arXiv:cond-mat/0503482 v2 18 May 2006

EPJ manuscript No. (will be inserted by the editor)

Lensing effects in a nematic liquid crystal with topological defects

Caio Sátiro and Fernando Moraes

Departamento de Física, Universidade Federal da Paraíba Caixa Postal 5008, 58051-970, João Pessoa, PB, Brazil

the date of receipt and acceptance should be inserted later

Abstract. Light traveling through a liquid crystal with disclinations perceives a geometrical background which causes lensing effects similar to the ones predicted for cosmic objects like global monopoles and cosmic strings. In this article we explore the effective geometry as perceived by light in such media. The comparison between both systems suggests that experiments can be done in the laboratory to simulate optical properties, like gravitational lensing, of cosmic objects.

PACS. 61.30.Jf Defects in liquid crystals – 61.30.Dk Continuum models and theories of liquid crystal structure – 78.20.Bh Theory, models, and numerical simulation – 02.40.-k Geometry, differential geometry, and topology

1 Introduction

Topological defects may be formed when a symmetry is broken in a phase transition. Examples run from Cosmology to Condensed Matter Physics. In Cosmology, defects like global monopoles and cosmic strings might have appeared at the beginning of the universe when the symmetries of the unified forces of nature were broken in a sequence of phase transitions [1] while the universe cooled down. In Condensed Matter Physics, the prototype topological defect is the Abrikosov-Nielsen-Olesen vortex [2] in type II superconductors with broken U(1) symmetry. On the other hand, uniaxial nematic liquid crystals, in their isotropic phase, have global SO(3) rotational symmetry, which is broken under cooling, yielding the nematic phase and producing topological defects like the hedgehog point defect or disclinations as relics of the former, less ordered, phase. Remarkably, they are formed according to the same physical principle, the Kibble mechanism [3], as the cosmic defects, as verified experimentally by Bowick et al. [4].

The similarity between defects in nematics and cosmic defects goes beyond their processes of formation. Cosmic strings, for instance, although do not introduce curvature (gravitational field) globally, they do change the topology and, therefore, introduce interesting phenomena like gravitational lensing [5]. In this article, we use the geometrical model developed by Joets and Ribotta [6] for anisotropic media to study the propagation of light in the nematic phase with topological defects, finding lensing effects. This result, in fact, is not new. It has been previously observed as early as 1919 by Grandjean [7] in a different context. Our aim in this work is to reveal the geometric structure underlying this system and its similarity to cosmological defects, which permits that experiments may be performed with liquid crystals to study otherwise unreachable objects like the global monopole or the cosmic string, in the spirit of reference [4].

Another system that has been compared with the cosmic string is the irrotational hydrodynamical vortex [8]. Propagation of phonons in a medium with such vortices can be described by an effective Riemannian geometry which asymptotically agrees with that of the massless spinning cosmic string. The phonon rays are geodesics in this effective geometry and a converging lens behavior has been found [8].

2 Geometry

In an inhomogeneous, isotropic, medium Fermat’s principle, stating that the optical length of a ray between two given points be the shortest one joining these points, is nicely interpreted as a geodesic in a Riemannian space [9]. A generalization of Riemannian geometry, Riemann- Cartan geometry, has been a valuable tool to the study of topological defects both in Gravitation and in Condensed Matter Physics [10]. Yet another generalization of Riemannian geometry, Finsler geometry [11], has been used to model the liquid crystal as an optical medium [6]. This geometry takes into account anisotropy by considering that the line element depends not only on the location but also on the local orientation of the line to be considered. This seems a very reasonable approach to light propagation through anisotropic media since the local orientation of the molecules is incorporated by the geometry perceived by the light rays. Accordingly, Joets and Ribotta [6] interpreted the light rays in an anisotropic medium as geodesics in a Finsler space. Although this “anisotropic” Riemannian geometry appear as a natural, powerful, tool to model such problem, ordinary Riemannian geometry is enough [12] for highly symmetric molecular configurations like the ones presented by topological defects in nematics. For the cases studied here Riemannian geometry gives exactly the same answers as the more general Finslerian approach. Therefore, for simplicity, we present our calculations in the Riemannian approach in the body of this article, leaving the Finslerian approach for the Appendix.

