arXiv:cond-mat/0203217 v1 10 Mar 2002

Thermal Conductivity in 3D NJL Model Under External Magnetic Field

E.J. Ferrer^1, V.P. Gusynin^{2,3} and V. de la Incera^1 1 Physics Department, SUNY-Fredonia, Fredonia, NY 14063, USA 2Bogolyubov Institute for Theoretical Physics, 03143, Kiev, Ukraine, 3 Department of Physics, Nagoya University, Nagoya 464-8602, Japan (March 12, 2002)

The thermal conductivity of the (2+1)-dimensional NJL model in the presence of a constant magnetic field is calculated in the mean-field approximation and its different asymptotic regimes are analyzed. Taking into account the arising of a quasiparticle gap due to the magnetic catalysis phenomenon, it is shown that for certain relations among the theory’s parameters (quasiparticle width, temperature and magnetic field), the profile of the thermal conductivity versus the applied field exhibits kink and plateau-like behaviors. We point out possible applications to planar condensed matter.

PACS numbers: 11.10Kk, 11.30Qc, 11.10Wx, 12.20.Ds

I. INTRODUCTION

It is now well known, from the study of many relativistic theories of massless fermions in the presence of an external magnetic field, that a magnetic field can be a strong catalyst for chiral symmetry breaking with the consequent generation of a fermion dynamical mass even at the weakest attractive interaction among fermions [1]. This magnetic catalysis (MC) of chiral symmetry breaking has proven to be universal, its main features being independent of the model under consideration (see Refs. [1]− [8] for various aspects of this phenomenon). The essence of the effect lies in the dimensional reduction of the fermion pairing dynamics when the pairing energy is much less than the Landau gap √ B (B is the magnitude of the magnetic field induction). In this case, the fermions are mostly confined to the lowest Landau level (LLL), and any attraction between them, whenever small it is, leads to mass generation. The lowest LL plays in this case a role similar to that of the Fermi surface in BCS superconductivity [1]. In the present paper we study how the MC affects the thermal transfer properties of a 2+1-dimensional fermion system under an applied constant magnetic field and discuss possible applications to planar condensed matter.

The universality character of the magnetic catalysis has motivated many recent works [5]- [13] aimed to apply it to diverse areas of quantum physics. In particular, in Refs. [8]− [12] it was suggested that the MC phenomenon could serve to explain recent experiments in planar high-T_c cuprates [14]− [16]. According to these experiments, at temperatures significantly lower than T_c of superconductivity, the thermal conductivity κ(B), as a function of a magnetic field perpendicularly applied to the cuprate planes of the samples, displays a sharp break in its slope (kink-like behavior) at a transition field B_κ, followed by a plateau region in which it ceases to change with increasing field up to the highest attainable fields ∼ 14T . The critical temperature for the appearance of the kink-like behavior scales with the magnetic field as T_κ ∼ √ B. Several possible mechanisms [8]− [11], [17] proposed to explain these experimental observations are based on the adoption of the picture of quasiparticles (QP) as the low-energy excitations at the nodes of the d− wave symmetric order parameter and the supposition of the opening of a QP gap at the critical field B_κ, leading to the exponentially vanishing of the quasiparticle contribution in the thermal conductivity. Since the total conductivity is assumed to be the sum of the QP term κ_{QP} and the phonon term κ_{ph}, with the phononic part independent of the field, this would lead to a plateau at high fields.

In another line of reasoning, the approach of Ref. [18] does not appeal to the generation of a QP’s gap. Though the phononic part of the thermal conductivity is also considered to be independent of the field, in the scenario discussed in [18], the QP thermal conductivity itself becomes field-independent above a crossover field B_κ. The effect is primarily due to the compensation of the enhancement of the QP density of states, arising from Doppler shift of the QP’s spectrum in the superfluid velocity field around vortices (Volovik effect [19]), and the growth of the QP’s width caused by scattering on vortices. The Volovik effect certainly plays a decisive role at low fields and temperatures (less than 1 K) where the increase in thermal conductivity was predicted theoretically [20] to follow a √ B dependence of the density of states, a fact that was confirmed in experiment [21]. From a theoretical point of view, however, the Volovik arguments are based on semiclassical calculations valid in case one has well isolated vortices with supercurrents circulating around them. At higher fields, with vortices beginning to overlap and vortexvortex interactions becoming more and more important, this semiclassical picture should be replaced however by a full quantum mechanical treatment, where Landau level quantization may be relevant.

We emphasize that none of the above approaches reproduced the kink-like behavior observed in the experiment [14]. The aim of the present paper is to discuss a mechanism that generates the kink effect within the framework of the MC phenomenon. Although, as shown in the derivations that follow, our numerical curves are in close qualitative agreement with the experimental curves of Ref. [14], we do not pretend to claim that our results explain the experimental findings of Krishana et. al. [14], as our calculations are based on the Landau level quantization, whose applicability to the dwave superconductor in a constant magnetic field has been recently subjected to intense criticism [22–24] and therefore is not well established at present.

Even though several of our results may be of interest for planar condensed matter applications, we feel that the main outcome of the present work is of a more general and theoretical character, as we prove that the MC phenomenon can be responsible for a kink-like effect in the thermal conductivity of a whole class of (2+1)-dimensional relativistic fermion systems. That is, we show that the kink effect is essentially model independent, since it is determined by the critical behavior of the dynamically generated mass near the phase transition point. This fact makes the basic outcome of our investigation relevant beyond the particular model under consideration, linking it to the universality class of theories with such a critical behavior. In connection with this, it is worth to notice that our results may be important to understand the physics of the so-called highly oriented pyrolitic graphites (HOPG) [25] in the presence of a magnetic field, since the semimetal-insulator transition of these materials at a critical field could just be a MC transition, as recently suggested in [26].

To obtain the results here reported, we used the same approximation of a constant magnetic field that was already explored in Refs. [9,10]. However, our calculations deviate considerably from what was done in these papers. Not only we take into account the contribution of all Landau levels, but the definition we use for the heat current itself is different. In our formulation, when the gap induced by the magnetic field is opened, the thermal conductivity exhibits a new term proportional to σ^2 (σ is the gap). Near the phase transition point, the gap behaves like σ ∼ √ B − B_c in the mean-field approximation. Hence, the term proportional to σ^2 yields a positive contribution in the slope of the thermal conductivity, leading to a jump in the slope of κ(B) at B = B_c (kink-like behavior). We underline that to obtain such a kink-like behavior, it is crucial to go beyond the LLL contribution in the calculation of the thermal conductivity, since, as we prove, the heat transfer takes place due to transitions between neighboring LLs. In particular, it can be seen that the contribution to the heat transfer coming from quasiparticle transitions from zeroth to first LLs are enhanced. This is the consequence of the fact that the matrix elements of transitions between zeroth and first LLs have a 1/eB behavior at strong field (that can be compensated by the contribution of the LL density of states which is proportional to eB), while the rest of the transitions behave as 1/(eB)^2. Notice that the magnetic catalysis is mainly responsible for the kink effect, being the critical behavior of the gap an essential factor for this result.

The plan of the paper is as follows. In Sec. II we derive the expression for the thermal conductivity in the (2+1)- dimensional NJL model in the presence of a constant magnetic field and analytically study its different asymptotics, underlying the possible application of each result to HTS. In Sec. III we present our numerical calculations and compare the obtained plots with the experimental curves of Krishana’s et al. Our conclusions are presented in Sec. IV. In Appendix A we derive the critical curve in the B − T plane which separates the symmetric and the symmetry-broken phases in the (2+1)-dimensional NJL model, and study the scaling of the mass near the critical curve. A derivation of the Kubo formula in the framework of Matsubara formalism is given in Appendix B.

II. THERMAL CONDUCTIVITY IN THE (2+1)-D NJL MODEL IN THE PRESENCE OF A CONSTANT MAGNETIC FIELD

A. General Results

We start from the (2+1)-dimensional NJL Lagrangian density in an external magnetic field L = 1 2 [¯ ψ_i, iγ^μD_μψ_i ] + g 2N (¯ ψ_iψ_i )_2 , (1)

where D_μ = ∂_μ − ieA^{ext}_μ is the covariant derivative and the vector potential for the external magnetic field is taken in the symmetric gauge A^{ext}_μ = ( 0, − B 2 x_2, B 2 x_1 ) . (2)

We assume that the fermions carry an additional flavor index i = 1, . . . , N (N = 2 for realistic d-wave superconductors). The Dirac γ-matrices are taken in the reducible four-component representation.

In the absence of the bare mass term mψ̄ψ, the Lagrangian density (1) is invariant under discrete chiral symmetry ψ → γ_5ψ, ψ̄ → −ψ̄γ_5, (3) which forbids the fermion mass generation in perturbation theory. The appearance of the mass (energy gap) is due to the spontaneous breaking of the above discrete symmetry that leads to a neutral condensate of fermion-antifermion pairs. In condensed matter physics this could correspond to the condensation of excitons (electron-hole bound states).

Introducing the composite field σ = −g(ψ̄_iψ_i)/N , the Lagrangian (1) can be written in the form L = 1 2 [¯ ψ_i, iγ^μD_μψ_i ] − σψ̄_iψ_i − N σ^2 2g . (4)

One readily verifies the equivalence of the Lagrangians (1) and (4) by making use of the Euler-Lagrange equations (or performing the integration over the field σ in the functional integral). The field σ has no dynamics at the tree level, however, it acquires a kinetic term due to fermion loops. The vacuum expectation value of σ gives a dynamical mass (gap) to fermions. The effective action for the composite field σ can be obtained by integrating over fermions in the path integral (see Appendix A).

