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A method ts described which allows to determine the ellipticity

of light (i{.e. the degree of polarization as well as the phase
difference of the mutually perpendicular electric field components)
by intensity measuremente behind two reflection polarizers. The
method yields simultaneously the complex reflection coefficient

of the first polarizer, and thus its optical constants if it
consists of only one mirror. The method is espectially suited for
the ewtreme ultraviolet where neither transmission polarizers nor

simple phase shifters are available.



Introduction

For optical experiments it is of great importance to analyse the
polarization of light before and after interaction with the sample
under investigation., The experimentalist is interested in measuring

the degree of polarization P =

1200 12 ¢1% 12405 12y-1
1EX] |Ey| I(IEX] +lEy! y~1 as well
as the phase difference between the mutually perpendicular electric

field components Ex and Ey’ that means the ellipticity of light.

The ellipticity of visible and near ultraviolet radiation can easily
be determined with transmission polarizers and phase shifters, for examp-

le A/4-plates. In the vacuum ultraviolet (vuv) a lack of transmitting

"materials complicates this task. In order to produce polarized light

or analyse the polarization of light in this spectral range one has

to use reflection polarizers.

Hamm, MacRae, and Arakawa! have proposed a method for the determination
of the degree of polarization with two reflection polarizers which are
rotated about the axis of the beam. Intensity measurements behind the
polarizers at four special positions yield the degree of polarization
together with the ratilo of the reflectivity for parallel (p) and per-

pendicular (s) polarized light for both polarizers. This ratio does not ne-

cessarily hayeto be known before the experiment and Abelés' relation is

not used; the use of this relation is necessary if the degree of polari-

zation using only one mirror?,3 be determined. Surface layers on the

mirrors do not affect the practicability of the method of Hamm et al.



Rosenbaum and coworkers” have used the method of Hamm et al, to
determine the degree of polarization of extreme ultraviolet light
emerging from a monochromator with synchrotron radiation as the

light source. They applied two reflection polarizers, each consisting
of four mirrors, in order to avoid rotation of the beam profile with
respect to the detector which would have caused errors due to

inhomogeneities in the cathode sensitivity,

In this work we would like to describe a method of determining both
the degree of polarization and the phase difference between the
mutually perpendicular electric field components by intensity measure-
ments behind two reflection polarizers. The method requires two pola-
rizers mounted on angle dividers as in the method of Hamm et al. If

a detector with gpatially homogeneous sensitivity is at hand a:pola—
rizer can, in principle, consist of one mirror under oblique inci-
dence, Its actual properties do not have to be known in advance; they
are determined in the experiment. The method permits the evaluation
of the complex ratio of the p— and s-reflection coefficient for the
first polarizer and from this its optieal constants in a way well

known from ellipsometry®.



2. The formula for the intensity behind two reflection polarizers

In this section we will derive a general formula to calculate the
intensity behind two reflection polarizers for any rotation angle
of the polarizers, if the polarization of the incident beam and the
reflection properties of the polarizers be known., The experimental
arrangement is shown in Fig. !: Radiation of a fixed wavelength with
the electric field components ﬁx and Eys is incident on two successive
reflection polarizers P1 and P2 mounted on angle dividers, followed by
a detector D. The rectangular right-handed co-ordinate system x, y, 2
is fixed to the laboratory, the Xys ¥y» 2¢° and Xys Y, Zy8ystems to
the polarizers PI and Pz; z, 2, and z, are the directions of light
propagation not necessarily parallel to each other, The first and second
polarizer can be rotated together about the z-axis. This angle of ro—
tation is denoted by ¥. The second polarizer can be rotated with
respect to the first about the zl—axis. The angle of this rotation is ¢
(cf., Fig. 1). Each polarizer may consist of one or more mirrors. Their
planes of incidence are assumed to all lie in the yi-z]"plane and the
y2-zz—p1ane for P! and P2 respectively; The reflection of the first and
second polarizer are characterized by generalized complex reflection

coefficients fsl’ fsz and fpz for perpen&icular (s) and parallel (p)

rpl’
polarized light, The ratios rp]/fsl and fpzlfaz are defined as By and o>
respectively. In the special case that a polarizer consists of n mirrors

with the same angle of incidence p; = st (i=1,2), where & is the re-

flection coefficient of a single mirror.