It is important here to make a distinction between ordinary and extraordinary light rays propagating in uniaxial nematics: in the former the electric field is perpendicular to the director n and in the latter the electric field has a component along n. Differently from the ordinary ray, in an extraordinary ray, the direction of the Poynting vector S in general differs from the direction of the wavevector k. This implies that the energy velocity differs from the phase velocity, leading to two different refractive indices [9]: the ray index N_r , associated to the energy velocity, and the phase index N_p, associated to the phase velocity, given by N^2_r = n^2_o cos^2 β + n^2_e sin^2 β, (1)

where β = ( ^n, S) and

N^2_p = n^2_on^2_e n^2_e cos^2 γ + n^2_o sin^2 γ

, (2)

where γ = ( ^n, k). In both equations n_o and n_e are, respectively, the ordinary and extraordinary indices [9].

Among all possible paths between the generic points A and B, Fermat’s principle for the extraordinary rays grants us that the path actually followed by the energy is the one that minimizes the integral (see, for example, section 3.3.3.2 of [13]) F = ∫_B A N_r dℓ. (3) Here, dℓ is the element of arc length along the path. Ordinary rays are not interesting because their refractive index is simply n_o, a constant.

In Riemannian geometry the line element ds depends on the position coordinates x^i of the point of the manifold under consideration

ds^2 = ∑ i,j g_{ij}dx^idx^j. (4) The geodesic joinning points A and B in such manifold is obtained by minimizing ∫ ds, just like Fermat’s principle. This leads to a nice interpretation of the light paths as geodesics in an effective geometry [9]. Thus, we may identify N^2_r dℓ^2 = ∑ i,j g_{ij}dx^idx^j. (5)

The meaning of this equation is the following: the line element of the optical path in Euclidean space with refractive properties is identified with the line element of an effective geometry characterized by g_{ij}.

The equation for the rays is the geodesic equation in Riemannian space [14],

d^2x^i dt^2 + ∑ j,k Γ^i_{jk} dx^j dt dx^k dt = 0, (6)

where t is a parameter along the geodesic and Γ^i_{jk} are the Riemannian connections, or Christoffel symbols, given by

Γ^i_{jk} = 1 2 ∑ m g^{mi} { ∂g_{km} ∂x^j + ∂g_{mj} ∂x^k − ∂g_{jk} ∂x^m } . (7)

Among the many geometrical properties that derive from the metric, the Riemann tensor and the curvature scalar are the most important because they give a feeling for how curvature is distributed in space. For the specific expressions for the Riemann tensor and the curvature scalar in terms of the metric and Christoffel symbols, we refer the reader to any good textbook on Riemannian geometry such as [14].

The effective metric g_{ij} felt by the extraordinary light propagating in the medium with ray index N_r is obtained from Eq. (5). The angle β is determined from the specific configurations of the director field n as follows. If the curve R(ℓ), where ℓ is a parameter along the curve, represents the light trajectory, then

T (ℓ) = dR dℓ (8) is the tangent vector to the curve at each position parametrized by ℓ (see Fig. 1). It is a well known result of the differential geometry of curves (see for example section II B of [15]) that ‖T (ℓ)‖ = 1 if ℓ is the arc length, which is the case. Since ‖n‖=1, we have that

cos β = T · n. (9)

Fig. 1. The curve R(ℓ) in three-dimensional space, its tangent vector T (ℓ) and the director n.

We study the hedgehog point defect and wedge disclinations of generic strength k and constant c. The hedgehog director configuration is characterized by the unitary radial vector n = r̂ (10)

in spherical coordinates, whereas the disclination configurations in the plane z = const, are given by

n = (cos φ, sin φ, 0), (11)

in Cartesian coordinates, where [13]

φ = kϕ + c, (12)

where ϕ is the angular polar coordinate. Selected director configurations can be seen in Figs. 2 - 4.

It is assumed that the optical axis lies along the average molecular orientation. Also, assuming the line defects straight, their translational symmetry along their axis allows us to ignore the dimension along the defect and study a two-dimensional cross section of the medium, the plane z = const. A word of caution here: the k = ±1 line defects are known to be unstable with respect to a escape into the third dimension [13]. Therefore, they might be very difficult to be observed. In fact, recent results [16] indicate that even in thin films the escaped texture is the stable configuration. One might think that director fields

Fig. 2. Director field for the hedgehog point defect and the k = −1, c =^π_2 disclination, respectively.

Fig. 3. Director field for the strength k = 1, c = 0 and k = 1, c =^π_2 disclinations, respectively.

