arXiv:cond-mat/0405188 v1 10 May 2004

Topological properties of the mean field ϕ^4 model

A. Andronico,^1 L. Angelani,^{1, 2} G. Ruocco,^{1, 3} and F. Zamponi^1 1Dipartimento di Fisica and INFM, Università di Roma La Sapienza, P. A. Moro 2, 00185 Roma, Italy 2INFM - CRS SMC Università di Roma La Sapienza, P. A. Moro 2, 00185 Roma, Italy 3INFM - CRS Soft Università di Roma La Sapienza, P. A. Moro 2, 00185 Roma, Italy

We study the thermodynamics and the properties of the stationary points (saddles and minima) of the potential energy for a ϕ^4 mean field model. We compare the critical energy vc (i.e. the potential energy v(T ) evaluated at the phase transition temperature Tc) with the energy vθ at which the saddle energy distribution show a discontinuity in its derivative. We find that, in this model, vc ≫ vθ, at variance to what has been found in the literature for different mean field and short ranged systems. By direct calculation of the energy vs(T ) of the “inherent saddles”, i.e. the saddles visited by the equilibrated system at temperature T , we find that vs(Tc) ∼ vθ. Thus, we argue that the thermodynamic phase transition is related to a change in the properties of the inherent saddles rather then to a change of the topology of the potential energy surface at T = Tc. Finally, we discuss the approximation involved in our analysis and the generality of our method.

I. INTRODUCTION

The investigation of the topological properties of the potential energy surface (PES) of liquids and disordered system [1], has been strongly revitalized in the last years [2, 3, 4, 5, 6, 7, 8]. These studies have been particularly focused on the connection between the slow dynamics of supercooled liquids and the properties of the stationary points of the potential energy function V (q), being q_i (i = 1, · · · , N ) the set of N generic configurational variables.

In the first approaches, on studying the slow dynamics of supercooled liquids and glasses, the objects of the investigations were the properties –energy location (v_m), curvature (ω_m), etc.– of the minima of the PES that are “visited” by the system during its evolution at a given thermodynamic state. Assigning to each minimum its basin of attraction, one obtains a partition of the configurational phase space: to each instantaneous configuration q, whose instantaneous potential energy is v = V (q)/N , one associates an “inherent” configuration q_m, whose potential energy is v_m = V (q_m)/N . This allows one to define a configurational entropy of the minima and a free energy for the supercooled and for the out-of-equilibrium glassy regime [9]. These properties of the minima of the PES have then been connected to several features of supercooled liquids and glasses. Among them, we mention the fragility of the glass former [6, 10, 11], the diffusion processes in supercooled liquids [7, 12, 13, 14], and the effective fluctuation-dissipation temperature [16] in the out-of-equilibrium glassy phase [15].

More recently this minima-based approach has been extended to consider also the other stationary points of the PES, namely the saddle points. Using the saddlebased approach, it has been shown in Lennard-Jones like liquids [17, 18] and in p-spin mean field systems [19] that the “order of the inherent saddles” (i.e. the number of negative eigenvalues of the Hessian matrix evaluated at the saddle points visited during the equilibrium dynamics at temperature T ) extrapolates to zero when T reaches the dynamic transition temperature T_{MCT} (or mode-coupling temperature [20]). While the definition of “basin of attraction of a saddle” and the operative way to associate a saddle point to the instantaneous configuration of the system –i.e. the way to associate a saddle q_s (with energy v_s = V (q_s)/N ) to each instantaneous configuration q (with energy v)– have been the subject of debate [21, 22, 23], the previous result has been show to be robust and the method has been applied to other model systems [23, 24, 25, 26]. In the following we will call a “map” the function that associate the thermal average of v_s = V (q_s)/N to its parent v = V (q)/N , i.e. for each T , if v(T ) is the average potential energy and v_s(T ) the average potential energy of the saddle visited at temperature T , then the map is the function M such that v_s(T ) = M(v(T )). Until now, two different operative definitions of saddle to be associated to an instantaneous configuration (two different maps) have been used: 1) In the numerical simulations of simple models, such as Lennard-Jones systems, a partitioning of the configuration space in basins of attraction of saddles is obtained via an appropriate function W (q) (usually W (q) = |∇_qV (q)|^2) that has a local minimum on each stationary point of V (q), and the saddles are then obtained via a minimization of W (q) starting from an equilibrium configuration obtained from a molecular dynamics simulation at temperature T [17, 18]. 2) In the analytic computations applied to disordered mean-field spin models one looks to the saddles that are closest, with respect to the distance in the configuration space, to a reference configuration extracted from the Gibbs distribution at temperature T [19]. In one specific case, the only one where this test has been performed, the two definitions have been proven to give identical results [8].

The role of the stationary points of the PES (saddles and minima) has been also pointed out in a different context. Recent studies aiming to clarifying the microscopic origin of phase transitions suggest that the presence and order of such transitions are related to changes in the topology of the manifold of the PES sampled by the system when crossing the (thermodynamic) critical point. More specifically the topology change is signaled by a discontinuity in (one of) the derivatives of the Euler characteristic. This function, determined by counting the number and the order of the stationary points of the PES, is a genuine topological property of the constant potential energy sub-manifold, and, in particular, it does not depend on the statistical measure defined on it (i.e., on temperature).

Before to proceed, it is worth to observe that the Euler characteristic χ(v) (that is used in the topological studies of the phase transitions) and the complexity of minima and saddles (which is the basic quantity in the investigation of the role played by the stationary points of the PES in determining the slow dynamics in disordered systems) have similar definitions. Being N_ν (v) the number of stationary points q_s of order ν (minima for ν=0 and saddles for ν ≥1) that have potential energy V (q_s) ≤ N v, we can define the energy distribution of the stationary points

Ω(v) = ∑ ν N_ν(v) , (1)

and the Euler characteristic χ(v) = ∑ ν (−1)^ν N_ν (v) . (2)

It is clear that these two definitions are similar, but not coincident. Specifically, as N_ν (v) is usually exponentially large in the size of the system N , Ω(v) can be evaluated at the saddle point in ν, thus defining an order ν̄(v) that dominates in Eq. (1), while this procedure may not apply to χ(v) where large cancellations can arise from the term (−1)^ν . The complexity (or configurational entropy) σ(v) is defined as the logarithm of the number of stationary points whose energy lies in [v, v + δv]:

σ(v) = 1 N log [ dΩ(v) dv δv ] ∼ 1 N log Ω(v) (3)

where the last approximation is promptly obtained recalling that Ω(v) ∼ exp N σ(v) is exponentially large in N . This scaling is not always found for the Euler characteristic that, at variance with σ(v), can scale with N in many different ways [27]. We will further discuss this point in the following.

Following the numerical results obtained in [27] on the ϕ^4 model with nearest neighbores interactions in two and three dimensions, a theorem that relates the topological properties of the PES to the thermodynamic phase transitions has been recently demonstrated by Franzosi and Pettini for systems with generic short range interactions [28]. Thought the theorem strictly applies to non-mean field systems, the mean field models examined so far seem to indicate the existence of a topology-thermodynamics relation for mean field systems as well. In the (mean field) XY model the (second order) phase transition, that takes place at a temperature T_c when the system is visiting the PES level given by v_c = v(T_c), is signaled by a discontinuity in the first derivative of the Euler characteristic χ(v) at v = v_c [29]. In the k-trigonometric model there is a phase transition, which is second order for k=2 and first order for k>2. For all k values, the phase transition is seen in the topology via a discontinuity in the first derivative of χ(v) at v_c, and the curvature of χ(v) around v_c gives also information on the order of the transition [30]. A detailed review of the previous results can be found in [31].

