arXiv:cond-mat/0204040 v2 3 Apr 2002

Elusive gauge-invariant fermion propagator in QED-like effective theories

D. V. Khveshchenko Department of Physics and Astronomy, University of North Carolina, Chapel Hill, NC 27599

We revisit the problem of the gauge invariant fermion propagator in the effective theories of condensed matter systems which can be cast in the form of Quantum Electrodynamics. This discussion was motivated by the attempt towards constructing such a propagator undertaken in the recent work by M. Franz et al [1]. We believe that, unfortunately, the analysis of Ref. [1] failed to resolve this issue which, therefore, still remains open.

Recently, a number of theoretical descriptions of such strongly correlated electron systems as high-temperature superconductors and layered graphite were found to allow for a mapping onto the effective QED-like theories. In some of the situations, such as the problem of graphite, a QED_3-like description is formulated in terms of the electrons themselves which enables one to directly compute various experimentally relevant observables [2,3].

By contrast, the recent theories of the pseudogap phase of the high-T_c superconductors assume the form of (spatially anisotropic) QED_3 only when they are formulated in terms of some auxiliary neutral fermions [4–7]. It is, therefore, imperative to establish the correct form of the physical electron propagator in terms of the Lagrangian field variables, because, until this task is accomplished, any theoretical predictions will remain largely disconnected from the physical observables and can hardly be put under a decisive test against experimental data.

In the recent paper [1], M. Franz et al claim to have resolved this issue by using the ”stringy ansatz” with the inserted Wilson-like exponent of the line integral

G_Γ(x − y) =< 0|ψ(x) exp(i ∫ Γ A_μ(z)dz_μ)ψ(y)|0 > (1) as a viable candidate for the (necessarily, gauge invariant) physical electron propagator.

With the contour Γ chosen as the straight-line segment traced backwards (from x to y) Eq.(1) presents the ”usual suspect” which has already been studied in some of the earlier works on the subject [4,8]. Although this option had been previously entertained, it was also recognized that, the choice (1) may require further justification, since the phase ϕ(x) of the (singular) gauge transformation Ψ(x) = exp(iϕ(x))ψ(x) relating the physical electron operator Ψ(x) to the Lagrangian fermion field ψ(x) [4–7] is not uniquely defined.

In this note, we set out to address some of the misconceptions pertaining to the use of Eq.(1) and ascertain the status of the previously obtained results. We start out by writing G_Γ(x − y) as a formal functional integral G_Γ(x − y) =< 0|ψ(x)ψ(y)|0 >= ∫ D[A]D[ψ]D[ψ]ψ(x)ψ(y) exp(i ∫ Γ A_μ(z)dz_μ) exp(iS[ψ, ψ, A]) (2) governed by the conventional QED action for the N -flavored (and, possibly, massive) Dirac fermions coupled to the abelian gauge field S[ψ, ψ, A] = ∫ dz[ N∑ f=1 ψ_f (iγ̂_μ∂_μ + γ̂_μA_μ − m)ψ_f + 1 2g^2

(∂_μA_ν − ∂_ν A_μ)^2] (3)

Upon integrating the fermions out the amplitude (2) turns into a functional average over different gauge field configurations

G_Γ(x − y) = ∫ D[A]G(x, y|A) exp(i ∫ Γ A_μ(z)dz_μ) exp(iS_{eff} [A]) (4)

applied to the inverse Dirac operator G(x, y|A) =< x|[i ^∂ + Â(z) − m]^{−1}|y > obtained for a fixed configuration A_μ(z). The weight of the average (4) is controlled by the effective gauge field action S_{eff} [A] = 1 2g^2 ∫ dx(∂_μA_ν − ∂_νA_μ)^2 + 1 2 ∫ dx ∫ dyA_μ(x)Π_{μν} (x − y)A_ν (y) + . . . (5) where the dots stand for the higher order (non-Gaussian) terms produced by fermion polarization.

The averaging procedure generates a sum of all the multi-loop diagrams with no couplings between the fermion polarization insertions into the gauge field propagators and the open fermion line corresponding to the fermion’s propagation between the points x and y. To the best of our knowledge, no previous analysis based on the use of the resolvent G(x, y|A) has ever gone beyond this customary approximation. Furthermore, the previous works proceeded with the actual calculations by neglecting all but the Gaussian term in (5), thus excluding from consideration any processes of ”light-light scattering” and alike.