The intensity |Ex |2+[Ey !2 behind the polarizers as a function of y

2 2
and ¢ can be calculated after determination of the field components

E and E in the x,, y.,—-system using matrix formalism:
X, v, 2 2

Ex 1 0 \fcos¢ sing 1 0 cosyp siny Ex
2 e
. = F_ T . (1)
E 1 72 V0 B J\-sin¢g cosd 0 5 ~sinyi cosy E
Y, 2 1 Y

From the right to the left the matrices in Eq., (1)} correspond to a
rotation by U, a reflection at the first polarizer, a rotation by ¢

and a reflection at the second polarizer.

In general, amplitude and phase of the electric field vectors ﬁx
and E_ vary over the cross section F of the incident beam. Evaluation
of Eq. (1) and integration over the cross section yield the intensity

J recorded by the detector:

Tyo " (1éx2]2 + Iﬁyzlz) dF = KiilAiBiCi (2)
F
where
A =cos?y cos”y B =1+U{p, |?]5,[2 ¢, =C,=C,=C, =1
A2=sin2¢ cos? Bz¥U+l51l2l52!2
A =cos?y sin?p  By=|p_ [2+U[5, |2
A =sin?y sin’¢ B =[5 |%4U]p |2

. . L. N
A =sin2y sin2¢ BS=§[91](|p212—1)(1—U) C =cosé,

e 2 —1-15 (2|3
AG—Sanw cos BG—I lﬂ1[2|92[2 CS=C7=V
. , 2 - N
A7=31n2w gin“é 37“Iﬁ2f2“101|2
A8=CO32¢ sin2¢ B8=I51I(E—152]2) C8=V C0851

=g =i 5 2. = i
A9 sin2¢ Bg lpli(lﬁzl 1) C9 W sxncS1



and

N = JIE |2 dF , U =nN1 flﬁ |2 dF
X y

F ¥

v =Nl JIE |[IE | cose dF , W = N7} J]E [E | sins dF
x''y x'y

F F

and the common factor

We have assumed that at a general point (x,y) of the cross section
R = i8 (x,¥) & _ I 16, (x,y)
E = IExl(x,y) e 1 ’Ey = ]Ey](x,y) e 2 so that

8{x,y) = 82—81 represents the phase difference between Ex and éy'

The phase difference 61 between the reflectivity for p and s light

for the first polarizer, is defined by 51 = [ﬁllelﬁl. The Ai‘s

depend only on the rotation angles { and ¢’the Bi's on lﬂll,lpzl

and U and the Ci‘s are determined by V, W, 00361 and sind, in-

cluding the phase angles ¢ and 61.

Apart from the common factor K and the experimental parameters ¢
and ¢ the intensity J depends on U,V,W characterizing the ellip-
ticity of the incident radiation as well as on the properties of
the polarizers ]61’,!52| and 61:

Jo.p = KEQW, 6, UV, 5 [,]15,1, 6)) e

Equation (2) shows the dependence of the intensity on the six

quantities U, V, W, [61[, [52! and 61. It will be used in sections



4 - 6 to determine these quantities by variation of ¢ and 4.
This can be achieved by measurement of the intensity for at
least seven different and independent (y,¢)-pairs. One pair is

needed for normalization to eliminate the seventh unknown factor K.



3. Special cases of the intensity formula

In this section we will illustrate Eq. (2) by considering some
special cases., Equation (2) can be used as long as two successive
optical units,'Pl and P, can be specified by complex transmission
coefficients ﬁl and ﬁz. P1 and ?2 have not necessarily to be
reflection polarizers. For general transmission polarizers and

phase shifters for instance Eq. (2) holds as well,

a) homogeneous beam

The meaning of the quantities U, V, W can be best demonstrated in
the case of a homogeneous beam, i.e. [ﬁx],[ﬁy[ and 6do not depend
on the co-ordinate (x,y) in the beam. In this case the expressions

for U, V, W are reduced to:

=I5 |-2 g |2
v [, 172 15
v =g |™! |é | cos 8 = /U cos 6
X ¥
W= |E_|7! ]ﬁ | sin 8 = /U sin ®

