cond-mat/9908352 25 Aug 1999

A non perturbative approach of the principal chiral model between two and four dimensions.

M. Tissier, D. Mouhanna, B. Delamotte Laboratoire de Physique Théorique et Hautes Energies. Universités Paris VI-Pierre et Marie Curie - Paris VII-Denis Diderot, 2 Place Jussieu, 75252 Paris Cedex 05, France. (Received:)

We investigate the principal chiral model between two and four dimensions by means of a non perturbative Wilson-like renormalization group equation. We are thus able to follow the evolution of the effective coupling constants within this whole range of dimensions without having recourse to any kind of small parameter expansion. This allows us to identify its three dimensional critical physics and to solve the long-standing discrepancy between the different perturbative approaches that characterizes the class of models to which the principal chiral model belongs. PACS No: 64.60.-i,64.60.Ak,75.10.Hk,11.10.Hi

The field theoretical approach to critical phenomena has provided one of the greatest achievements of theoretical physics in the past thirty years^{[1]}. This program has been successfully applied to the SO(N )/SO(N − 1) spin systems for which a coherent picture has emerged from the various perturbative (weak-coupling, low-temperature, 1/N) expansions^{[2]}, as well as non perturbative methods^{[1,3}–^{7]}. However, for many systems, such a satisfactory understanding has not yet been reached. This is actually the case of almost all models whose order parameter is not simply a vector and whose symmetry breaking pattern departs from the usual SO(N )/SO(N − 1) scheme. Among them are frustrated antiferromagnets^{[8}–^{11]}, the dipole-locked phase of superfluid^3He^{[12,13]}, superconductors^{[14,15]}, Josephson junction arrays^{[16]}, electroweak phase transition^{[17,18]}, smectic liquid crystal^{[19]}, etc. For such systems, the different perturbative predictions conflict. On the one hand, the weak coupling analysis performed around four dimensions on the Landau-Ginzburg-Wilson (LGW) model generally predicts a first order phase transition due to the lack of a stable fixed point^{[14,13,20,18]}. On the other hand, the low temperature expansion performed around two dimensions by means of the corresponding Non-Linear Sigma (NLσ) model predicts a fixed point in d = 2 + ϵ dimensions, so that a second order phase transition is expected^{[21,22,10]}. Finally, the results obtained from numerical and experimental studies in three dimensions vary from first to second order depending on the system. The disagreement between the perturbative approaches prevents one from safely extrapolating any of the perturbative results in d = 3. Therefore, contrary to the SO(N )/SO(N − 1) case, the usual perturbative methods fail to provide the general picture of the critical physics of these systems. This problem clearly requires non perturbative approaches. In this letter, we study the principal chiral model, the archetype of such a situation, by means of a Wilson exact renormalization group approach, a very efficient method to go beyond perturbation theory. A coherent scheme emerges, which might well be generic. The key point is that a non perturbative fixed point is found, the presence of which allows us to remove the discrepancy between the perturbative results in d = 2 and d = 4. For the principal chiral model, it leads to predict a first order phase transition in d = 3, in agreement with previous numerical works^{[23]}.

The principal chiral model pertains, among others, to magnets with non-collinear spin ordering^{[24,10]} as well as superfluid^3He^{[13,12]}. It describes the physics of systems whose order parameter consists in a triad of orthonormal three-component vectors R = (e_1, e_2, e_3) or, equivalently, in a rotation matrix. The lattice hamiltonian of the principal chiral model is given by that of SO(3) or O(3) rotation matrices, interacting ferromagnetically: H = −J ∑ <i,j> 3∑ α=1 e^i_α.e^j_α = −J ∑ <i,j> Tr{^tR^iR^j} (1)

with J > 0,^tR^iR^i=1 and detR^i = ±1 on each site. Note that for frustrated magnets and^3He the further constraint detR^i = +1 should or should not be added, depending on the underlying microscopic system. For the sake of simplicity, we discard this constraint in the following. The Hamiltonian (1) is thus invariant under the SO(3)⊗O(3) group of left U ∈ SO(3) and right V ∈ O(3) global transformations: R^i → U R^iV . In the low temperature phase, the residual symmetry group consists in a diagonal SO(3) so that the symmetry breaking scheme is given by SO(3) ⊗ O(3) → SO(3). The order parameter space of the model thus identifies with the O(3) manifold.

