arXiv:cond-mat/0207289 v1 11 Jul 2002

Bose-Novae as Squeezing of Vacuum Fluctuations by Condensate Dynamics

E. A. Calzetta†^∗and B. L. Hu‡^† † Departamento de Fisica, Facultad de Ciencias Exactas y Naturales Universidad de Buenos Aires- Ciudad Universitaria,

1428 Buenos Aires, Argentina ‡ Department of Physics, University of Maryland, College Park, MD 20742, USA

July 10, 2002, umdpp02-61

Abstract

We analyze the phenomena of Bose Novae, as described by Donley et al [1], by focusing on the behavior of excitations or fluctuations above the condensate, as driven by the dynamics of the condensate (rather than the dynamics of the condensate alone or the kinetics of the atoms). The dynamics of the condensate squeezes and amplifies the quantum excitations, mixing the positive and negative frequency components of their wave functions thereby creating particles which appear as bursts and jets. By analyzing the changing amplitude and particle content of these excitations, our simple physical picture (based on a test field approximation) explains well the overall features of the Bose Novae phenomena and provide excellent quantitative fits with experimental data on several aspects, such as the scaling behavior of the collapse time and the amount of particles in the jet. The predictions of the bursts at this level of approximation is less than satisfactory but may be improved on by including the backreaction of the excitations on the condensate. The mechanism behind the dominant effect – parametric amplification of vacuum fluctuations and freezing of modes outside of horizon – is similar to that of cosmological particle creation and structure formation in a rapid quench (which is fundamentally different from Hawking radiation in black holes). This shows that BEC dynamics is a promising venue for doing ‘laboratory cosmology’.

∗Email: calzetta@df.uba.ar †Email: hub@physics.umd.edu

1 Introduction

We introduce a new perspective in the analysis of the phenomena of Bose Novae, described by Donley et al [1], by focusing on the behavior of fluctuations above the condensate, rather than the condensate itself. We show that the condensate dynamics squeezes, amplifies, and mixes the positive and negative frequency components of the wave functions of the condensate excitations. By analyzing the changing amplitude and particle content of these excitations, we are able to provide excellent quantitative explanations of several important aspects of the Bose Novae phenomena . In this rendition we point out the analogy between the evolution of quantum excitations of the condensate in Bose Novae and the vacuum fluctuations parametrically amplified by the background spacetime in the Early Universe, opening up a new venue for “laboratory cosmology”.

Bose Novae are observed when a condensate in a cold (3nK) gas of Rubidium atoms is rendered unstable by a sudden inversion of the sign of the interaction between atoms. After a waiting time t_{collapse}, the condensate implodes, and a fraction of the condensate atoms are seen to oscillate within the magnetic trap which contains the gas (see below and [1]). These atoms are said to belong to a “burst”. In the experiments described by Donley et al., the interaction is again suddenly turned off after a time τ_{evolve} . For a certain range of values of τ_{evolve} , new emissions of atoms from the condensate are observed, the so-called “jets”. Jets are distinct from bursts: they are colder, weaker, and have a characteristic disk-like shape.

To date, the most comprehensive theoretical approach to Bose Novae is based on the Gross- Pitaevsky equation with explicitly time-dependent nonlinear terms [2, 3, 4, 5, 6, 7, 8, 9]. Loss mechanisms may be incorporated by adding imaginary terms to the Hamiltonian [10, 11, 12, 13]. A microscopic derivation of these terms has been offered by Duine and Stoof [14] and Köhler and Burnett [15].

Our approach, in contrast, focuses on the evolution of the excitations above the condensate. We start with the Heisenberg operator for the many body wave function and split it into a c-number part describing the condensate amplitude and a q-number part describing collective excitations (not individual atoms) above the condensate. We then derive an evolution equation for the wave function operator of the quantum excitations. In this paper, we shall simplify the issue by restricting ourselves to a ‘test field approximation’. This means that we shall assume a given (rather than deriving the) evolution for the condensate extracted from experiment and study the dynamics of the excitations riding on the collapsing condensate. We treat the noncondensate excitations with an improved Hartree approach, the so-called Popov approximation [16, 17, 18, 19, 20]. A fuller study would include solving the evolution equations of the condensate and its fluctuations self-consistently. We defer this so-called ‘backreaction problem’ to a later investigation.

Field theory methods have recently been applied to the problem of formation and stability of Bose condensates [21, 22]. Fluctuations have also been considered [23, 24]. Our work differs from these precedents in the emphasis we place on the dynamical aspects of the condensatenoncondensate interaction. In brief, we claim that Bose Novae are essentially the result of a quantum field (the noncondensate) interacting with a time dependent background (the condensate). This is similar to vacuum particle creation from an external field [25] or a from a time-dependent background spacetime, as in the early universe [26, 27]. (See [28] for a squeezed state depiction of this process.) In turn one could view Bose Novae as a laboratory realization of cosmological particle creation during quenching. Note this is not the physical process behind black hole particle creation, as in the Hawking effect, much attention drawn to its detection in BEC notwithstanding [29].

The behavior of quantum excitations of a condensate undergoing dynamical evolution is in many ways analogous to the behavior of quantum fluctuations in an evolving universe [30]. The rapid collapse of the condensate during the Bose Novae process resembles the inverse of an inflationary expansion [31] . There is a competition of two (inverse) time scales, the physical frequency of the mode under consideration, and the inverse collapse rate of the condensate. In cosmology the expansion rate for the background spacetime is given by the Hubble constant. While a mode whose physical frequency is higher than the Hubble constant, we say it is “inside the horizon”, and its behavior is oscillatory. Conversely, we say the mode is “outside the horizon”. They are said to be ‘frozen’ because they do not oscillate, but are amplified. This amplification is largely responsible for the observed primordial density contrast in the Universe [32].

In the Bose Novae problem, the role of the ‘Hubble constant’ is played by the growth (exponential) rate of the most unstable mode of the condensate. Modes whose natural frequencies are greater than the corresponding scale are relatively impervious to the dynamical condensate, but when the converse obtains, consequences are drastic. When the exponential growth is the dominant factor, the mode is frozen; instead of oscillating, it is being amplified, a process which is analogous to the growth of fluctuations during spinodal decomposition [33].

While in the cosmological problem all modes are initially oscillating and eventually leave the horizon and “freeze”, in the Bose Novae problem the typical evolution is the opposite. As time evolves, the unstable condensate sheds its atoms and approaches stability, thus reducing the “Hubble” constant. Therefore, the band of “frozen” modes narrows: we say that modes “thaw” as they turn from exponentially increasing to oscillatory behavior. The crux of the matter is that only oscillating modes count as particles (in the sense that they can excite a particle detector [34]). Whenever a mode thaws, it is perceived as if particles were being created. In the conditions of the experiment the initial number of actual particles above the condensate is negligible, and we may describe the phenomenon as particle creation from the vacuum.