It is well known that in the absence of a magnetic field and at zero temperature the mass generation occurs only if the coupling constant exceeds some critical value [27]. This can be seen from the stationary equation for the effective potential corresponding to the Lagrangian density (1), which in leading order of 1/N -expansion is given by ∂V (σ) ∂σ = σ [ σ − Λ √ π + Λ g ] = 0 (5)

(it follows from Eq. (A4) in the limit B = T = 0). In (5) we introduced the dimensionless coupling constant g = Λg/π and Λ is the ultraviolet cutoff parameter. From Eq. (5) it is easy to see that there exists a critical value for the coupling constant g_c = √ π such that, if g < g_c Eq. (5) has only the trivial solution (σ = 0), while for the strong coupling limit g > g_c a nontrivial solution (σ̄ = Λ(g − √ π)/ g √ π) is reached which leads to the generation of a fermion mass. Hence, the critical coupling g_c separates two phases: the weakly coupled massless phase at g < g_c and the strongly coupled massive one (g > g_c). An applied magnetic field changes the situation dramatically, so that the mass generation now takes place at all g > 0 [1–4], hence the name magnetic catalysis. At finite T and B ≠ 0 there is a critical curve in the B − T plane separating the symmetric and the symmetry broken phases (the derivation and analysis of the critical curve in the B − T plane are given in Appendix A).

To derive an expression for the static thermal conductivity in an isotropic system we follow the familiar linear response method and apply Kubo’s formula [28]

κ = − 1 T V Im ∞∫ 0 dtt ∫ d^2x_1d^2x_2⟨u_i(x_1, 0)u_i(x_2, t)⟩, (6)

where V is the volume of the system, T = 1/β is the temperature, and u_i(x, t) is the heat-current density operator. The brackets denote averaging in the canonical ensemble with the density matrix ρ = e^{−βH} /Z, Z = Tre^{−βH}.

Physically the thermal conductivity κ appears as a coefficient in the equation relating the heat current to the temperature gradient ⃗u = −κ⃗∇T (7) under the condition of absence of particle flow. If we neglect the chemical potential the heat density coincides with the energy density, hence the quantity that satisfies the continuity equation ϵ̇(x) + ⃗∇·⃗u(x) = 0 (8) can be interpreted as the heat current density. Equation (8) defines ⃗u to within a divergenceless vector, which is sufficient for calculating the conductivity. The vector ⃗u is obtained automatically from the Lagrangian density (1) as

u_i = ∂L ∂(∂^iψ) ψ̇ + ψ̄ ∂L ∂(∂^iψ̄) = i 2 (¯ ψγ_i∂_0ψ − ∂_0ψ̄γ_iψ ) . (9)

When using equations of motion the last expression can be represented in the form

u_i = i 2 (¯ ψγ^0D_iψ − D_iψγ^0ψ ) . (10)

At this point it is useful to underline that our definition of the heat current does not coincide with the one used in Refs. [9,10], P_i(x) = ψγ^0∂_iψ − ∂_iψγ^0ψ. Operator P_i(x) cannot be obtained from Equation (9) by using the equations of motion, unless the external field is zero, so it does not lead to the correct thermal conductivity in the presence of a magnetic field. Note also, that our quantity u_i is explicitly gauge invariant in contrast to P_i.

The correlator of the heat currents (or polarization function) in (6) is evaluated in the following way (see Appendix B for details on the formalism). First, it is computed in the Matsubara finite temperature formalism replacing the time t by the imaginary time τ (t = −iτ ):

Π(iΩ_m) = 1 V β∫ 0 dτ e^{iΩmτ} ⟨T_τ U_i(τ )U_i(0)⟩, U_i(τ ) = ∫ d^2xu_i(x, τ ), Ω_m = 2πm β . (11)

The thermal conductivity is then given by the discontinuity of the retarded function Π^R(Ω), which is obtained by analytic continuation from imaginary discrete frequencies Π^R(Ω) = Π(iΩ_m → Ω + iϵ): κ = 1 4T i lim_{Ω→0} 1 Ω [ Π^R(Ω + iϵ) − Π^A(Ω − iϵ) ] . (12)

Neglecting vertex corrections^1 , the calculation of the thermal conductivity reduces to the evaluation of the bubble diagram

Π(iΩ_m) = −T ∞∑ n=−∞ ∫ d^2k (2π)^2 tr [ γ^iiω_nS(iω_n, ⃗k)γ^i(iω_n + iΩ_m)S(iω_n + iΩ_m, ⃗k) ] , (13)

where S(ω, k) is the Fourier transform of the translation invariant part S̃(x − y) of the fermion propagator in an external magnetic field:

S(x − y) = exp ie x∫ y A^{ext}_λ dz^λ S̃(x − y). (14)

Note, that the translation non-invariant phase of the fermion Green’s function cancels in the computation of Π. Defining a spectral representation for S(iω_n, k), we can write S(iω_n, ⃗k) = ∞∫ −∞ dω A(ω, ⃗k) iω_n − ω . (15)

The spectral representation allows one to make analytic continuation and find the retarded, S^R, and advanced, S^A, Green functions according to the rule S^R(ω + iϵ, ⃗k) = S(iω_n = ω + iϵ, ⃗k) and S^A(ω − iϵ, ⃗k) = S(iω_n = ω − iϵ, ⃗k). The spectral function A(ω, ⃗k) is given by A(ω, ⃗k) = 1 2πi [ S^A(ω − iϵ, ⃗k) − S^R(ω + iϵ, ⃗k) ] = − 1 π ImS^R(ω + iϵ,⃗k). (16)

Plugging the spectral representation (15) into Eq.(13) the sum over Matsubara frequencies can be performed^2. After this has been done, we can continue the external frequencies to the real axis to get Π^R(Ω). Finally, we arrive at the following expression for the thermal conductivity

1It has been argued that for small impurity densities the thermal conductivity, unlike the electric conductivity, is unaffected by vertex corrections [29].

2 There is a subtle point here since the sum over frequencies appears to be divergent. However, as was shown in [28], this divergence results from an improper treatment of time derivatives inside the time-ordered product of currents in (11). This divergence disappears when the problem is treated more carefully. The prescription is simply to ignore it.

κ = 1 32πT^2 ∞∫ −∞ dωω^2 cosh^{2 ω}_{2T} ∫ d^2ktr [ γ^iA(ω,⃗k)γ^i A(ω,⃗k) ] . (17)

In order to compute κ we have to specify now the fermion propagator. Since the fermion mass is generated in the (2+1)-dimensional NJL model in a magnetic field already at weak coupling, we take the standard expression for the massive fermion propagator in a magnetic field, decomposed over the Landau level poles [2,30] S(ω, ⃗k) = e^{− ⃗k2eB} ∞∑ n=0 (−1)^n D_n(ω, ⃗k) ω^2 − σ^2 − 2eBn

, (18)

where

D_n(ω, k) = 2(ωγ^0 + σ) [ P_−L_n ( 2⃗k^2 eB ) − P_+L_{n−1} ( 2⃗k^2 eB )] + 4⃗k⃗γL^1_{n−1} ( 2⃗k^2 eB ) (19)

with P_± = (1 ± iγ^1γ^2)/2 being projectors and L_n, L^1_n Laguerre’s polynomials (L^1_{−1} ≡ 0). Here σ is the fermion dynamical mass obtained from the finite temperature gap equation in a constant magnetic field (see Appendix A).

The spectral function according to (16) is found to be A(ω, ⃗k) = e^{− ⃗k2eB} Γ 2π ∞∑ n=0 (−1)^n M_n [ (γ^0M_n + σ)f_1(⃗k) + f_2(⃗k) (ω − M_n)^2 + Γ^2 + (γ^0M_n − σ)f_1(⃗k) − f_2(⃗k)

(ω + M_n)^2 + Γ^2 ] , (20)

where M_n = √ σ^2 + 2eBn and

f_1(⃗k) = 2 [ P_−L_n ( 2⃗k^2 eB ) − P_+L_{n−1} ( 2⃗k^2 eB )] , f_2(⃗k) = 4⃗k⃗γL^1_{n−1} ( 2⃗k^2 eB ) . (21)

Here, we introduced the width Γ of the quasiparticles, which is due to interaction processes, in particular, scattering on impurities, having replaced ϵ in (16) by a finite Γ. In general, the scattering rate Γ, which is defined through the fermion self-energy, Γ(ω) = −ImΣ^R(ω), is a frequency-dependent quantity (as well as temperature and field dependent). It must be determined, like the dynamical mass, self-consistently from the Schwinger-Dyson equations. At low temperatures we are interested in its value at ω = 0, so we will consider it as a phenomenological parameter.

