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Abstract

The conjectures derived by applying canonical

commutation relations to formally defined currents

are tested by forming the actual commutators of the
renormalized current operators obtained from perturbation
theory (up to second order) an taking an Nequal time limit™.
Tt is shown that consideration of renormalization phenomena
Jeads to conclusions differing from those obtained in
previous perturbational calculations; in certain models

the commutator of two zeroth components of vector or

axial vector currents diverge at equal times.
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§1. The calculation by Johnson and Low 11] of the vacuunm

to one-particle matrix elements of the current commutators
obtained from perturbation theory seems to have anticipated
all the difficulties occurring in first order that come from
setting the times equal. They do not work with the operators
themselves, but use Feynman diagrams which contain all the
essential information about the divergences in first order.

In this paper, the operators are constructed in the
first two nontrivial orders of perturbafion theory, the
commutator (still an operator) is formed, and the limit of
equal times is studied. In §2, the equal time limit is
discussed and illustrated in zeroth order where the currents
are constructed from free fields. The treatment of the first
order commutator of "zeroth components® in §3 shows a
discrimination between broken and exact symmetries. If
the masses are split or the coupling constant is a matrix
not proportional to the identity, then it seems rather to
be accidental features of traces of Dirac matric¢es than any
dependable fundamental reasons which are responsible for the
cancellation of the divergences in the equal time limit.

[%]
After) study of the unwanted terms in the second order
commutator in §4 a summary follows in which a connection
between renormalization subtractions and divergences in the

equal time commutators is suggested.

Bxcept at the end of §3, the computational details are
kept to a minimum in the hope of retaining clarity. ATter
the general discussion in first order, however, a fairly
rigorous calculation of one of the troublesome terms is
given to prove that it will not disappear in the equal. time

limit.



§2. Preliminaries

The Yukawa-type coupling is given by the interaction

Lagrangian &£, = Gu@w/qju/,\ﬁmpf = P QP where
we define &, = Gb9w,qﬁ ~and use matrix notation to
avoid indices. AP and A are spinor and tensor fields

degenerate along representation spaces of some internal
symmetry group. The field equations (without indices) are

(C1+m2)A = :\ Ay = jAR(x—y)jtﬂ)
(7‘9 -em)YP = § P = JSR(x.—y)-Stﬂ)

i) B
where JP = ,$a G«pr"!’r : and {q = G«‘zr A(j’q"r i.e. {""<P"'P
The following table should clarify the notation:

Interaction Representation Space
_ P
p A
electron-photon 1 dim 1 dim |- EQA
D . : . +T 34
nucleon-photon 2 dim isospin space 1 daim |€1%®
quark-meson 1 3 dim SU4 1 dim f%¢%+f$%4%
octet-octet 8 dim SUy 8 dim SU4 (af +bd, )¢

If A is a matrix in the representation (generalized isospin-)
space of ¥ and 3} is a Dirac matrix, then the current
constructed from the spinors corresponding to the Kronecker
product A = aGD?} is designated and defined as follows:

jA(x) = iﬁcx)/\ipfx)

where it is understood that all renormalization steps

necessary to produce finite operators in Quantum electro-
dynamics are also to be taken here. Up to second order,

this amounts to subtracting the vacuum expectation value and %)
multiples of ¥, and performing the usual charge renormalization

¥) As is done in [2]




Once the current operators are obtained and their
commutators are constructed in the various orders, it is
necessary to have a procedure for passing to equal times,

In order that this treatment retain as wide a range of
applicability, the following procedure (which seems to make
the mildest distribution-theoretical requirements and still
produce operator functions of x and y #)) will be employed.
The commutator will be smeared by the function £, X)g(xo)ﬁf(g)
(E.qx Yy ond X = i(ﬂ*ﬂ)) where f and g remain arbltrary

and ﬂ will be made to approach a B functlon, i.e. ﬁ—=v1

The equal time limiting procedure will be illustrated for the
case of the free field current commutator which, formed
according to the contraction rules for Wick products from
w0 =L PAb L jgva)f:i:@'gw:tyﬁ is