To summarize, the novel element in our approach is to depict Bose-Novae as a problem of vacuum particle creation from the dynamical background field of the condensate squeezing and mixing the positive and negative frequency components of its quantum excitations.

Even under gross simplifications, our approach yields results in excellent agreement with experiment, particularly in the scaling of the waiting time t_{collapse} and the number of particles in a jet. This suggests that our viewpoint may prove useful for investigating the physics of dynamical condensates, particularly when incorporated in a first principles approach (in e.g. [19, 35, 36, 37, 38]). Also, the remarkable analogy between Bose Novae and quantum processes in the Early Universe and spinodal decomposition in phase transitions disclosed by this work should add impetus in cross-disciplinary work in these fields [39].

This paper is organized as follows. In next Section we briefly review the phenomenology of Bose Novae and set up the basic mathematical model. In Section III we give a qualitative discussion of bursts and jets, based on the distinction between frozen and thawed modes. In Section IV we postulate a specific condensate evolution whereby quantitative predictions for the scaling of t_{collapse} with the scattering length and the spectrum of a jet may be obtained. We summarize our results in the final Section.

2 The model

2.1 Some facts on Bose Novae

The ability to control the interaction among atoms in a cold^{85}Rb gas [40, 41, 42, 43] has resulted in unprecedented experimental possibilities (similar effects have been seen in other systems [44]).

In the experiment reported [1] a gas of N^{85}Rb atoms at a temperature of 3 nK is prepared in a state where they behave essentially as a free gas within an anisotropic harmonic trap; the trap frequencies are ν_{radial} = 17.5 Hz (ω_{radial} = 2πν_{radial} = 110 Hz) and ν_{axial} = 6.8 Hz (ω_{axial} = 42.7 Hz). At time t = 0, the scattering length a (see below) is suddenly turned to a negative value −a_{collapse}. This configuration is known to be unstable [4] whenever the number N_0 of atoms in the condensate exceeds κa_{ho}/ |a|, where a_{ho} is a characteristic length of the trap and κ = 0.46 [43].

For N_0 = 6000 atoms, the instability threshold is reported at |a| = a_{cr} = 4.45 a_0, where a_0 = 0.529 10^{−10}m. Therefore a_{ho} = 5.8 10^4a_0 = 3, 07 10^{−6}m. If we write a^2_{ho} = h̄/Mω and introduce the atomic mass of 85m_P ∼ 1.3 10^{−25}kg this corresponds to a frequency ω = 86Hz. This agrees well with the geometric average ω = (ω_{axial}ω^2_{radial})^{1/3} = 80Hz.

In spite of the instability, over a time t_{collapse} there is no significant decay of the condensate. t_{collapse} depends very strongly on a_{collapse} (see below). After t_{collapse}, the number of atoms in the condensate falls exponentially. If left to itself, the condensate eventually stabilizes retaining a number N_{remnant} of atoms. N_{remnant} is no greater than the critical number, but it may be strictly smaller.

During this period, a cloud or burst of atoms is observed. These atoms oscillate in the radial direction with the trap radial frequency. The energy associated with the burst is larger in the radial direction than in the axial direction. The number of atoms in the burst increases with the time elapsed since the decay begins, with a time constant of about 1.2 ms; after 7 ms, the number of burst atoms stabilizes. About a fifth of the atoms in the condensate go into the burst, with variations of about 20%.

Condensate decay is interrupted at a time t = τ_{evolve} , when the scattering length is again tuned to a positive value. If the condensate is already stabilized at τ_{evolve} , nothing too drastic happens, but otherwise a new phenomenon appears, namely the expulsion of a jet of atoms. Jets have much lower kinetic energy than bursts (a few nano-Kelvin) and are essentially disk-shape, constrained to the z = 0 plane.

2.2 Basic equations

Our model is based on the grand canonical Hamiltonian operator Ĥ = Ĥ − μN̂ , (1) related to the Hamiltonian operator

Ĥ = ∫ dr { − h̄^2 2M Ψ^†∇^2Ψ + V (r) Ψ^†Ψ +

U_0 2 Ψ^{†2}Ψ^2 } (2) and the total number operator N̂

N̂ = ∫ dr Ψ^†Ψ (3)

by a chemical potential μ. Here V (r) is the trap potential and we have assumed a short range interaction U_0 between the atoms with mass M. The Heisenberg field operator Ψ obeys the equation of motion

Ψ̇ = i h̄ [ Ĥ, Ψ ] (4) and satisfies the equal time commutation relations (ETCR) [ Ψ (t, r) , Ψ^† (t, r^′) ] = δ^{(3)} (r − r^′) , (5) whereby ih̄ ∂Ψ ∂t = − h̄^2 2M ∇^2Ψ + [V (r) − μ] Ψ + U_0Ψ^†Ψ^2. (6)

We decompose the Heisenberg operator Ψ into a c-number condensate amplitude Φ and a q-number remainder ψ describing the fluctuations or excitations of the condensate. Although the remainder is by definition the non-condensate and one can identify its atomic origin, it is more apt to regard this quantity as describing the quantum fluctuations or excitations of the condensate which is in reference to a collective rather than an atomic state wave function.

Ψ(r, t) = Φ(r, t) + ψ(r, t) (7) Then Ψ^†Ψ = |Φ|^2 + Φ(ψ^† + ψ) + ψ^†ψ (8) and n ≡< Ψ^†Ψ >= |Φ|^2+ < ψ^†ψ >≡ n_0 + ñ, (9) where ⟨⟩ denotes expectation value with respect to the initial quantum state. The cross terms vanish because the mean field is defined with zero fluctuations. Here n_0 = |Φ|^2 is the number density of the condensate and ñ ≡ ⟨ ψ^†ψ ⟩ is the number density corresponding to the fluctuations. Further,

Ψ^†Ψ^2 = ( Φ^∗ + ψ^† ) ( Φ^2 + 2Φψ + ψ^2 ) = |Φ|^2 Φ + 2 |Φ|^2 ψ + Φ^2ψ^† + 2Φψ^†ψ + Φ^∗ψ^2 + ψ^†ψ^2 (10) Under the self-consistent mean field approximation [18] ψ^†ψ ≃ ⟨ ψ^†ψ ⟩ = ñ (11)

ψ^†ψ^2 ≃ 2 ⟨ ψ^†ψ ⟩ ψ + ⟨ψψ⟩ ψ^† (12) The last term in the second equation ⟨ψψ⟩ ≡ m̃ (13) is sometimes called the anomalous density. In this calculation we shall adopt the Popov approximation where this term is neglected whence we find [16, 17, 18, 19, 20]