Beyond its physical interest, the principal chiral model provides - as a direct generalization of the O(N ) vector model to matrices - the simplest example lying in the class of models depicted above: its NLσ model analysis exhibits a fixed point in d = 2 + ϵ^{[21,22,10]}, so that a second order phase transition is expected, whereas the weak coupling expansion performed in d = 4 − ϵ on the LGW model rather suggests a first order phase transition induced by fluctuations since no fixed point is identified^{[25]}. In addition, the 1/N expansion predicts a continuous phase transition everywhere between two and four dimensions^{[25]} in contradiction with the N = 3 case in d = 4 − ϵ. Finally, the investigations by Monte Carlo simulations of the O(3) model largely favor a pronounced first order phase transition in three dimensions^{[23]}.

Let us now briefly come back to the different perturbative approaches, their domain of validity and drawbacks. As for the ϵ = d − 2 expansion, the crucial fact is that the perturbative β function of a NLσ model associated with the symmetry breaking scheme G → H only depends on the local geometrical structure of the manifold G/H^{[22]}. It is therefore insensitive to its topology. For the principal chiral model, the O(3) manifold is locally isomorphic to the four dimensional sphere S^3 = SO(4)/SO(3) whereas two manifolds globally differ since Π_0(O(3)) = Π_1(O(3)) = Z_2, S^3 being free of topological defects. Therefore, the principal chiral model and the N = 4 vector model have the same perturbative β function^{[21,26]} although their low energy spectra differ by topological excitations. This raises serious doubts on the validity of the predictions based on the NLσ model approach, at least at sufficiently high temperature where these excitations are activated. On the other hand, the perturbative β function of the LGW model near d = 4 is not “geometrical” since it depends on the representation of G spanned by the order parameter and could be sensitive to the topological degrees of freedom. Let us however emphasize that there is no general consensus on the ability of the perturbative treatment of the LGW model to deal with these topological degrees of freedom. In our case, both the LGW model and Monte Carlo simulations predict a first order phase transition, but this agreement should not be overestimated, since the absence of a fixed point near four dimensions is generally a poor information about the three dimensional physics. Indeed several systems, among which type-II superconductors, are suspected to undergo a second order phase transition in three dimensions^{[15,27]} although no fixed point is found around four dimensions. For such models, a non perturbative approach in three dimensions^{[28,29]} has proven the unreliability of the ϵ = 4 − d expansion, extrapolated to ϵ of order 1. The same situation is encountered for electroweak phase transition^{[18]}. All these features show the necessity to go beyond perturbation theory.

We perform here a non perturbative approach of this problem by means of an exact Wilson-like renormalization group equation. We use the concept of effective average action Γ_k[ϕ]^{[30,31]}, which corresponds to a coarsegrained free energy functional and is obtained by integrating out all Fourier components of the classical field ϕ with momenta q ≥ k. The usual effective action - generating one particle-irreducible correlation functions - is then recovered in the limit k → 0. The k-dependence of Γ_k is described by an exact evolution equation, the Legendre-transformed of the Polchinski equation^{[32}–^{34]}: ∂Γ_k ∂t = 1 2 Tr { (Γ^{(2)}_k + R_k)^{−1} ∂R_k ∂t } (2) where t = ln k/Λ and Λ is an ultra-violet cut-off. The trace has to be understood as a momenta integral as well as a summation over internal indices. In Eq.(2), R_k is the effective infrared cut-off which suppresses the propagation of modes with momenta q < k. A convenient cut-off is provided by^{[34,35]}:

R_k(q) =

Z_kq^2

e q^2/k^2 − 1 (3)

where Z_k is the field renormalization. In Eq.(2), Γ^{(2)}_k is the exact field-dependent inverse propagator - i.e. the second derivative of the effective average action Γ_k. This is what provides the non perturbative content of the equation and its efficiency to recover critical exponents of the three dimensional Heisenberg model^{[36,6]}, to investigate the Kosterlitz-phase transition^{[37]}, the physics of superconductors^{[28,29]}, first order phase transition^{[38]}, low energy QCD^{[39]}, Yang-Mills theory^{[40]}, etc.

Let us now deal with the principal chiral model. The exact evolution equation (2) is a nonlinear functional differential equation, far too difficult to be solved exactly. We must truncate Γ_k in order to keep a manageable number of coupling constants. We consider here a general SO(3) ⊗ O(3) quartic effective action:

Γ_k = ∫ d^dx { 1 2 Z_k ∂_μϕ_{ab}∂_μϕ_{ab} + λ 12 (ρ − 3κ)^2 + μτ }

(4) where ϕ_{ab} is a real 3 × 3 matrix while ρ = Tr^tϕϕ and τ =^1_6 (Tr^tϕϕ)^2 −^1_2 Tr(^tϕϕ)^2 are both SO(3) ⊗ O(3) invariants. In Eq.(4) we have neglected all terms with more than two derivatives and derivative terms such as ∂_μρ∂_μρ, assumed to be less relevant. For λ ≥ 0 and μ ≤ 0, the minimum of the theory is realized by a configuration of the form ϕ^{min}_{ab} = √ κR_{ab}, R_{ab} being a rotation matrix. The symmetry of the minimum is a diagonal SO(3) group so that the symmetry breaking scheme is SO(3) ⊗ O(3)/SO(3). Note that for ϕ_{ab} = ϕ^{min}_{ab} one has: ρ = 3κ and τ = 0 so that Eq.(4) corresponds to a quartic expansion around this minimum. The spectrum of the theory in the broken phase is obtained by studying small fluctuations around ϕ^{min}_{ab} . It consists in a triplet of Goldstone modes - corresponding to the three broken generators of the O(3) group - and six massive modes related to the fluctuations of length and of relative angles of the axes of the matrix ϕ_{ab}: a quintuplet with mass m_1 = −4μκ and a singlet with mass m_2 = 2λκ .

The coupling constants κ, λ and μ, in the ordered phase, are defined by: δΓ_k δρ | | |_{ϕminab} = 0; λ = 6 δ^2Γ_k δρ^2 | | |_{ϕminab} ; μ = δΓ_k δτ | | |_{ϕminab} (5) Their k-dependence is obtained by taking the t-derivative of these relations, by using Eq.(2) and the ansatz Eq.(4). The flow for the field-renormalization Z_k, η = d ln Z_k/dt is computed along the same line (cf. ref. [39]).

The fixed points show up for dimensionless renormalized quantities:

κ_r = Z_k k^{2−d}κ ; λ_r = Z^{−2}_k k^d

�4_2

λ ; μ_r = Z^{− 32}_k k^d

�6_2 μ . (6) In terms of these parameters, we have obtained, after some work, the recursion equations in the ordered phase: dκ_r dt = −(d − 2 + η)κ_r − v_d [ 2l^d_1 (0) + 2l^d_1(m_{r2} )+ 10 3λ_r (λ_r − 4μ_r)l^d_1 (m_{r1} ) ]

dλ_r dt = (d − 4 + 2η)λ_r − v_d [ 2λ^2_r l^d_2 (0) + 6λ^2_r l^d_2 (m_{r2} )+ 10 3 (λ_r − 4μ_r)^2l^d_2 (m_{r1} ) ]

dμ_r dt = (d − 4 + 2η)μ_r + v_d μ_r [ 3 2 l^d_1 (0) κ_r + 21μ_rl^d_2 (m_{r1} )+

μ_r l^d_2(0) +

4(λ_r − μ_r ) (λ_r + 2μ_r ) l^d_1(m_{r2} ) κ_r − (11λ_r − 2μ_r ) 2(λ_r + 2μ_r) l^d_1(m_{r1} ) κ_r ]