PP OA S5 Pt =+ 1PN TSy Aboo = ZT@ 5:9 (A5 % :PZ g &)
When the first term is smeared with §(E XD gXo) F&) ,
the result is

ff(jfp«?)'l- 7, p+q)§(yn+qu)g5(i(pow7nrwe ?:(P)A(W;mbﬂ byt d&l, ey d, q
where the tilde's (twiddles™’) represent Fourier transforms and
d-Q:ce()T) = ety Qe dte | Phe 1imit 5:-7-1 can be performed with
no trouble and from the antisymmetry of the measure, all terms
1nrﬁ¥“ﬁﬂ drop out except ¢fi%. The integral then becomes

ffcﬁ’ +é’>dﬂ?g<pﬂw ~P<P)/\3"a ¢€q> dpyq ¢

The ¥ 1ntegrat10n of f is the same as smearing f with SC?)
and with this done, we recognlze[BJthe deflnlng expression for

#2[dE SIEIHEXD g (X i BARZ WX
With the notation [A, 74,31 ATZ 2{1;,/\ one has the rigorouss:

result .
SR op) =AYy o5 tS(é)JM T,,g](X)

+)Brltlsh usage .

There are many attempts at rlgorous derlvations of the
AV relations which do not require current operators, but
only the matrix elements of 13 as the end result. These
may escape the divergences to”“come.
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The necessity of the time-smearing function g should be
noticed. This function alone is sufficient for the existence
and convergence of the integrals occurring at all stages of
the limit process; its presence will become increasingly
important as the distribution theoretical singularities

get worse, -

The vacuum expectation values <““>b will either

vanish or diverge as B = .

§3. Pirst Order

The renormalized current is, in first order
32’«) - f iy ["-P:t’ﬂ/lsgt:r-:j) PepVep’ -+ 1 Pop Py S L«j-xl/\wa};ﬂ]
and the commutator, in first order, is
[jA“" Jz‘ﬂ)] Jf)m,gg)tﬂlj + [j”’m, €y>]
where each term on the right can be obtained from the other
by changing the sign and exchanging /M with iy, z),
A calculation of the first gives (where the z- 1ntegrat10n

is understood)
-~:1I’£x),/\5(£“j)z Spty-® PuerPeas’ + Pl Sty e Sez - Athxr -
~ AP N Six- 2 PrarSpta-p Iy Py it { Prey ey Syz- 2 S(vv-xl/\ Yixy s ~

-=Z [‘:E 8;;(/18 (%- t}’Zq iy f.)@lz)stz x)) o = Sp(b tz-&)q?(?’gﬂw‘c‘f)g 5% 'U X)/‘i]

The treatment used for the free-field currents is applied
to the first and fourth terms and their counterparts in the
reversed commutator because they containﬁSﬂj; the result is
the expected 18[5)3”[;\ ifuz,](X) The second term will
cancel the counterpart of the third (and vice versa) which
together amount to

WL Sply-m P Sz A + 5Py, Sy~ Poms Spte-w P!
The formal argument is that 51nce Spttr= —0Brx) S
the 0 function at equal times may be moved to the S function
to change it to SA thus making the first term cancel the second
exactly. A proof is given in %he Appendix for thege who
‘might wonder what happens at the origin (i.e.y=X).




The remaining terms, coming from two contractions,
give contributions proportional to¥ and include those
calculated in [ﬂ_'between vacuum and one ® -particle states
(which, of course, is no real restriction). Using the fact
that 28 = 8§ + g , one can perform the summations

and obtain for these terms 1/2 of

Sa“:i“ﬂf(m&z-@ })_’ ({Sg{ﬁ'zlsz)s&"‘d)& ns B _A)

T {
SP(AS P Siy-2) Piz>S plz=x) Six-2) Praadp (2-y2

-2y Py Syte-y)
SY- 2% Sptz- x)} (ks("‘ s }Zsfl o)
— q-
+ SP (ASC‘ 5)2{5 aly D cp(?_,\ 5(41(2 X ) SP Selrz 1Ptz ‘S(tz g)