Ψ^†Ψ^2 ∼ (2n − n_0) Φ + 2nψ + n_0ψ^† (14) The equation of motion of the condensate is given by [− ∇^2 2M + V (r) − μ]Φ(r) + U_0(n_0 + 2ñ)Φ(r) + U_0m̃Φ^∗(r) = 0. (15)

In a static situation, and neglecting m̃, we may assume that Φ is real and proportional to the trap’s ground state. Then the chemical potential

μ = E_0 + U_0 [2n − n_0] (16) where E_0 (t) is the energy of the fundamental mode in the trap potential V (r). In the early stages of collapse, the condensate is slowly varying and its imaginary part may be neglected. Also, the system will reach an approximate local thermal equilibrium at each point, whereby the chemical potential will adjust to the local particle density and condensate amplitude μ(r, t) = E_0 + U_0 [2n − n_0] (r, t) (17) Under these approximations, the equation for the fluctuations becomes ih̄ ∂ψ ∂t = − h̄^2 2M ∂^2ψ + [V (r) + U_0n_0 (r, t) − E_0] ψ + U_0n_0(r, t)ψ^† (18)

This is the basic equation we shall use here for analyzing the behavior of the excitations (fluctuations) for a given condensate evolution. (This is called a ‘test-field approximation’ in external field or cosmological particle creation problems). From the evolution of the fluctuations we can then calculate the modified evolution of the condensate. Note that only in taking the Bogoliubov approximation (setting ñ = m̃ = 0) will one get a closed equation, the Gross- Pitaevskii equation, for the condensate. In principle these two equations for the fluctuations (18) and the condensate (15) need be solved together in a self-consistent manner (This is called the ‘backreaction problem’ in external field or cosmological particle creation language). Here we solve only the equation for the fluctuation field. Backreaction considerations may improve some of the results obtained in this calculation when compared with the experimental data.

2.3 Fluctuations dynamics

To analyze Eq. (18) we can expand the field operator ψ in eigenstates ψ_{km} (belonging to the eigenvalues E_k ) H_{trap}ψ_{km} = E_k ψ_{km} (19) of the trap Hamiltonian H_{trap} = − h̄^2 2M ∇^2ψ + V (r) (20)

With a cylindrical geometry [let r ≡ (r, φ, z) be the usual cylindrical coordinates, with φ the azimuthal angle] the basis (c-number) functions are given by ψ_{km} (r, φ, z) = e^{imφ}ψ̄_{km} (r, z) (21) where the ψ̄_{km} (r, z) are real and ψ̄_{km} = ψ̄_{k−m}. Expanding the quantum fluctuations/excitations in this basis (we assume for simplicity that the condensate remains axially symmetric throughout)

ψ (r, t) = ∑ km ψ_{km} (r, φ, z) C_{km} (t) (22) The q-number C_{km} obey ih̄ dC_{km} (t) dt = [E_k − E_0] C_{km} (t) + U_0 ∑ j A_{kj,m} (t) [ C_{jm} (t) + C^†_{j−m} (t) ] (23)

where A_{kj,m} (t) = ⟨ψ_{km} |n_0 (r, t)| ψ_{jm}⟩ . (24) The problem simplifies substantially under the random phase approximation A_{kj,m} ∼ A_{kk,m}δ_{kj} .

For low modes, ψ^2_{km} is slowly varying in space with respect to n_0 (r, t) , and we may approximate ψ^2_{km} ∼ 1/V^{(k)}_{trap}, A_{kk,m} = n_0 (t) ≡ N_0 (t) /V^{(k)}_{trap}, where V^{(k)}_{trap} is the effective volume “occupied” by the k-th state and N_0 is the total number of atoms in the condensate. More concretely, we expect the characteristic length for the condensate to be the healing length ξ = h̄/ √ 2MU_0n_0, and the characteristic length for the n-th mode function to be of the order of the separation between nodes l_n ∼ a_{ho}/ √ n, where a^2_{ho} = h̄/Mω. Therefore our approximation holds provided n ≤ (a_{ho}/ξ)^2 . We shall see below that this covers the range where there is a nontrivial interaction between condensate and noncondensate. For simplicity, we shall approximate further V^{(k)}_{trap} by its value for the first excited state V^{(1)}_{trap}.

Under these approximations, the equation for the C_{km} becomes ih̄ dC_{km} (t) dt = [E_k − E_0] C_{km} (t) + U_0n_0 (t) [ C_{km} (t) + C^†_{k−m} (t) ] (25)

we seek a solution of the form

C_{km} (t) = f_{km} (t) C_{km} (0) + g^∗_{k−m} (t) C^†_{k−m} (0) (26) whereby we find the first order coupled equations ih̄ df_{km} (t) dt = [E_k − E_0 + U_0n_0 (t)] f_{km} (t) + U_0n_0 (t) g_{km} (t) (27)

− ih̄ dg_{km} (t) dt = [E_k − E_0 + U_0n_0 (t)] g_{km} (t) + U_0n_0 (t) f_{km} (t) (28)

with initial conditions

f_{km} (0) = 1; g_{km} (0) = 0 (29) Observe that, since neither the equations nor the initial conditions depend on m, in fact f_{km} = f_k and g_{km} = g_k . The equal time commutation relation [ C_{km} (t) , C^†_k′_m′ (t) ] = δ_{kk}′ δ_{mm}′ (30) implies the conservation law

|f_k (t)|^2 − |g_k (t)|^2 = 1 (31) Let us pause to consider the case where the initial state is diagonal in the particle number basis defined by the operators C^†_{km} (0) C_{km} (0) . We then have ⟨ ψ^† (r, t) ψ (r, t) ⟩ = ∑ km ψ̄^2_{km} (r, z) { |f_k (t)|^2 N^{IN}_{km} + |g_k (t)|^2 ( N^{IN}_{k−m} + 1 )} (32)

where N^{IN}_{km} = ⟨ C^†_{km} (0) C_{km} (0) ⟩ , and

⟨ ψ^2 (r, t) ⟩ = ∑ km ψ̄^2_{km} (r, z) f_k (t) g^∗_k (t) ( 2N^{IN}_{km} + 1 ) (33) It is clear the assumption that ⟨ψ^2 (r, t)⟩ is negligible may easily break down if we get into a regime where |g_k (t)| >> 1.

2.4 Second order formalism

The coupled first order equations for f_k and g_k are equivalent to a single, second order equation for f_k. We shall write this equation in the physically interesting case where U_0 is negative, i.e., U_0 = −U (34) where U ≥ 0.