Within these approximations, the gauge field propagator computed in the covariant λ-gauge takes the form

D_{μν} (q) = g^2 q^2 + Π(q)

(δ_{μν} + (λ − 1) q_μq_ν q^2

) (6)

To set the record straight, we note that, unlike the situation in the conventional (weakly coupled, that is g^2 ≪ 1) QED_4 where the fermion polarization behaves as Π(q) ∝ g^2q^2, in the 3D case no divergencies occur at large momenta. Instead, QED_3 develops its highly non-trivial behavior at intermediate fermion momenta m ≪ p ≪ Λ = N g^2 controlled by the (this time, dimensionful) coupling constant g. Adhering to the common terminology, we will refer to this regime as the ultraviolet (UV) one, for this is where all the logarithmic corrections ∼ ln(Λ/p) originate from (above the cutoff Λ no further corrections can occur).

In this regime, the gauge propagator (6) is totally dominated by the fermion polarization which, due to the parity conserving structure of the reducible four-fermion representation employed in [4–7], contains no Chern-Simons terms and, in the leading 1/N approximation, reads as

Π(q) = N g^2 8 √ −q^2 (7)

In this way, the number of fermion flavors N becomes the actual parameter controlling perturbation expansion, regardless of the strength of the bare coupling g.

Without making any additional approximations, the function G(x, y|A) can be found in the form of a fully quantum mechanical path integral [9,10] (also, see [11] for a non-perturbative calculation of the Dirac fermion propagator in a static spatially random gauge field which takes advantage of this representation) G(x, y|A) = ∫_∞ 0 dτ ∫_{x(τ)=x} x(0)=y DxDpe^{iS0 [x,p]} exp(i ∫_τ 0 dτ^′A_μ(z) dz_μ dτ^′ ) (8)

where x_μ(τ ) is a single fermion’s trajectory parametrized by the proper time τ . The spinor structure of the fermion propagator is accounted for by integrating over the additional variable p_μ(τ ) with the free (matrix-valued) fermion action

S_0[x(τ ), p(τ )] = ∫_τ 0 dτ^′p_μ[ dx_μ dτ^′ − γ̂_μ − m], (9) thus providing a systematic improvement of the celebrated Bloch-Nordsieck model. In the latter, all the spin-related effects are ignored which makes this model exactly soluble but restricts its applicability to the infrared (IR) regime |p^2 − m^2| ≪ m^2 near the fermion mass shell. In this regime, the relevant trajectories contributing to (8) deviate only slightly from the straight path.

It must be emphasized that the IR regime can only exist if the fermions are massive, while in the massless case the entire region below the upper cutoff Λ falls into the opposite, ultraviolet (UV), regime which, in the case of a finite fermion mass, is defined by the condition m^2 ≪ |p^2 − m^2| <∼ Λ^2.

In the latter regime, the trajectories which dominate the amplitude (8) may depart quite substantially from the classical fermion’s world-line (which only coincides with the contour Γ in the case of a ”light cone”-like separation between the end points: (x − y)^2 = 0), for there is no mass term to suppress such strong deviations.

Next, combining Eqs.(4) and (8) we cast the amplitude (1) in the form manifesting its gauge invariance

G_Γ(x − y) = ∫_∞ 0 dτ ∫_{x(τ)=x} x(0)=y DxDpe^{iS0 [x,p]} < exp(i ∮ ∂_μA_ν dΣ_{μν}) > (10)

where brackets stand for the (normalized) functional average over the gauge field with the weight (5) which is to be taken for each trajectory x_μ(τ ) before the sum over all the different trajectories is executed.

To obtain the area integral in the exponent we applied the Stocks theorem to the line integral taken along a closed contour which is composed of an arbitrary trajectory x_μ(τ ) and the straight-line segment Γ parametrized as −x^{(0)}_μ (τ^′) = τ^′(y − x)_μ/τ .