To summarize the previous paragraph, it seems that the relation between topology and thermodynamics is a general properties, being demonstrated for short range systems and tested via explicit computation of χ(v) for mean field system. There is, however, a simple counterexample: the mean field ϕ^4 model [32, 33, 34]. In Ref. [34] it was observed that, for large value of the coupling parameters (J in the following nomenclature), the phase transition (second order, ferromagnetic-like) takes place at a temperature T_c where the equilibrium potential energy value, v_c, is larger than the energy of the higher energy stationary point, i.e. where χ(v)=1 and, therefore, no discontinuity of χ(v) can be present. At this stage of the discussion it is worth to point out a feature that is common to all the mean field cases (XY and k-trigonometric for any k) where the topology-thermodynamics relation holds. Indeed, in these cases the energy of the “inherent” saddle visited by the system at T_c (i.e. v_s(T_c)) coincide with the instantaneous potential energy v(T_c). In other words, for these systems, v_c is a fixed point for the map M: M(v_c) = v_c. Thus, the observed discontinuity of the derivative of χ(v) at v_c cannot discriminate between the two possibilities: i) is the discontinuity in the topological properties at the instantaneous potential energy that marks the phase transition, or ii) is the discontinuity in the topological properties at the inherent saddles potential energy that marks the phase transition. The ϕ^4 model does not share this peculiarity with the other investigated mean field models, and can be therefore used to solve the ambiguity. While the Franzosi-Pettini theorem for non-mean field system seems to favor the possibility i), the ϕ^4 model indicates that i) is not applicable in mean field systems. It is the aim of this work to test whether the possibility ii) holds.

In this paper we first study the thermodynamics of the (symmetric) ϕ^4 model for different value of the coupling parameter J (the only independent parameter of the model), in order to individuate the temperature (T_c) and potential energy (v_c) location of the second order ferromagnetic phase transition. We then calculate the complexity of the stationary points of V (q), namely σ(v), and we show that –at all J values– the discontinuity of the derivative of σ(v) is found at a value (v_θ) which is always below v_c. Finally, we calculate the energy v_s of the inherent saddles (and thus the map v_s = M(v)) in two different ways (minimization of W (q) and lowest Euclidean distance), and we find that –within the small discrepancy existing between the maps determined in the two ways– the values of M(v_c) is very close to v_θ. The latter result indicate that on looking at the discontinuities of (the derivative of) the stationary points complexity one actually find a signature of the phase transition, but this signature is seen at the potential energy level of the “inherent” saddles, not at the instantaneous potential energy value. In other words, similar to what happens for the slow dynamics of disordered systems, it seems that are the inherent saddles properties that determine the phase transitions in mean field systems.

The paper is organized as follows: in section II we present the model and its thermodynamical behavior; in section III we study the properties of the stationary points of the potential energy and calculate their complexity; in section IV and V we study the properties of the inherent saddles. Finally, we draw the conclusions.

II. THE MODEL

The ϕ^4 mean field model describes N soft spins ϕ_i with a mean field ferromagnetic interaction. Its thermodynamics, as well as its Langevin and Newton dynamics, have been studied in the literature, see e.g. Ref. [33]. The model is defined by the (configurational) Hamiltonian H = ∑ i h(ϕ_i) −^J_{2N} ( ∑ i ϕ_i)^2 = ∑ i h(ϕ_i) −^{JNm2}_2 (4)

h(ϕ) = −^{ϕ2}_2 +^{ϕ4}_4

where ϕ_i are real continuous variables and the magnetization m is defined as m = N^{−1} ∑ i ϕ_i. Its thermodynamics can be exactly solved, as usual in mean field models, in the thermodynamic limit. Defining

Dϕ_i = dϕ_i exp ( − βh(ϕ_i) ) , (5)

the partition function is given by

Z_N (T ) = ∫ dϕ_i e^{−βH(ϕ)} = ∫ Dϕ_i e^{β J2N} (^{∑i ϕi})^2 = N ∫ dm e^{β JNm22} ∫ Dϕ_iδ (N m − ∑ i ϕ_i) (6)

= N (2π)^{−1} ∫ dm dm̂ e^{β JNm22 +iNmm̂} ∫ Dϕ_ie^{−im̂ ∑i ϕi} = N (2π)^{−1} ∫ dm dm̂ e^{−βNf(m,m̂)} having defined f(m, m̂) = − Jm^2 2 − iT mm̂ − T log ∫ dϕ e^{−β(h(ϕ)+im̂T ϕ)} (7) In the thermodynamic limit the free energy is obtained evaluating the integral in Eq. (6) at the saddle point:

f(T ) = −T lim_{N→∞} N^{−1} log Z_N (T ) = max_{m,m̂} f(m, m̂) (8)

The saddle point equations can be written as: Jm = −iT m̂ m = ∫ dϕ P(ϕ) ϕ = ⟨ϕ⟩_H (9) where we defined the single-particle hamiltonian and the related Gibbs distribution H(ϕ) = h(ϕ) − Jmϕ Z = ∫ dϕ e^{−βH(ϕ)} (10) P(ϕ) =^{e−βH(ϕ)}_Z Having solved the self-consistency equation for the magnetization m(T ), m = ⟨ϕ⟩_H, the free energy is given by Eq. 8:

f(T ) = Jm^2 2 − T log Z (11)

As expected, the model undergoes a second order phase transition from a paramagnetic (m = 0) hightemperature phase to a ferromagnetic (m ≠ 0) lowtemperature phase. To find the critical temperature one has to expand the self consistency equation for the magnetization in powers of m: m = ∫ dϕ ϕ e^{−βh(ϕ)+βJmϕ} ∫ dϕ e^{−βh(ϕ)+βJmϕ} (12) = βJm ∫ dϕ ϕ^2 e^{−βh(ϕ)} ∫ dϕ e^{−βh(ϕ)} + o(m 3) = Am + o(m^3)

The transition temperature T_c(J) is defined by the condition A = 1, that gives:

T_c = J ∫ dϕ ϕ^2 e^{−βch(ϕ)} ∫ dϕ e^{−βc h(ϕ)} (13)

The equilibrium potential energy is then given by

v(T ) = d(βf(T )) dβ = Jm^2 2 + ∫ dϕ P(ϕ) H(ϕ) (14) We will be interested in the average potential energy at the transition temperature, that -recalling that m(T_c) = 0- is given by

v_c = v(T_c) = ∫ dϕ h(ϕ) e^{−βc h(ϕ)} ∫ dϕ e^{−βch(ϕ)} (15)

The behavior of the critical energy as a function of the coupling J is reported in Fig. 7.

III. TOPOLOGICAL PROPERTIES OF THE ENERGY SURFACE

In this section we will study the properties of the stationary points (saddles) of the Potential Energy Surface (PES) of the system, defined by the Hamiltonian (4). We will now focus only on the topological properties of the saddles, while in section IV we will study the properties of the saddles sampled by the system equilibrated at temperature T . Similar results, although obtained with a different procedure, have been discussed in Ref. [32, 34].

