arXiv:cond-mat/0012106 7 Dec 2000

THE NATURE OF THE LONG TIME DECAY AT A SECOND ORDER

TRANSITION POINT

Moshe Schwartz

SchoolofPhys ics and Astronomy

TelAviv Universit y

TelAviv, Ramat Aviv, Israel

And

S. F. Edwards

Cavendish Laboratory

Maddingley Rd.

CB 3 OHE, Cambr idge, UK

We show that at a second order phase transit ion, of 4

f like system, a necessar y

condit ion for stretched exponent ial decay ofthe time dependent structure factor is

obeyed. Using the ideas presented in this proofa crude estimate ofthe decayofthe

structure factor is obtained and shown to yield stretched exponent ialdecayunder ver y

reasonable condit ions.

The decayofdisturbances in so me physical systems is known to be a stretched

exponent ial in t ime. The canonical list ofthose systems includes glasses ,

1 -3

polymer

solut ions

4 , 5 and such a formo fdecayis also character ist ic o fdielectr ic and

viscoelast ic relaxat ion.

6 , 7 In recent work

8 , 9

we have shown that this formo fdecayis

much wider spread than expected. We claim, in fact, that such a decayis present in

many non - linear systems such as magnets at their cr it ical po int, systems ofthe KPZ

type etc. These systems share the propertythat a disturbance ofwave vector q

G

, decays at equilibr ium wit h a character ist ic decay rate, q

w , that is proportional to mq with 1> m . Since, the problems invo lved are ver ydifficult , the der ivat ion has to rely on approximat ions. Therefore, it is ver yimportant to have so me exact results that may also suggest an intuit ive understanding ofthe stretched exponentialdecay. We start bygiving an exact proofthat the condit ion for a slow for mofdecayis fulfilled at the crit ical po int ofa systemofthe 4f type. We continue then, byemplo ying the same basic ideas, to argue that indeed the decayis a stretched exponentialin t ime.

The systemwe have in mind is a classical 4f systemat its crit ical po int or any generalizat ion ofit. We willalso assume that the classical Hamiltonian, W , that governs the statics is even in the field f . It is well known that Langevin dynamics o f the systemleads to a Schroedinger like evo lut ion equation 10 -13 y y

H t

- =

¶

¶

, ( 1 ) where y is related to the probabilit y distr ibution ofobtaining a given field configuration }{ q

f at time , t }, { t P q

f , by },{]2/ exp[ } , { t W t P q q

f y f - = and where the " Hamiltonian"

) 0 ( }

4

1

2

1 {

2 2 > =

¶

¶

¶

¶ -

¶ ¶

¶ +

¶ ¶

¶ - = -

- - -

å q q q q q q q q

q

W W W H ll f f f f f f

l ( 2 ) is Her mit ian, non negat ive and its only eigenfunction wit h eigenvalue zero, is the ground state ]2/ exp[ 2 1 W Pe q G

- μ º y . In the fo llowing we willchose q

l to be proportional to q q with q that is not too negative. (The meaning ofthe last phrase willbeco me clear later). Past studies o fthe dynamics ofthe 4f systemconcentrated on 0 = q and 2=q . 13 -15

The persistence ofa disturbance ofwave vector q

G at equilibr iumis descr ibed by the normalized t ime dependent structure factor

2

> <

> <

=

F

F

=

-

-

) 0 ( ) 0 (

) ( ) 0 (

) 0 (

) (

) ( q q

q q q

q q

t t t f f

f f a , where the averages on the right hand side ofthe above mean that q -

f is measured in equilibr ium at time 0=t then the systemis allowed to evolve freelyand q

f is measured at time t . Next, we express )( t q

a in terms ofthe eigenfunct ions and eigenvalues ofthe " Hamiltonian" H . Since H co mmutes with the mo mentum operator, the eigenfunct ions o f H can be chosen also to be eigenfunct ions ofthe mo mentumoperator. Let }{ , b

y q

G be the set ofnormalized eigenfucnt ions o f H , that are also eigenfunctions ofthe mo mentumoperator with eigenvalue q

G

. The corresponding set of eigenvalues of H is }{ b

l q . We find that å

å -

= b

b

b

l b y f y

y f y a

b

2

,

2

,

| ) , ( |

| ) , ( |

) (

G q q

t

G q q q

q e t

G

G

( 3 )

It is obvious that ifthe smallest eigenvalue in the set }{ b

l q , qo

l , is reallyposit ive,

) ( t q

a cannot decayslower than exponent ial. Our first goalis to show that to zero order in W , the volume o fthe system, qo

l is indeed zero at the crit icalpo int.