If we allow ourselves a cutoff of the p—bpacgdofw%he
S and S€1) functions inside the brackets, the equal time
limit can be easily performed. The terms with S Vex -1
give 0 by the argument in the appendix, and the others

amount %o

"t Bfg') S ( [A 31 El {%f&--m ) Salz.»m + SR¢ﬁ~2)©¢z) gagz-x)\)

where the carat deblgnates the cutoff of the S-function:
S(n.) = o rel‘u("w’“m} dlQ“"“l’) 3 dm‘c?" = ddh¢pd Qe Py,

For the zeroth components of vector and axial vector
currents, this term discriminates between broken and exact
symmetrles (which it does not do in general, however). For
example, if Zl=ag then [ALL] = (v618T;
and the trace of [a,G1 is 0. For L=6e¥%l, Agﬁ@b}ft”
the same thing happens. When the symmetry is not broken,
the mass matrices (in the S-functions) and the coupling
matrix G are multiples of the identity so that the trace in
the generalized isospin space makes the whole term O. However,
for the photon *) nucleon interaction, for example, only the
proton mass occurs. With the Furry's theorem trick §%>&33fC92
= Sp(A), the two terms may be seen to be equal ir ¢ 2”&?
and to cancel if a + sign appears. For an example, we choose
‘T.==?; .and evaluate the cut off trace:

¥) To avoid the infrared problem, we will let the photons

have a small mass (O <p < 2Zmp.
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: @ ikx
j Sp (e 8¥-2v%, Sa (s-x) Az dg = PRt Sp( % tpg = iy (15¢§-h>-m)) A;mdﬂmd"k

whose Fourier transform 1s 4I©MA£;-11<£ZA@) (239+'““3d.gLqu

If one chooses .the point ¥=0 i.e. ke =4p- , the second term
in thre numerator will vanish because of the symme try oi‘dSL
under the transformation -9 . The first, after
symmetrization, becomes 16 As () c%k’)—),;%—u d-.Q;G'CQ) which-
definitely diverges as the cutoff variable o-—« because
@qkY-pt = (2 G p ) gt 3 @) -ud = gt (@02 ) >0,

The same divergence with a minus sign will occur for the

Oth components of axial vector currents in this model; and
in the model of Johnson and Low, the trouble comes when
ohiral;ties are mixed. In t%this mddel, many seemingly
accidental features conspire in first order %o make +the
extra part vanish, but with the pseudoscalar part of the
coupling and the choices A = T-® 4 2= @Y

one can, with such cutoff techniqﬁes as used above,.
convince himself that this particular commutator should
diverge in the equal time 1limit regardless of the seguence
of fime=smearing functions.,

§4 Some features of second order

As is known, in first order, the only renormalization

step necessary 1b the removal of the 1 pdrtlcle matrix
7e10ment Whlcﬂ can dlbo be symbolized as 2{*> ﬁ$&y$¢UL”CEM)A‘”
However, 1n becond ‘order one rung into the charge v
renormallzatlon difficulty and the occurence of the anomalous
magnetic moment term. The current in second order is
PSS i ey § tPce)t—%:l?(e)étPte)v?(g)G Saly- AP
‘3’m> = 1jdﬂ & (- 1PRA Spli-9) Puyy Sply -2 (P(,Ey\hﬂ:":"ht."q’lt)s.q(i"j)@‘ﬂ)gﬁfy"X)Ai’iIH‘
- :fk_upf?cg) SA0IAS -1 €l Pezd J + jf:‘}m
where j;? is the analog of the anomalous magnetic moment term
in the second order electromagnetic current ( 2]pages 293 to
299). VWhen the commutator is formed without taking 3/\. into
account, all the expected terms are present and all the
unwanted terms cancel before passage to the equal time limit
except for those with two s and those with two P's (and,
as usual, the scalar parts). After the mize of terms ie
reduced by cancellation of the type jusiified in the appendix,
‘there are two sets ofPterms left.