In the absence of a magnetic field (B = 0) it can be shown that the spectral function (20) reduces to A(ω, ⃗k) = Γ 2πE [ γ^0E − ⃗k⃗γ + σ (ω − E)^2 + Γ^2 + γ^0E + ⃗k⃗γ − σ (ω + E)^2 + Γ^2 ] , E = √ ⃗k2 + σ2, (22)

hence, the retarded fermion Green’s function is S^R(ω, ⃗k) = γ_0(ω + iΓ) − ⃗k⃗γ + σ (ω + iΓ)^2 − ⃗k^2 − σ^2

. (23)

Straightforward calculation of the trace in (17), with A(ω, ⃗k) from Eqs.(20),(21) gives tr [ γ^iA(ω,⃗k)γ^i A(ω,⃗k) ] = − 16Γ^2N

π^2 e^{−2⃗k2/eB} ∞∑ n,m=0 (−1)^{m+n+1}

(ω^2 + M^2_n + Γ^2)(ω^2 + M^2_m + Γ^2) − 4ω^2σ^2 [(ω^2 + M^2_n + Γ^2)^2 − 4ω^2M^2_n][(ω^2 + M^2_m + Γ^2)^2 − 4ω^2M^2_m] × ( L_n ( 2⃗k^2 eB ) L_{m−1} ( 2⃗k^2 eB ) + L_{n−1} ( 2⃗k^2 eB ) L_m ( 2⃗k^2 eB )) . (24)

Performing now the integration over momenta in Eq. (17) produces Kronnecker’s delta symbols δ_{n,m−1} + δ_{m,n−1} due to the orthogonality of Laguerre’s polynomials, thus we get κ = eBΓ^2N π^2T^2 ∞∑ n=0 ∞∫ 0 dωω^2 cosh^{2 ω}_{2T}

(ω^2 + M^2_n + Γ^2)(ω^2 + M^2_{n+1} + Γ^2) − 4ω^2σ^2 [(ω^2 + M^2_n + Γ^2)^2 − 4ω^2M^2_n][(ω^2 + M^2_{n+1} + Γ^2)^2 − 4ω^2M^2_{n+1}]

. (25)

Note that the factor eB in front of the right hand side of (25) originated from integrating over transverse momenta and gives the degeneracy of Landau levels (more exactly, the degeneracy is N eB/2π for the lowest LL, n = 0, and N eB/π for levels with n ≥ 1). We stress the important result that because of the appearance of the mentioned Kronnecker deltas only transitions between neighboring Landau levels contribute into the heat transfer. Had we restrict ourselves to the LLL as in [10], we would have gotten zero result for κ.

Further summation over n in Eq. (25) can be performed expanding the integrand in terms of partial fractions. The resulting sums are expressed through digamma functions by means of the formula ∞∑ n=0 [ A n + a + B n + b + C n + c + D n + d ] = − [Aψ(a) + Bψ(b) + Cψ(c) + Dψ(d)] , (26) where for convergency A + B + C + D = 0.

After some algebraic manipulations the final expression for κ is written as follows

κ = N Γ^2 2π^2T^2 ∞∫ 0 dωω^2 cosh^{2 ω}_{2T} 1 (eB)^2 + (2ωΓ)^2 { 2ω^2 +

(ω^2 + σ^2 + Γ^2)(eB)^2 − 2ω^2(ω^2 − σ^2 + Γ^2)eB (ω^2 − σ^2 − Γ^2)^2 + 4ω^2Γ^2 − ω(ω^2 − σ^2 + Γ^2) Γ Imψ ( σ^2 + Γ^2 − ω^2 − 2iωΓ 2eB )} . (27)

This formula is the main result of our paper. Note that it is independent of the particular model used to describe the QP interactions unless we specify the dependence of the dynamical mass on Γ, T, eB for a concrete model.

Another representation of Eq.(27) which is particularly convenient for studying the small width limit Γ ≪ T, √ eB is κ = N Γ^2 4π^2T^2 ∞∫ −∞ dωω^2 cosh^{2 ω}_{2T} 1 (eB)^2 + (2ωΓ)^2 { 2ω^2 +

(eB)^2 2 + eBω(ω + σ) (ω + σ)^2 + Γ^2 + (eB)^2 2 + eBω(ω − σ) (ω − σ)^2 + Γ^2 + eBω ∞∑ n=1 1 M_n [ σ^2 + M^2_n + 2ωM_n (ω + M_n)^2 + Γ^2 + 2ωM_n − σ^2 − M^2_n (ω − M_n)^2 + Γ^2 ]} . (28)

It is obtained from (27) if one takes the series representation of the ψ-function in the integrand of (27) and writes the expression in the curved brackets in fractions of 1/(Γ^2 + x^2).

We are now in the position to study different asymptotic regimes defined by different relations among the dimensional parameters σ, Γ, T, B.

B. Zero Magnetic Field

First, we consider the limit of vanishing magnetic field (B = 0). For that, one can use the formula for the asymptotic of ψ-function at large values of the argument

ψ(z) = log z − 1 2z − 1 12z^2 + 1 120z^4 + O ( 1 z^6 ) (29)

to get

κ_0 = N 4π^2T^2 ∞∫ 0 dωω^2 cosh^{2 ω}_{2T} [ 1 + ω^2 − σ^2 + Γ^2 2ωΓ ( π 2 − arctan σ^2 + Γ^2 − ω^2 2ωΓ )] . (30)

This expression describes the behavior of the thermal conductivity as a function of temperature for massive Dirac’s particles and is relevant for the supercritical phase of the NJL model, where the mass is generated spontaneously even at zero magnetic field.

The last expression can be evaluated analytically in two regimes, Γ ≪ T :

κ_0 ≃ N 8πT^2Γ ∞∫ σ dω ω ( ω^2 − σ^2 ) cosh^2 (ω/2T ) ≃ N σ^2 πΓ e^{− σT} , T << σ, (31)

and Γ ≫ T :

κ_0 T ≃ N 3 [ Γ^2 σ^2 + Γ^2 + 7π^2 15 T^2Γ^2(Γ^2 + 5σ^2) (σ^2 + Γ^2)^3 ] . (32)

Accordingly, in the weak coupling phase of the NJL model where the dynamical mass is not generated we obtain:

κ_0 T = N π [ 9ζ(3) 4 T Γ + ln 2 2 Γ T ] , Γ ≪ T, (33) and κ_0 T = N 3 [ 1 + 7π^2 15 T^2 Γ^2 ] , Γ ≫ T. (34)

Eqs. (33), (34) up to an overall factor coincide with the corresponding expressions obtained in Ref. [18] for the vortex state of nodal quasiparticles in the d−wave superconducting phase of high-T_c cuprates. The overall factor there equals (v^2_F + v^2_Δ)/v_F v_Δ where v_F , v_Δ are respectively the velocities perpendicular and tangential to the Fermi surface. They originate from the quasiparticle excitation spectrum in the vicinity of the gap nodes which takes the form of an anisotropic Dirac cone E(k) = √ v^2_F k^2_1 + v^2_Δk^2. With the overall factor replacing N (= 2 in real d−wave superconductor), the first term in Eq. (34) reproduces the universal (or residual) thermal conductivity at low T in the so-called “dirty” limit, T ≪ Γ, since it is independent of the impurity density, thus it will not depend on the specific characteristics of the scattering processes in the sample. The residual conductivity was recently observed in experiments [31] confirming the existence of gapless quasiparticles in d-wave cuprates at T < T_c. Note, however, that in contrast to what was claimed in Ref. [32], the low-temperature thermal conductivity for massive quasiparticles (Eq.(32)) does not exhibit a universal behavior when T → 0. This peculiarity of the low-temperature thermal conductivity can be used to find out experimentally the second gap in cuprates.

Expressions (33), (34) were recently used to propose yet another scenario for the arising of a plateaux at high magnetic fields [18] in Krishana’s experiment. In that scenario the width Γ of QPs becomes dependent on the field due to scattering on disordered vortices, thus Γ becomes Γ_0 + Γ_B where the field induced width Γ_B is calculated to be ∼ √ B. All the information regarding the magnetic field is encoded now in the total width Γ, hence the magnetic field is not explicitly present. If we start with a weak magnetic field , when Γ_B ≪ Γ_0 ≪ T , the thermal conductivity follows first the expression (33) (weak field regime) decreasing with the field. At some point, when Γ becomes of order T a crossover takes place to the high field regime (34) with plateaux. Physically, such a scenario is applicable only if there is a small number of vortices with large distances between them and the magnetic field is basically confined in tubes. However, as we discuss in Sec. 3, for the field range of interest, H_{c1} ≪ B ≪ H_{c2}, where H_{c1}, H_{c2} are the lower and upper critical magnetic fields of the high T_c superconductor respectively, the vortices are dense enough to overlap strongly giving rise to an effective uniform magnetic field in the whole plane, so the above scenario is not the most appropriate for this field range.

C. Non-zero Magnetic Field

We shall analyze now the thermal conductivity in the presence of a uniform magnetic field in the whole plane. The analysis in all cases will be made at fixed T and Γ, and we do not assume the last one to be dependent on the field.

From the phase transition analysis of the (2+1)-dimensional NJL model (see Appendix A) it follows that at finite temperature there exists a critical value of the magnetic field B_c(T ), above which the magnetic catalysis phenomenon occurs generating a dynamical fermion mass even at weak coupling (in what follows we consider only the weak coupling case g <∼ g_c). For magnetic fields less than the critical one (eB_c(T ) ∼ 16T^2) the dynamical mass is zero (σ = 0).