A. Stationary points

The stationary points ϕ^s are defined by the condition ∇H(ϕ^s)=0, and their order ν is defined as the number of negative eigenvalues of the Hessian matrix H_{ij}(ϕ^s)=(∂^2H/∂ϕ_i∂ϕ_j )|_ϕs . To determine the location of the stationary points we have to solve the system ∂H ∂ϕ_j = −ϕ_j + ϕ^3_j − Jm = 0 ∀j (16)

We want to classify the stationary points of H according to their magnetization m and their energy v = H(ϕ^s)/N . Thus, in Eq. 16 we will consider the magnetization m as a constant; this is exact in the N → ∞ limit. Defining α = Jm and α_0 =^2_3^√_3 , the solutions of the equation ϕ^3 − ϕ = α are given by

ϕ_+(α) =^{2√}_3 cos^{ψ(α)}_3

ϕ_0(α) = −^{2√}_3 cos^{ψ(α)+π}_3 (17)

ϕ_−(α) = −^{2√}_3 cos^{ψ(α)−π}_3

ψ(α) = tan^{−1} ( α^{−1} √ α^2_0 − α^2 )

and are such that ϕ_0(0) = 0, ϕ_±(0) = ±1. For α = ±α_0 we have ϕ_∓ = ϕ_0, while for |α| > α_0 two solutions become complex and only one solution can be accepted. We will now restrict ourselves to the case |α| < α_0, and at the end we will discuss the case |α| ≥ α_0. The stationary points of H are obtained by plugging a fraction n_+ = N_+/N of the ϕ_i in ϕ_i = ϕ_+(α), a fraction n_0 = N_0/N in ϕ_0(α) and a fraction n_− = N_−/N in ϕ_−(α). Then, the energy v of the stationary point is given by Eq. 4: v = H(ϕ̄) N = ∑ ξ n_ξh(ϕ_ξ(α)) − α^2 2J (18)

where ξ = (−, 0, +). We can now determine the n_ξ imposing the constraints 1 = ∑ ξ n_ξ α = Jm = J ∑ ξ n_ξϕ_ξ(α) (19) v = ∑ ξ n_ξh(ϕ_ξ(α)) −^{α2}_{2J}

The latter is a linear system that can be easily solved for any value of v, α; one must then impose the additional constraint n_ξ ∈ [0, 1] that restricts the allowed values of α and v. At given energy, we will have an interval α ∈ [α_{min}(v), α_{max}(v)] of allowed values of the magnetization. Recalling that a permutation of the ϕ_i does not change neither the magnetization nor the energy of the stationary point, the number of stationary points of magnetization α and energy v is simply given by

N (α, v) =^{N!}_{N+ !N0 !N− !} ∼ exp N σ(α, v) (20)

σ(α, v) = lim_{N→∞} N^{−1} log N (α, v) = − ∑ ξ n_ξ log n_ξ

To compute the order of the stationary point, we need the expression of the Hessian matrix. It is given by

H_{ij} = (3ϕ^2_i − 1)δ_{ij} − J N (21)

In the thermodynamic limit it becomes diagonal

H_{ij} = (3ϕ^2_i − 1)δ_{ij} (22)

One cannot a priori neglect the contribution of the offdiagonal terms to the eigenvalues of H, but one can prove [34] that their contribution changes the sign of at most one eigenvalue out of N . Neglecting the off-diagonal contributions, one can easily realize that the number of negative eigenvalues of H_{ij} is given by the number of ϕ_i = ϕ_0(α), then ν = N n_0(α, v). To summarize, we obtained the following results for |α| < α_0:

i) The stationary points are classified according to their magnetization m = α/J and their potential energy v: from Eq.s 19 one can determine the fraction n_ξ(α, v) of ϕ_i = ϕ_ξ(α);

ii) The number of stationary points of magnetization α and energy v is given by exp N σ(α, v), where σ(α, v) = − ∑ ξ n_ξ(α, v) log n_ξ(α, v); iii) The stationary points of magnetization α and energy v have order ν = N n_0(α, v).

We will now consider the case α = α_0 (the case α = −α_0 gives the same results from symmetry arguments). The equation ϕ^3 − ϕ = α_0 admits only two solutions, namely ϕ_+ = 2/ √ 3 and ϕ_0 = −1/ √ 3. Thus, in this case, we impose only the first two constraints: 1 = ∑ ξ n_ξ = n_0 + n_+

α_0 = J ∑ ξ n_ξϕ_ξ = −J^{n0√}_3 + J^{2n+√}_3

from which we get n_0 =^2_3 ( 1 −^1_{3J} ) and n_+ =^1_3 ( 1 +^2_{3J} ) . Note that from the condition n_0, n_+ ∈ [0, 1] these stationary points exist only for J ≥ 1/3. Their energy is given by v_0(J) = − 1 6 ( 1 + 5 9J ) (23)

These stationary points are characterized by an extensive number (n_0N ) of zero eigenvalues of the Hessian matrix associated with ϕ_i = ϕ_0. The remaining eigenvalues are positive as they are associated with ϕ_i = ϕ_+. Finally, we consider the case α > α_0. In this case, there is only one real and positive solution ϕ_+ of the equation ϕ^3 − ϕ = α, then ϕ_i = ϕ_+ for all i and from the selfconsistency equation α = JN^{−1} ∑ i ϕ_i = Jϕ_+ we get

ϕ^3_+ − ϕ_+ = Jϕ_+ (24)

so that ϕ_+ = √ J + 1. Finally, we have to check that α = J √ J + 1 > α_0, and this happens only for J > 1/3.

Thus, these two points (the latter and the similar one with negative magnetization) exist only for J > 1/3 and represent the absolute (magnetic) minima of the system. Their energy is given by v_M = −(1 + J)^2/4.

B. Configurational entropy

The configurational entropy σ(v) of the stationary points is defined in Eq. 1. It can be written as

σ(v) = N^{−1} log ∫_{αmax(v)} α_{min}(v) dα e Nσ(α,v) = (25) max_{α∈[αmin (v),αmax(v)]}σ(α, v) We will neglect the contribution coming from the absolute minima (their number being non extensive) and from the points with α = α_0 as they exist only for a particular value of v at which -as we will see- σ(v) displays a singular behavior. Then, for any given energy v we can find ᾱ(v) such that ∂σ/∂α = 0 and σ(v) = σ(ᾱ(v)). Correspondingly, we can define the average saddle order n̄(v) = n_0(ᾱ, v).

C. Euler characteristic

The Euler characteristic is defined in Eq. 2 and can be written as χ(v) = ∫_v −∞ du ∫_{αM (u)} α_m(u) dα e^{N(σ(α,u)+iπn0(α,u))} , (26) recalling that ν = N n_0(α, u) is the order of the stationary points of magnetization α and energy u. One can attempt to calculate the integral via the saddle point approximation: one has then to find the stationary points of the function f(α, u) = σ(α, u) + iπn_0(α, u) (27) with respect to the variables α and u. Moreover, α and u must be considered as complex variables as the function f has a non vanishing imaginary part. However, in the model under discussion, at least at low v, the saddle point either do not exist or is not on a path going from α_{min} to α_{max} on which Ref is smaller than its value at the saddle point. Thus, we expect log χ(v) to be nonextensive at low v; in this case the saddle point approximation is not useful to evaluate χ(v) and one must take into account the strong cancellations between addends in Eq. 2. This point need further investigation and we will not discuss it here. However, we stress that σ(v) is probably very different from χ(v) at least at low energy.

D. Summary of the results

We will now summarize the topological behavior of the model at different values of J. All the results have been obtained solving numerically the equation ∂σ/∂α = 0 to calculate ᾱ(v) and substituting it in the explicit expressions for all the other interesting quantities.

A first qualitative change in the topology is found at J_1 = 1/3, while a second at J_2 = 1/3. We will now

FIG. 1: Topological properties of the energy surface for J = 1/6. Upper panel: maximum and minimum allowed values for the magnetization of the saddles as a function of their energy (dashed lines) and the value ᾱ(v) (full line) that corresponds to the maximum configurational entropy. Central panel: the maximum and minimum allowed values for the order of the saddles as a function of their energy (dashed lines) and the value n̄(v) (full line) that corresponds to the maximum configurational entropy. Lower panel: total configurational entropy of the saddles as a function of v. For these values of J there is only one singularity vθ below which ᾱ ≠ 0.

analyze in some details the three regions of couplings: weak (J < J_1), intermediate (J_1 < J < J_2) and strong (J > J_2).

