and A. A. Nersesyan, in preparation.

[7] A. B. Zamolodchikov and V. A. Fateev, Yad. Fiz. [Sov.

J. Nucl. Phys.] 43, 1043 (1986).

[8] A. M. Polyakov and P. B. Wiegmann, Phys. Lett. B131, 121 (1983); 141, 223 (1983).

[9] V. G. Knizhnik and A. B. Zamolodchikov, Nucl. Phys.

B247, 83 (1984).

[10] H. M. Babujan, Nucl. Phys. B215, 317 (1983). [11] A. M. Tsvelick, Nucl. Phys. B305, 675 (1988).