By the same token, the ordinary (gauge variant) fermion propagator can be rewritten as G(x − y) = ∫_∞ 0 dτ ∫_{x(τ)=x} x(0)=y DxDpe^{iS0 [x,p]} < exp(i ∮ ∂_μA_ν dΣ_{μν} + i ∫_x y A_μdz^{(0)}_μ ) > (11)

where we first complemented each trajectory x(τ ) by −x^{(0)}_μ (τ ) in order to obtain the same area integral as in (10) and then subtracted this term back.

Elucidating the structure of the ordinary propagator by virtue of Eq.(11) helps one to appreciate its difference from yet another function introduced in [12] and invoked by the authors of Ref. [1] in their analysis of the amplitude (10)

G_1(x − y) = G(x − y) < exp(i ∫_x y A_μdz^{(0)}_μ ) > = ∫_∞ 0 dτ ∫_{x(τ)=x} x(0)=y DxDpe^{iS0 [x,p]} < exp(i ∫_x y A_μdz^{(0)}μ + i ∮ ∂_μA_νdΣ_{μν} ) > < exp(i ∫_x y A_μdz^{(0)}_μ ) >

(12)

In fact, both Eqs.(10) and (12) belong to the same family of functions labeled by a continuous parameter ξ (not to be confused with the gauge parameter λ!) G_ξ(x − y) = ∫_∞ 0 dτ ∫_{x(τ)=x} x(0)=y DxDpe^{iS0 [x,p]} < exp(iξ ∫_x y A_μdz^{(0)}_μ + i ∮ ∂_μA_ν dΣ_{μν} ) > < exp(iξ ∫_x y A_μdz^{(0)}_μ ) >

(13)

which embodies Eqs.(10) and (12) for ξ = 0 and ξ = 1, respectively.

Is must be noted, however, that, except for the case of G_0(x) = G_Γ(x) given by a single average, the integrand of Eq.(13) contains a ratio of the two averages which precludes G_ξ(x) from being truly gauge invariant for any ξ ≠ 0. Indeed, the gauge fields over which the two averages in the numerator and denominator of Eq.(13) are being taken may transform totally independently of one another (A^{1,2}_μ → A^{1,2}_μ + ∂_μf^{1,2}), thus resulting in the overall phase factor exp[iξ(f^1(x) − f^2(x) − f^1(y) + f^2(y))] which only vanishes for f^1(x) = f^2(x).

Nevertheless, G_ξ(x) turns out to be independent of the gauge parameter in the particular class of the covariant gauges, which can be readily seen by simultaneously changing the value of λ in both the gauge propagators entering the numerator and denominator (see Eq.(14) below).

Presumably, it was this limited independence of the gauge parameter λ that led the authors of Ref. [1] to assert that the functions G_0(x) and G_1(x) should be identical, for they seem to coincide with each other (and also with the ordinary propagator G(x)) in the axial gauge (x − y)_μ A_μ(z) = 0. However, should this identity happen to hold, it would also apply for any ξ, thus reducing the whole family of functions (13) to a single one!

In fact, by evaluating the integrand in Eq.(13) for certain chosen trajectories one can readily see that it does bear a non-trivial ξ-dependence. As an example, below we quote the result for a square-shaped closed contour which consists of four straight segments, each of length |x − y| (albeit not impossible, a direct computation of G_ξ is hindered by the fact that for ξ ≠ 1 Eq.(13) is no longer simply related to the ordinary propagator (11) which reguires a ξ-dependent modification of the diagrammatic rules). Having all the adjoint sides of the square at right angles to each other relieves one from a possible occurrence of yet another, ”cusp”, UV singularity [10]).

Applying the same method of dimensional regularization near d = 3 as in Ref. [1] and making use of the formula

< exp(i ∮ f(z)A_μdz_μ) >= exp[− 1 2 ∮ dx_μ ∮ dy_ν f(x)D_{μν} (x − y)f(y)] (14) we obtain

< exp(i ∮ ∂_μA_ν dΣ_{μν} + iξ ∫_x y A_μdz^{(0)}_μ ) > < exp(iξ ∫_x y A_μdz^{(0)}_μ > ∝

exp[− 2(Λ|x − y|)^{3−d} π^{(d+1)/2}N Γ( d − 1 2 )[I_1(1 − (λ − 1)(d − 2))((3 + (1 − ξ)^2) − 4I_2(2 − ξ)(λ − 1)(d − 1)]] ∝ (Λ|x − y|)^{8(2−ξ)/π2N} (15) where the terms in the exponent proportional to