η = − 4v_d 3d [ 20μ^2_rκ_r m^d_{2,2}(0, m_{r1} ) + 4λ^2_r κ_rm^d_{2,2}(0, m_{r2} ) ]

(7) where v^{−1}_d = 2^{d+1}π^{d/2}Γ(d/2), m_{r1} = −4μ_rκ_r and m_{r2} = 2λ_rκ_r . In Eq.(7) we have used the dimensionless “threshold functions”^{[6]}:

l^d_n(ω) = n 2 ∫_∞ 0 dy y^{d/2} s [y(1 + r) + ω]^{−(n+1)} (8) m^d_{2,2}(0, ω) = − 1 2 ∫_∞ 0 dy y^{d/2} ^∂ ∂t (1 + r + yr^′)^2 [y(1 + r)]^2[y(1 + r) + ω]^2

with y = q^2/k^2, r = 1/(e^y − 1) and s = −2ye^y /(e^y − 1)^2. In Eq.(8), ^∂/∂t acts only on the regulator r(y). These threshold functions encode the non perturbative aspect of the recursion equations (7). As we now see, they also control the decoupling of the massive modes of the theory.

The physics around two dimensions. Let us first show how our recursion equations allow to recover the predictions of the NLσ model around two dimensions. In the vicinity of d = 2, we expect the existence of a regime where the physics is controlled by Goldstone modes, i.e. where the massive fluctuations are frozen. This regime is defined through the limit of large mass: m_{r1} and m_{r2} → ∞. Using the dominant behaviour of m^{d=2}_{2,2} (0, ω) when ω → ∞: m^{d=2}_{2,2} (0, ω) ≃ −2ω^{−2}, one gets:

η ≃ 3 8πκ_r . (9)

On the other hand, the dominant contribution to the flow of κ_r in this limit is given by: dκ_r dt ≃ −(d − 2 + η)κ_r − 2v_dl^d_1 (0) (10)

since l^d_n(ω) ∝ ω^{−(n+1)} when ω → ∞. Using l^{d=2}_1 (0) = −2 and combining Eq.(9) and Eq.(10) one obtains the flow for κ_r around two dimensions: dκ_r dt = −ϵκ_r + 1 8π (11)

with ϵ = d − 2. This is exactly the expected result provided by the low temperature expansion of the principal chiral model to first order^{[26,21]}. Note that the correspondance with the “temperature” T of the NLσ model is obtained by the substitution κ_r → 1/T . Equation (11) predicts a fixed point at a temperature T^∗ = 1/κ^∗_r = 8πϵ of the SO(4)/SO(3) universality class. We however emphasize that, if the existence of this fixed point is trustable in the immediate vicinity of two dimensions, where a Goldstone mode expansion is safe, it might be destabilized by non perturbative effects away from two dimensions where the critical temperature T^∗ is finite.

The physics around four dimensions. The weakcoupling perturbative expansion around four dimensions for the LGW action is recovered in the linear regime corresponding to small masses: m_{r1} , m_{r2} ≪ 1. One then has to perform an expansion in powers of these masses. Using l^d_n(ω) ≃ l^d_n(0) − nωl^d_{n+1}(0) for ω ≪ 1, and l^{d=4}_2 (0) = −2 we find η = O(μ^2_r , λ^2_r) and : dλ_r dt = −ϵλ_r + 1 8π^2 ( 17 3 λ^2_r − 40 3 λ_rμ_r + 80 3 μ^2_r )

dμ_r dt = −ϵμ_r + 1 8π^2 ( −12μ^2_r + 4λ_r μ_r ) (12)

with ϵ = 4 − d. This is the result found by means of a direct weak coupling expansion^{[25]}. We recall that these equations admit no fixed point around d = 4.