One, in the equal.time 1limit reduces to

S5 1,6 20es v s over e {eamaan )

and the other is :

SP(ES%;*&:)A S % P> St @.ms{ﬂrﬂw@m w (sum over (ﬂPT’&{(R"H)’ (KRD)’(OAmS)

 where the term with (x, A) and (H’ZD exchanged is still to be

subtracted. Here O stands. for the ordinary (local) S-function.
This should be expected on formal grounds to cancel since (ROA)
= (RAA) — (RRA), and adding this to the last two gives (RRO) -~
(RRA)+(RAA)+(0AA) = — (RRR) + (AAA); since the beginning of the
chain of retarded (or advanced) functions is at the sane time
as the end in the equal time 1imit, the terms should

individually cancel.

The terms quadratic in WP containing S(?)(x=y) also fall
into two groups} those with S(x-y) have (divergent) equal time

limits of

- .3 (z-x, x- 103y Pr)!
I_.kb(g? KI,A,%.Z:'! ’
where 54 is defined by the slight generalization

K/l (2%, 10 = -4 & [’S%-m A8gi- Do~ +8,6-0A3 D10y Dl =1) -+
4 Sple5) Agg{xw)'DH)(i—w)jé
of the function connected with the anomalous. magnetic moment

corrections in second order ([?] eq{31.3)); the inverted
carats above the G's indicate contraction over the indices 1in
the middle. Upon renormalization, the function Ke,is
decomposed according to covariance properties in g-space
(12] ead31.31-4) |

R‘U_(q,q’l = 7;;‘11'% (@*r+1 %:35 S(Q*) = yéjR(Q‘) + K taq) LQ- q-9°]
where the integral expression for R is divergent and JC&)
is gotten from the second term:

jifocm - Jdadw : ¢c%)f{t’,(£nﬁ,x-w)"k(uﬂt

The rest of the bilinear terms fall into 5 macroscopic
groups: the anomalous magnetic moment terms [jf&hj§§%ﬂ==ﬁgmalw8ﬂ?
terms in which one $is evaluated at x or y and the other at
wor z, and a few remaining terms which will be discussed last.



The second group falls into four similar subgroups which are

typified by the tHex)--- ¢ww)terms:
. — 4 X
— % (._4)“' : *w‘xj/l Sgcx*ﬁ) Q S{ﬂ&)(z’_U)Z D(F) (w-%2) S(T)('ld’lo.)eqp(l‘.))-

which is to be summed over @B)&{(0,4,R),(10RY; (OR1)s (1403},
Formally, one writes (40R) =({AR) —(4RR) In the first
term will be Spir-2) Dpatw-2> and thus Sely ) can be
replaced by — Sey-w) , the retardation being provided by the
first combination of 8y and Dy. In the -(1,R,R) term, the
minus sign cancels the last factor of (-1)* appearing and the
R can be removed from SR(xmz) with a corresponding change of
sign. In the first and third terms the R can be transferred
from SR(x—z) to S(z-y) giving wSA(zuy)o The effect of all
this is

~PWAS -2 Kty P

which is precisely the negative of one of the terms in

J‘j’m 32’"2@] where JZ’ %y> is the (infinite) unrenorm?i)lzed
part of the second order current whose survivor iS{?E )
Thus with the exception of the uncompensated infinity, each of
the first group cancels with a subgroup of the second. This
leaves only the third group to be discusséd° Half of the
members of this group contain 32%20 and after manipulating
glve an equal time limit of

se(x—w)GS“ e - m}
SY%y- w;(ty Salw” x)

The last half of this group,arising from contracting both_ipﬁﬂ
and ﬂ%z)in the first two terms of the current, does not admit
a considerable simplification. The expression is

Z(iz)éP (A8, ) (3'5(? Je- &))D@(w-fz) (ﬂfﬁ(ﬂ)j, SR(ﬁ»w)é Yoo +
+ 1 P € Sptro- y>24>c3>) — L ey,

These terms seem neither to correspond directly to
renormalization steps nor to represent a local contribution