1. Narrow Width

To study the narrow width limit Γ → 0, we replace the fractions Γ/(Γ^2 + x^2) in Eq.(27) by πδ(x). Then, after integrating over ω, what is equivalent to evaluating in the mass shell for the different LL, we obtain κ ≃ N Γ 4πT^2 { (eB)^2 (eB)^2 + 4σ^2Γ^2 · σ^2 cosh^{2 σ}_{2T} + ∞∑ n=1 (2eB)^2n(σ^2 + 2eBn) (eB)^2 + 4(σ^2 + 2eBn)Γ^2 · 1 cosh^{2 √σ2+2eBn}_{2T} } , Γ → 0 (35)

In (35) we kept Γ^2 in the denominators in order to be able to reproduce a smooth behavior of κ(B) in the limit B → 0. The origin of the first term in (35), whose essential role in the kink-like behavior is discussed below, can be traced back to the leading contribution of the zeroth to first LL transitions. Note that it contributes only when the dynamical mass is present, i.e. if σ ≠ 0 . That is, because the ratio Γ/((ω − σ)^2 + Γ^2) appearing in Eq.(27) becomes πδ(ω − σ) in this limit, it does not contribute to (35) unless σ ≠ 0, due to the presence of the factor ω^2 in the integrand of Eq.(27). This means that in the narrow width limit the magnetic catalysis is not only connected to the generation of the mass, but it is responsible also for the enhancement of the transitions between zeroth and first LLs. The fact that the thermal conductivity is proportional in this limit to the scattering rate (width) Γ means that it results from transitions of quasiparticles between cyclotron orbits mediated by scattering of QPs on impurities.

a. Weak Field Limit, √ eB < 4T . Taking into account that at weak coupling no dynamical mass is generated for fields below the critical value (eB < eB_c), we take σ = 0 in the calculation that follows. Making use of the Euler-MacLaurin formula 1 2 F (0) + ∞∑ n=1 F (n) ≃ ∞∫ 0 dxF (x) − 1 12 F^′(0), (36)

expression (35) with zero dynamical mass can be recast for subcritical fields √ eB < √ eB_c ∼ 4T in the form

κ = 2N T^2 πΓ ∞∫ 0 dxx^5 cosh^2 x 1 x^2 + (_{eB} 4T Γ

)_2 . (37)

Eq.(37) shows monotonic decreasing of κ with increasing magnetic field B (at B = 0 it reproduces the leading term in Eq.(33)). Note that the scale √ 4T Γ marks the crossover point where the transition from superweak ( √ eB <∼ √ 4T Γ) to weak ( √ 4T Γ <∼ √ eB < 4T ) fields takes place.

b. Strong Field Limit, √ eB >∼ 4T . We shall consider now the strong field regime, √ eB >∼ 4T , where a nonzero dynamical fermion mass is generated in the weakly interacting system (we are interested mainly in the region of coupling constants g <∼ g_c where the scaling σ ∼ √ eB is achieved).

Let us start, however, analyzing the case of free massless fermions (σ = 0). In this case, one can use Eq. (35), after evaluating it in σ = 0, to describe the very large field ( √ eB ≫ 4T ) behavior of κ in the narrow width case, what yields an exponential fall of the conductivity κ ≃ 8N ΓeB πT^2 e^− √ 2eB T . (38)

Coming back to the interacting case and after dropping the term depending on Γ in the denominators of Eq.(35), we obtain κ ≃ N Γ 4πT^2 { σ^2 cosh^{2 σ}_{2T} + ∞∑ n=1 4n(σ^2 + 2eBn)

cosh^{2 √σ2 +2eBn}_{2T} } . (39)

In the limit of large fields ( √ eB ≫ 4T ), the first term in (39) is the leading one. Such a term would produce a sharp plateau, were the fermion mass a constant. Since in the model under consideration the mass is dynamical and it behaves as σ ∼ √ eB at √ eB ≫ √ eB_c ≃ 4T, the first term gives rise to an exponential decrease as in the case of free massless fermions (38) for asymptotically large fields.

c. Near the phase transition point, eB >∼ eB_c.

In this case, the thermal conductivity can still be approximated by Eq.(39). As shown in Appendix A, near the phase transition point σ ≈^1_2 √ eB − eB_c, so if the field lies in the interval eB_c < eB <∼ 2eB_c, the dynamical mass σ <∼ 2T and hence the cosh^{2 σ}_{2T} appearing in the first term of Eq.(39) is of order one. In this field region the first term of Eq.(39) gives a positive contribution to the derivative of κ close to the critical point. That positive contribution leads to a jump in the slope of κ at eB = eB_c therefore showing a kink-like behavior for κ in the narrow-width case.

2. Finite Width

Let us consider now the case where the width Γ is small but finite. We are particularly interested in the behavior of κ near the phase transition point, where eB >∼ eB_c, and therefore √ eB > 4T , Γ, σ. From Eq.(25) one can see that for these fields the contribution of transitions between Landau levels with n ≥ 1 in the integrand behaves as 1/(eB)^2,while the transitions between zeroth and first LL decrease as ∼ 1/eB. However, the LL degeneracy is also proportional to eB, what implies that the transitions between the zeroth and first LL are not suppressed despite the fact that the gap between levels grows with the field. The leading in 1/eB behavior is easy to obtain from Eq.(28). It is given by the expression κ = N Γ^2 4π^2T^2 ∞∫ 0 dωω^2 cosh^{2 ω}_{2T} {( 1 + 2ω(ω + σ) eB ) 1 (ω + σ)^2 + Γ^2 + ( 1 + 2ω(ω − σ) eB ) 1 (ω − σ)^2 + Γ^2 } (40)

As discussed in the previous subsection, near the transition the dynamical mass behaves as σ ≈^1_2 √ eB − eB_c, so we can expand Eq.(40) around σ = 0 to obtain κ = N Γ^2 2π^2T^2 ∞∫ 0 dωω^2 cosh^{2 ω}_{2T} { 1 + 2ω^2/eB ω^2 + Γ^2 + σ^2 (ω^2 + Γ^2)^2 [ 3ω^2 − Γ^2 ω^2 + Γ^2 + 2ω^2 eB ( ω^2 − 3Γ^2 ω^2 + Γ^2 )]} . (41)

Clearly, for Γ < √ 3(2T ), the term proportional to σ^2 gives a positive contribution to the derivative of κ with respect to B near the transition point, so there is a jump in the slope of κ at the critical point: a kink-like effect. Notice that if σ were zero or constant, the derivative of the thermal conductivity would satisfy^{dκ}_{deB} ≃^{−C}_{(eB)2} ,with C positive, so no kink-like effect would be present. On the other hand, since σ is dynamical, near the transition point^{dκ}_{deB} ≃ α − β/eB + O((eB)^{−2}), with α and β positive, hence one can see that the dynamical mass not only allows for a jump in the slope, but it flattens the profile after the critical field, allowing at least for certain region of the parameter space a behavior of almost zero slope: a plateau-like profile. This kink and plateau -like behavior is corroborated by numerical calculations in the next Section.

We highlight that the dynamical mass is needed to obtain the kink-like effect in both narrow and finite width cases. Hence, in our model the kink of the thermal conductivity is directly linked to the magnetic catalysis phenomenon. Moreover, any model with the same critical behavior for σ would lead to a similar effect. This means that our results are indeed model independent, since any relativistic theory of interacting fermions that belongs to the universality class determined by the critical behavior here considered would yield a similar kink-like feature.

3. Low temperature limit

Finally, we give an expression for the thermal conductivity when the temperature is much less than both Γ and eB. At low T the function cosh^{−2}(ω/2T ) in Eq.(27) is very sharply peaked at ω = 0, thus, expanding the rest of the integrand over ω and performing the integration we get κ = N T 3 { Γ2

σ^2 + Γ^2 + 7π^2T^2Γ^2 5 [ 3σ^2 − Γ^2 (σ^2 + Γ^2)^3 + 2 eB σ^2 − Γ^2 (σ^2 + Γ^2)^2 + 2 (eB)^2 σ^2 − Γ^2 σ^2 + Γ^2 − σ^2 − Γ^2 (eB)^3 ψ^′ ( σ^2 + Γ^2 2eB )] } . (42)

It is easy to see, using the asymptotic of the ψ−function at large values of its argument, that when B → 0 the expression (42) goes to Eq.(32) in spite of the fact that we approach B = 0 from the side B > T . For large fields we get κ = N T 3 { Γ2

σ^2 + Γ^2 + 7π^2T^2Γ^2 5 [ 3σ^2 − Γ^2 (σ^2 + Γ^2)^3 − 2 eB σ^2 − Γ^2 (σ^2 + Γ^2)^2 ] } . (43)

Note that at large eB the thermal conductivity would approach some constant value in the case of constant mass, if σ > Γ, κ(B) approaches that asymptotical value from below. This resembles the low T behavior of the thermal conductivity in d−wave cuprates [33]. On the other hand, if the mass σ is a dynamical one with asymptotic behavior σ ∼ √ eB as in our four-fermion model, then κ(B) goes to zero as 1/eB at large fields. This is different from the thermal conductivity behavior for massless particles which tends to the universal constant κ = N T /3 for σ = 0 at large B (see, Eq.(43)).

III. THERMAL CONDUCTIVITY PROFILE: NUMERICAL CALCULATIONS

We recall that the characteristic feature of d-wave superconductors is the existence of four nodal points where the order parameter vanishes, thus the Fermi surface consists of four isolated points with excitations around them being well-defined gapless quasiparticles (QP). At low temperatures such QPs give the main contribution to thermodynamic and transport properties. In particular, measurements of thermal conductivity give information about the QP life time and the ratio of the Fermi velocity to the gap velocity, among other things. There is now considerable experimental evidence for the existence of well-defined QPs in the superconducting state of cuprates (see Ref. [34] and references therein).