I_1 =

∫_1 0 ∫_1 0 dαdβ |α − β|^{d−1} = 2 (3 − d)(2 − d) ≈ − 2 3 − d and I_2 =

∫_1 0 ∫_1 0 αβdαdβ (α^2 + β^2)^{(1+d)/2} = 2 (3 − d)(1 − d)

[2^{(1−d)/2} − 1] ≈ 1 2(3 − d)

correspond to the line integrals taken along the same and two adjoint sides of the square, respectively (pairs of the opposite sides produce no terms ∼ ln |x − y| which is what we are after).

Despite the fact that the gauge parameter λ cancels out, as expected, the values of the exponent controlling the spatial decay in Eq.(15) are starkly different for, say, ξ = 0 and ξ = 1. In fact, Eq.(15) can either vanish or grow with increasing |x − y|, depending merely on whether ξ is greater or smaller than 2. This observation strongly suggests that for different values of ξ the functions G_ξ(x) are indeed different (it would be rather fortuitous if the sum over all the fermion trajectories were ξ-independent, despite the difference between the contributions from each individual trajectory).

At first sight, the non-trivial ξ-dependence of the function (13) seems to be in conflict with its established independence of the gauge parameter λ within the class of covariant gauges. However, a closer look at the problem reveals no contradiction, for the axial gauge does not belong to this class. This invalidates the attempt to relate the UV anomalous dimension of G_ξ(x) which determines the large momentum behavior of the Fourier transform G̃_ξ(p) ∼ 1/p^{1−ηξ} computed in the covarint λ-gauge to that found in the axial one for any ξ ≠ 0 (see below).

In the covariant gauge, the anomalous dimension of G_1(x) that can be readily evaluated due to its simple relationship to the ordinary propagator (11) [1]

η^{3d}_1 = 16 3π^2N

(16)

(accordingly, in the case of QED_4 one gets η^{4d}_1 = 3g^2/8π^2).

However, the limited gauge independence of G_1(x) does not require that Eq.(16) will also be reproduced in a noncovariant gauge. Therefore, Eq.(16) does not contradict the result that one would obtain (in fact, for any G_ξ(x)) in the axial gauge

η^{3d}_0 = − 32 3π^2N

(17)

(in 4D one finds η^{4d}_0 = −3g^2/8π^2, consistent with the value quoted for the non-abelian counterpart of Eq.(1) in [13]).

In the case of the function G_0(x), however, its unique property of being given by a single average instead of a ratio of the two does guarantee the true gauge invariance of this particular function, unlike the situation for any ξ ≠ 0. Thus, one should be able to obtain Eq.(17) when computing G_0(x) in arbitrary gauge, including both the covariant and the axial ones. In fact, it was shown in Ref. [8] that these two calculations of G_0(x) do agree with each other (although is seems that this particular point may not have been fully appreciated).

In spite of the fact that Eqs.(16) and (17) do not contradict each other, the positive value of η^{3d,4d}_1 pertinent to the function G_1(x) computed in the covariant gauge does not fix the problem with the negative anomalous dimension η^{3d,4d}_0 of the conjectured physical electron propagator (1) identified with another function, G_0(x).

Actually, the sole purpose of constructing the function G_1(x) in Ref. [12] was to demonstrate that in the massive case the entire IR divergence originates from the averaged exponential factor < exp(i ∫_x y A_μdz_μ) >, thus making the functions G_0(x) and G_1(x) (in fact, any G_ξ(x)) totally divergence-free. Such a factorization which had long been known in the case of QED_4 was extended into the 3D case in Ref. [8], whose results imply that in the momentum representation any function (13) possesses a simple pole at G̃_ξ(p) ∼ 1/(p^2 − m^2).

In order to avoid confusion we reiterate that the same (in this case, rather trivial exponential G_ξ(x) ∼ e^{−mx}) IR behavior can by no means prevent the functions (13) from having different UV anomalous dimensions for different ξ, as manifested by Eqs.(16) and (17). Incidentally, it is exactly the UV exponent η_ξ that controls the power-law decay of G_ξ(x) ∼ 1/x^{2+ηξ} which extends to arbitrary large distances in the massless case.