Fig. 4. Director field for the k =^1_2 , c =^π_4 and k = −^1_2 , c = 0 disclinations, respectively.

similar to the k = ±1 defects could be obtained with the help of electric or magnetic fields or even by surface anchoring schemes but, to the best of our knowledge, this has not been observed so far. So, the results concerning the k = ±1 defects are, in this respect, just a theoretical possibility. For experimental procedures the hedgehog and k = ±^1_2 line defects will be more interesting due to their known stability [13].

2.1 Hedgehog

Since the hedgehog is spherically symmetric we use spherical coordinates and write R = rr̂, in the spherical coordinate basis {r̂, θ̂, ϕ̂}. Thus, T = dR dℓ = dr dℓ r̂ + r dr̂ dℓ . (13)

But, using the Euclidean line element in spherical coordinates, dℓ^2 = dr^2 + r^2(dθ^2 + sin^2 θdϕ^2) (14)

and Eq. (10) and, since^{dr̂}_{dℓ} is orthogonal [15] to r̂, Eq. (9) becomes cos β = ṙ, (15)

leading to

sin β = r √ θ̇2 + sin^2 θϕ̇2, (16)

where ṙ =^{dr}_{dℓ} , θ̇ =^{dθ}_{dℓ} and ϕ̇ =^{dϕ}_{dℓ} .

Eqs. (15), (16), with the help of Eq. (1), make Eqs. (4) and (5) into

ds^2 = N^2_r dℓ^2 = n^2_odr^2 + n^2_er^2(dθ^2 + sin^2 θdϕ^2). (17)

Now, if we rescale the radial coordinate by making ρ = n_or the metric (17) becomes

ds^2 = dρ^2 + α^2ρ^2(dθ^2 + sin^2 θdϕ^2), (18)

with α = n_e/n_o. Notice that, in the isotropic limit, n_o = n_e, the Euclidean line element in spherical coordinates, Eq. (14) is recovered. The metric (18) is identical to the space section of the global monopole metric [17].

The nonzero Riemann tensor components corresponding to the metric (17) is given by R_{θϕθϕ} = − n^2_e(n^2_e − n^2_o)

n^2_o r^2 sin^2 θ (19)

and the permutations R_{ϕθϕθ} = −R_{ϕθθϕ} = −R_{θϕϕθ} = R_{θϕθϕ}. The curvature scalar is R = 2(n^2_e − n^2_o) n^2_en^2_or^2

. (20)

Again, in the n_o = n_e limit, the Euclidean space (null curvature everywhere) is recovered.

In summary, the effective geometry perceived by light in the presence of a hedgehog point defect, as described by its metric, Riemann tensor and curvature scalar, coincides with the space part of the geometry associated to a global monopole [17], a topological defect of spacetime.

2.2 Disclinations

Since we consider light propagating in the transversal z = const. surface to the line defects, we write R = r cos ϕx̂ + r sin ϕŷ, combining the polar coordinates r and ϕ with the Cartesian basis {x̂, ŷ}. Following the same procedure as in the previous subsection, we get

T = (ṙ cos ϕ − rϕ̇ sin ϕ)x̂ + (ṙ sin ϕ + rϕ̇ cos ϕ)ŷ, (21)

where, again, ṙ =^{dr}_{dℓ} and ϕ̇ =^{dϕ}_{dℓ} . Now, with the help of Eqs. (11) and (21), Eq. (9) becomes

cos β = ṙ cos(φ − ϕ) + rϕ̇ sin(φ − ϕ), (22)

which implies that

sin β = ṙ sin(φ − ϕ) + rϕ̇ cos(φ − ϕ). (23)

Now, using Eqs. (4),(5), (1), (22) and (23) and the twodimensional Euclidean line element in polar coordinates

dℓ^2 = dr^2 + r^2dϕ^2 (24)

we get

ds^2 = { n^2_o cos^2[(k − 1)ϕ + c] + n^2_e sin^2[(k − 1)ϕ + c] } dr^2 + { n^2_o sin^2[(k − 1)ϕ + c] + n^2_e cos^2[(k − 1)ϕ + c] } r^2dϕ^2 − { 2(n^2_e − n^2_o)^2 sin[(k − 1)ϕ + c] cos[(k − 1)ϕ + c] } rdrdϕ. (25)

For the metric (25) the only nonzero Riemann curvature tensor components are given by

R_{rϕrϕ} = −k(k − 1)(n^2_e − n^2_o) cos{2[(k − 1)ϕ + c]}. (26) and permutations R_{ϕrϕr} = −R_{ϕrrϕ} = −R_{rϕϕr} = R_{rϕrϕ}. The curvature scalar is R = 2k(k − 1)(n^2_e − n^2_o)

n^2_on^2_er^2 cos{2[(k − 1)ϕ + c]}. (27)