Introduce the operator Df (t) ≡ h̄ Un_0 (t) df dt (35) then iDf_k = ε_k (t) f_k (t) − g_k (t) (36)

− iDg_k = ε_k (t) g_k (t) − f_k (t) (37) where

ε_k =

E_k − E_0 Un_0 − 1 (38) The second order equation reads D^2f_k + [ ε^2_k (t) − 1 + iDε_k (t) ] f_k = 0 (39) Once a solution to this equation has been found, g_k (t) may be computed from eq. (36)

2.5 Stationary solutions and stability

In particular, we see that a configuration with n_0 =constant can only be stable if ε^2_k (t) > 1, since otherwise f_k and g_k will increase without bounds. If we estimate E_1 ∼ E_0 + h̄ω for a harmonic trap, we get the stability condition Un_0 < 1 2 h̄ω (40)

Assume the problem were isotropic. Since U has units of energy times volume, we may introduce a scattering length a = UM/4πh̄^2 [20].

Following ref. [43], we express the stability condition in terms of the characteristic length a^2_{ho} = h̄/Mω. This is the position of the classical turning point for the ground state of a one dimensional harmonic oscillator.

As we have seen above, n_0 ∼ N_0 (t) /V^{(1)}_{trap}, where V^{(1)}_{trap} is the effective volume “occupied” by the first excited state. Since we expect the square radius of the kth state to scale as 2k + 1, we may picture the first excited states as spheres with square radius 3a^2_{ho}. Thus V^{(1)}_{trap} ∼ 3 √ 3 (4πa^3_{ho}/3). Based on these we get a coarse estimate of the stability condition as N_0 < κa_{ho}/a with κ ≃ κ_0 = √ 3/2 = 0.86 (coarse). Now factor in more closely the trap geometry. The frequency which goes into a_{ho} is the geometric average ω = (ω_{axial}ω^2_{radial})^{1/3} = 80Hz, while the frequency in Eq. (40) ought to be the lowest possible one ω_{axial} = 42Hz. This adds a factor (ω_{axial}/ω) to κ_0 rendering κ = 0.455.. The experimental value is .46 [43]. This agreement is quite remarkable considering the simplicity of the underlying physical argument.

For the rest of this paper, we shall use the observed value of the critical scattering length a_{cr} and eq. (40) to fit the matrix element

n_0 ≡ (Mω 8πh̄ ) 1 a_{cr} (41)

3 A qualitative description of Bose-Novae: bursts and jets

The main physics we presented in the last Section is that the amplitude for a normal mode in the excitation (fluctuations) of the condensate evolves as a harmonic oscillator with a timedependent complex frequency dictated by the dynamics of the condensate. Parametric amplification (or, in a quantum language, squeezing) of the fluctuations populates the modes above the condensate, even from a vacuum state originally, manifesting as bursts or jets, as we shall discuss below. Thus in our view Bose - Novae in a dilute Bose gas is a result of the squeezing of (vacuum) fluctuations by the condensate dynamics.

Let us introduce a new time variable η such that the operator D in the second order equation (39) becomes D = d/dη. This means η = ∫_t 0 Un_0 (t^′) h̄ dt^′ (42)

Observe that if the decay is monotonous, then dε_k dη = (−h̄)

E_k − E_0 U^2n^3_0 dn_0 dt > 0 (43)

We see that there are essentially two types of modes. If E_k is large enough that ε_k (0) > 1, then it will remain greater than 1 throughout. These modes are always oscillatory, and the effects of parametric amplification/squeezing on them are minor.

The interesting case is that of modes which begin with ε_k (0) < 1. As long as this condition holds remains, the modes have imaginary frequencies, therefore they do not oscillate. We say these modes are frozen (in the same sense used in theories of cosmological structure formation, i.e., that fluctuations in an evolving universe are said to freeze upon leaving the horizon [32]). Frozen modes do not contribute to the total particle density.

However, as n_0 decreases, for each mode k there is a time t^∗_k where ε_k (t^∗_k) = 1. We say the mode thaws at t^∗_k. From this moment on, this mode contributes again to the total particle density. Since the mode amplitude has been increasing exponentially while the mode was frozen, at thawing (reentry to the horizon) there is an excess of particles with respect to the initial state - most remarkable when the initial state was the vacuum. These particles constitute the burst (see Fig. 1).

More explicitly, let us define

Ω_k (η) = √ ε^2_k (η) − 1 + iDε_k (η) (44)

We fix the phase of Ω_k (η) by demanding that it goes to a positive real number when η → ∞. Observe that we can write at all times

Ω_k (η) = ω_k (η) + iσ_k (η) (45)

with ω_k, σ_k (η) ⪰ 0, since 2ω_k σ_k = Dε_k ⪰ 0. σ_k → 0 when η → ∞. So we may immediately identify two independent WKB solutions to eq. (39)

F^{(±)}_k (η) = √ ω_{k(∞)} Ω_k (η) e^{∓iSk} (46) where

S_k = ∫_η 0 dη^′ Ω_k (η^′) (47)

ω_{k(∞)} is the limit of ω_k (η) when η → ∞. In terms of the asymptotic value ε_{k∞} of ε_k

ω_{k(∞)} = √ ε^2_{k∞} − 1 (48)

For large values of η, we find

S_k ∼ ω_{k(∞)} (η − δ_k) + iΘ_k (∞) ; Θ_k (η) = ∫_η 0 dη′ σ_k (η′) (49) When η → 0, ω_k (η) → 0, and the mode is frozen. Modes thaw when ω_k overtakes σ_k, at which point they become part of the burst.

The generic solution of eq. (39) reads f_k = α_k F^{(+)}_k (η) + β_kF^{(−)}_k (η) (50)

Upon thawing, the solution turns into

f_k = α_k e^{−i}[^{ωk(∞) (η−δk )+iΘk} ] + β_ke^i[^{ωk(∞)(η−δk )+iΘk} ] (51)

g_k = α_k [ ε_{k∞} − ω_{k(∞)} ] e^{−i}[^{ωk(∞) (η−δk )+iΘk} ] + β_k [ ε_{k∞} + ω_{k(∞)} ] e^i[^{ωk(∞)(η−δk )+iΘk} ] (52)

The number of particles in state (k, m) at late times is then

N_{km} (∞) ∼ e^{2Θk} |α_k |^2 [ N_{km} (0) + [ ε_{k∞} − ω_{k(∞)} ]_2

(1 + N_{k−m} (0)) ] (53)

We see that N_{km} (∞) is non zero even if N_{km} (0) vanishes. The dominant factor is the exponential amplification, which for large correlation lengths becomes very strong. Of course when this happens the back reaction of fluctuations on the condensate can no longer be neglected - or even treated under the Hartree approximation. Nevertheless this formula reproduces correctly the sharp growth of burst energy with a for a ∼ a_{cr}. It also reproduces the insensitivity of the burst formation time with respect to a and N_0, since N_{burst} ceases to grow once the peak mode thaws, which occurs when n_0 ∼ n̄_0/4.