Knowledge of the quantities U, V, W is equivalent to the knowledge
of the ellipticity of the light, that is the position of the
oscillation ellipse with respect to the laboratory system, the
ratio of the lengths of the main axes, and the sense of rotation
of the electric vector (cf. ref. 8). 6 can be assumed to lie in
the interval O < § < 2m. If sin 6 > O (<0) the electric vector
rotates performing a left (right) - handed helix with respect
to the direction of propagation. For 6 = O,7 the light is

1 37

linearly polarized; for 6 = > 5 the light is circularly po-

larized if U = 1. Since in most of the practical cases the beam



will be inhomogeneous, the more general integrals U, V, W have to

be used to specify the ellipticity,

b) linear polarization (ﬁy = Q)

If only the Ex component 1s present, UsV=W=0 and the degree of
polarization P = |1-U|(1+U)”! = 1. The factors Bt’ BZ’ B3 and B4
consist of only one term and 06’ C7, C8 and C9 vanish. Equation (2)
is considerably simplified to a form which has been used by the
authors? to determine ]511 and 61 and the optical constants of gold
and glass which served as a first polarizer in the extreme ultra-
violet (xuv), see section 6.

c¢) synchrotron radiation

It has Eeen predicted by the theory of synchrotron radiation!0»1l

and verified experimentally in the visible!? that circulating re-
lativistic electrons emit elliptically polarized light in a narrow
cone around their velocity vector. The state of polarization depends
on the elevation angle y between the electron orbit and the observer.
The main component ﬁx oscillates parallel to the synchrotron plane,
For x = 0 only this component is present, so that for x > 0 U,V,W > O,
With inecreasing elevation angle the y-component Ey increases.

Iﬁx[ and ]ﬁyi only depend on the absolute value fxl. The phase
difference 8 is * ©/2 depending on observation above or below the
synchrotron plane. 8 = * %/2 means that V becomes zero. If the light
is incident symmetrically to the synchrotron plane the contribution
to W from the upper part of the beam is cancelled by the same con-
tribution of the corresponding lower part since gin{(n/2) + sin(- %J=O.
Thus W vanishes together with V and so do the terms C6’ C7, C8’ and

C., of Eq. (2).

9
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d) perfect polarizers

Perfect polarizers which are available for the visible and near
ultraviolet, for example a Nicol prism or a lossless material at
Brewster's angle, are characterized by |5i| = 0., If both polarizers
are perfect Eq. (2) yields J = K cos?$(cos2y + U sin?p + V sin2y)
by which U and V can be determined using different sets of ($,9),

cf. section 4. The cos?¢ - dependence is well known.

If only the second polarizer is perfect ]52| = 0, but ]51| + 0,
and if the light is totally polarized (ﬁy = Q) Eq. (2) yields:

J = K (cos?y cos?$ + 151[2 sin?y sin?g - %—|61| coscS1 3in2y sin2¢),

The last formula is equivalent to that given by Conn and Eaton’

for determination of ]511 and coss, .

e) quarter wave plate and perfect polarizer

A quarter wave plate with a subsequent perfect polarizer is fre-
quently used to determine the ellipticity of light in the visible.
In terms of the variables of Eq., (2) the quarter wave plate is

b
*in/2 and the polarizer by ﬁz = 0. The con-

described by 51 = e
dition for zero intensity specifying the ellipticity can easily

be calculated from Eq. (2).
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4. Determination of U, V, W, 151‘;l52| and §, by intensity ratios

We now turn to the problem of how to determine U, V, W, Iﬁll,lézl and
8, with the help of Eq. (2). The first step is to calculate U,

]ﬁli and lﬁzf. These quantities can be obtained by four intensity
measurements., For § = 0, 7/2 and ¢ = 0, n/2 Eq. (2) vields the

0 for i=5-9:

1

following, since Ai

= 5 t2] |2
o0 = K (4015 [2]5, %)
= 5 |2lg (2
Jora,0 = K (u+|91[ 6,12
(3)
= w (lx 12,0 |2
o, ns2 = K U, 1240]6, %)

= = |2 = |2
Jﬂ/2,ﬁ/2 K ('pil +Ulp2l )