1. Weak coupling

In Fig. 1 we report the investigated quantities for J = 1/6 < J_1. In the upper panel we report, as a function of the energy v, the minimum and maximum allowed values of α (dashed lines), together with the value ᾱ(v) determined by the maximization of σ(α, v) (full line). Above v = −1/4 it results α_{min} = 0, while below v = −1/4 the paramagnetic (α = 0) stationary points disappear and α_{min} > 0. In this J < 1/3 region we have α_{max} < α_0 for any v. In the central panel we report the saddle order as a function of the energy. Above v = −1/4 there are no minima (n_{min} > 0) while below v = −1/4 minima and saddles coexist. The absolute minima are at v_M ∼ −0.34, where n_{max} → 0. Thus, there exist saddles of order ν > 0 arbitrary close (in energy) to the absolute minima. In the lower panel we report the configurational entropy as a function of v. From the upper panel we see that there exist a value v_θ > −1/4 above which ᾱ(v) = 0 while for v < v_θ we have ᾱ(v) > 0. At the same point the configurational entropy displays (obviously) a singularity: the curve σ(0, v) is reported as a dashed line. Note that even if for v_M < v < −1/4 there exist stationary points with fractional order ν/N = 0, we have n̄(v) > 0.

2. Intermediate coupling

In Fig. 2 the same quantities of Fig. 1 are reported for J_1 ≤ J ≤ J_2 = 2 (namely, J = 1). Again, we have a singularity at v_θ > −1/4 where ᾱ become different from 0. Moreover, in this region, the points with α = α_0 appear: as we can see from the upper panel, both α_{max} and ᾱ move toward α_0 for v → v_0. At v = v_0, we find ᾱ = α_0, then for v < v_0 ᾱ starts to decrease. The configurational entropy (lower panel) shows two singular points, the first at v_θ and the second at v_0. In the central panel the order of the saddles is reported. In this case, the minima are located at v_M = −1, well separated from the lowest order saddles. Then, in this case, a gap between the absolute minima and the lowest order saddles opens and n̄(v) goes to zero at a value v > v_M .

3. Strong coupling

At J_2 = 2 a third singularity v_2 < v_0 < v_θ appears, below which ᾱ = 0 and again the paramagnetic saddles dominate. In Fig. 3 we report the results for J = 3 > J_2. We note that in this region we always have α_{min} = 0, while ᾱ is zero for v > v_θ, increases toward α_0 for v_0 < v < v_θ and then decreases again and reaches zero at v = v_2, as previously discussed. The configurational entropy then follows the α = 0 curve apart from the interval [v_2, v_θ] in which it shows the additional singularity at v_0. In the inset of the lower panel we show the behavior of σ(v) in the interval [v_2, v_θ]. Again the absolute minima are at very low energy (v_M = −4) and are well separated from the lowest order saddles.

E. Discussion

As we discussed in the introduction, it has been conjectured and verified in many different models [31] that

FIG. 2: Topological properties of the energy surface for J = 1. The plots are the same as in Fig. 1. In this region a second singularity v0 appears where ᾱ = α0. Below v0 ᾱ decreases again until v reaches its lowest possible value. In this region, the absolute minima are far below the minimum energy of the saddles and are not reported in the figure (see text).

topological singularities could be related to thermodynamic singularities (phase transitions) or dynamic singularities (glass transitions). We showed that the model has a very complex topological behavior. In particular, for J < J_1 there is only one singularity at v = v_θ below which the saddles are characterized by a “spontaneous magnetization”; for J_1 < J < J_2 another singularity appears at v = v_0 < v_θ; the latter is due to the presence, at v = v_0, of points with magnetization α = α_0, characterized by a large number of zero eigenvalues of the Hessian matrix. For J > J_2, a third singular point v_2, below which the paramagnetic saddles again dominate, appears. However, for our discussion only v_θ will be relevant, as it represents the energy below which the saddles with α ≠ 0 become dominant, and hence could be expected to be related to the thermodynamical phase transition. If this is the case, one could expect the thermodynamical critical energy v_c to be close to v_θ.

FIG. 3: Topological properties of the energy surface for J = 3. The plots are the same as in Fig. 1. As in the previous figures there are two singularities of σ(v) at vθ and v0. Moreover, in this region a third singularity v2 appears below which again ᾱ = 0. As in Fig. 2, the absolute minima are not reported in the figure. In the inset of the lower panel the region of the three singularities is magnified: one sees that σ(v) is different from σ(α = 0, v) only the interval v ∈ [v2, vθ].

In Fig. 7 we report v_θ (full line) as a function of the coupling J toghether with the thermodynamical critical energy v_c (dot-dashed line). One immediately notices that v_c is far above v_θ, at variance to what is found in the previously investigated mean field models [29, 30]; moreover, at high J one has v_c > 0 while there are no stationary points of the Hamiltonian at positive energy, as already recognized in Ref. [34]. From this argument and from Fig. 7 one concludes that, to relate the phase transition to changes in the topology of the PES one has to generalize in a suitable way the relation v_c ∼ v_θ found in [29, 30]. This will be the aim of the next section.

IV. INHERENT SADDLES

Recent works established that, in order to describe the equilibrium dynamics at a given temperature T , it is sufficient to know the properties of some of the stationary points, that have often been called “inherent saddles” [17, 18, 19, 25]. To locate these particular stationary points, two main strategies have been adopted in the past: (1) partitioning the phase space in “basins of attraction” of stationary points via an appropriate function that has a local minimum on each stationary point; (2) defining in a proper way a “distance” in phase space and, given an equilibrium configuration, looking at the stationary point that has minimum distance from this configuration. It has been shown in [8] that, at least in a simple mean field model, these two definition give exactly the same result. In this section, we will discuss the properties of the inherent saddles using definition 2), which is more suitable for analitical calculations, and later compare the results with the one obtained using definition 1).

To calculate the average energy and magnetization of the closest saddles to equilibrium configurations, we will make use of the method introduced in [19]. We compute the quantity

Σ(T ; v_s, d) =^1_N ∫ dϕ_i^{e−βH(ϕ)} Z(T ) log [ ∫ dψ_i δ(H(ψ) − N v_s) δ(∂_iH(ψ)) | det H(ψ)| δ ( d^2 − d^2(ϕ, ψ) ) ]

where H_{ij} = ∂_i∂_jH is the Hessian matrix and d(ϕ, ψ) is a distance function between the two configurations ϕ_i and ψ_i. The argument of the logarithm is the number of stationary points of energy v_s and distance d from the reference configuration ϕ (see reference [8, 19] for a detailed discussion). Then the logarithm of this number (divided by N ) is averaged over the equilibrium distribution at temperature T of the reference configuration. To find the closest saddles to equilibrium configurations -at given temperature T - we must find the minimum d such that Σ(T ; v_s, d) ≥ 0 (otherwise the number of saddles at distance d is zero). The condition Σ(T ; v_s, d) ≥ 0 will define a domain D_+ in the (v_s, d) plane. We have then to find the minimum d(T ) of d in D_+. Usually, this will correspont to a single value of v_s, that will be called v_s(T ) and represents the energy of the closest saddles. Note also that the point (v_s(T ), d(T )) will be on the border of the domain D_+ that is defined by the condition Σ(T ; v_s, d) ≥ 0, thus Σ(T ; v_s(T ), d(T )) = 0 [8, 19]. In our model the distance function can be defined as

d^2(φ, ψ) = 1 N ∑ i (ϕ_i − ψ_i)^2 (28)