By inspection of Eqs. (25), (26) and (27) we see that, in the isotropic limit, n_o = n_e, as in the hedgehog case, we recover Euclidean space. Also, for n_o ≠ n_e k = 1 and c = 0 and c =^π_2 we reproduce the result of [12], which associates the effective geometry of the k = 1 defects with that of a cosmic string. A similar result was found for disclinations in elastic solids in the geometric theory of defects approach [18]. In particular, the k = 1 and c = 0 case coincides also with the θ = π/2 section of the hedgehog effective metric (Eq. (17) ds^2 = n^2_odr^2 + n^2_er^2dϕ^2. (28)

This implies that light propagating in the presence of the hedgehog, on the surface θ = π/2, has the same behavior as light propagating on the surface z = const of the k = 1, c = 0 disclination

3 Light Paths

The paths followed by light traversing the director configurations corresponding to the defects studied are given by the solutions of Eq. (6) These equations were obtained in

Fig. 5. Director field and light paths for the θ = π/2 section of the hedgehog (same as k = 1, c = 0 disclination) and k = 1, c =^π_2 disclination, respectively.

Fig. 6. Director field and light paths for the k = −1, c =^π_2 disclination.

Fig. 7. Director field and light paths (vertical) for k =^1_2 , c =^π_4 and k = −^1_2 , c = 0 disclinations, respectively.

Fig. 8. Director field and light paths (skew) k =^1_2 , c =^π_4 and k = −^1_2 , c = 0 disclinations, respectively.

Fig. 9. Director field and light paths (horizontal) k =^1_2 , c =^π_4 and k = −^1_2 , c = 0 disclinations, respectively.

their final form after the computation of the Christoffel symbols (Eq. (7)) obtained from the metrics (Eqs. (17) and (25) and solved numerically using the Runge-Kutta method. For the numerical calculation we used the same values as reference [6]: n_o = 1.65 and n_e = 1.94 corresponding to the nematic Merck Phase V and look only at the extraordinary wave. In fact, the exact values are not important because the behavior obtained will be the same as far as n_o < n_e.

We consider the propagation of a iniatially parallel light beam through the defect region in order to get a feeling for the bending of the rays by the defects. Figs. 5-9 show assorted lensing behavior from the defects studied. In particular, Fig. 5 shows a clear lensing behavior for both k = 1 defects, the c = 0 defect acting as a diverging lens and the c = π/2 defect acting as a converging lens. The converging lens behavior is similar to the one presented by the cosmic string [5] and by the irrotational hydrodynamical vortex [8]. The diverging lens behavior is similar to the one presented by a cosmic string with negative mass density [5]. Like the vortex and differently from the cosmic string, the lensing effect here appears as consequence of the induced geometry, the effective geometry perceived by the light rays crossing the medium. The k = −1 and k = ±1/2 defects, being asymmetric, have different behavior depending on the incidence angle of the light, as shown in Figs. 6 - 9.

The overall behavior observed in Figs. 5 - 9 is consistent with the the variation of the refractive index with the angle β between the ray and the optical axis of the molecule. Notice that the optical length between two given points, which should be minimal, will be smaller for smaller N_r (see Eqs. (3) and (1)). Therefore, the ray “chooses” to travel along the paths with smaller N_r , which in this case is parallel or antiparallel to the molecule (see Fig. 10).

Fig. 10. Refractive index Nr as a function of the angle β between the ray and the molecule’s optical axis, from Eq. (1). β is given in radians.

4 Concluding Remarks

We study the propagation of light in a uniaxial liquid crystal for the specific molecular configurations corresponding to selected topological defects. We use a differential geometric approach, where the light rays are considered as geodesics in a generic orientation-dependent space. Naturally, the liquid crystal is in flat Euclidean space, only the bending of the extraordinary rays is interpreted as due to geometry. In other words, we ask ourselves what is the geometry that gives the same paths as the ones followed by extraordinary light rays in nematics with topological defects. As a result we find a striking similarity with cosmic defects: the effective geometry associated to the hedgehog defect is that of the global monopole and that of the k = 1 disclinations is that of the cosmic string. The light paths near the defects are geodesics obtained from the geometry and were computed numerically showing an obvious lensing effect, in agreement with the earlier result of Grandjean [7]. This similarity suggests that experiments to study optical properties of cosmic defects can be done with liquid crystals in the laboratory.