From these four intensities U, !ﬁ and lﬁzl can be determined by

i

three intensity ratios, for example

R, = J;fo /2.0 " (u+[ﬁ1]2]52]2)(1+U|51|2[a2|2)“1
Ry = T3l 9y, gz = (8,150l D suls, 7] 120 8
R, = J;}O Josanj2 " (]51|2+U]52]2)(1+U15112|52|2)‘1
Here J is used for normalization. Equation (4) can be solved

’

for U, |61] and [ﬁz[:

U = Ax(A2-1)1/2
[6 ]2 = ai(a2-1)1/2

|5 |2 = ae(az-1)1/2
(5)
-1 2_n2.n2 - -1
where A 2(E+R1 R2 R3) (R1 R2R3)

i 2.p2.n? -1
= =—(1-R2~R%4R ~
a 2(] 1 2 3) (Rs Rsz)

Ll op2in2 n2 _ -1
5(1-R2+R?-R2) (R,-R R,)

el
1}
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The procedure described in Eqs. (3), (4), (5) for determination
of U has been proposed by Hamm et il'l It was used by Rosenbaum
et El'& to study the degree of polarization of extreme ultra-

violet synchrotron radiation.

The next step is to determine the other unknowns V, W, cosn‘i1

and Sinél, which include the phase factors 6 and 51. This can be
done for example,as follows:

We assume that U, [ﬁll and |62| have been calculated with Eq. (5).

Then V can be evaluated from

Tyo " K(Q+0[5 [2[8,]%) cos?y + (U+[5,|2]5,]2) siny “

+ vc1—[61|2]52]2) sin2y}

which yields for ¢ = n/4

[P x
Toe.o = Kigle, 2] 12+ (1v0) + va-]5,|2[5,[%))

As before K is eliminated by normalizing with Jo o The ex-
3

pressions J“p’ﬂ/2 and Jﬂ/&,ﬂ/z yield V in a similar way.

The products V cosé1 and W sin61 can be derived from Jo ¢
3

and Jﬂ/2,¢:

JO,¢ = K{(]+U!§1|2!§2!2) c052¢ + (|6212+U!5112) Sinz{b
(7

+ (W siné1 -V cosSl) [61] (152]2—1) sin2¢}

and

Jﬂ/2’¢= K{(U+[§l|2|§2{2) cos2y + ([5112+U152|2) sin¢
(7a)

+ (W sind + Vcoss) [p,] (]B,|2-1) sin2¢}
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v cosé1 is calculated by the difference JO,¢—JH/2,¢ and

W s:.mS1 by Jo,¢ + Jﬂ/2,¢. It follows that V, cosa1 and

W sind,, are now known from the described procedure Egs. (6),
(7). If the first polarizer consists of only one mirror 61
can be assumed to lie bétween 0 and w, i.e, 0 < 61 <7

(or -~ m < § < 0 depending on the phase convention in the

definition of 51). 61 and W can then be calculated explicitly.

The derivation given above is only one of several possible ways
of calculating the 6 unknown quantities. Values of the angles ¥
and ¢ other than 0, w/4, and 7/2 can be used. In general one
could think about seclving Eq. (2) for the unknowns by a least
square fit with a computer, In such a fit the values obtained

by the procedure described above can be used as first values in

the iteration process.
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5. The derivative of the intensity Jw with respect to ¢ and

'

the extrema of J
Uy9

In our experiments (section 6) we have measured the intensity J

»
continuously varying the angle ¢, while ¢ was used as parameter,
In order to study how these experimental curves are influenced

by U, V, W, lﬁlls[ﬁzl and 61, we differentiate Eq. (2) with re-

spect to ¢. This yields:

aJ¢ s 6
J' = 55 " K (152[2—1)i§]Ai'Bi'ci' (8)

where K is the same factor as im Eq. (2) and

A] = cos?p sin2¢ B = :—U[51]2 ci=¢C)=1
L R S ' t oop=-lg 12

A2 sin“y sin2¢ B2 U ]pll

Aé = sin2y cos2¢ Bé = lﬁif(l—U) Cé = cosd,
' = g1 i t . s |2 T =

A = sin2y sin2¢ B, ]pll +1 C, =V

Aé = cos2Y cos2d Bé = -2!&1[ Cé =V coscS1
(- - = (- :

