arXiv:cond-mat/0012107 7 Dec 2000

Stretched Exponential in Non - Linear Stochastic Field Theories

Moshe Schwartz

School of Physics and Astronomy

Tel Aviv University

Ramat Aviv, Tel Aviv 69978 ,

Israel and

S. F. Edwards

Cavendish Laboratory, Madingley

Road CB 3 OHECambridge

United Kingdom

� � 1

Abstract

We consider the time dependent two point function, > < - ) 0 ( ) ( q q t

f f in non - linear stochast ic field theories, for which the KPZ equation serves as a prototype, in particular we consider small q’s and long t imes such that 1>>t q

w ( q

w being the corresponding decay rate). We find that, since the gener ic case has m w q q

μ for small q where 1>m , the decayofthe two point funct ion is given by a stretched exponent ial in t q

w mult iplied bya power oft,

] ) ( exp[ ) ( ) 0 ( 1 m b w g f f t t t q q q d - >μ < - , where m b 2/)1 ( - = d

d , d is the

dimensio nalit y ofspace and g a dimensionless constant.

� � 2

It is well known that many relaxation processes in condensed matter systems are

character ized bystretched exponentialdecay. The list ofexamples contains

relaxat ion in glasses

1 -3

and in po lymer systems

4 , 5

, dielectr ic and viscoelast ic

relaxat ion

6 , 7

etc. The theoreticalder ivat ion ofstretched exponent ialdecayinvo lves

usually extensive numer ical simulat ions. This is true not only in cases where a

realist ic modelis chosen to describe the phys icalsystem 8 but also in cases where

more simplified models are used

10-13 .

The present letter has a number ofgoals. The first is to show that pheno mena o f

stretched exponent ial decay are much more abundant than can be expected fromthe

canonicallist presented above. Many interest ing macroscopic systems such as

magnets at the crit ical points, a turbulent fluid or a surface evo lving under ballist ic

deposition etc., are non linear and share the property, that a disturbance ofwave

vector q

K

decays with a characterist ic decayrate q w , that scales at small sq ’ as so me

power of m w q q q μ , . (Clear ly, such systems attracted a lot ofinterest over a long

per iod oftime but that interest has not focused on the question oflo ng time decay,

that we address here). In most cases 1>m . An important exception is the case o f

turbulence where m is about 2/3 . We will show that for such systems that are

gener ically descr ibed in ter ms ofappropriate stochast ic non - linear field theories and

have 1> m , the decayis characterized by a stretched exponentialfunct ion. The

specialcase of turbulence willbe discussed in the future. Our second goalis to

construct a simple analyt ic framework within which the stretched exponentialdecay is

der ived. Our third goal is to show that the derivat ion is gener ic and that when the

lo ng time behaviour is considered most ofthe detailo fthe specific theoryis not

relevant. The onlyrelevant parameter willbe shown to be the exponent m

character izing the small q dependence ofthe q depende nt decayrate m w q q μ .

We consider a scalar field ),( trh

G with Fourier transform h q (t) obeying a non - linear stochast ic equat ion ofthe form

, .. q n m mn q m m q q q

q hhhN h h M h t

h h n =+ + + +

¶

¶ å å

A

A A

( ) ) ( ) ( ) (

) 2 (

2 2

, 1

t q D t t A d o q q

d d

d p

= F F -

- - -

ò

A A A A

A ( 10 )

(Note that we define w p

w w d e t t i q q

ò F = F

2

1 ) ( and that )( t q

F is symmetr ic in t ime).