From a quantum field theory viewpoint, condensed matter systems whose Fermi surface are only characterized by nodal points are especially interesting, since at low energies they can be described by relativistic quantum field theory models of massless fermions [35]. In the case of planar d-wave superconductors, the kinetic part of the QPs effective Lagrangian is nothing but the Dirac Lagrangian for two species of massless four-component spinors [36]. By introducing the most simple four-fermion interaction term, one straightforwardly comes to the class of massless NJL models in 2 + 1 dimensions as the natural candidates^3 for describing the QP’s properties in planar high-T_c superconductors [10,11].

On the other hand, one can question whether using a constant external field is adequate for applying this model to high-T_c cuprates. To answer that we recall that high-temperature superconductors are strongly type II, with a large penetration depth of the magnetic field that threads a sample in the form of vortices. It was argued by Anderson [37] that in the range of fields H_{c1} ≪ B ≪ H_{c2} the vortices are dense enough to overlap strongly, so that the approximation of uniform field inside hight-T_c superconductors may be reasonable. In this regime the quantum mechanical treatment of the Landau level quantization in the NJL model in a constant field makes physical sense. Though the issue of Landau level quantization is still debated [22]- [24], [37], [38] (see discussion in Section IV), we think it is worth to elaborate the consequences of this assumption.

To numerically investigate the behavior of the thermal conductivity (27), and to make comparison with experiment, we need to restore all the model parameters, like h̄, c, k_B, v_F , v_Δ. Following Ref. [11] we write the Lagrangian density as L = 1 2 [ψ̄_i, ( iγ^0h̄ ∂ ∂t + vγ^j (ih̄ ∂ ∂x^j − e c A_j ) ) ψ_i] + gv 2N (ψ̄_iψ_i)^2, (44)

where v_F and v_Δ entering in v = √ v_F v_Δ were defined in the previous section, and the external potential is given by Eq.(2). As known, this Lagrangian is equivalent to L = 1 2 [ψ̄_i, ( iγ^0h̄ ∂ ∂t + vγ^j (ih̄ ∂ ∂x^i − e c A_j ) ) ψ_i] − σvψ̄_iψ_i − N σ^2v 2g , (45)

since the Euler-Lagrange equation for the auxiliary scalar field σ obeys the constraint σ = −(g/N )ψ̄_iψ_i so that the Lagrangian density (45) reproduces Eq. (44) upon application of this constraint. The effective action for the composite field σ can be obtained by integrating over fermions in the path integral. From the minimum condition of the effective potential V (σ) one finds that, at fixed T , there is a critical value of the magnetic field √ eB_c/T ≃ 4.1476 such that for subcritical fields eB ≤ eB_c the gap is zero, while for eB > eB_c it is given by the solution of the gap equation (see Appendix A).

3Another interesting attempt is to use massless (QED_3 ) instead of NJL models [9].

Notice that σv has dimension of energy and plays the role of mc^2 in the Dirac Lagrangian density. To generate a plot of κ/κ_0 versus the magnetic field that can be compared to the experiment, we need to substitute T → k_BT, Γ → h̄Γ, eB → (h̄v^2/c)eB, where B is measured in Gauss. It is convenient to measure all energetic quantities in degrees of K, what leads to the replacement eB → 0.8 · 10^{10}(v/c)^{2 ∘}K^2 · B(T esla), where the magnetic field is measured now in Tesla’s. Thus, using the estimated value of the characteristic velocity v_D = 1. 16 × 10^7cm/s reported in [11], eB → 2.92 · 10^2 ·^∘K^2 · B(T esla), and we obtain the critical curve B = 0.014 · T^2, which fits the experimental curve of Ref. [14].

Let us numerically find the profile of κ versus the magnetic field at a fixed T . In Fig.1 κ (B) has been plotted for two different temperatures taking into account the generation of the dynamical mass for eB > eB_c. Here we corroborate what we had already argued in Section 2 based on the analytic result found for κ: due to the appearance of σ at a critical field that depends on the temperature, κ exhibits a kink behavior in his profile with the magnetic field. Moreover, for B > B_c the kink is followed by a region where κ is only weakly dependent on the field (plateau-like region). With decreasing temperature, the position of the kink moves to the left in accordance with the critical line B_c = 0.014T^2. Fig. 1 has one more similarity with the experimental behavior reported in [14]: with decreasing T the crossing of the curves occurs in such a way that the lower T curve reaches the higher value at large fields.

FIG. 1. The magnetic field dependence of κ at T = 20K and T = 15K in the narrow width case (Γ = 5K). The solid lines represent κ/κ0 when a QP gap σ is MC-induced at B ≥ Bc(T ) (Bc(20) = 5.75T, Bc(15) = 3.23T). The dashed lines represent the behavior of κ/κ0 when σ remains zero at B ≥ Bc(T ).

The numerical calculations revealed also the sensitivity of the kink-plateau feature of the thermal conductivity to the relation between Γ and T . Only when Γ was not much smaller than T the thermal conductivity showed the kink-plateau profile (in Fig.1 the curves shown correspond to the ratios Γ/T = 0.25 and 0.33)). This sensitivity to the parameter relations could be an indication, as previously suggested in Ref. [33], that the kink-plateau effect is not a generic feature of the d-wave superconductors, but a consequence of special parameter relations.

IV. CONCLUSIONS

In the present paper we studied the thermal conductivity of relativistic fermions in a (2+1)-dimensional four-fermion interaction model as a function of the applied magnetic field, the temperature and the particle width. We have shown that, for certain relations among these parameters, the profile of the thermal conductivity versus the applied field exhibits a kink at B ≃ B_c, where B_c is the critical field for the generation of a fermion dynamical mass σ, followed by a plateau region at B ≥ B_c. We point out that the kink effect is the consequence of two main features: the generation of a fermion gap in the presence of the magnetic field (MC phenomenon), and the enhancement of the zeroth-to-first LLs transitions. The obtained results were compared with the experimental findings of Krishana et al. [14]. Our numerical curves (Fig.1) exhibit a great similarity with the experimental plots of Ref. [14]. Nevertheless, as discussed below, there are several questions that make uncertain the applicability of our results to d-wave superconductors.

First, let us comment on the status of the experiments on cuprates’ thermal conductivity. The experimental group of Aubin et al. [15] confirmed the observation of the kink and plateau in the thermal conductivity in the same range of temperatures and fields as in [14]. On the other hand, this behavior was not observed in the majority of the BSCCO crystals studied by Ando et al. [16] (though they reported the finding of a plateau-like feature in κ(B) in a few samples). In a more recent experiment [39], the c-axis QP conductivity of the superconductor in the presence of a magnetic field and temperature, σ_q(B, T ), was observed to reach a plateau for the field region 0.04T < B < 0.3T . As pointed out by the authors [39], this behavior is reminiscent of the saturation of thermal conductivity reported by

Krishana et al.. Certainly, new experiments are needed to definitely determine whether the kink/plateau behavior is or not a universal characteristic of the transport properties in high-T_c cuprates under external magnetic fields.

Now, even if the kink/plateau behavior is definitively established through new experiments, it has yet to be elucidated the validity of the Landau level approach in the strong magnetic field region where the vortices overlap.

From a theoretical point of view, the motivation of our work was to elaborate the consequences that a magnetically catalyzed dynamical mass, obtained within a Landau quantization scheme, could have for the transport properties of a system of QP described by a relativistic model. However, the applicability of the Landau level quantization in a d-wave superconductor is still a point under discussion [22–24]. The Landau level-like spectrum proposed by Gorkov and Schiffer [38], and Anderson [37] was based on the assumption that the spatially dependent superfluid velocity can be neglected, but according to Melnikov [22], the superfluidity velocity strongly mixes individual Landau levels. In order to take into account the effects of spatially varying supercurrents, Franz and Tesanovic [23] introduced a singular gauge transformation to trade the phase of the order parameter for a ficticious U (1) gauge field. As a result, the two fluxes, due to the external magnetic field and the U (1) field, cancel each other on average, washing out the whole picture of Landau level quantization. In this framework the low-energy quasiparticles are in fact Bloch waves described by massless Dirac fermions moving in a vector potential of physical supercurrents but zero average magnetic field. While the arising scenario might seem promising, the approach of Ref. [23,24] itself is not free of problems: there is no good foundation from a physical point of view to use singular gauge transformations and to introduce fictitious gauge fields, both of which are needed in this scheme. Moreover, because of the singular transformations, the physical picture itself becomes strongly dependent on the way such transformations are implemented (i.e., different singular gauge transformations can give rise to different spectra, depending on the regularization scheme [24]). Finally, as far as we know, it has not yet been proved that such a formulation can be applicable in the regime of weak-to-moderate magnetic fields, where the individual vortices overlap and the magnetic field can be considered to be fairly uniform.