A6 = cosZ¢ B6 2]p1] C6 W 81n61

Equation (8) may be used to evaluate the unknown quantities from
the derivatives of the intensity for different (¢,¢)-pairs in a way
similar to thatdescribed in section 4 for the intensities them-

selves. Such a procedure will not be discussed here in detail,

The position ¢m of the extrema can be calculated explicitly from
the condition J'(¢m) = 0 which gives:

1

tg 2¢, = ZM = £ (0, U,V,W,[5,[,6) 9
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where

N3
1]

fﬁl[ (u-1) cosé1 sin2y + 2]61f \ cosGl cos2y - 2]51] W sing,

=
|

= (1=U]p, [?) cos®y + (U-[5 |?) sin®p + ([p |?+1) V sin2y

Equation (9) shows that ¢m is independent of the properties of

the second polarizer. Equation (9) yields for ¢ = O and #/2:

o =0 tg 2¢ = 2]6 i(l—U!ﬁ iz)_I (V cosd. ~ W sind.)
m 1 1 1 1 (10)
L = —9lx —tx 12y-1 :
Vo= o5otg 24, 2lpil(U Ipl[ TR cosé1 + W 51n61)

These equations demonstrate how the quantities V cosG1 and W sin61
containing the phase factors 8 and 61 affect the position of the

maxima of J
¥

s

If we assume that U and lﬁll are known, for example from Egs. (3),
4y, (5B), Vv cosﬁi and W siné1 can be determined by addition and
subtraction of the two equations (10) after ¢, has been measured
for ¢ = 0 and #/2., In a similar way cos§, and V can then be derived
from tg 2¢m for ¢ = *n/4, Thus V, W and GL are known. In principle
one can calculate all iinknowns U, V, W lﬁil and 61 by a least
square fit for different p's for which according to Eq. (9) o
has been measured. The advantage of using ¢m’s at different ¢'s

as compared to the ratio method is that the ¢~ method only needs
the correct ¢ from the measured J($)-curve, S is more easily
obtained than correct intensity ratios when problems arise due to
detector inhomogeneity with variation of ¥ or long time instabi-

lities of the light source.



_!6_
Two special cases of Eq. (9) should be mentioned: For éy =0
(U=V=W=0) Eq. (9) reduces to

tg 2¢m = 2]51] cosﬁ1 (]5112 tg ¥ - ctg w)_l {(11)

In the case of symmetric synchrotron radiation (cf. sec. 3) we

obtain with V=W=0

tg2¢ = 2!611 cosé, (U-1) {(U—fﬁllz) tgy + (l—Ulﬁllz) etgp}™t  (12)
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6., Application. The influence of U, V and W on P and determination

of optical constants

Figure 2 shows a photograph of the double polarizer used for pola-
rization studies in the extreme ultravilet below 1000 R wavelength,
It has all the degrees of freedom of the system sketched in Fig. 1.
The system was developed as a part of an ultrahigh vacuum reflecto-
meter described earlier!3, The light is incident from the lower left
through the ball-bearing. It falls on the first.polarizer P}, a
single mirror, and is reflected towards a four mirror-polarizer P,
Behind the latter a detector is mounted, e.g. an open magnetic
photomultiplier Bendix M 306. Both polarizers and the multiplier
are fastened to a ring which ecan be turned about the axis of the
incident beam by means of two ball-bearings and a feedthrough
attached to the second ball-bearing on the right side. The angle
of incidence of the first polarizer and the adequate position of
the second polarizer and detector can be adjusted from outside by
two other feedthroughs which are coupled to the two gears on the
ring seen in front of the photograph. The polarizers are rotated
by motors. The positions of the rotatimangles are indicated by
built—in potentiometers operating under vacuum which can also be
seen in the photograph., The equipment was used in a modified
commercial vacuum system!? at a pressure of 10~7 Torr behind the
exit slit of a Wadsworth-monochromator!®, Synchrotron radiation