In the experiments described in ref. [1], the evolution was interrupted at some time τ_{evolve} by switching off the self-interaction. If some modes were still frozen at this time, the sudden change in the correlation length causes them to thaw. If the correlation length is brought to zero, then f_k and g_k decouple and become simple harmonic oscillations, so the number of particles in the noncondensate remains constant from τ_{evolve} on. The newly thawed particles manifest as jets (see Fig. 2).

Observe that in this picture two conspicuous features of jets become obvious. Jets may only appear if τ_{evolve} is early enough that some modes are still frozen. Also jets must be less energetic than bursts, since they are composed of lower modes. Because of their relative weakness, treating them as test particles riding on the dynamic condensate as is the approximation adopted here (‘test field’) works better for jets than for bursts. A more accurate depiction of the dynamics of bursts may require consideration of the backreaction of the fluctuations on the condensate.

4 Quantitative analysis of Bose Novae: t_{collapse} and jets

4.1 Evolution of fluctuations up to t_{collapse}

We now proceed with the quantitative analysis of Bose Novae. We assume a given evolution for the number of particles in the condensate - extracted from experiment- and analyze the evolution of fluctuations treated as a test field on a dynamic background.

Concretely, we shall consider evolutions where the number of particles in the condensate remains constant from the time t = 0 when the scattering length is switched to a negative value up to some time t_{collapse}, and decays exponentially from then on. In the actual experiments the condensate does not evaporate completely, but the number of particles in the remnant is much smaller than the original number of particles in the condensate if the scattering length is large enough, so we shall neglect it.

Let us begin by considering the evolution up to the time of collapse t_{collapse}, or the waiting period. Let N̄_0 be the initial number of particles in the condensate, and a_{cr} = κa_{ho}/N̄_0 the corresponding critical scattering length. We assume a harmonic trap, so E_k = E_0 + kh̄ω and (cfr. eq. (41))

ε_k = k h̄ω Un̄_0 − 1 = 2 ( a_{cr} a ) k − 1 (54)

We are in the regime where Dε_k = 0 in eq. (39).

We must distinguish two cases: if ε_k > 1, then the solution to eq. (39) with boundary conditions (29) is

f_k = cos ω̄_k t + R_k sin ω̄_kt (55) where ω̄_k is given by

ω̄_k = Un̄_0 h̄ √ ε^2_k − 1 (56)

We get

g_k (0) = ε_kf_k (0) − ih̄ Un̄_0 df_k dt (57) = ε_k − i √ ε^2_k − 1R_k (58) So R_k = −iε_k √ ε^2_k − 1

(59) and g_k =

(−i) sin ω̄_k t √ ε^2_k − 1

(60)

Observe that all modes get populated, even if the initial state is the vacuum.

If ε_k < 1, we get the solution by analytic continuation f_k = cosh σ̄_kt − iε_k √ 1 − ε^2_k sinh σ̄_k t (61)

g_k =

(−i) sinh σ̄_kt √ 1 − ε^2_k

(62)

where

σ̄_k = Un̄_0 h̄ √ 1 − ε^2_k (63)

Observe that not only the modes get populated, but their amplitude is also increasing exponentially.

4.2 The scaling behavior of t_{collapse}

Even in the absence of a detailed model of the condensate evolution, the above analysis allows us to make a definite prediction of the way t_{collapse} scales with the scattering length. The basic idea is that, while t_{collapse} depends in a complex way on several time scales, some intrinsic to the condensate and some related to the condensate - noncondensate interaction, up to t_{collapse} the time scales intrinsic to the condensate are very large, in fact infinite for all practical purposes. The nontrivial point is that even in this limit the time scales of the noncondensate remain finite, and so they fix the scale for t_{collapse} itself. As a matter of fact, we have an array of timescales

τ_k = σ̄^{−1}_k = 1 ω 1 √ k (_a a_{cr} − k ) (64)

The largest of these correspond to k = 1 or k = (a/a_{cr}) − 1. If we assume that either one fixes the order of magnitude for t_{collapse}, we are led to the estimate t_{collapse} = t_{crit} [ a a_{cr} − 1 ]_{−1/2} (65)

We get excellent agreement with Fig. 2 in [1] with t_{crit} ∼ 5ms (see Figs. 3 and 4). 4.3 After t_{collapse} After t_{collapse}, the number of particles in the condensate falls exponentially and so does n_0 (t) . Shifting the origin of time to t_{collapse} for simplicity, we write

n_0 (t) = n̄_0e^{−t/τ} (66) Assuming a harmonic trap, we have ε_k (t) = k h̄ω Un̄_0 e^{t/τ} − 1 = 2k (a_{cr} a ) e^{t/τ} − 1 (67)

Let us consider a given value of k and introduce a new time variable

z_k = z^0_k e^{−t/2τ} , z^0_k = 2ωτ √ k a a_{cr} (68)

Observe that

ε_k (z_k) =

2ν^2_k z^2_k − 1, ν_k ≡ 2kωτ (69) and the operator D ≡ h̄ Un_0 (t) d dt = − 2ν_k z_k d dz_k (70)

In particular Dε_k = 8ν^3_k z^4_k

(71)

The second order equation (39) becomes [ d^2 dz^2_k − 1 z_k d dz_k ] f_k + [ ν^2_k z^2_k

− 1 + i 2ν_k z^2_k ] f_k = 0 (72)

It is therefore natural to define

f_k (z_k) = z_kJ_k (z_k) (73) We obtain [ d^2 dz^2_k + 1 z_k d dz_k ] J_k − [ 1 + (1 − iν_k)^2 z^2_k ] J_k = 0 (74)

From the solution to this modified Bessel equation we get

f_k (z_k) = z_k [A_kI_{iνk −1} (z_k) + B_k K_{iνk −1} (z_k)] (75) The second mode function g_k becomes

g_k = ε_kf_k (t) − iDf_k = −f_k + i2ν_k [A_kI_{iνk} (z_k) − B_k K_{iνk} (z_k)] = −z_k [A_kI_{iνk +1} (z_k) + B_kK_{iνk +1} (z_k)] (76)

We obtain the constants A_k and B_k by matching these solutions to either eqs. (55) and (60), or (61) and (62), according to whether ε_k is greater or smaller than 1 at t_{collapse}. In the former case, the mode is already oscillatory at t_{collapse}, and will remain so throughout. In the latter case, that is, when k < a/a_{cr}, we get

A_k = (−i) z^0_k 2ν_k [ f^0_k K_{iνk +1} ( z^0_k ) + g^0_k K_{iνk −1} ( z^0_k )] (77)

B_k = iz^0_k 2ν_k [ f^0_k I_{iνk +1} ( z^0_k ) + g^0_k I_{iνk −1} ( z^0_k )] (78)

where f^0_k and g^0_k result from equations (61) and (62) evaluated at t = t_{collapse}.