Analogue gravitational systems in condensed matter allow for laboratory tests of some hypotheses otherwise of very difficult realization with present technology. Among these is gravitational lensing, an important research area in astronomy and astrophysics, which may benefit from the analogy shown in this article between cosmic defects and defects in liquid crystals. A major difficulty in the research on gravitational lensing is the identification of the nature of a lens candidate. The possibility of simulating gravitational lensing behavior in the laboratory appears as a tool that might help in the characterization of known gravitational lenses like, for example, the CSL- 1 (Capodimonte-Sternberg-Lens Candidate, No.1), an extragalactic double source believed to be a cosmic string [19]. Although asymmetric cosmic strings are not yet known, a comparative study of the known multiple images formed by the many known gravitational lenses and the images formed by the k = ±^1_2 defects may indicate the presence of such objects.

5 Appendix: Finslerian Approach

In Finsler geometry [11], the line element depends not only on the position but also on the infinitesimal elements of direction dx^i, which can be written as dx^i = ẋ^idt, where dt is a parameter along some curve. If we think of t as time, ẋ^i is the velocity of a particle moving along the curve which is therefore tangent to the curve. The arc length element is given by ds = F (x, ẋ)dt. (29) where F (x, ẋ) is the Finslerian function. The geodesic equation in Finslerian geometry is

d^2x^i dt^2 + Γ^i_{jk} dx^j dt dx^k dt − d(logF ) dt dx^i dt = 0. (30)

In the Joets and Ribotta approach to geometric optics in anisotropic media [6] the

F (x, ẋ) = N_r (31)

identification is done. Equation (30) can be simplified by noticing that F will be constant (i.e. independent of t) and equal to 1 if t is taken to be the Finslerian arc length s along the geodesic, which follows immediately by making dt = ds in Eq. (29). We then recover equation (6) of Riemannian geometry. The Christoffel symbols are computed in the same way as in Eq. (7) and the Finslerian metric tensor components, g_{ij} = 1 2 ∂^2F^2 ∂x^i∂x^j , (32)

turn out to be exactly the same ones computed with the help of Riemannian geometry for the cases studied. This justifies the use of Riemannian geometry for the calculations presented in the main body of this article.

We thank CNPq, CAPES (PROCAD program) and PRONEX for financial support, H. Viglioni for the implementation of the Runge-Kutta routine and Profs. C. Furtado, T. Paschoal and J. Schaum for important comments and suggestions.

References

1. BRANDENBERGER R. H., Int. J. Mod. Phys. 9 (1994) 2117.

2. ABRIKOSOV A., JETP 5 (1959) 1174; NIELSEN H. B.

and OLESEN P., Nucl. Phys. B61 (1973) 45. 3. KIBBLE T., J. Phys. A 9 (1976) 1387.

4. BOWICK M. J., CHANDAR L., SCHIFF E. A., SRIVAS- TAVA A. M., Science 263 (1994) 5149.

5. VILENKIN A., Astrophys. J. 282 (1984) L51; GOTT J. R., Astrophys. J. 288 (1985) 422.

6. JOETS A. and RIBOTTA R., Optics Commun. 107 (1994) 200.

7. GRANDJEAN M. F., Bull. Soc. Franç. Minér. 42 (1919) 42. 8. FISCHER U. R. and VISSER M., Phys. Rev. Lett. 88 (2002) 110201.

9. BORN M. and WOLF E., Principles of Optics (Pergamon Press, London) 1980.

10. MORAES F., Braz. J. Phys. 30 (2000) 304. 11. SHEN Z., Lectures on Finsler Geometry (World Scientific, Singapore) 2001.

12. SÁTIRO C. AND MORAES F., Mod. Phys. Lett. A 20 (2005) 2561.

13. KLÉMAN M. and LAVRENTOVICH O. D., Soft Matter Physics (Springer-Verlag, New York) 2003.

14. do CARMO M. P., Riemannian Geometry (Birkhäuser, Boston) 1992.

15. KAMIEN R., Rev. Mod. Phys. 74 (2002) 953. 16. CHICCOLI C et al., Phys. Rev. E 66 (2002) 030701. 17. BARRIOLA M. and VILENKIN A., Phys. Rev. D 63 (1989) 341.

18. KATANAEV . O. and VOLOVICH I. V., Ann. Phys.

(N.Y.) 216 (1992)1.

19. SAZHIN M. et al., Mon. Not. Roy. Astron. Soc. 343 (2003) 353.