was used as light source,

From the angle positions P,¢ = 0,n1/2 we found using Egqs. (3), (4),

(5) that the light emerging from the monochromator had a degree
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of polarization P = 0.92 (U = 0.042) at X = 700 2. During the
course of our experiments we extensively studied the relation for
b (Eq. (10)). We had adjusted the polarizer-system symmetrically
with respect to the synchrotron plane so that V and W were expected
to have no influence on ¢m,[meﬂnﬁng the radiation at the exit slit
behaved as predicted by theory (Eq. (12)). The first measurements
of ¢, however, gave for p = 0 and ¢ = #/2 ¢,,~values different from
0 or m. The conclusion was that the light did not behave as in the
symmetric case of synchrotron radiation with V = W = 0. Obviously
the grating of the monochromator had changed phase and intensity
over the whole cross section of the beam. In a second experiment, during
. which the beam profile was measured, the intensity distribution was
actually shown to be not synchrotron-radiation-like. From the
position of ¢m for ¢ = 0, 71/2 we calculated V=-0.011 and W=0.112 by
using Eq. (10) with previously determined values for ]@1[, 61 of

glass at an angle of incidence 45°% at A = 700 R, where U = 0,042,

By means of a prepolarizer consisting of ; mirrors, which was

inserted before the double polarizer system, the polarization was
enhanced to about P = 0,996, Then within the accuracy ¢19) with which
¢m could be read, the ¢m's were at O and m as expected from Eq. (11).
This equation was used to derive Iﬁl] and 61 from the position of

the extrema ¢ while | was varied between O and 7/2.° The results

for n and k, calculated from ]ﬁil and 61 were in good agreement

with the results of other authors who used the reflectance vs,

angle of incidence method!®,

The determination of U, V, W [61[ and Gl by intensity ratios

(Section 4) or derivatives (Section 5) works properly if a detector



with a homogeneous cathode sensitivity is used. Inhomogeﬁeous
detectors might cause errors in the ratios due to rotation of the
beam profile on the cathode when the angles § and ¢ are changed.
If a four mirror polarizer is used, as we did for PZ’ such effects
are excluded. The ¢m—method (Section 5) has the advantage that

no intensity ratios are needed, the position of the extrema can

often be more safely determined experimentally.
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7. Summary

A method was described which allows to determine the ellipticity

of light by intensity measurements behind two reflection polarizers
togethef with the optical constants of the first polarizer. The
quantities U, V, and W characterizing the ellipticity of the
incident light and Iﬁli and §, characterizing the reflection
properties of the first polarizer can be calculated from inten-
sity measurements at different sets of the rotation angles of the
polarizers. The unknowns can be derived from pure intensity
measurements, from the derivative of the intensity with respect

to the rotation angle of the second polarizer ¢ and by the

position of the extrema ¢ .

The reflection coefficients of the polarizersdo not have to be
known in advance, Surface layers on the mirrors of the polari-
zers do not affect the accuracy with which the ellipticity can
be determined. They do, however, affect the values of lﬁlf and 61
so that the actual optical constants of the mirror material

can not be calculated in such a case, The method described here
does not require high quality reflection polarizers with [p[“Jo,
since the equations given above can be solved for the unknowns
without this assumption. In principle one reflecting surface is
sufficient for each polarizer so that the intensity of light

which has passed the polarizers remains relatively high.

The method is useful in spectral ranges where no transmission
polarizers are available, for example in the extreme ultraviolet.
The double reflection - polarizer system corresponds to the

combination of a phase shifter and a transmission polarizer



- 21 =

generally applied in the visible and near ultraviolet. The first

reflection polarizer takes over the role of the phase shifter.

A double polarizer system suitable for the described analysis was
constructed, As yet it has been applied in the extreme ultraviolat
to study the influence of U, V, and W on the position of the

extrema ¢m and to determine the optical constants of the material

(gold and glass) used as the first polarizer.

This work was supported by the Deutsche Forschungsgemeinschaft.
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Figure Captions

Fig, 2

Sketch of the double polarizer system, P1 first
polarizer, P2 second polarizer, D detector. The x,y,z-,
X[, 22" and X91Yys 2, 8ystems are fixed to the
laboratory, P1 and P2 respectively, Z,2),2, being the
direction of light propagation and simultaneously the
axes of rotation of Pl and PZ' The yl—zl~p1ane and
yz—zz—plane are the planes of incidence of the mirrors
used in the construction of P, and P,. The definition

of the rotation angles ¢ and ¢ is shown in the lower

part.

Photograph of the double polarizer system constructed
for peolarization studies in the extreme ultraviolet,
Light is incident from the lower left through the ball-
bearing. It is reflected at a plate (P!) and passes
through a four-mirror-polarizer (Pz) before being de-

tected by a multiplier.,
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