The direct calculation of Σ(T ; v_s, d) is reported in appendix A. There we show that the energy, distance and magnetization of the closest saddles as a function of the temperature are given by the solution of the following

FIG. 4: Properties of the inherent saddles for J = 1/6 at different temperatures T . Upper panel: magnetization αs(T ) of the closest saddles and magnetization Jm(T ) of the equilibrium configurations. Central panel: thermodynamical energy v(T ) and energy vs(T ) of the closest saddles. The arrows graphically show the mapping M of the istantaneous energy into the inherent saddles energy. Lower panel: saddle order ns(T ). In the inset, log ns is reported as a function of T^{−1} to enhance the low temperature Arrhenius behavior, log ns = −Δ/T .

equations: α = J ∫ dϕ P(ϕ) ϕ̃(ϕ, α) = f(α, T ) d^2(T ) = ∫ dϕ P(ϕ) [ϕ̃(ϕ, α) − ϕ]^2 (29)

v_s(T ) =^{α2}_{2J} + ∫ dϕ P(ϕ) H(ϕ̃(ϕ, α)) where the function ϕ̃(ϕ, α) is equal to the ϕ_ξ(α) such that (ϕ_ξ(α) − ϕ)^2 is minimum, and P has been defined in equation (10). The first equation has to be interpreted as a self-consistency equation for α which solution is the magnetization α_s(T ) of the inherent saddles. Substituting α_s(T ) in the second and third equation one gets the average distance d(T ) between equilibrium configurations and inherent saddles and the average energy v_s(T ) of the inherent saddles. Finally, substituting α_s(T ) and v_s(T ) in the expression for the number of saddles and for their order derived in section III we get the configurational entropy σ(T ) and the order n_s(T ) of the inherent saddles:

σ(T ) = Σ(α_s(T ), v_s(T )) (30) n_s(T ) = n_0(α_s(T ), v_s(T ))

Note that σ(T ) has not to be confused with σ(T ; v_s(T ), d(T )) = 0. In fact, the latter is the number of saddles of energy v_s subject to the additional constraint of having distance d from the equilibrium configurations, while the first is simply the number of saddles of energy v_s and magnetization α_s.

A. Properties of the inherent saddles

We will now discuss the properties of the inherent saddles in the weak and strong coupling regimes. We numerically solve the first of Eqs. 29 to get α_s(T ), and from the other two we get all the quantities of interest.

1. Weak coupling

The behavior of the investigated quantities as a function of the temperature for J = 1/6 is reported in Fig. 4. In the upper panel, the magnetization α_s(T ) = Jm_s(T ) of the closest saddles is reported together with the thermodynamic magnetization Jm(T ). We notice that m_s(T ) ∼ m(T ): thus, the system visits saddles that have a magnetization very similar to the equilibrium one. At low temperature, the system stays very close to the absolute minima (whose magnetization is reported as a dotted line) even if it reaches them only at T = 0. In the central panel, we report the energy v_s(T ) of the inherent saddles (dotted line) and the equilibrium energy v(T ) (full line). At T = T_c, both v(T ) and v_s(T ) show a singular behavior. We can observe that, in the present model, the saddle energy at T_c is smaller than the equilibrium energy, i.e. v_s(T_c) = M(v_c) < v_c. This findings is at variance whit the XY and k-trigonometric models where one finds M(v_c) = v_c [8]. We observe that the value of v_s(T_c), for J = 1/6, turns out to be v_s(T_c)=XXX, very close to v_θ=XXX. At low temperature v_s(T ) is very close to the energy of the absolute minima. Finally, in the lower panel, we report the saddle index n_s(T ). From the inset we see that, for T ∼ 0, n_s(T ) has an Arrhenius behavior, n_s(T ) ∼ exp(−Δ/T ) [8].

2. Intermediate coupling

In the intermediate and strong coupling regime (J > 1/3) the topology of the PES is very complicated, as we showed in the previous section (see Figs. 2 and 3). In particular, in this region the minima are separated from the

FIG. 5: Properties of the inherent saddles for J = 1 at different temperatures T . The plots are the same as in Fig. 4. In the strong coupling regime the system jumps discontinuously in the minima at temperature T^∗ (marked by black dots in the figure).

lower energy saddles by a gap and two (or three) topological singularities appear. In Fig. 5 we report as an example the behavior of the magnetization, energy and order of the inherent saddles as a function of the temperature for J = 1. We see that as in the weak coupling regime the system samples non-magnetized saddles above T_c while below T_c one has α_s(T ) ≠ 0. However, at a given temperature T^∗ the system jumps discontinuously into the minima: below T^∗ the saddle order is exactly 0, the energy is v_s(T ) = v_M = −(1+J)^2/4 and the magnetization is α_s = J √ 1 + J. On increasing J, T^∗ moves toward T_c.

Note that there is no qualitative difference between the intermediate (J < 2) and strong (J > 2) coupling as the low energy saddles that are sligthly below the gap are never visited by the system.

FIG. 6: The function M(v) that associate to the thermodynamic energy v the corresponding inherent saddle energy vs for different values of J. The system follow the J = 0 curve in the paramagnetic phase while below Tc the inherent saddles have lower energy with respect to J = 0. At T = 0 the system is in the minima and vs = M(v) = v (dotted line). For J > 1/3 the system jumps discontinuously into the minima at a certain energy v^∗ = v(T^∗ ) (full dot in the figure).

FIG. 7: The thermodynamical transition point vc = v(Tc) (dot-dashed line), the singularity of σ(v), vθ (full line), and the energy of the inherent saddles at Tc , vs(Tc ) = M(vc) (dashed line), as functions of the coupling J.

B. Mapping the instantaneous energy into the inherent saddles energy

As we discussed in the previous section, the equilibrated system at temperature T is close to saddles that have energy v_s(T ) < v(T ), where v(T ) is the thermodynamical energy. We can construct the function M that maps the instantaneous energy v into the inherent saddles energy v_s = M(v) using the temperature as a parameter. The function M is reported in Fig. 6 as a function of v for selected J values. To check whether the energy of the inherent saddles at T_c is close to the singularity v_θ, we need to compute v_s(T_c) = M(v_c). We can obtain an explicit expression for v_s(T_c) recalling that, for

FIG. 8: Comparison between the order of the closest saddles (full line) and the order of the dominant ones (dashed line, see text) for J = 1/6. ns(T ) is reported as a function of vs(T ) (see Fig. 4) parametrically in T while n̄(v) is the same as in Fig. 1.

T ≥ T_c(J), we have m(T ) = 0, and H(ϕ) = h(ϕ). It is easy to see from Eq. 29 that m = 0 implies α_s(T ) = 0. Thus, in the paramagnetic phase the inherent saddles are always paramagnetic and their energy is given by the simple expression

v_s(T ≥ T_c) = − 1 4 1 − ∫_{1/2} −1/2 dϕ e −βh(ϕ) ∫_∞ −∞ dϕ e^{−βh(ϕ)} (31)

The energy of the saddles sampled at T_c is simply given by the latter expression calculated in T = T_c. The energy of the inherent saddles at the critical temperature as a function of J is reported in Fig. 7.

C. Discussion

As we showed in section III, for the model investigated here, the energy at which the configurational entropy of the saddles shows a singularity (v_θ) is different from the energy at which the thermodynamical transition takes place (v_c) (see Fig. 7). Recent studies of the dynamics of glassy systems [17, 18, 19] demonstrated that the equilibrium properties at temperature T (and energy v) are related to the topological properties of the PES at energy v_s = M(v), i.e. the energy of the inherent saddles. If this is the case, one should expect the phase transition to happen when the energy of the inherent saddles (and not the thermodynamical energy) is close to the singularity v_θ of σ(v). Indeed, as we can see from Fig. 7, the relation M(v_c) ∼ v_θ holds, even if not exactly. This result, the main finding of the present work, generalizes the relation v_c ∼ v_θ, discussed in Ref. [28, 29, 30, 31] for cases where M(v_c) ∼ v_c, to the present case where M(v_c) ≠ v_c.