Another question that has to be addressed, which is also related to the vortex effects in HTS, is the enhancement of the QP density of states (DOS) due to Doppler shifts in the QP energy produced by the supercurrents around vortices (Volovik effect [19]). This effect has been observed in calorimetric experiments [21], where the coefficient of the field-dependent linear term of the specific heat was found to be ∼ √ B, as predicted by Volovik [19]. One might think that such a behavior of the specific heat is in contradiction with the theoretically predicted opening of a secondary gap due to magnetic catalysis. However, recent measurements of fully gapped s-wave superconductors [40] have shown a similar √ B DOS scaling which has been attributed to vortex-vortex interactions. Therefore, we think that it would be important to investigate if vortex-vortex interactions could also lead to the √ B scaling in d-wave superconductors in the presence of the MC induced gap.

In the simple model used in this work, we mimicked the vortex effects in the weak-to-moderate field regime through the existence of a constant and uniform magnetic field permeating the sample, and considered a field-independent scattering rate Γ. Although several of the limits we analyzed do not crucially depend on the behavior of the scattering rate with the field, a more realistic approach would require to introduce vortex-vortex interactions in the original Lagrangian, and to determine the scattering-rate’s field dependence in a self-consistent manner through the fermion self-energy. This last approach, although more appropriate to compare with HTS experiments, is out of the scope of the present paper.

Finally, we should highlight an important outcome of our investigation: the relevant properties of the thermal conductivity of the (2+1)-dimensional relativistic QP system around the critical point are model independent. Indeed, the essential ingredient of the effective model required to produce the kink effect in the thermal conductivity is the critical behavior of the dynamical mass induced by MC near the phase transition, so not much depends on the concrete form of the effective Lagrangian. This fact makes our result relevant beyond the particular model under consideration, linking it to the universality class of theories with such a critical behavior. Such an universality character leaves an open window for possible future applications.

Among the possible applications could be the heat transport properties of graphites in the presence of a magnetic field. Let us recall that HOPG materials [25] have layered structure with two isolated points in the Brillouin zone where the dispersion is linear, so that the electronic states can be described in terms of relativistic Dirac particles [41]. Hence, these materials could be a new playground for applications of the phenomenon of magnetic catalysis. It was already suggested [26] that the magnetic catalysis in the system of Coulomb-interacting Dirac fermions can provide an explanation for the semimetal-insulator phase transition observed in HOPG in the presence of a magnetic field perpendicular to the layers. Since the quasiparticles in a graphite do not suffer from the Bloch wave versus Landau level dilemma, our present results should have full strength there and we anticipate that the thermal conductivity of these systems should exhibit a behavior similar to the one reported here.

ACKNOWLEDGMENTS

We would like to acknowledge V.A. Miransky for useful and stimulating discussions. We are grateful to A. Hams and I. Shovkovy for help in the numerical calculation. This research has been supported in part by the National Science Foundation under Grant No. PHY-0070986. The work of V.P.G. is supported also by the SCOPES-projects 7 IP 062607 and 7UKPJ062150.00/1 of the Swiss National Science Foundation and Grant-in-Aid of Japan Society for the Promotion of Science (JSPS) No. 11695030. He wishes to acknowledge the JSPS for financial support.

APPENDIX A: DYNAMICAL MASS SCALING NEAR THE PHASE TRANSITION POINT

The effective potential of the (2+1)-dimensional NJL model in a constant external magnetic field at finite temperature was computed in [2]. The integration over fermion fields in the functional integral with the Lagrangian (4) can be performed to give the effective potential in the form

V (σ) = N σ^2 2g + N eB 4π^{3/2} ∫_∞ 0 dt t^{3/2} e^{−tσ2} coth eBtΘ_4 ( 0| i 4πT^2t ) = V_{0,B}(σ) + V_{T,B}(σ), (A1)

where the temperature independent part of the potential is given by

V_{0,B}(σ) = N σ^2 2g + N eB 4π^{3/2} ∫_∞ 0 dt t^{3/2} e^{−tσ2} coth eBt = N π [ 1 2 M_0σ^2 − √ 2(eB)^{3/2}ζ ( − 1 2 , σ^2 2eB + 1 ) − σeB 2 ] , (A2)

(the mass scale parameter M_0 = π/g − Λ/ √ π and Λ is the ultraviolet cutoff which is taken much bigger than all other parameters in the model) and the part depending on temperature is V_{T,B}(σ) = N eB 4π^{3/2} ∫_∞ 0 dt t^{3/2} e^{−tσ2} coth eBt [ Θ_4 ( 0| i 4πT^2t ) − 1 ] . (A3)

Here θ_4(v|τ ) is the Jacobi’s elliptic function.

The gap equation dV (σ)/dσ = 0 follows from (A1)

σ − M^0√ eB + 1 √ 2 ζ ( 1 2 , σ^2 2eB + 1 ) + √ eB 2σ tanh σ 2T + ∞∫ 0 dt √ πt e^{− σ2teB} e^{2t} − 1 [ θ_4 ( 0| ieB 4πT^2t ) − 1 ] = 0. (A4)

The solution of this equation defines the fermion dynamical mass. At T = 0, B = 0 the gap equation admits a nontrivial solution only if the coupling g is supercritical, g > g_c = π^{3/2}/Λ (M_0 < 0). The gap equation at T = 0, B ≠ 0 was also studied in the literature (see, for example, Refs. [1,2]). It was shown that it always has a nontrivial solution at all g > 0 no matter how small the magnetic field B might be. In the weak coupling phase the field-induced dynamical mass at zero temperature behaves as σ_0 = eB/2M_0 in weak fields ( √ eB ≪ M_0), while at high fields ( √ eB ≫ M_0) it is σ_0 ≃ 0.446 √ eB. At finite temperature the critical line in the B − T plane separating the massless and massive phases was calculated numerically in [2] (see also [11]). We shall derive here an analytical solution of the gap equation near such a critical line.

We start, actually, with the derivation of the Landau-Ginzburg-like potential by expanding V (σ) in powers of σ, since near the phase transition point σ is small, and write

V (σ) = V (0) − 1 2 M (T, eB)σ^2 + 1 4 λ(T, eB)σ^4 . (A5) As it is accustomed for second-order phase transitions, the equality of the coefficient M (T, eB) to zero defines the phase transition curve. The region of parameters T, B where M (T, eB) > 0 corresponds to the spontaneously broken phase with fermions acquiring the mass, whereas the region M (T, eB) < 0 corresponds to the massless phase. Our goal is to obtain the coefficients M (T, eB), and λ(T, eB). When it is done the solution of the gap equation is given by σ^2 = M (T, eB) λ(T_c, eB) . (A6)

¿From (A6) we obtain the behavior of the dynamical mass near the phase transition point (M (T_c, eB_c) = 0). In particular, at fixed temperature and B → eB_c we find

σ^2(T = T_c, eB) = M (T_c, eB) λ(T_c, eB) ≃ d deB ( M (T_c, eB) λ(T_c, eB) ) B=B_c (eB − eB_c) ≃ 1 λ(T_c, eB_c) d deB M (T_c, eB)|_{eB=eBc} (eB − eB_c) . (A7) The potential V_{0,B}(σ) is easily expanded in powers of σ^2 . Let us turn to V_{T,B}(σ) which we write as the sum of two terms V_{T,B}(σ) = N eB 4π^{3/2} ∫_∞ 0 dt t^{3/2} e^{−tσ2} [ Θ_4 ( 0| i 4πT^2t ) − 1 ]

+ N eB 4π^{3/2} ∫_∞ 0 dt t^{3/2} e^{−tσ2} (coth eBt − 1) [ Θ_4 ( 0| i 4πT^2t ) − 1 ] . (A8)

The second term in the last expression can be expanded in a series in σ^2 since the two brackets (with cotangent and θ−function) regularize the behavior of the integrand at infinity and zero, respectively. Thus we need to calculate the first term ∫_∞ 0 dt t^{3/2} e^{−tσ2} [ Θ_4 ( 0| i 4πT^2t ) − 1 ] = 2 ∞∑ n=1 (−1)^n ∫_∞ 0 dt t^{3/2} e^{−tσ2− n2}4T^2t

= 4 √ 2T σ ∞∑ n=1 (−1)^n √ n K_{1/2} ( nσ T ) = −4 √ πT log ( 1 + e^{− σT} ) , (A9)

where K_ν (z) is a modified Bessel function (K_{1/2}(z) = (π/2z)^{1/2}e^{−z}).

Finally, we obtain the following expressions for the coefficients M (T, B) = N √ eB π { − M_0 √ eB + ζ(1/2) √ 2 + √ eB 4T + √ eB 2 √ π ∫_∞ 0 dt t^{1/2} (coth eBt − 1) × [ Θ_4 ( 0| i 4πT^2t ) − 1 ] } , (A10)

λ(T, B) = N π √ eB { ζ(3/2) 4 √ 2 + 1 48 ( √ eB T )_3 + (eB)^{3/2} 2π ∫_∞ 0 dtt^{1/2} (coth eBt − 1) × [ Θ_4 ( 0| i 4πT^2t ) − 1 ] } . (A11)

The critical curve M (T, B) = 0 can be analyzed analytically at T ≪ √ eB where the integral in Eq.(A10) is exponentially small and for T_c we get the equation √ eB 4T_c = M_0 √ eB − ζ(1/2) √ 2 . (A12)

For the solution to exist, it must satisfy that √ eB ≪ M_0, what gives the critical temperature T_c ≃ eB 4M_0 = 1 2 σ_0, (A13)

where σ_0 ≡ σ(T = 0) is the dynamical mass at zero temperature.