As in our qualitative analysis, we find both oscillatory and “frozen” modes. We say that a mode is oscillatory when we may approximate the Bessel functions by their small argument approximation I_ν (z) ∼ z^ν . From the Bessel equation (74) we see that this is possible when z^2_k < 1 + ν^2_k . This inequality is always satisfied if k is low enough, but because of phase space factors this band does not contribute significatively to the number of particles in a jet. On the other end, we see that the frozen modes are those with k < k_{max} = (a/a_{cr}) e^{−t/τ} .

4.4 Jets

At τ_{evolve} , the scattering length is switched off, and any frozen mode thaws. In this subsection we shall analyze the number of particles in the jet which results from this sudden thaw.

For concreteness, let us assume that the number of particles in the condensate remains constant N_0 = N̄_0 = 16, 000 up to t = t_{collapse} = 3ms, and then decays exponentially N_0 (t) = N̄_0exp (− (t − t_{collapse}) /τ ), with τ = 6ms (see Fig. 5). For the frequency of the trap we take ω = 80Hz, corresponding to a temperature h̄ω/k_B = 52.5nK. The actual trap frequencies reported in ref. [1] ω_{radial} = 110 Hz and ω_{axial} = 42.7 Hz correspond to temperatures 28. 012 (axial) and 72. 162 (radial) nK. These are relatively high with respect to the sample temperature of 3 nK. For this reason, the initial number of particles above the condensate is negligible, and we may assume that we are dealing with particle creation from effectively the vacuum. This is the rationale behind calling this process ‘squeezing of the vacuum’

For the given values of N̄_0 and ω we estimate a_{cr}(16000) = 1. 7a_0. We shall assume the scattering length is brought to a = 20a_0.

Finally, in summing over modes, we shall assume the semiclassical formula for the mode density, whereby N_{jet} (t) ∼ ∫ k<k_{max} (t) 4π^3E^2_k dE_k (hω)^3

|g_k (t)|^2 (79)

where E_k = h̄ωk (because of the vanishing of the phase space volume, it is unnecessary to be more precise about the zero point energy). In this formula, k_{max} = (a/a_{cr}) and g_k (t) is given by 62 if t < t_{collapse}. Otherwise, k_{max} = (a/a_{cr}) e^{−t−tcollapse/τ} and g_k (t) → g_k (t − t_{collapse}) is given in eq. (76) with constants given in eqs. (77) and (78). The resulting N_{jet} as a function of τ_{evolve} is plotted in Fig. 6.

Our formalism is too simple to allow for a discussion of jet shape, since it would lead to a spherically symmetric distribution of particles. However, once a preferred plane is identified, we may obtain a rough estimate of the number of particles on that plane by simply computing how many particles would be created in a two dimensional trap N^{d=2}_{jet} (t) ∼ ∫ k<k_{max} (t) 4π^2E_k dE_k (hω)^2

|g_k (t)|^2 (80)

Analogously, the number of particles emitted in a one dimensional trap gives us an estimate of how many particles will be emitted in the axial direction N^{d=1}_{jet} (t) ∼ ∫ k<k_{max} (t) 2πdE_k (hω) |g_k (t)|^2 (81)

We have plotted N_{jet}, N^{d=2}_{jet} and N^{d=1}_{jet} as functions of τ_{evolve} in Fig. 7. We see that even without further dynamical enhancement, we expect about half of the jet particles to be close to the preferred z = 0 plane

5 Conclusion

In this paper, we have applied insights from the quantum field theory of particle creation and structure formation in cosmological spacetimes and the theory of second order phase transitions to problems related to the controlled collapse of a Bose-Einstein condensate, the so-called Bose Novae phenomena. We have described Bose Novae as resulting from particle creation from the vacuum, induced by the time dependent condensate. This time dependence squeezes and amplifies the field operator describing excitations above the condensate. A key concept in our analysis borrowed from theories of cosmological structure formation is the drastic difference in the physical effects of frozen versus oscillatory modes: those whose physical frequencies are higher than the collapse rate oscillate and are rather impervious to the condensate, while those below (frozen modes) grow in time and get amplified in a way similar to the growth of fluctuations during spinodal decomposition. As the condensate stabilizes and the collapse rate decreases the frozen modes begin to thaw. The appearance of oscillatory modes is described as particle creation (in second quantized language) appearing in jets (described here in test field approximation) and bursts (not depicted here as it should probably include backreaction).

In order to focus on the main ideas we have adopted a number of simplifying assumptions. We adopted the evolution as an input from the experiments thus neglecting the back reaction of excitations on the condensate. We treated excitations under the Popov approximation, which improves on the Hartree approach but is known to break down as the number of particles above the condensate increases. We have not taken fully into account the details of the trap and condensate geometry. We have neglected the coupling between different excitation modes, considering only the coupling of each to the condensate, with the same strength.

Even within this set of simplication, we have obtained surprisingly good quantitative predictions for the scaling of the waiting time t_{collapse} (when the condensate implosion really begins after the inversion of the scattering length) with the scattering length, and also for the number of particles in a jet as a function of τ_{evolve} , when the interaction between atoms is switched off.

These simplification render certain aspects of the problem more amenable to others (e.g., we did not get a good fit in the spectrum of a burst) because they are rather insensitive to the assumptions. The scaling of t_{collapse} is shown to depend on the behavior of a few modes setting the characteristic time scale of the problem - therefore the prediction is not affected by the overestimation of the coupling to other modes. Jets are weaker and colder than bursts, therefore the test field approximation works better for the former than the later. Moreover, the error introduced by assuming an uniform coupling of the condensate to the excitation modes may be compensated to a large extent by adjusting the value of the scattering length.

Considering the remarkable success these simple ideas and calculations brought about we believe our approach might have captured the essence of the physics behind these complicated phenomena. The usefulness of the physical paradigms in one area in bringing out ideas for another also suggests the intrinsic interconnectedness of fundamental processes despite their different manifestations: in the present case, Bose-Einstein condensation with cosmology and critical dynamics.

Acknowledgement We first learned about this neat experiment from Bill Phillips and Charles Clark who also introduced us to Keith Burnett whose ‘industrial strength’ colloquium at Maryland and discussions afterwards provided us with the background of Bose Novae. Our colleagues Ted Jacobson and Stefano Liberati have been looking for Hawking radiation and analog models of gravity in BEC, thus providing our group with a supercool ambience. We thank them all for inducing us to join in the BEC fun. We thank other members present at EC’s seminar reporting on these results for their questions. EC also acknowledges discussions with Eric Bolda. This research is supported in part by NSF grant PHY98-00967 and by CONICET, UBA, Fundacion Antorchas and ANPCyT under grant PICT99 03-05229.