To better understand the origin of the small difference

FIG. 9: The energy vθ (full line), the energy M(vc) of the closest saddles at temperature Tc (lower dashed line) and the energy M^W (vc) of the saddles obtained by the minimization of W starting from an initial equilibrium configuration at temperature Tc (upper dashed line) as functions of J. The singularity v0 of σ(v) is also reported (dot-dashed line).

between M(v_c) and v_θ, in Fig. 8 we report (for J = 1/6) the saddle order as a function of the saddle energy for i) the saddles that dominate in the configurational entropy and ii) the inherent saddles. As we clearly see from Fig. 8, the system is not always close to the saddles of order n̄ that dominate in the configurational entropy (in the following, dominant saddles); indeed, below T_c the system start to sample saddles that are subdominant in the configurational entropy. However, one could expect the system to be always visiting the dominant saddles at energy v_s(T ), as the number of the dominant saddles is exponentially bigger than the number of all the other saddles. This discrepancy can be a consequence of an incorrect definition of the “basin of attraction” of a saddle, i.e. of an incorrect mapping between equilibrium configuration and inherent saddles. In next section, we will discuss a different definition of basin of attraction.

Finally, we observe that the physical interpretation of the discontinuous jump into the absolute minima that occurs for J > 1/3 is possibly related to the dynamical behavior of the system; the clarification of this point requires then the investigation of the dynamics of the system below T_c. Unfortunately, in Ref. [33] the Langevin dynamics of the system was studied only above T_c; the comparison of our results with the dynamical behavior of the system requires the extension of the calculations in Ref. [33] to the ferromagnetic phase.

V. DEPENCE ON THE DEFINITION OF BASIN OF ATTRACTION OF A SADDLE

As discussed in the introduction of this paper and in Ref. [8], the notion of “inherent saddles” can a priori depend on the way one defines the relation between an equilibrium configuration and the corresponding stationary point. We can try to examine what happens if we consider the definition (1) for inherent saddles, defining a new map v_s = M^W (v), at least in the paramagnetic phase where the calculation is straightforward. In this phase m = 0 and H(ϕ) = h(ϕ). Thus the spins behave as if they were non interacting (J = 0). Thus, for T > T_c,

W (ϕ) = |∇H|^2 = ∑ i | | |^{∂h}_{∂ϕ} | | |^2 (32) = ∑ i |ϕ^3_i − ϕ_i|^2 = ∑ i ϕ^2_i (ϕ^2_i − 1)^2

The minimization of W can be performed independently for each degree of freedom; the initial configuration ϕ is mapped in a configuration ϕ^s such that

ϕ^s_i =

1 if ϕ_i ≥^{1√}_3

0 if ϕ_i ∈ [ −^{1√}_3 ,^{1√}_3 ] −1 if ϕ_i ≤ −^{1√}_3

(33)

Recalling that h(0) = 0 and h(±1) = −1/4, we get (for T > T_c):

v^W_s (T ) = − 1 4 1 − ∫_{1/}^√_3 −1/ √ 3 dϕ e^{−βh(ϕ)} ∫_∞ −∞ dϕ e^{−βh(ϕ)} (34)

that differs slightly from the expression obtained in the previous section [Eq. (31)] where the definition (2) of inherent saddles were used, as the interval of integration is different. Thus, the energy of the saddles sampled at temperature T depends slightly, in this model, on the definition of closest saddles to an equilibrium configurations, i.e. in the way one defines the basins of attraction of the saddles. In Fig. 9 we report, in an expanded scale with respect to Fig. 7, M^W (v_c) together with M(T_c) and with the singularities of the configurational entropy, v_θ and v_0. We see that the difference between M(v_c) and M^W (v_c) is of the same order of the difference between M(v_c) and v_θ. We conclude therefore that the relation M(v_c) ∼ v_θ holds within the approximations involved in the calculation of M(v_c).

VI. CONCLUSIONS

We characterized the properties of the stationary points of the potential energy surface of the ϕ^4 model and we compared them with the thermodynamical properties. We found that the singularity that is observed in the configurational entropy –not in the Euler characteristic– is located at an energy v_θ that is very close to the energy of the stationary points sampled by the system around the phase transition, M(v_c); we got then the relation M(v_c) ∼ v_θ. In the previously investigated mean field models [8, 29, 30] it was found that M(v_c) = v_c and that v_θ = v_c; our result can be thought as a generalization of the latter relation to the cases where the map M is not equal to the identity at T_c. However some uncertainities in the determination of both v_θ and M(v_c) are present. Indeed, i) v_θ is not a true topological singularity as it comes, in our analysis, from the configurational entropy that is not a topological invariant property of the energy surface; one should look at the Euler characteristic [31] that is however very difficult to determine in the present model due to strong cancellations between different saddle orders; and ii) the exact value of M(v_c) has been shown to be slightly dependent on the way one associates to each configuration the corresponding inherent saddle; in particular, we showed that two different definitions of the inherent saddle give slightly different results, and that the difference is of the order of the difference between M(v_c) and v_θ.

The possible existence of a singularity in χ(v) at the critical energy v_c in the ϕ^4 mean field model still remains an open problem that needs further investigation. Moreover, it seems that both the operative definitions of inherent saddle that have been used in the literature are unable to produce the expected relation M(v_c) = v_θ exactly, even in such a simple model. Thus, from the present example one should conclude that the analysis of the thermodynamics in terms of the stationary points of the potential energy must be considered an useful but approximate tool, that has to be carefully used, evaluating case-by-case the domain of applicability of the method and the approximations that are necessarily involved.

Acknowledgments

During the final stage of this work, we have been aware of a work on the same subject by D. A. Garanin, R. Schilling and A. Scala [35]. We thank them for sending us the preprint before its publication and for comments on our paper. We thank F.Sciortino and R.Franzosi for many useful comments and suggestions, and L.Casetti and M.Pettini for pointing out Ref. [34].

APPENDIX A: CLOSEST SADDLES TO EQUILIBRIUM CONFIGURATIONS

In this section we will derive the result presented in section IV. We have to compute the quantity

σ(T ; v_s, d) =^1_N ∫ dϕ_i^{e−βH(ϕ)} Z(T ) log ∫ dψ_i δ(H(ψ) − N v_s) δ(∂_iH(ψ)) | det H(ψ)| δ ( d^2 − d^2(ϕ, ψ) ) (A1)

where d^2(ϕ, ψ) = N^{−1} ∑ i(ϕ_i − ψ_i)^2. To do that, we need to prove a general relation. Suppose we want to calculate at the saddle point a quantity Q of the form

Q =^1_N ∫ dϕ_i^{e−βH(ϕ)} Z(T ) log A(ϕ)

= lim_{n→0}^1_{Nn} [∫ dϕ_i^{e−βH(ϕ)} Z(T ) A n(ϕ) − 1 ]

= lim_{n→0}^1_{Nn} log ∫ dϕ_i^{e−βH(ϕ)} Z(T ) A n(ϕ) (A2) where we used the relations log x = lim_{n→0}^{xn−1}_n and lim_{n→0}(f(n) − 1) = lim_{n→0} log f(n) if f(n) →_{n→0} 1. In mean field models, the energy is of the form H(ϕ) = ∑ i h(ϕ_i) + N e(m(ϕ)), where N m(ϕ) = ∑ i m(ϕ_i) (in our model, m(ϕ_i) = ϕ_i). Then we have