The fir st step in the simplificat ion of eq. ( 10 ) is to bring out )( t q

F ofthe integration over ’t . Ifwe assume that )( t q

F falls o ffas a function of t slower than an exponent ial, it is possible to show that the most dominant contribut ion to the integral comes fromthe region wit h ’t ver ysmall co mpared to t . This enables a simplificat ion that leads indeed to the result that )( t q

F decays slower than an exponent ial. Therefore the original assumpt ion is consistent and the simplified equation reads

0 ) ( ) (

) 2 (

2 ) ( 2

, 1

= F F - F

- - -

ò t t A d t q q

d d q q A A A A

A p

a , ( 11 ) where

’ ) ’ (

) 2 (

8

’

, , 1

2 dtt e A A d q o

t q q q

d d

q q q A A A A A

A

-

¥

-

- - -

F - = ò ò

w

p w

n a ( 12 )

and where we have neglected )(

2

2

t

t q

F

¶

¶

compared to )( t q

F , that is also consistent

with )( t q

F decaying slower than an exponent ial.

It is important to note here that there are many ways o fobtaining equat ions for

) ( t q

F and indeed using different approximation schemes we obtained equations that

differ fro m eq. ( 10 ). The important point however, is that their simplified formis

similar to eq. ( 11 ) and leads to the same for mofdecay.

The long time for mofthe so lution is expected to be given by

... ) ( ) ( ) ( 2

) 2 (

1

) 1( + + = F tf t f t q q q q q w y w y , ( 13 )

� � 6 where 0

) (

) ( lim 1 = +

¥ ® x f x f

n n

x

.

(Therefore, there is no reason to assume apr ior ithat q q f y = ) 1( . In fact, ifthe ser ies

descr ibed by eq. ( 14 ) converges for allt imes å =

i i

q q

) ( y f ifthe i f ’s are chosen to

have i f ( 0 ) = 1 ).

The leading order form, 1 f , willbe obtained now bybalancing in eq. ( 11 ) the terms

that are most dominant at long times. It is most important that apart fromassuming

that the appropriate integrals converge, the fo llowing discussio n does not depend at

allon the specific for mofthe m q M

A (or equivalent ly A A - q A , ).

Consider next a simple algebraic fact. The funct ion q q q

q q q q - - + = D | | ) , ( A

G G A G A

G is negat ive in a small region of

A

G

(for fixed q

G

) for 1> q . (For 1<q ),( q

G A

G

q D is

always posit ive). This implies that due to the fact that 1>m , 1 f cannot decayas an

exponent ial or faster. Ifthat were the case, the last termon the left hand side of eq.

( 11 ) would have a contribut ion fro mthat small regio n of A

G

discussed above, that

cannot be balanced against other terms in the equat ion, because it decays slower.

To obtain the leading decay consider fir st the one dimens io nalcase. The only

possible way, bywhich the leading behaviour ofthe two terms left in equat ion ( 11 )

can be balanced is byhaving ] exp[ ) ( 1

1 m g x x f - = . The reason is that, say, for

posit ive q there is a finite segment q££ A 0 on which m m m w w w 1 1 1

A A + = - q q . (It is

obvious that m w q q μ onlyfor small q but on the segment q££ A 0 smallq implies

small A as wellas small A - q , therefore, m w A

A μ and m w ) ( A

A - μ - q q ).

The balancing condit ion leaves us wit h an equat ion relat ing the coefficients )1( q y

) 1( ) 1( 2

, 1

) 1(

) 2 (

2

A A A A

A

- - - ò =

q q

o q d q q A d y y

p y a . ( 14 )

The fullsolut ion invo lves the calculat ion ofthe coefficients )1( q y fromthe equation

above. The important point, however, is the stretched exponentialfor mobtained for

1 f . The q> A and 0 < A regions ofintegration produce a correction termofthe for m

] exp[ 1 m g qt

- times a negat ive power oft. The correction terms have to be balanced

against correction terms to the time dependent structure factor ( eq. ( 13 )).