There is no question that among all the different functions G_ξ(x) the case ξ = 0 corresponding to Eq.(1) is obviously favored by the fact that the beforementioned operator relationship between the physical electrons and auxiliary fermions strongly suggests that the electron propagator < 0|Ψ(x)Ψ(y)|0 >=< 0|ψ(x) exp[i(ϕ(x) − ϕ(y)]ψ(y)|0 > is to be given by a single average over the gauge field, not a ratio of such. However, the finding that the UV exponents η^{3d,4d}_0 assume negative values is worrisome enough to disqualify the ”stringy ansatz” (1) from being a sound candidate for the physical electron propagator, since any repulsive electron-electron interactions is expected to result in a suppression, rather than enhancement, of any physical amplitude.

In [8], after first having had exposed this problem, we urged to look for alternative gauge invariant constructions, including those proposed in the conventional QED_4 where the problem of constructing quantum states corresponding to physical electrons (”dressed charges”) has long been recognized, and attempts to explicitly solve it have long been under way.

The most general construction can be sought in the form

Ψ_f (x) = exp[i ∫ dyf_μ(x − y)A_μ(y)]ψ(x) (18) where the vector function f_μ(x) is subject to the condition ∂_μf_μ(x) = δ(x) imposed by the requirement of gauge invariance.

In the original proposal which was put forward by Dirac in his pioneering work of the fifties, the coherent (”dressed”) single-particle state with the quantum numbers of electron was identified as a highly non-local composite operator

Ψ_D(x) = exp(i ∇_iA_i ∇^2

)ψ(x) (19)

The expectation value < 0|Ψ_D(x)A_μ(y)Ψ^†_D (x)|0 >= δ_{μ0}/(4π|⃗x − ⃗y|) describes the Coulombic electrostatic field, thus suggesting that Eq.(19) provides a plausible representation of a static charge. Later on, it was found that the Fourier transform of the amplitude < 0|Ψ_D(x)Ψ_D(y)|0 > is IR finite at the single point p_μ = (m,⃗0) on the mass shell [14].

It was also argued in Ref. [14] that, once created, the coherent state Ψ^†_D(x)|0 > remains stable, unlike that produced by the operator Ψ_T (x) = exp(i ∫_t −∞ A_0(t^′)dt^′)ψ(x) which can be associated with Eq.(1) for the time-like separation (x − y)_μ. Furthermore, the amplitude < 0|Ψ_D(x)Ψ_D(y)|0 > was found to undergo multiplicative UV renormalization, characterized by a positive UV exponent η^{4d}_D = g^2/8π^2.

The authors of Ref. [14] were also able to generalize the construction (19) onto the case of a moving charge

Ψ_v(x) = exp[i δ_{μν} − (u + v)_μ(u − v)_ν ∂^2_μ − (u_μ∂_μ)^2 + (v_ν ∂_ν )^2

∂_μA_ν ]ψ(x) (20)

where u_μ = (1,⃗0) is the time-like unit vector and v_μ = (0, ⃗v) is the velocity of the moving charge. In full accordance with the anticipated physical interpretation of Eq.(20), the electromagnetic field < 0|Ψ_v(x)A_μ(y)Ψ^†_v (x)|0 > associated with the coherent state created by this composite operator exactly reproduces the classical Lienard-Wiechert potentials of a moving charge.

Moreover, the amplitude < 0|Ψ_v(x)Ψ_v(y)|0 > turns out to be both IR-finite at the mass-shell point p_μ = m(1, ⃗v)/ √ 1 − v^2 and multiplicatively UV-renormalizable, its anomalous dimension being explicitly v-dependent [14]

η^{4d}(v) = − g^2 8π^2

[3 + 2 1 v ln( 1 − v 1 + v

)] (21)

Arguably, the combination of all the befomentioned properties makes (20) the best (up-to-date) available candidate for the physical electron in the conventional (massive) QED_4.

It is worth mentioning that in the unphysical limit v → ∞ Eq.(21) coincides with the UV dimension of the 4D ”stringy” amplitude (1), while its v = 0 value is consistent with η^{4d}_D (see above).