Q = lim_{n→0}^1_{Nn} log ∫ dm^{e−βNe(m)} Z(T ) × ∫ Dϕ_i δ(m − m(ϕ)) A^n(ϕ) = lim_{n→0}^1_{Nn} log ∫ dmdm̂^{e−βNe(m)}_{Z(T )} × ∫ Dϕ_i e^{im̂(Nm−∑i m(ϕi ))} A^n(ϕ) = lim_{n→0}^1_{Nn} log^1_{Z(T )} ∫ dmdm̂ e^{−βN(e(m)−T s(n;m,im̂))} where we defined Dϕ_i = dϕ_i exp(−βh(ϕ_i)) and s(n; m, im̂) = m im̂ + 1 N log ∫ Dϕ_i e^{−im̂ ∑i m(ϕi)} A^n(ϕ) Clearly s(0; m, im̂) is the entropic contribution to the free energy as a function of m, m̂ that we obtain in the calculation of the partition function Z(T ), so that

f(T ) = −^1_{βN} log Z(T ) = min_{m,m̂}[e(m) − T s(0; m, im̂)]

= e(μ) − T s(0; μ, μ̂) = f(0; μ, μ̂) (A3)

where (μ(T ), μ̂(T )) is the (T-dependent) thermodynamic minimum of the free energy (note that at the saddle point im̂ = μ̂). Then we have

Q = lim_{n→0} 1 N n log ∫ dm e^{−βN[f(n;m,im̂)−f(0;μ,μ̂)]} (A4) We can now expand m = μ + nμ^{(1)} + o(n^2), im̂ = μ̂ + nμ̂^{(1)} + o(n^2) and f(n; m, im̂) − f(0; μ, μ̂) =^{∂f}_{∂m} (0; μ, μ̂) nμ^{(1)} +^{∂f}_{∂im̂} (0; μ, μ̂) nμ̂^{(1)} +^{∂f}_{∂n} (0; μ, μ̂) n + o(n^2)

=^{∂f}_{∂n} (0; μ, μ̂) n + o(n^2) (A5)

because by definition of (μ,μ̂) we have^{∂f}_{∂m} (0; μ, μ̂) = 0, ∂f ∂im̂ (0; μ, μ̂) = 0. We get then the final result: Q = −β ∂f ∂n (0; μ, μ̂) = ∂s ∂n (0; μ, μ̂) . (A6)

We have then to calculate (neglecting the term μμ̂ that vanish on taking the derivative with respect to n):

s(n; μ̂, v_s, d) =^1_N log ∫ Dϕ_i e^{− ∑i μ̂ϕi} ∏_n a=1 ∫ dψ^a_i × × δ(H(ψ^a) − N v_s) δ(∂_iH(ψ^a)) × (A7) ×| det H(ψ^a)| δ ( d^2 − d^2(ϕ, ψ^a) ) where from the thermodynamic calculation (see section II) μ̂(T ) = −βJμ(T ) and μ(T ) is given by given by Eq. 9. We will now neglect the modulus of the determinant of the Hessian matrix replacing in the latter expression | det H(ψ^a)| with det H(ψ^a), in order to represent the determinant as an integral over fermionic variables. We will see later how to restore the correct sign in this term. Using a superfield representation [8] we get

s(n; μ, v_s, d) =^1_N log ∫ Dϕ_i e^{βJμ ∑i ϕi} ∏_n a=1 ∫_{dγa} 2π e^{Nγa vs} × ∫ DΨ^a_i exp [∫ dθ̄dθ(1 − γ_aθθ̄)H(Ψ^a) ] × (A8) ×δ ( N d^2 − ∑ i(ϕ_i − ψ^a_i )^2 ) We will now: i) substitute the expression H(Ψ^a) = ∑ i h(Ψ^a_i ) − JN m(Ψ^a )^2/2; ii) insert some δ-functions for m_a = m(Ψ^a) and the corresponding integral representation with a multiplier m̂_a; iii) neglect all the product and sum signs related to the index a; iv) use the integral representation for the δ-function of d^2 with a multiplier λ_a. Then we get an expression that has to be maximized with respect to all the parameters to get the saddle point value of s(n; μ, v_s, d):

s(n; μ, v_s, d) = max_{allpar} [ ∑ a γ_av_s − ∑ a ∫ dθ̄dθ[(1 − γ_aθθ̄)^{Jm2a}_2 − m_am̂_a] + ∑ a λ_ad^2 + log S(μ, m̂_a, γ_a, λ_a) ] (A9) S(μ, m̂_a, γ_a, λ_a) = ∫ dϕ DΨ^a exp [ − βH(ϕ) + ∑ a ∫ dθ̄dθ(1 − γ_aθθ̄)h(Ψ^a) − ∑ a ∫ dθ̄dθ m̂_aΨ^a − ∑ a λ_a(ϕ − ψ^a)^2 ]

where H(ϕ) = h(ϕ) − Jμϕ as in Eq. 10. As usual, we will assume that: i) there is symmetry between the replicas (m_a = m, etc.); ii) all the fermionic components vanish at the saddle point. Then we get

s(n; μ, v_s, d) = max_{allpar} [ n ( γ(v_s +^{Jm20}_2 ) − Jm_0m_3

+m̂_0m_3 + m̂_3m_0 + λd^2 ) + log S(μ, m̂, γ, λ) ]

S(μ, m̂, γ, λ) = ∫ dϕ e^{−βH(ϕ)} [ ∫ DΨ exp ( ∫ dθ̄dθ [(1 − γθθ̄)h(Ψ) − m̂Ψ] − λ(ϕ − ψ)^2 )]_n Now we have to take the derivative of s with respect to n at n = 0. By direct computation

σ(μ; v_s, d) = max_{allpar}^{∂s}_{∂n} (0; μ, v_s, d) =

max_{allpar} [( γ(v_s +^{Jm0}_2 ) − Jm_0m_3 + (A10)

m̂_0m_3 + m̂_3m_0 + λd^2 ) + ∫ dϕ^{e−βH(ϕ)} Z(T ) log ∫ DΨ × × exp ( ∫ dθ̄dθ [(1 − γθθ̄)h(Ψ) − m̂Ψ] − λ(ϕ − ψ)^2 ) Some of the parameters can be easily eliminated computing the derivatives of σ; defining α = Jm_0 one is left with the following expression: σ(μ; v_s, d) = max_{α,γ,λ} [ γ ( v_s −^{α2}_{2J} ) (A11)

+λd^2 + ∫ dϕ P(ϕ) log ∑ ξ e^{−γH(ϕξ (α))−λ(ϕ−ϕξ(α))2} ] where P(ϕ) is defined in Eq. 10, ξ = (−, 0, +) and the ϕ_ξ(α) are defined in Eq. 17. Note that in the latter expression the term ξ = 0 in the logarithm should have a minus sign: this is a consequence of the absence of the modulus of the determinant of the Hessian matrix that we neglected above. Taking the modulus into account corresponds to neglecting the minus sign of the term ξ = 0. Performing the derivatives with respect to α,γ and λ one obtains the following equations: α = J ∫ dϕ P(ϕ) ∑ ξ P_ξ(ϕ, γ, λ) ϕ_ξ(α) d^2 = ∫ dϕ P(ϕ) ∑ ξ P_ξ(ϕ, γ, λ) (ϕ − ϕ_ξ(α))^2 (A12)

v_s =^{α2}_{2J} + ∫ dϕ P(ϕ) ∑ ξ P_ξ(ϕ, γ, λ) H(ϕ_ξ(α)) where P_ξ(ϕ, γ, λ) = e^{−γH(ϕξ (α))−λ(ϕ−ϕξ(α))2} ∑ ξ e^{−γH(ϕξ (α))−λ(ϕ−ϕξ(α))2} (A13)