One can convince oneself that there is no solution of the equation M (T, B) = 0 when T_c ≫ √ eB. Indeed, for that let us write the integral in (A10) as

I = ∫_∞ 0 dt t^{1/2} (coth eBt − 1) [ Θ_4 ( 0| i 4πT^2t ) − 1 ]

= 1 √ eB ∫_∞ 0 dt t^{1/2} (coth t − 1) [ Θ_4 ( 0| ieB 4πT^2t ) − 1 ] . (A14)

We further divide the integrand into three pieces I = 1 √ eB {∫_∞ 0 dt t^{3/2} [ Θ_4 ( 0| ieB 4πT^2t ) − 1 ] − ∫_∞ 0 dt t^{1/2} ( coth t − 1 t − 1 )

+ ∫_∞ 0 dt t^{1/2} ( coth t − 1 t − 1 ) Θ_4 ( 0| ieB 4πT^2t )} . (A15)

The first and second integrals in the last expression can be evaluated exactly (after changing the variable t → x^2 in the first integral) with the help of the formulas [42] ∫_∞ 0 dt t^{3/2} [ Θ_4 ( 0| ieB 4πT^2t ) − 1 ] = −4 √ π log 2 T √ eB ; (A16) ∫_∞ 0 dt t^{1/2} ( coth t − 1 t − 1 ) = √ 2πζ( 1 2 ). (A17)

The integral with Θ_4−function is calculated using the Jacobi imaginary transformation to Θ_2−function and keeping in it only the first term in the series when eB → 0:

Θ_4 ( 0| ieB 4πT^2t ) = √ 4πT^2t eB Θ_2 ( 0| 4iπT^2t eB ) ≃ 4 √ πT^2t eB e^{− π2 T 2teB} . This reduces the third integral to ∫_∞ 0 dt t^{1/2} ( coth t − 1 t − 1 ) Θ_4 ( 0| ieB 4πT^2t ) ≃ 4T √ π √ eB ∫_∞ 0 dt ( coth t − 1 t − 1 )

×e^{− π2T 2teB} ≃ − 4 √ πeB π^2T

, B → 0 (A18)

(when proceeding to the last equality we changed the variable t to eBt and then expanded over eB).

Thus, combining all formulas we get the following expression for the M − function: M (T, B) ≃ N √ eB π { − M_0 √ eB + √ eB 4T − 2 log 2 T √ eB − 2 π^2 √ eB T } . As seen, there is no solution as eB → 0 for M_0 > 0. (In case eB = 0 and M_0 < 0 we get the standard expression for the critical temperature T_c = |M_0|/2 log 2 [27]). Hence, we arrive at the conclusion that the only remaining possibility is that the root of the equation M (T, B) = 0 is of the order of T_c ≃ √ eB. However, in this case we cannot expand the integral in Eq.(A10) and should turn to a numerical calculation. The root of the function M (T, B) when the parameter M_0 ≃ 0 is found to be √ eB/T ≃ 4.1476 what defines the critical line. For the critical temperature this gives T_c ≃ 0.54σ_0 in agreement with the result of Ref. [2] . We calculated numerically the coefficient before eB − eB_c in Eq. (A7) which is found to be 0.2738, thus the scaling of the dynamical mass near the critical line is given by the formula σ ≃ 0.523 √ eB − eB_c. (A19)

APPENDIX B: KUBO FORMULA

For the sake of completeness we derive here the expression for the thermal conductivity in the two-dimensional case used in Section II. We start from the Kubo’s formula for the thermal conductivity tensor [43] κ_{ij}(ω) = 1 V T ∞∫ 0 dt β∫ 0 dλTr{ρU_j (0)U_i(t + iλ)}e^{−iωt}, (B1)

where V is the space volume, T the absolute temperature, ρ is the density matrix, and U_i are the heat current operators with U_i(t) = e^{iHt}U_ie^{−iHt}. (B2) Integrating over t by parts in Eq.(B1), and taking into account that the currents go to zero at t → ∞, we obtain

κ_{ij} (ω) = 1 V T ∞∫ 0 dt e^{−iωt} − 1 iω β∫ 0 dλ ∂ ∂t Tr{ρU_j (0)U_i(t + iλ)}

= 1 V T ∞∫ 0 dt e^{−iωt} − 1 ω Tr{ρU_j (0)[U_i(t) − U_i(t + iβ)]}, (B3)

where we used also the fact that the quantity under Tr is a function only of t + iλ.

Now, taking into account that

Tr{ρU_j (0)U_i(t + iβ)} = Tr{ 1 Z e^{−βH} U_j (0)e^{iHt−βH} U_i(0)e^{−iHt+βH} } = Tr{ρU_i(t)U_j (0)}, (B4) we obtain from (B3) and (B4) the known expression [44]

κ_{ij}(ω) = − 1 V T ∞∫ 0 dt e^{−iωt} − 1 ω Tr{ρ[U_i(t), U_j(0)]}. (B5)

Using that

Tr{ρU_i(t)_j(0)}^† = Tr{U^†_j (0)U^†_i (t)ρ^†} = Tr{ρU_j (0)U_i(t)} (B6)

we have

Tr{ρ[U_i(t), U_j (0)]} = Tr{ρU_i(t)U_j (0)} − Tr{ρU_i(t)U_j (0)}^† = 2iImTr{ρU_i(t)U_j (0)}. (B7)

Then, we can write (B5) as

κ_{ij}(ω) = − 2i V T ∞∫ 0 dt e^{−iωt} − 1 ω ImTr{ρU_i(t)U_j (0)}. (B8)

The thermal conductivity for an isotropic system is given by κ = κ_{ii}(0)/d where the summation over repeated indices is understood (d is the number of space dimensions, in our case d = 2). Equation (B8) then takes the form

κ = − i V T ∞∫ 0 dt lim_{ω→0}( e^{−iωt} − 1 ω )ImTr{ρU_i(t)U_i(0)} = − 1 V T Im ∞∫ 0 dttTr{ρU_i(t)U_i(0)}, (B9)

which is equivalent to Eq.(6), or,

κ = i 2V T ∞∫ 0 dttTr{ρ[U_i(t), U_j (0)]}. (B10)

In the representation of the Hamiltonian eigenfunctions, e^{−iHt} | n >= e^{−iEn t} | n > we can write

Tr{ρU_i(t)U_i(0)} = ∑ n,m 1 Z {e^{iHt+βH} U_ie^{−iHt} | n >< n | U_i | m >< m |} = ∑ n,m 1 Z e^{−βEn +i(En −Em )t} |< n | U_i | m >|^2, (B11) where the hermiticity of the heat current operators was used. Similarly

Tr{ρU_i(0)U_i(t)} = ∑ n,m 1 Z e^{−βEn +i(Em −En)t} |< n | U_i | m >|^2 . (B12)

Now using Eqs.(B11) and (B12) and the symmetry of the matrix elements under the interchange n ↔ m we can write the correlator function in the form

G(t) = Tr{ρ[U_i(t), U_i(0)]} = 1 Z ∑ n,m e^{−βEn +i(En −Em )t} ( 1 − e^{−β(Em −En )} ) |< n | U_i | m >|^2 (B13)

The retarded Fourier transform of G(t) is given by

G(Ω) = 1 2π lim_{η→0} ∞∫ −∞ θ (t) G(t)e^{iΩt−η|t|}dt

= 1 2π 1 Z ∑ n,m e^{−βEn} ( 1 − e^{−β(Em −En )} ) |< n | U_i | m >|^2 lim_{η→0} ∞∫ 0 dte^{i(En−Em +Ω)t−ηt}

= 1 2πi 1 Z lim_{η→0} ∑ n,m e^{−βEn} ( 1 − e^{−β(Em −En )} ) |< n | U_i | m >|^2 1 E_m − E_n − Ω − iη . (B14)

To obtain the spectral representation of G(Ω) we define

Θ(Ω) = lim_{η→0} [G(Ω + iη) − G(Ω − iη)] = ∑ n,m 1 Z e^{−βEn} ( 1 − e^{−β(Em −En )} ) |< n | U_i | m >|^2 δ(E_m − E_n − Ω). (B15)

¿From (B14) and (B15) we can write

G(Ω) = lim_{η→0} 1 2πi ∞∫ −∞ Θ(ν) dν ν − Ω − iη . (B16)

We can use this representation in order to express the thermal conductivity in terms of the spectral density Θ(Ω), which is an important step for the calculations in the Green’s function formalism. Using the inverse Fourier transform, we can write G(t) = ∞∫ −∞ G(Ω)e^{−iΩt}dΩ = lim_{η→0} 1 2πi ∞∫ −∞ e^{−iΩt}dΩ ∞∫ −∞ Θ(ν) dν ν − Ω − iη , t > 0, (B17)

and considering the integration formula ∞∫ −∞ e^{iωt} ω − iη dω = { 2πie^{−ηt}, t > 0 0, t < 0 , (B18)

the function G(t) can be transformed to

G(t) = lim_{η→0} 1 2πi ∞∫ −∞ Θ(ν)dν ∞∫ −∞ e^{−iΩt} ν − Ω − iη dΩ = lim_{η→0} 1 2πi ∞∫ −∞ Θ(ν)e^{−iνt}dν ∞∫ −∞ e^{iωt} ω − iη dω

= lim_{η→0} ∞∫ −∞ Θ(Ω)e^{−iΩt−ηt}dΩ, t > 0. (B19)