By construction, Eq.(20) can not be applied directly to the massless, much less the 3D massless, case (or, for that matter, to the limit v = 1). Interestingly enough, the UV dimension (21) increases towards infinitely high positive values as v → 1. Whether or not such an unlimited growth of η^{4d}(v) implies that in the massless case the (still unknown) physical electron propagator exhibits a faster-than-a-power-law decay is certainly a tantalizing question.

On the other hand, in the case of a (possibly, non-Lorentz-invariant) exponential decay the exact structure of the electron propagator does not seem to be crucially important, since one can construct many functions featuring the same long-distance behavior, as demonstrated by the asymptotically exact solution of the problem of Dirac fermions in a spatially random static magnetic field [11].

In the QED picture of the pseudogap phase, fermions acquire a mass via the mechanism of chiral symmetry breaking which is supposed to result in the onset of a spin (SDW) and/or a charge (CDW) density wave [7,15], provided that such a transition does occur for the physical number of fermion flavors (N = 2).

Thus far, there have been conflicting conclusions drawn on the role of the strong spatial anisotropy of the quasiparticle dispersion (v_1 ≠ v_2) in the high-T_c cuprates. Namely, in [16] the latter was found to further increase upon IR renormalization, while the authors of [17] arrived at the opposite (perhaps, more easily comprehensible) conclusion.

It remains to be seen, however, whether the initial spatial anisotropy can indeed drive the non − universal critical number of flavors N_{cr} to the values in excess of 2. To this end, it may be helpful to complement the renormalization group approach adopted in Refs. [16,17] by the direct analysis of the strong coupling regime. In the latter, the gauge field propagator (6) is governed by the fermion polarization Π(q) which is a function of the components of the momentum multiplied by the corresponding velocities v_iq_i. Naively, this property of the polarization makes it possible to scale such factors out of the Schwinger-Dyson equation for the fermion mass, thus winding up with the seemingly unchanged N_{cr}. In any event, the effect of the spatial anisotropy of the fermion dispersion may be quite different from that of the non-Lorentz invariant (e.g., pure Coulombic) couplings which cause N_{cr} to decrease [2,3], compared to the value obtained in the Lorentz-invarint case.

One should, however, be alerted by the fact that even in the perfectly Lorentz-invariant case the status of the analyses based on the Schwinger-Dyson equation (which, in this particular case, suggests N^{SD}_{cr} > 3) remains somewhat unclear. To this end, it was pointed out in Ref. [20] that the Schwinger-Dyson equation seems to systematically overestimate the actual critical number which may, in fact, be as low as 3/2.

It is, therefore, quite remarkable that, as an alternative route, the intrinsic SDW instability of the pseudogap phase of the cuprates can instead manifest itself through a divergent staggered spin suspectibility. In fact, in order for this behavior to occur, the presence of massless neutral fermions is rather necessary than problematic [18]. Curiously enough, the susceptibility computed in Ref. [18] χ_{(π,π)}(q) ∝ ( √ −q^2)^{1−64/(3π2N)} (22)

displays the negative anomalous dimension which is exactly twice the value (17) (also, Eq.(22) agrees with the first order term in the 1/N expansion of the non-perturbative result obtained earlier in Ref. [19]).

While reflecting on this observation, we are not, of course, implying that the Fourier transform χ̃(x − y) which can be obtained by averaging the product < G(x, y|A)G(y, x|A) > of the two functions (8) is necessarily related to the product of the two averages < G(x, y|A) exp(i ∫_x y A_μdz^{(0)}_μ ) >< G(y, x|A) exp(−i ∫_x y A_μdz^{(0)}_μ ) >∝ |G_0(x − y)|^2.

However, if some form of such a relationship existed, it would have helped one to elucidate the actual meaning of the negative anomalous dimensions exhibited by gauge invariant fermion amplitudes.

As far as the experimental status of the QED_3 scenario is concerned, it should also be interesting to investigate whether it can accomodate the phenomenon of time reversal symmetry breaking, as suggested by the recent experiment [21], without generating the Chern-Simons term in the fermion polarization. Allowing for such term would provide the gauge field with a (gauge invariant) mass, thus eliminating the whole issue of the anomalous power-law decay of the massless fermion amplitudes and impeding chiral symmetry breaking.