We want now to minimize d^2 with the condition σ = 0. It is easy to show from Eq. (A12) that^{∂d2}_{∂λ} ≤ 0. Then we expect that the minimum distance is obtained in the λ → ∞ limit (see Ref. [8] for a detailed discussion of this point). It is easy to see that

lim_{λ→∞} P_ξ (ϕ, γ, λ) = χ^α_ξ (ϕ) (A14)

where the function χ^α_ξ (ϕ) is equal to 1 if ϕ_ξ(α) is the closest to ϕ and 0 otherwise. Thus, if we define ϕ̃(ϕ, α) as ϕ̃(ϕ, α) = ∑ ξ χ_ξ(ϕ)ϕ_ξ(α) (A15)

(i.e. ϕ̃ is the closest ϕ_ξ to ϕ), in the λ → ∞ Eq.s (A12) become α = J ∫ dϕ P(ϕ) ϕ̃(ϕ, α) d^2 = ∫ dϕ P(ϕ) (ϕ − ϕ̃(ϕ, α))^2 (A16)

v_s =^{α2}_{2J} + ∫ dϕ P(ϕ) H(ϕ̃(ϕ, α)) The first of the latter equation has to be interpreted as a self-consistency equation that gives the value of the magnetization of the closest saddles to the equilibrium configurations, α_s(T ). The second and third equations give the average distance d^2(T ) and the average potential energy v_s(T ). Finally, observing that

lim_{λ→∞} log ∑ ξ e^{−γH(ϕξ (α))−λ(ϕ−ϕξ(α))2} = (A17) = −γH(ϕ̃(ϕ, α)) − λ(ϕ − ϕ̃(ϕ, α))^2 (A18) substituting the latter expression in Eq. (A11) and using Eq.s A16 one obtains

lim_{λ→∞} σ = 0 (A19)

consistently with our initial assumption.

[1] F.H. Stillinger and T.A. Weber, Phys. Rev. A 25, 978 (1982); Science 225, 983 (1984); F. H. Stillinger, Science, 267, 1935 (1995).

[2] P.G. Debenedetti and F.H. Stillinger, Nature 410, 259 (2001).

[3] C.A. Angell, Science 267, 1924 (1995).

[4] S. Sastry, P.G. Debenedetti and F.H. Stillinger, Nature 393, 554 (1998).

[5] S. Büchner and A. Heuer, Phys. Rev. Lett. 84, 2168 (2000).

[6] S. Sastry, Nature 409, 164 (2001).

[7] T. Keyes and J. Chowdhary, Phys. Rev. E 65, 041106 (2002).

[8] L. Angelani, G. Ruocco and F. Zamponi, J. Chem. Phys.

118, 8301 (2003); F. Zamponi, L. Angelani, L.F. Cugliandolo, J. Kurchan and G. Ruocco, J. Phys. A: Math. Gen. 36, 8565 (2003).

[9] F. Sciortino, W. Kob, and P. Tartaglia, Phys. Rev. Lett.

83, 3214 (1999); E. La Nave, S. Mossa, and F. Sciortino Phys. Rev. Lett. 88, 225701 (2002).

[10] A. Cavagna, Europhys. Lett. 53, 490 (2001). [11] G. Ruocco, F. Sciortino, F. Zamponi, C. De Michele and T. Scopigno, cond-mat/0401449, J. Chem. Phys. 120, 0000 (2004); G. Parisi, G. Ruocco and F. Zamponi, cond-mat/0401450, Phys. Rev. E 00, 0000 (2004).

[12] G. Fabricius and D.A. Stariolo, Phys. Rev. E 66, 031501

(2002).

[13] L. Angelani, G. Parisi, G. Ruocco and G. Viliani, Phys.

Rev. Lett. 81, 4648 (1998).

[14] C. Donati, F. Sciortino and P. Tartaglia, Phys. Rev. Lett.

85, 1464 (2000).

[15] F. Sciortino and P. Tartaglia, Phys. Rev. Lett. 86, 107 (2001).

[16] L. Cugliandolo and J. Kurchan, Phys. Rev. Lett. 71, 173 (1993); J.P. Bouchaud, L. Cugliandolo, J. Kurchan and M. Mézard, in “Spin Glasses and Random Fields”, A.P. Young ed., World Scientific, 1997; L. Cugliandolo, “Dynamics of glassy systems”, Lecture notes, Les Houches 2002, cond-mat/0210312.

[17] L. Angelani, R. Di Leonardo, G. Ruocco, A. Scala and F.

Sciortino, Phys. Rev. Lett. 85, 5356 (2000); L. Angelani, R. Di Leonardo, G. Ruocco, F. Sciortino and A. Scala, J. Chem. Phys. 116, 10297 (2002).

[18] K. Broderix, K.K. Bhattacharya, A. Cavagna, A. Zippelius and I. Giardina, Phys. Rev. Lett. 85, 5360 (2000); T.S. Grigera, A. Cavagna, I. Giardina and G. Parisi, Phys. Rev. Lett. 88, 055502 (2002).

[19] A. Cavagna, I. Giardina and G. Parisi, Phys. Rev. B 57, 11251 (1998); A. Cavagna, I. Giardina and G. Parisi, J. Phys. A: Math. Gen. 34, 5317 (2001).

[20] W. Götze, J. Phys.: Condens. Matter 11, A1 (1999). [21] J. Chowdhary and T. Keyes, Phys. Rev. E 65, 026125

(2002).

[22] J.P.K. Doye and D.J. Wales, J. Chem. Phys. 116, 3777 (2002).

[23] P. Shah and C. Chakravarty, J. Chem. Phys. 115, 8784 (2001); P. Shah and C. Chakravarty, Phys. Rev. Lett. 88, 255501 (2002); P. Shah and C. Chakravarty, J. Chem. Phys. 118, 2342 (2003).

[24] M. Sampoli, P. Benassi, R. Eramo, L. Angelani and G. Ruocco, J. Phys.: Condens.Matter 15, S1227 (2003).

[25] G. Parisi, cond-mat/0301284, to be published on Journal of Physics; cond-mat/0301282, to be published on Physica A.

[26] M. S. Shell, P. G. Debenedetti, and A. Z. Panagiotopoulos, Phys. Rev. Lett. 92, 035506 (2004).

[27] R. Franzosi, M. Pettini and L. Spinelli, Phys. Rev. Lett.

84, 2774 (2000).

[28] R. Franzosi and M. Pettini, Phys. Rev. Lett. 92, 60601

(2004).

[29] L. Casetti, E.G.D. Cohen and M. Pettini, Phys. Rev. E 65, 036112 (2002).

[30] L. Angelani, L. Casetti, M. Pettini, G. Ruocco and F. Zamponi, Europhys. Lett. 72, 775 (2003).

[31] L. Casetti, M. Pettini and E.G.D. Cohen, Physics Reports 337, 237 (2000).

[32] A. A. Ovchinnikov and V. A. Onischyk, Physica A 167, 756 (1990).

[33] T. M. Fischer and R. Schilling, Z. Phys. B 92, 67 (1993);

R. Németh and R. Schilling, Z. Phys. B 98, 553 (1995); V. G. Rostiashvili and R. Schilling, Z. Phys. B 102, 117 (1997).

[34] F. Baroni, laurea thesis, Università degli studi di Firenze (2002).

[35] D. A. Garanin, R. Schilling, and A. Scala, preprint.