The physics between two and four dimensions. We have numerically analyzed the flow equations (7) by varying the dimension between d = 2 and d = 4. We have identified the different fixed points and studied their stability. Note first that for μ = 0, Eq.(4) is the action of the O(9)/O(8) vector model. As expected, we find the corresponding Wilson-Fisher fixed point, everywhere between two and four dimensions. The situation is far more unusual for the principal chiral model. Around two dimensions, we locate a stable fixed point C_+ characterized by κ^∗_r ≃ 1/8πϵ (see Fig.1) and η ≃ 3ϵ with ϵ = d − 2, which identifies with the standard SO(4)/SO(3) NLσ model fixed point. The coupling constants λ^∗_r and μ^∗_r being finite at leading order in ϵ, the masses m_{r1} and m_{r2} diverge like 1/ϵ, which justifies the Goldstone mode treatment for this model. This situation remains qualitatively unchanged until the dimension d_1 = 8/3 is reached. At this particular value of d emerges a new and unstable fixed point C_− (Fig.1) whose coordinates behave like : κ^∗_r ≃ 1/ϵ^′, λ^∗_r ≃ ϵ^{′3} and μ^∗_r ≃ cst, where ϵ^′ = d − 8/3, which corresponds to m_{r1} → ∞ and m_{r2} → 0. This behaviour of the coupling constants as well as the rational value 8/3 can be obtained analytically from the flow equations (7). As the dimension d is increased, the two fixed points get closer, coalesce and finally disappear at d_2 ≃ 2.83. Above this dimension no fixed point is found. The flow exhibits a runaway towards an instability region, which can be interpreted as a first order behaviour. This result extends up to four dimensions, in agreement with the weak coupling expansion^{[25]}.

In conclusion, our approach, based on the concept of average action, allows us to overcome the difficulties of perturbation theory and to obtain a coherent picture of the physics of the principal chiral model everywhere between two and four dimensions. Our results agree with all previous perturbative results^{[26,25,21]} and coincide with the numerical prediction of a first order phase transition in three dimensions^{[23]}. Previous studies of other models performed with the same method^{[41]} lead us to believe on the robustness of our results beyond our truncation Eq.(4). We conjecture that the appearence of a fixed point and its subsequent annihilation with the chiral fixed point is a generic phenomenon. This can be substantiated by the observation that for generalizations of the principal chiral model (n × p matrices of real or complex fields, scalar electrodynamics, etc) perturbative studies performed around four dimensions exhibit the same kind of annihilation of two fixed points^{[13,18,20,25,42]}. The simplest assumption is that for all those models the analog of the C_+ fixed point reaches two dimensions and identifies with that of the NLσ model whereas the other fixed point C_− vanishes with an infinite value of κ^∗_r in a non trivial dimension d > 2. Finally, the precise dimension d_2 where the two fixed points annihilate should be model-dependent. Whether it is greater, smaller or slightly smaller than three will imply the order of the transition in d = 3 to be second, first or almost second order.

We thank J. Vidal for a careful reading of the manuscript.

LPTHE is a laboratoire associé au CNRS UMR 7589. e-mail: tissier,mouhanna,delamotte@lpthe.jussieu.fr

[1] K.G. Wilson and J. Kogut, Physics Report C 12, 75, (1974).

[2] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, (Oxford University Press, New York, (1989).

[3] F.J. Wegner and A. Houghton, Phys. Rev. A 8, 401, (1973).

[4] A. Hasenfratz and P. Hasenfratz, Nucl. Phys. B270, 687, (1986).

[5] G. Zumbach, Nucl. Phys. B413, 754, (1994). [6] N. Tetradis and C. Wetterich, Nucl. Phys. B[FS]422, 541, (1994).

