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I. INTRODUCTIOHN

In a recent paper [1] the problem of spontaneous breakdown
of symmetries and the connection between slgebraic autom-
orphism and their unitary implementation in a Hilbert space

was investigated.

In the framework of an algebraic field theory of the type
formulated by Haag and Kastler [2], it was shown that
automorphism connected with locally conserved currents are
always unitarily implementable in a representation in which
the energy-momentum spectrum has a gap between the vacuum
and a lowest mass hyperboloid. Therefore a spontaneous
breakdown of the symmetry which is associated with the
conservation law can occur only if the energy-momentum

spectrum has no such gap.

In the present note under the same assumptions asg in [t]

a stronger result is obtained: The automorphisms aré
unitarily implementable unless the mass spectrum has &

§ (k%)= singularity at the light cone, This is closer to
what is usually understood by Goldstone's theorem [3] than
the result of [1].

In our proof we shall employ a technique similar to the one
originally used in [4] with the difference that no use of

covariant field opersators will be made.

Earlier discussions of these matters and further references

may be found in [5, 6, T, 81.
IT7. THE GOLDSTONE THEOREM

We take over the definitions, assumptions and notation of

[1]. Apart from technicalities the input is:

(i) Existence of current densities ju {x) satisfying a

continuity equation 3uju(x) = 0,



The quantities
5,08 = [ 5, ()10 a'x

are operators in a Hilbert space if f is a suitable dece

nt

weight function. In the present note we shall omit the time

smearing to simplify the notation since it can be reinst

in all the formulas without changing any conclusion,

ated

(ii) Existence of a continuous representation of the trans-

lation group in space-time by unitary operators U(a)

whose generators are the energy-momentum operators.

The

energy-momentum spectrum 1s supposed to be confined to

+ .
v (closure of forward light cone). Phere shall be

exactly one vector in the Hilbert space which is in

1)

variant under Uf{a),

vacuum state.

(iii) Covariance of j?(x) with respect to U(a):
. -1 .
U(a)Ju(X) um (a) = (x + a).

Nothing is assumed about the transformation of the
ju(x) under the homogenous Lorentz group. In parti
ular they need not be a vector field.

(iv) Locality

[ju(x)’ jv(y)]= 0] if x=y is space-=like.

We want to prove now the following:
Theorenm

lim<@, [jo (fR,t), AlQ> = 0

Rayo

1)

The unigueness of @ is a matter of choice, not an
assumption about the physical situation. It means that
we choose to consider an irreducible representation of
the algebradl [1]. With this choice the condition for s
"spontanoues breakdown" is that the expectation values
<Q,At> are not invariant under the automorphism.

This vector § corresponds to the

c—



for all operators A€dlL unless there is particle of
zero mass in the theory which is connected to the

vacuum state by jo(x).

Here

5 lepet) = f 5 (x.8) fp(x)a’x

and fp is & function which vanishes for |X| > 2R and has
the constant value | for |x| < R. (L is the algebra of all
loecal operators. The proviso in the theorem means that (1)

holds unless the expression

-ipx 4 .
'Je <Q, [jo(x), Al o> a'x (2)

contains a 6(p2)-singularity‘forsome A, It is well known
that the presence of such a singularity implies the
existence of a massless particle with states |a> such

that

<a | jo(x)19> # 0.

On the other hand, if (1) holds then the main theorem of
Ref., [1] tells us that the expectation values <Q,AQ> are
invariant under the automorphism, i.e.,, that the symmetry

is not spontaneously broken.

Proof of Theoren

As a consequence of local commutativity and the fact that
the energy-momentum spectrum is contained in the positive
light-cone one can write s Jost-Lehmann-Dyson representa-

tion [9] for the commutator

<Q, [jo(z,t), Ala> dx 2 fd3yA(§H¥, t3x2) pl(Kz;Y) +

ax? fadygals-y,s3x2)p (7,3}, (3)

O 8 O 8
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in (3), Dl(Kz,y) and pz(Kz,X) have compact support D in ¥y

~

independent of k2 due to the commutativity of A with jo(§,t)

for sufficiently large space-like separations.
We can write (i = 1,2)

e (kZ,y) = 0,(x2)83(y) + Yeg;(k?,y), ()
where gi(xz,g)'also has compact support in the variable y.

To verify this we note that

¥
0(1)(K2,¥) = f

- 00

1 2 t - ' 2’ " Yay"lay!
{p(x ,yl,yz,y3) é(yl)imp(x Y1y, eY, yl} ¥,
(5)

has compact support and that

(1)

- 2 .
plx2,y) = sy ) {w plk®,yiy >y Jay + g (6)

i

Repeating this procedure for the coefficient of 6(y ) with

1
respect to the coordinates y,»¥, one arrives at (L),

If we insert (4) and (3) into the left-hand side of (1) the
contribution of ¥V+:g drops out for sufficiently large R due
to the fact that A(x3;x2) vanishes outside the light cone.
Hence we have for sufficiently large R (R>Ro(t))

<Qsijo(fRst),A]Q> =

= Jax? [adxrg ()15 (e2)alx,8562) + az(KZ)g%Mg,t;KZ)}. (1)

On the other hand we know that for R>Ro(t),

2

5T 0<% [jé(fR,t), Alg > = 0 (8)

for any finite %.