Consider the set of unnor malized eigenfunctions o fthe momentumoperator with mo mentum q

G

,

> P =

G n i

q y f c | ) ,..., ; ( 1

A G

A

A A

G

A

G G A

G

A

G

w d a 2

1

3,1

| ) ,..., ( | ) ( ) ( ( 9 )

Bythe var iat ional theorem it is obvious that 1>z , so that the minimalvalue of

) ,..., ; ( ) (

n i n q A

G

A

G G

l is zz q Bn -1 and this value is attained at the point }/ { n q i

G A

G

= .

Consider the quant ity å - = -

= å ò P t

n n i i n

i n i e a q d t q A A A

G

A

G G A

G

A

G

w 2

1

1

| ) ,..., ( | ) ( ) , ( ( 10 )

It is clear that the most dominant contribut ion to ),( tqA n comes fromthe vicinit y of

the point }/ { n q i

G A

G

= . Standard asymptotics yields the large t behaviour of ),( tqA

n

] ) ( ) 1 (

2

) ( exp[ ) , ( 1 tntn n d n f t q A q z

q n w w - - - - - = A . ( 11 )

In obtaining the above we also required that )(),( tAtqA q n n w = . The lo ng time

behaviour of )( t q a is now determined by obtaining the most dominant )( tA

q n w from

the equation

0 ) 1 ( ) (

2

) (’ = - + - - - tn z t n d n f q z

q w w A ( 12 )

The funct ion )( nf is not known in detail. We have good reason, however, to believe

that dnnb ncn n f - μ - ] [ )] ( exp[ ( with )0>d for large n . The arguments for such a

for mare beyo nd the scope ofthis paper, so we are going to use the above formas an

assumpt ion and obtain the result ing long t ime behaviour of )( t q a . We willthen

consider how the behaviour of )( t q a is changed ifwe assume the less likely

behaviour of )( nf , )( nf anμ for large n with 1>a . For the first case we find that

to leading order in t q w the dominant contribut ion co mes fro m * n n = , where

z q t n 1 ] [ * w μ , ( upto a logar ithmic factor in )t

q w ( 13 )

so that

z q q q t t t 1 ] exp[ ] [ ) ( gw w w a q - μ , )/ ( z b = q ( 14 )

where again we have neglected logar ithmic factors that mult iply t q w , just for the sake

ofsimplicit y. The stretched exponent ialfor mobtained here is exactly the for mwe

found using ent irelydifferent methods.

8 , 9 Now suppose an n f μ ) ( with 1>a . Still

the stretched exponent ialdecayis recovered but with a different stretching exponent

1 ’ ] exp[ ] [ ) ( -+ - μ z a a

q q q t t t gw w w a q , ( 15 )

where ’q is to be determined fro mfiner details o f )( nf .

We see that onlyin the limit ¥®a we obtain the exponent ial behaviour, that can be

shown indeed to be an exact lower bound on the decay. The conclusio n is that even

if 1> a , as long as it is finite, the decaymust be dominated bya stretched

exponent ial function.

References

1. V. Chamber line, G. Muzorkewich and R. Orbach, Phys. Rev. Lett. 52 , 867

( 1984 ).

2. F. Mezeiand A. P. Murani, Jour. Magn. Matt ., 14 , 211 ( 1976 ).

3. J. C. Phillips, Rep. Prog. Phys. 59 , 1133 ( 1996 ).

4. A. A. Jones et al., Macromo lecules 16 , 658 ( 1983 ).

5. K. L. Liet al., Macromo lecules 21 , 2940 ( 1983 ).

6. G. Williams and D.c. Watts, Trans. FaradaySoc. 66 , 680 ( 1970 ).

7. R. Kohlraush, Ann. Phys. (Leipzig) 12 , 393 ( 1847 ).

8. M. Schwartz and S. F. Edwards submitted.

9. S. F. Edwards and M. Schwartz submitted.

10. H. Risken

11. "The Fokker Planck Equation", Springer Ver lag, Ber lin 1989 .

12. T. Schneider, M. Zannetti, R. Badii and H. R. Jauslin, Phys. Rev. Lett. 53 ,

2191 ( 1984 ).

13. T. Schneider, M. Zannettiand R. Badii, Phys. Rev. B 31 , 2941 ( 1985 ).

14. T. Schneider and M. Schwartz, Phys. Rev. B. Rc 31 , 7484 ( 1985 ).

15. B. I. Halper in and P.C. Hohenberg, Phys. Rev. 177 , 952 ( 1969 ).

16. B. I. Halper in, P. C. Hohenberg and S. K. Ma, Phys. Rev. B 10 , 139 ( 1974 ).