References

[1] E. Donley et. al., Dynamics of collapsing and exploding Bose-Einstein condensates, Nature 412, 295 (2001) (cond-mat/0105019).

[2] Yu. Kagan, E. Surkov and G. Shlyapnikov, Evolution of a Bose-condensed gas under variations of the confining potential, Phys. Rev. A54, R1753 (1996).

[3] E. Shuryak, Metastable Bose condensate made of atoms with attractive interaction, Phys.

Rev. A 54, 3151 (1996).

[4] M. Houbiers and H. Stoof, Stability of Bose condensed atomic^7Li, Phys. Rev. A54, 5055 (1996)

[5] Yu. Kagan, E. Surkov and G. Shlyapnikov, Evolution and global collapse of trapped bose condensates under variations of the scattering length, Phys. Rev. Lett 79, 2604 (1997).

[6] C. Sackett, H. Stoof and R. Hulet, Growth and collapse of a Bose-Einstein condensate with attractive interaction, Phys. Rev. Lett. 80, 2031 (1998).

[7] M. Ueda and K. Huang, Fate of a Bose-Einstein condensate with an attractive interaction, Phys. Rev. A60, 3317 (1999).

[8] H. Saito and M. Ueda, Intermittent Implosion and pattern formation of trapped Bose- Einstein condensates with an attractive interaction, Phys. Rev. Lett. 86, 1406 (2001).

[9] H. Saito and M. Ueda, Power laws and collapsing dynamics of a trapped Bose-Einstein condensate with attractive interactions, Phys. Rev. A 63, 43601 (2001).

[10] Yu. Kagan, A. Muryshev and G. Shlyapnikov, Collapse and Bose-Einstein condensation in a trapped Bose gas with negative scattering length, Phys. Rev. Lett 81, 933 (1998).

[11] L. Berge and J. Juul Rasmussen, Collapsing dynamics of attractive Bose-Einstein condensates, physics/0012004.

[12] K. Huang, Growth-collapse cycles of a Bose-Einstein condensate with attractive interactions, cond-mat/0110498.

[13] H. Saito and M. Ueda, mean-field analysis of collapsing and exploding Bose-Einstein condensates, Phys. Rev. A 65, 33624 (2002).

[14] R. Duine and H. Stoof, Explosion of a collapsing Bose-Einstein condensate, Phys. Rev.

Lett. 86, 2204 (2001).

[15] T. Köhler and K. Burnett, Microscopic quantum dynamics approach to the dilute condensed Bose gas, Phys. Rev. A65, 33601 (2002).

[16] V. N. Popov, Functional integrals and collective excitations (Cambridge University Press, Cambridge, England, 1987).

[17] A. Griffin, Excitations in a Bose-condensed liquid (Cambridge University Press, Cambridge, England, 1993)

[18] A. Griffin, Conserving and gapless approximations for an inhomogeneous Bose gas at finite temperatures, Phys. Rev. B53, 9341 (1996).

[19] N. Proukakis, K. Burnett and H. Stoof, Microscopic treatment of binary interactions in the nonequilibrium dynamics of partially Bose-condensed trapped gases, Phys. Rev. A57, 1230 (1998).

[20] C. Pethick and H. Smith, Bose-Einstein condensation in dilute gases (Cambridge University Press, Cambridge, England, 2002).

[21] M. Pinto, R. Ramos and F de Souza Cruz, Unusual Transition Patterns in Bose-Einstein Condensation, cond-mat/0204416 F. de Souza Cruz, M. Pinto, R. Ramos, and P.Sena, Higher Order Evaluation of the Critical Temperature for Interacting Homogeneous Dilute Bose Gases, Phys.Rev. A65 (2002) 053613 D. Barci, E. Fraga, M. Gleiser and R. Ramos, Equilibration Time Scales in Homogeneous Bose-Einstein Condensate Dynamics, cond-mat/0110447 D. G. Barci, E. S. Fraga, Rudnei O. Ramos, Microscopic Evolution of a Weakly Interacting Homogeneous Bose Gas, Laser Phys. 12 (2002) 43-49.

M. Greiner, O. Mandel, T. Hansch and I. Bloch, Collapse and revival of the matter wave field of a Bose Einstein condensate, cond-mat/0207196.

[22] D. Boyanovsky et al., Nonequilibrium relaxation of Bose-Einstein condensates: Real-time equations of motion and Ward identities, cond-mat/0111375; Nonequilibrium Bose Einstein condensates, dynamical scaling and symmetric evolution in the large N Phi 4 theory, Phys. Rev. D59, 125009 (1999).

[23] K. Góral, M. Gajda and K. Rzazewski, cond-mat/0006192.

[24] R. Graham et al, Collapses and revivals of collective excitations in trapped Bose condensates, cond-mat/9612060.

[25] J. Schwinger, Phys. Rev. 82, 664 (1951).

[26] L. Parker, Phys. Rev. 183, 1057 (1969)

N. D. Birrell and P. C. W. Davies, Quantum fields in curved spaces (Cambridge University Press, Cambridge, England, 1982).

[27] Ya. B. Zel’dovich, Pis’ma Zh. Eksp. Teor. Fiz 12, 443 (1970) [Sov. Phys. - JETP Lett. 12, 307 (1970)], Ya. B. Zel’dovich, in Magic without Magic: John Archibald Wheeler, ed. J. Klauder (Freeman, San Francisco, 1973).

[28] L. Grischuk and Y. V. Sidorov, Squeezed quantum states of relic gravitons and primordial density fluctuations, Phys. Rev. D42, 3413 (1990).

B. L. Hu, G. Kang and A. Matacz, Squeezed vacuua and the quantum statistics of cosmological particle creation, Int. J. Mod. Phys. A9, 991 (1994).

K. Koks, A. Matacz and B. L. Hu, Entropy and uncertainty of squeezed quantum open systems, Phys. Rev. D55, 5917 (1997).

[29] L. J. Garay, J. R. Anglin, J. I. Cirac, and P. Zoller, Sonic Analog of Gravitational Black Holes in Bose-Einstein Condensates Phys. Rev. Lett. 85, 4643-4647 (2000) C. Barcelo, S. Liberati and M. Visser, Towards the observation of Hawking radiation in Bose–Einstein condensates, gr-qc/0110036. Analog gravity from Bose-Einstein condensates, Class. Quant. Grav. 18 (2001) 1137 T. Jacobson and T. Koike, Black hole and baby universe in a thin film of 3He-A, Chapter for book, “Artificial Black Holes”, eds. M. Novello, M. Visser, and G. Volovik (World Scientific, 2002), based on a talk by TJ at the Workshop on Analog Models of General Relativity, held at CBPF in Rio de Janeiro, October 16-20, 2000 (cond-mat/0205174)

[30] P. J. E. Peebles, Principles of Physical Cosmology, 2nd Ed. (Princeton University Press, Princeton, 1993) E. W. Kolb and M. S. Turner, The Early Universe, (Addison-Wesley, Reading, 1990) G. Börner, The Early Universe (Springer-Verlag, Berlin, 1988)

[31] A. H. Guth, Phys. Rev. D 23, 347 (1981). A. Albrecht and P. J. Steinhardt, Phys. Rev.