[7] T.R. Morris, Nucl. Phys. Proc. Suppl. 42, 811, (1995). [8] T. Garel and P. Pfeuty, J. Phys. C L9,245, (1976). [9] M. Yosefin and E. Domany, Phys. Rev. B 32, 1778, (1985).

[10] P. Azaria, B. Delamotte, F. Delduc, and Th. Jolicoeur, Nucl. Phys. B408, 485, (1993).

[11] H. Kawamura, J. Phys. Condens. Matter 10, 4707, (1998).

[12] D.R.T. Jones, A. Love, and M.A. Moore, J. Phys. C 9, 743, (1976).

[13] D. Bailin, A. Love, and M.A. Moore, J. Phys.C 10, 1159, (1977).

[14] B.I. Halperin, T.C. Lubensky, and S.H. Ma, Phys. Rev.

Lett. 32, 292, (1974).

[15] C. Dasgupta and B.I. Halperin, Phys. Rev. Lett. 47, 1556, (1981).

[16] S. Teitel and C. Jayaprakash, Phys. Rev. B 27, 598, (1983).

[17] I.D. Lawrie and C. Athorne, J. Phys. A 16, 587, (1983). [18] J. March-Russel, Phys. Lett. B 296, 364, (1992). [19] B.I. Halperin and T.C. Lubensky, Solid State Commun.

14, 997, (1974).

[20] P. Ginsparg, Nucl. Phys. B B170, 388, (1980). [21] E. Brézin, S. Hikami, and J. Zinn-Justin, Nucl. Phys.

B165, 528, (1980).

[22] D.H. Friedan, Ann. Phys. 163, 318, (1985). [23] H. Kunz and G. Zumbach, J. Phys. A 26, 3121, (1993). [24] T. Dombre and N. Read, Phys. Rev. B 39, 6797, (1989). [25] H. Kawamura, J. Phys. Soc. Jpn. 59, 2305, (1990). [26] A.M. Polyakov, Phys. Lett. B 59, 79, (1975). [27] L. Radzihovsky, Europhys. Lett. 29, 227, (1995). [28] B. Bergerhoff, F. Frere, D. Litim, S. Lola, and C. Wetterich, Phys. Rev. B 53, 5734, (1996).

[29] B. Bergerhoff, D. Litim, S. Lola, and C. Wetterich, Int.

J. Mod. Phys. A 11, 4273, (1996).

[30] C. Wetterich, Nucl. Phys. B352, 529, (1991). [31] C. Wetterich, Z. Phys. C 57, 451, (1993). [32] J.J. Polchinski, Nucl. Phys. B231, 269, (1984). [33] T.R. Morris, Int. J. Mod. Phys. A 9, 2411, (1994). [34] C. Wetterich, Phys. Lett. B 301, 90, (1993). [35] T.R. Morris and J. F. Tighe, hep-th/9906166. [36] T.R. Morris, Nucl. Phys. B509, 637, (1998). [37] M. Grater and C. Wetterich, Phys. Rev. Lett. 75, 378, (1995).

[38] J. Berges and C. Wetterich, Nucl. Phys. B487, 675, (1997).

[39] D.-U. Jungnickel C. Wetterich, Phys. Rev. D 53, 5142, (1996).

[40] U. Ellwanger, M. Hirsch, and A. Weber, Z. Phys. C 69, 687, (1996).

[41] D.-U. Jungnickel and C. Wetterich, hep-ph/9902316. [42] S.A. Antonenko, A.I. Sokolov and K.B. Varnashev, Phys.

Lett. A 208, 161, (1995).

FIG. 1. κ�_r as a function of d for the fixed points C+ and

C�. The fixed point C� exists only between d1 = 8/3 and

d2 ’ 2.83 where it annihilates with the principal chiral fixed

point C+. Above d2 no fixed point is found.