To express κ in terms of the spectral function we substitute with (B19) in (B10), so we get

κ = i 2V T ∞∫ 0 dttG(t) = i 2V T ∞∫ 0 dtt lim_{η→0} ∞∫ −∞ Θ(Ω)e^{−iΩt−ηt}dΩ = i 2V T lim_{η→0} ∞∫ −∞ Θ(Ω)dΩ ∞∫ 0 dtte^{−iΩt−ηt}. (B20)

Taking into account that the spectral function is an odd function, Θ(ν) = −Θ(−ν), we can see that only the imaginary part of^∞ ∫ 0 dte^{−iΩt−ηt}t remains, what leads to

κ = − π 2V T lim_{η→0} ∞∫ −∞ Θ(Ω) ∂δ(Ω) ∂Ω dΩ = π 2V T ∂Θ(Ω) ∂Ω | | |_{Ω=0} (B21)

or equivalently, κ = π 4V T lim_{Ω→0} 1 Ω [Θ(Ω) − Θ(−Ω)] . (B22)

¿From the representation (B15) for the spectral function it can be shown that the thermal conductivity (B22) can be expressed in terms of imaginary time Green’s functions. Indeed, let us introduce the following thermal Green function

Π (τ ) = Tr{ρe^{Hτ} U_i(0)e^{−Hτ} U_i(0)} (B23)

and its Fourier transform

Π (iω_n) = β∫ 0 Π (τ ) e^{iωnτ} dτ, ω_n = 2πn β , n = 0, 1, 2, ... . (B24)

Inserting the complete set of energy eigenstates |m⟩, |n⟩ we can perform the integration over τ as indicated in (B24), to find

Π(iω_k) = 1 Z ∑ n,m e^{−βEn} |< n | U_i | m >|^2 e^{−(Em −En )β} − 1 E_n − E_m + iω_k . (B25)

If we now define an analytical function Π(ω) in such a way that at discrete points ω = iω_k it coincides with Π(iω_k) and has a branch cut along the real axis, then the spectral function (B15) is related to the discontinuity of Π(ω) across the cut

Θ(Ω) = 1 2πi lim_{ε→0} [Π (Ω + iε) − Π (Ω − iε)] . (B26)

Substituting (B26) in (B22) we arrive to Eq. (10) of Section II.

[1] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. Rev. Lett. 73, 3499 (1994). [2] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. Rev. D 52, 4718 (1995). [3] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. Lett. B 349, 477 (1995).

[4] K. G. Klimenko, Z. Phys. C54, 323 (1992); Teor. Mat. Fiz. 90, 3 (1992); I. V. Krive and S. A. Naftulin, Phys. Rev. D 46, 2737 (1992).

[5] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. Rev. D 52, 4747 (1995); Nucl. Phys. B 462, 249 (1996); Phys.

Rev. Lett. 83, 1291 (1999); Nucl. Phys. B 563, 361 (1999); V. Elias et al., Phys. Rev. D 54, 7884 (1996); V. P. Gusynin and A. V. Smilga, Phys.Lett. B 450, 267 (1999).

[6] C. N. Leung, Y. J. Ng, and A. W. Ackley, Phys. Rev. D 54, 4181 (1996); D. K. Hong, Y. Kim, and S.-J. Sin, Phys. Rev.

D 54, 7879 (1996); A. V. Shpagin, hep-ph/9611412; D. S. Lee , C. N. Leung, and Y. J. Ng, Phys. Rev. D 55, 6504 (1997); V. P. Gusynin and I. A. Shovkovy, Phys. Rev. D 56, 5251 (1997).

[7] I. A. Shushpanov and A. V. Smilga, Phys. Lett. B 402, 351 (1997); S. Kanemura, H. -T. Sato and H. Tochimura, Nucl.

Phys. B 517, 567 (1998); A. Yu. Babansky, E. V. Gorbar, and G. V. Shchepanyuk, Phys. Lett. B 419, 272 (1998); T. Itoh and H. Kato, Phys. Rev. Lett. 81, 30 (1998); E. J. Ferrer and V. de la Incera, Phys. Lett. B 481,287 (2000); V. P. Gusynin, Ukrainian J. Phys. 45, 603 (2000); V. Ch. Zhukovsky et al., JETP Lett. 73, 121 (2001).

[8] K. Farakos and N.E. Mavromatos, cond-mat/9710288.

[9] K. Farakos, G. Koutsoumbas, and N.E. Mavromatos, Int. J. Mod. Phys. B12, 2475 (1998). [10] G. W. Semenoff, I. A. Shovkovy, and L. C. R. Wijewardhana, Mod. Phys. Lett. A13, 1143 (1998). [11] W. V. Liu, Nucl. Phys. B 556, 563 (1999).

[12] E. J. Ferrer, V. P. Gusynin, and V. de la Incera, hep-ph/0101308.

[13] E. J. Ferrer, V. P. Gusynin, and V. de la Incera, Phys. Lett. B 455, 217 (1999); G. W. Semenoff, I. A. Shovkovy, and L. C. R. Wijewardhana, Phys. Rev. D 60, 105024 (1999).

[14] K. Krishana et al., Science, 277, 83 (1997), N. P. Ong et al., cond-mat/9904160. [15] H. Aubin et al., Phys. Rev. Lett., 82, 624 (1999). [16] Y. Ando et al., Phys. Rev. B 62, 626 (2000).

[17] R. B. Laughlin, Phys. Rev. Lett. 80, 5188 (1998); T. V. Ramakrishnan, J. Phys. Chem. Solids, 59, 1750 (1998). [18] M. Franz, Phys. Rev. Lett. 82, 1760 (1999).

[19] G. E. Volovik, Pis’ma Zh. Eksp. Teor. Fiz. 58, 7 (1993) [JETP Lett. 58, 469 (1993)]. [20] C. Kubert and P. J. Hirschfeld, Phys. Rev. Lett., 80, 4963 (1998).

[21] K. A. Moler, et. al., Phys. Rev. Lett. 73, 2744 (1994); K. A. Moler, et al., Phys. Rev. B, 55, 3954 (1997); J. W. Loram et al., J. Phys. Chem. Solids 59, 2091 (1998); R. A. Fisher et al., Phys. Rev. B, 61, 1473 (2000).

[22] A. S. Mel’nikov J. Phys. Cond. Matter 11, 4219 (1999). [23] M. Franz and Z. Tesanovic, Phys. Rev. Lett. 84, 554 (2000).

[24] L. Marinelli et al., Phys. Rev. B 62, 3499 (2000); J. Ye, Phys. Rev. Lett., 86, 316 (2001); O. Vafek et al, Phys. Rev. B 63, 134509 (2001); J. Ye and A. Millis, cond-mat/0101032; D. Knapp, C. Kallin and A. J. Berlinsky, Phys. Rev. B, 64, 014502 (2001); A. Vishwanath, Phys. Rev. Lett. 87, 217004 (2001).

[25] M. S. Sercheli et al., cond-mat/0106232.

[26] D. V. Khveshchenko, Phys. Rev. Lett. 87, 206401 (2001). [27] B. Rosenstein and B. Warr, Phys. Repts. 205, 59 (1991). [28] V. Ambegaokar and A. Griffin, Phys. Rev. A 137, 1151 (1965). [29] A. C. Durst and P. A. Lee, Phys. Rev. B 62, 1270 (2000). [30] A. Chodos, K. Everding, and D. A. Owen, Phys. Rev. D 42, 2881 (1990).

[31] L. Taillefer et al., Phys. Rev. Lett. 79, 483 (1997); K. Behnia et al., J. Low Temp. Phys. 117, 1089 (1999). [32] M. Franz and O. Vafek, Phys. Rev. B 64, 220501(R) (2001). [33] I. Vekhter and A. Houghton, Phys. Rev. Lett. 83, 4626 (1999). [34] A. Paramekanti et al., Phys. Rev. B 62, 6786 (2000).

[35] G. E. Volovik, Proc. Nat. Acad. Sci. 96, 6042 (1999); Phys. Rept. 351 195 (2001).

[36] G. W. Semenoff and L. C. R. Wijewardhana, Phys. Rev. Lett. 63, 2633 (1989); J. B. Marston, Phys. Rev. Lett. 64, 1166 (1990); N. Dorey and N. E. Mavromatos, Nucl. Phys. B 368, 614 (1992); S. H. Simon and P. A. Lee, Phys. Rev. Lett. 78, 1548 (1997).

[37] P. W. Anderson, cond-mat/9812063.

[38] L. P. Gor’kov and J. R. Schrieffer, Phys. Rev. Lett. 80, 3360 (1998); B. Janko, Phys. Rev. Lett. 82, 4703 (1999). [39] N. Morozov et. al., Phys. Rev. B 62, 14681 (2000). [40] J. E. Sonier et al., Phys. Rev. Lett. 82, 4914 (1999).

[41] G. Semenoff, Phys. Rev. Lett. 53, 2449 (1984); F. D. M. Haldane, ibid 61, 2015 (1988); J. Gonzales, F. Guinea, and M. A. H. Vozmediano, Phys. Rev. Lett. 77, 3589 (1996).

[42] A. P. Prudnikov, Yu. A. Brychkov and O. I. Marichev, Integrals and Series, v.III, Nauka, Moscow, 1986. [43] J. S. Langer, Phys. Rev. 127, 5 (1962). [44] E. Verboven, Physica 26, 1091 (1960).