In contrast, broken time reversal symmetry seems to be an inherent feature of some alternative approaches to the pseudogap phase which, instead of the phase fluctuations of the (local) parent d_x2_{−y}2 -wave order parameter, focus on other bosonic degrees of freedom, such as emergent d-density wave [22] or incipient secondary pairing (d_x2_{−y}2 → d_x2_{−y}2 + id_{xy}) [23,24]).

We conclude by repeating that, apart from a number of other issues pertaining to the QED_3 picture of the pseudogap phase, it remains to be seen whether the elusive physical electron propagator is simply given by one of the already discussed functions or none of the above (which is what, in light of the presented arguments, we are strongly inclined to believe). There should be a little doubt, however, that a successful completion of this important task is likely to take more than a solution of another textbook problem [25].

The author acknowledges valuable communications with V. Gusynin and Z. Tesanovic who shared their insights on the topic of this note. This research was supported by NSF under Grant DMR-0071362.

[1] M. Franz, Z. Tesanovic, and O. Vafek, cond-mat/0203333.

[2] D. V. Khveshchenko, Phys. Rev. Lett. 87, 206401 (2001); ibid 87, 246802 (2001). [3] E. V. Gorbar, V. P.Gusynin, V. A. Miransky, and I. A. Shovkovy, cond-mat/0202422. [4] W. Rantner and X.-G. Wen, Phys. Rev. Lett. 86, 3871 (2001); cond-mat/0105540. [5] Z. Tesanovic and M. Franz, Phys. Rev. Lett. 87, 257003 (2001). [6] J. Ye, Phys. Rev. Lett. 87, 227003 (2001); cond-mat/0201359. [7] I. F. Herbut, Phys. Rev. Lett. 88, 047006 (2002); cond-mat/0202491. [8] D. V. Khveshchenko, cond-mat/0112202.

[9] N. B. Skachkov, I. L. Solovtsov, and O. Yu. Shevchenko, Theor. and Math. Phys. 71, 376 (1987); A. N. Sisakyan, N. B.

Skachkov, I. L. Solovtsov, and O. Yu. Shevchenko, ibid 78, 185 (1989).

[10] A. I. Karanikas and C. N. Ktorides, Phys. Rev. D52, 5883 (1995); A. I. Karanikas, C. N. Ktorides, and N. G. Stefanis, ibid D52, 5898 (1995).

[11] D. V. Khveshchenko and A. G. Yashenkin, cond-mat/0202137 and in preparation. [12] L. S. Brown, Quantum Field Theory, Cambridge Univ. Press (1992).

[13] N. S. Craigie and H. Dorn, Nucl. Phys. B185, 204 (1981); N. G. Stefanis, Nuovo Cimento, A83, 205 (1984). [14] M. Lavelle and D. McMullan, Phys. Rep. 279, 1 (1997); E. Bagan M. Lavelle and D. McMullan, Phys. Rev. D56, 3732 (1997); Annals of Phys. 282, 471, 503 (2000).

[15] Z. Tesanovic, O. Vafek, and M. Franz, cond-mat/0110253; M. Franz, D. E. Sheehy, and Z. Tesanovic, cond-mat/0203219. [16] D. Lee and I. Herbut, cond-mat/0201088.

[17] O. Vafek, Z. Tesanovic, and M. Franz, cond-mat/0203047. [18] W. Rantner and X.-G. Wen, cond-mat/0201521.

[19] V. Gusynin, A. Hams, and Reenders, Phys. Rev. D63, 045025 (2001). [20] T. Appelquist, A. G. Cohen, and M. Schmaltz, Phys. Rev. D60, 045003 (1999). [21] A. Kaminski et al, cond-mat/0203133.

[22] S. Chakravarty, R. B. Laughlin, D. K. Morr, and C. Nayak, Phys.Rev. B63, 094503 (2001). [23] M. Vojta, Y. Zhang, and S. Sachdev, Phys. Rev. B62, 6721 (2000); Phys. Rev. Lett. 85, 4940 (2000). [24] D. V. Khveshchenko and J. Paaske, Phys. Rev. Lett. 86, 4672 (2001).

[25] In Ref. [12], construction of the gauge invariant function G1(x) constitutes one of the exercises from in the Problems section (pp.521-524).