S (T4, 7 ,z]{

to the commutator.
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Recalling that the cancellation between the first two groups
was notlcomplete and noting that these terms have many
features in common, one might hope that the remaining part,
which has been seen to have an infinite equal time limit,
would be cancelled, at least for spacelike separations, by
the last group. That this is not generally true can be seen
in the electrodynamics model.é%”gﬂqqﬁ with pseudovector
currents /_\—;@1&@,\, . MThe latter terms all vanish because

Se (C (3;3 SBolsh ;o) C) Sp(’ (x‘a)[a)[—’sﬁ),x,)(&)?) Splﬁ Sanl, Sce.-x)

but & calculation of férjuﬁﬁ)shows that the divergent
integral, resulting from the 0tth degree terms in kR, is still
present. Thus the infinity resulting from groups: one and two
will appear in this case uncancelled by group three.

5 Conclusions

Perhaps the most useful way of interpreting the foregoing
results lies in a comparison with the previous work [1]on this
topicoh Two fundamental differences are to be noticed“in the
approach, Here only the finite parts of the currentsare
considered, and no attempt at pairing the divergences arising
from these finite quantities with' infinities in the definition
of the current is made. If one were, however, seriously to
pursueAsuch an endeavour, he could also find counterparts to
the so-called terms of Schwinger in zero—th order. If the
current were taken as — [’LPUU A’me] = 3 1 PurIAP ) — P
~zSpMSQx ¥y for x&=x. anc additional term of 8(5)5? ([A,a’atﬂsf}i‘ﬁ)
could be accounted for in the equal time limit. A calculation-
of the scalar part of the commutator in Oth order gives

305 (N8R D S Tye) = ‘*'—[Sp(rfsfﬁ)ﬂ SW4y-x3) — Sp A8 U, Sc:»asﬂ]
whlch, with the naive substitution éBCé)”%cjgagbfor equal times
becomes BLEIS, ([, 115 2] 84y -0) = +0(ED (£ Ly, [Ags. 81 al),.
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The second difference lies in the computational
techniques. Although the method employed here lays no
claim to ingenuity, it has the advantage of affording a
rather direct connection between definitions and results
without having to throw away B—functions at intermediary
stages or to make special restrictions on the limit process.,
A more important aspect of this difference is that the
results obtained are-not the same; there appears nothing
in first order that could be called "extra" in the sense
of [1] All the divergences have their exact parallels
in. the unrenormalized currents. Of course the terms in

8% may not .disappear so nicely if the p-space
integration is not cut off, but since this shady féature
is common to both calculations,dt. should not be a source

of differences in the results.

The most evident result of this calculation is that
in the first three perturbational orders, not only are all
parts of the current present, but also all the divergences
that had once been so painstakingly removed from the
currents have seen fit to reassert themselves on the
occasion of forming the equal time commutator. This would
be natural to expect if one had an iterative proof of the

canonical relations.
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APPENDIX

44
Smearing the term &@tu)zsnlﬁ—%@tz) Sce- AVYyd’s
with F(ﬁi’)g()(o)S[go) gives

- ) i F) k3 ‘4' [l q
feane-3v3, e ) Spergtha) oD WD Pk Be-v+hts) (ups-m)des e\ Y id s, p9.k

where, because of the equal time limiting process, f. and S
do not appear in the smearing functions. With the identities:
Trem®

UL, SR, 5%5«,(-4.19)2-1‘“12) and 0 = SQLT S ((re TOY*+m)

(Ejk§the wnit vector (1,0,0,0)),the part between I and A

may be written as
fig‘ ('qf(rwe) —m ) (rhTery> 4 am?) Pk 5f~'r+h'+s)(ig{‘8—m)5cs=+m“~)

The transformations V= +—T&, $-» &=T& , T —>» -7

give it the form

- jgl%g (?ff‘«m) S(T‘+ mL)@Ck,) 5(.=r+ k+s) {{LffS'l'Te)—m) 5((5+ ) 4m®)

Again using the two identities, one completes the
transformation of the first term into minus the second.
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