It is immediately clear that a stretched exponentialcannot solve eq. ( 11 ) for

dimensio ns larger than 1 . Ifwe take ] exp[ ) ( d g x x f - = with m d 1 > the )( t

q

F

� � 7 termwilldo minate. If m d 1 < the integraltermwill do minate, so that we are forced

again at having m d 1 = . The problemis that the relat ion [ ] [ ] [ ]

m m m w w w 1 1 1

A

� , where �

A

K is the part parallelto q

K and ^

A

K the part perpendicular to it. The region of integration is o forder q,t independent, in the direct ion of �

A

K

. The integration in the ^

A

K direct ions is cut - offeffect ively at m 1 2 - ^ μ t q

A

. This implies that the exponent b is given by m

b

2

1 - = d

. ( 16 )

The derivation presented above focuses on the case where the non linear part ofthe stochast ic field equat ion has in it only a product oftwo fields ( like in the KPZ equation). When more than two fields are invo lved ( like in the case ofcr it ical dynamics in the 4f theory) the situation is the same. The first termon the left hand side of eq .( 11 ) is linear )( t q

F and the second termcontains an integralon k

A A A ,..., , 2 1 and the product )( ) ( )... ( ) ( 2 1

t t t t i q k å F F F F

- A A A A . The algebraic fact ment ioned above is true for anynumber ofvar iables. Namely , for a set ofvector i

A

G obeying q

N i

i

G A

K

= å

= 1

,

0 | |

1

> - å

=

q q q N i

i

A

G for 1< q ( 17 ) and for 1> q there is a smallregio n ofthe s’ A , for fixed q

G

, where this expressio n beco mes negat ive. Therefore, the der ivat ion ofthe stretched exponent ial behaviour fo llo ws in the same wayas above. The power b is also unaffected. It is easy to see using the arguments given above for the case oftwo fields in the non - linear part, that for n fields the equation determining b is

) 1 (

2

1 - - - = n d n m

b b . ( 18 )

� � 8

The long time for m of )( t q

F is given therefore by

], exp[ ] [ ) ( 1 2

1 1 m m g g f qt qt c t

d q q

- = F

-

( 19 ) where c is a dimensionless constant not necessar ily 1 !. The above formseems to be robust against var ious changes in the selfconsistent expansio n and even against inclusio n ofhigher orders. This willbe discussed in future publicat ions .

� � 9

References

1. V. Chamber line, G. Muzorkewich and R. Orbach, Phys. Rev. Lett. 52 , 867

( 1984 ).

2. F. Mezeiand A. P. Murani, Jour. Magn. Matt ., 14 , 211 ( 1976 ).

3. J. C. Phillips, Rep. Prog. Phys. 59 , 1133 ( 1996 ).

4. A. A. Jones et al., Macromo lecules 16 , 658 ( 1983 ).

5. K. L. Liet al., Macromo lecules 21 , 2940 ( 1983 ).

6. G. Williams and D. C. Watts, Trans. FaradaySoc. 66 , 680 ( 1970 ).

7. R. Kohlraush, Ann. Phys. (Leipzig) 12 , 393 ( 1847 ).

8. L. M. Lust, O. T. Valls and C. Dasgupta, Phys. Rev. E 48 , 1787 ( 1993 ).

9. K. Y. Tsang and K. L. Ngai, Phys. Rev. E 54 , R 3067 ( 1996 ).

10. A. Bikakiet al., Phys. Rev. E 59 , 1234 ( 1999 ).

11. A. Fierro, A. de Candia and A. Cognilio, Phys. Rev. E 56 , 4990 ( 1997 ).

12. K. Y. Tsang and K. L. Ngai, Phys. Rev. E 56 , R 17 ( 1997 ).

13. M. A. Munoz et al., Phys. Rev. E 57 , 4354 ( 1997 ).

14. M. Schwartz and S. F. Edwards, Europhys. Lett. 20 , 301 ( 1992 ).

15. M. Schwartz and S. F. Edwards, Phys. Rev. E 57 , 5730 ( 1998 ).

16. An approach that is similar in so me aspects has been used in the studyof turbulence S. F. Edwards and D. W. Mc Comb. J. Phys. A 2 , 157 ( 1969 ).