This follows directly from the continuity equation and
locality (see lemms II in [1]). Inserting (7) we get the
following conditions for the weight functions Ei(Kz) which
have to be satisfied identically in t (as relations for

tempered distributions):

o«

/ 51(K2) cos kt dx? = 0O, (9)
)

J 5 (k2) k sin xt ax? = 0.
o 2

This implies

51(“52) o,

A5(k2), | (10}

1l

p (x?)
2
Therefore, with {7) and (10) we get

lim
Row

Q, [jo(fR,t), Al o > =0 {(11)
unless A # 0 in

f pz(xz,g) a3y = 52(K2) = a8(x2), (12)

Summarizing we know that pz(Kz,g) has a compact support in
Yy and its integral gives rise to & 8-singularity in k2 when

the symmetry is broken.

In order to relate the above conclusion to the singularity
of (2), we have to look into a measure theoretical property

of pz(KZ,y)- Consider
7,061 = [ a"xe(x) <a, j_(x) 0>

with & test function ¢(%X) whose Fourier transform ¢{p) has

a compact support in R,



Take a function u(p) from xgsuch that
p(p) = 1 when p € supp ¢{p),
and let its Fourier transform be U{-z), then

7,Lel= fatya'z ¢(y) < o, j (y-2)A @ > v (-2)

1l

. -1 .
fatyatz ¢(y) v (&) < o, §j (2)U (y) A 0>,
vhere we have used the assumption (ii) to write [10]

uUTHy) = [ PV aE(p) (13)

with a projection-valued measure E on the momentum space.

Then

g, el =] ¢ (p) an,(p),
where
du,(p) = < ¥, aE(p) ¢ >

is & c-number measure as defined with the normalizable

vectors,

*
¢ =AQ and ¥ = [ a%z v (=) jo(z) Q.

Repeating the same process for the product A jo(x), we can

establish that the functional

1061 = [ a*x ¢(x) <@, [§ (x), Ale > (14)
can be written as

1061 = [ ¢ () au (p), (15)

wvhere p 1s & measure.



The fact that I[¢] can be written in terms of a measure is
essential in the following argument. The weight in the

Jost-Lehmann-Dyson representation (3) can be identified as
aulp) = [p (p?, p) + ip, o (»%, p)1 €(p) v (p) a" p. (16)

In order to look more closely at the behaviour of p in the
neighborhood of the zero-mass cone p2 = (, we take a set

of test functions with a parameter y>0,

¢, (p) = h (p) A (p%5 v), {(17)
where both h and A are continuous and
Alp2y yv) = 0 for |p2] > v, (18)
ALOs v) = 1.
Since tﬁese test functions are symmetriec %ith respect %o 2P

the weight p1 gives no contribution to (15). Changing the

variable of integration we get
I, 3 =i [ dp® ap n(p) a(p?; v) p, (%5 p). (19)
In the sharp-mass limit y=>0, we have

1m Il¢ 1 = [ dap h(p) a (p), (20)
Y0 Y -

where use has been made of (4) and (10), and

TR 2

j e

(p) =i A+ p - (p),

(21)

1
(p) = 050 [ ap? 8 (225 v) g,(p% p).

I 2

In fact, the orders of the integrations and the limit can be

changed because hA is bounded and p2 is defining a measure.



Now, recall that the support in y of ¢ (p ,y) is bounded
uniformly with respect to p . Then, the support of the
Fourier transform B(y) of 8(9) is compact, whieh in turn
implies that B(E) is entire analytic in p. Hence, P B(p)
in (21) cennot be a constant # 0, so that a(p) does not
vanish identically, if A# O, in any neighborhood of every

point p in momentum space. Let 5 denote the open set of the

point p for which a(g)#o. Take a function ﬂ(g)=f(p';§ Y20
wvhose support is contained in a sufficiently small sphere

centered at § € S8, then we see from (20) that

iig I[p.] # 0 if 1 £ o0, (22)
The proof can now be concluded by appealing to a general
property of measure, Any measure p can be decomposed into

three parts p = ul + uz + u3, where ul is L-sabsolutely
continuous, " is continuous but L-singular and pa is L=

purely discontinuous ({Lebesgue decomposition) {11]. Restricting
ourselves to the test funetion (17) that is symmetric in P,s We
vrite H(p) s ui{p?, E)’ to which the Lebesgue decomposition is
applied. In the sharp-mass limit y»0, we know from the
definition of the L-continuity that lim I[¢ ] cannot be non=-
vanishing unless our measure U contalng a purWey discontinuous
part, which is &6{(p?). Thus, we conclude finally that, when the
symmetry is broken, the measure u(pz, P) has the desired
§{p2)-singularity at least for such p that makes a(p) # 0,

-~

This concludes the proof of the theorem.

To understand the essential ingredients of our argument it
may be helpful to compare it with the following naive proof

of Goldstone's theorem.

Consider the distribution
_1Px + 1p t

L (p, p,) = [ <0, [i_(x,t),4]2> e °© a3xat. . {(23)

Using the continuity equation and locality one concludes as

in eq. (8)



Tinm -
p-+0 PO L(Es PO) = 0 (2h)

and hence

L(0, p ) = as(p ). (25)
This will imply the existence of a discrete excitation whose
energy goes to zero with the momentum only if one knows that
L(E’ po) can be written as g(p;pd—E(p)) where g is smooth in

its first variable.

This is always the case for relativistic field theories

as & consequence of loecal commutativity because p1 2(p2’ D)
H]

is the Pouriler transform of g function with compact support

and therefore analytic in p.
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