Lett. 48, 1220 (1982). A. D. Linde, Phys. Lett. 114B, 431 (1982). Phys. Lett. 162B, 281 (1985). A. A. Starobinsky, Stochastic de Sitter (Inflationary) Stage in the Early Universe, in Field Theory, Quantum Gravity and Strings, edited by H. J. de Vega and N. Sánchez (Springer-Verlag, Berlin, 1986)

[32] J. M. Bardeen, Phys. Rev. D22, 1882 (1980) J. M. Bardeen, P. J. Steinhardt and M. S.

Turner, Phys. Rev. D28, 679 (1983). S. W. Hawking, Phys. Lett. 115B, 295 (1982). A. H. Guth and S.-Y. Pi Fluctuations in the New Inflationary Universe. Phys. Rev. Lett. 49, 1110-1113 (1982). A. A. Starobinsky, Phys. Lett. 117B, 175 (1982) V. F. Mukhanov and H. A. Feldman and R. H. Brandenberger, Theory of cosmological perturbations, Phys. Rep. 215, 203 (1992).

E. Calzetta, B. L. Hu and F. Mazzitelli, Coarse-grained effective action and renormalization group theory in semiclassical gravity and cosmology, Phys. Rep. 352, 459 (2001).

[33] E. Calzetta, Spinodal Decomposition in Quantum Field Theory, Ann. Phys. (N.Y.) 190, 32 (1989) F. Cooper, Y. Kluger, E. Mottola and J. P. Paz, Nonequilibrium quantum dynamics of disoriented chiral condensates, Phys. Rev. D51, 2377 (1995).

G. J. Stephens, E. A. Calzetta, B. L. Hu and S. A. Ramsey, Defect formation and critical dynamics in the early universe, Phys. Rev. D59 (1999) 045009 R. J. Rivers, Zurek-Kibble causality bounds in time-dependent Ginzburg-Landau theory and quantum field theory, cond-mat/0105171.

[34] W. G. Unruh, Phys. Rev. D14, 870 (1976).

[35] H. Stoof, Field Theory for trapped atomic gases, J. Low Temp. Phys. 114, 11 (1999) (cond-mat/9910441).

[36] R. Duine and H. Stoof, Stochastic dynamics of a trapped Bose-Einstein condensate, Phys.

Rev. A65, 13603 (2001).

[37] C. Gardiner and P. Zoller, Quantum kinetic theory V: quantum kinetic master equation for mutual interaction of condensate and noncondensate, Phys. Rev. A61, 33601 (2000).

[38] C. Gardiner, J. Anglin and T. Fudge, The stochastic Gross-Pitaevskii equation, condmat/0112129 [39] B. L. Hu, “Cosmology as ‘Condensed Matter’ Physics” in Proc. Third Asia Pacific Physics Conference, ed. Y. W. Chan et al (World Scientific, Singapore, 1988) Vol. 1, p. 301. grqc/9511076 L. Smolin, “Cosmology as a Problem in Critical Phenomena” in Complex Systems and Binary Networks eds. L. Lopez-Pena et al (Springer, Berlin, 1995) gr-qc/9505022 W. H. Zurek, Nature 382, 297 (1996), Phys. Rep. 276, 178 (1996). G.E. Volovik, Universe in a Helium Droplet, (Oxford University Press, Oxford, 2003) [40] J. Roberts et al., Resonant magnetic field control of elastic scattering in cold^{85}Rb, Phys.

Rev. Lett. 81, 5109 (1998).

[41] J. Stenger et al., Strongly enhanced inelastic collisions in a Bose-Einstein condensate near Feshbach resonances, cond-mat/9901056 [42] S. Cornish et al., Stable^{85}Rb Bose-Einstein condensate with widely tunable interactions, Phys. Rev. Lett. 85, 1795 (2000).

[43] J. Roberts et al., Controlled collapse of a Bose-Einstein condensate, Phys. Rev. Lett. 86, 4211 (2001).

[44] J. Gerton et al., Direct observation of growth and collapse of a Bose-Einstein condensate with attractive interactions, Nature 408, 692 (2000).

6 Figure Captions

6.0.1 Fig. 1

A schematic evolution of ε_k with time for different modes. Modes above the ε_k = 1 line (“thaw”) are oscillatory. Modes below this line are frozen. Oscillatory modes at any given time make up the burst. Once the first excited state thaws at t = t_{remnant} further amplification ceases, and we may assume the remnant is formed.

6.0.2 Fig. 2

Same as Fig. 1, but now the evolution is interrupted at t = τ_{evolve} < t_{remnant}. Therefore, some modes are still frozen. The sudden thaw of these modes is the origin of the jets.

6.0.3 Fig 3

The scaling of t_{collapse} with a/a_{cr} − 1. The data points for N = 6000 atoms are taken from ref. [1], fig. 2.

6.0.4 Fig. 4

A plot of ln [t_{collapse}] against ln [a/a_{cr} − 1]. The data are the same as in Fig. 3; the functional dependence stands out most clearly.

6.0.5 Fig. 5

The assumed evolution for N (t) for the calculation of the number of particles in a jet. For comparison, we have superimposed the data from fig. 1b of [1]. The agreement is satisfactory for our purposes, as we shall not consider the evolution beyond τ_{evolve} = 12ms.

6.0.6 Fig. 6

The evolution of the number of particles in a jet, for N̄_0 = 16, 000, ω = 80Hz, a_{cr} = 1.7a_0 and a = 20a_0. The evolution of N (t) in time is depicted in Fig. 5. To provide a visual reference we have superimposed the data in fig. 6 of [1]. Although these data presumably correspond to a higher value of the scattering length, this discrepancy may probably be attributed to an overestimation of the condensate-noncondensate coupling in assuming that all modes couple to the condensate with equal strength.

6.0.7 Fig. 7

Same as Fig. 6 for three (“d=3”), two (“d=2”) and one (“d=1”) dimensional traps. We use the same value of N̄_0 and ω in all three plots. This figure shows that there are strong purely geometric grounds for the actually observed jets to remain close to the z = 0 plane, although of course a dynamical explanation of what singles out this plane is also necessary.

Figure 1:

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6:

Figure 7: