
Physics Letters B 309 (1993) 394-396 
North-Holland PHYSICS LETTERS B 

High energy asymptotics of multi-colour QCD 
and two-dimensional conformal field theories 

L . N .  Lipatov 
St. Petersburg Nuclear Physics Institute, St. Petersburg, Russian Federation 

Received 22 April 1993 
Editor: P.V. Landshoff 

In the multi-colour limit of perturbative QCD the holomorphic factorization of wave functions of compound states of n reg- 
geized gluons in the impact parameter space is shown. The conformally invariant Hamiltonian for each holomorphic factor has a 
nontrivial integral of motion. The odderon in QCD is the simplest example of the composite system with these properties. 

It is known [ 1 ], that at high CMS energies x /~  in 
the leading logarithmic approximation (LLA) (g2 
I n S ~  1), the gluon is regeizzed in QCD and the 
Pomeron,  emerging as a shadow of  multi-regge pro- 
cesses, is built from two reggeized gluons. The t-chan- 
nel partial waves f,o for the gluon-gluon scattering 
with total angular momentum j =  1 + to and vacuum 
quantum numbers satisfy the Bethe-Salpeter equa- 
tion with an integral kernel including the Regge tra- 
jectories to ( - p22) for two constituent virtual gluons 
with momenta  P~, P2, respectively. These momenta  
lie in a two-dimensional plane, orthogonal to the col- 
lision axis. The gluon Regge trajectory t o ( _ p a )  ~ 
- I n  (p2/22) contains the infrared divergence for a 
vanishing gluon mass 2, however, in the kernel the 
divergence is cancelled by a term corresponding to 
real gluon emission [ 2 ]. 

To solve the problem of  unitarization of  the scat- 
tering amplitudes obtained in LLA it is needed to take 
into account the diagrams with an arbitrary number  
n of  regeizzed gluons in the t-channels. In the case 
where this number is fixed, the t-channel partial waves 
f~n) satisfy a Faddeev-like equation with pair-like in- 
teractions [ 3 ]. Let us write it in the homogeneous 
form 

tofL"~ = E ~,,UL"~ • ( 1 ) 
i < k  

The eigenvalues o f  ( 1 ) yield the positions j =  1 + to  of  

the Regge singularities offo, in the angular momen-  
tum plane o f  the t-channel and its eigenfunctions are 
proportional to the couplings o f  the reggeons with ex- 
ternal gluons. 

In this paper we consider the possibility of  finding 
the exact solution o f  ( 1 ) for a large number  of  col- 
ours N. The operators ~,k in ( 1 ) differ from the in- 
tegral kernel for the Pomeron equation by a colour 
factor only: 

g2 

~k = Ta T~, 8--~n~ ~ k ,  (2) 

where the r a are the generators of  the colour group 
SU(N)  acting on the indices o f  the gluon i. Yt~k in 
expression (2) can be considered as a Hamiltonian 
for a pair of  interacting particles. It looks rather sim- 
ple in the coordinate (impact parameter)  represen- 
tation if one uses the complex coordinates Pk, P~ and 
momenta  pk=i0/'dpk, p~ = --i0/0pT, in a two-dimen- 
sional transverse subspace (cf. refs. [ 4, 5 ] ): 

1 
d~ik = 

IPil21Pkl 2 

× [P*Pk In( Ipi~ 12)P,P~ +PiPT, In( Ip~kl 2)P*Pg] 

+ I n (  IP, 121Pk 12) - 4 ~ (  1 ) ,  (3) 

where pik=pi--pk and ~u(z) = F '  ( z ) / F (  z ), ~ (  1 ) = - 7  
(y denotes the Euler constant). It is obvious from (3) 
that JCt~k is holomorphically separable [ 6 ]: 
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~ik=Hik  + H*k , (4) 

where its holomorphic part 

Hik = PF 1 In (Pik) ei + P~ ~ In (Pik) Pk 

+ln(P ,  Pk) - 2~,( 1 ) (5) 

and its antiholomorphic part H*k act on the coordi- 
nates Pi, Pk and p*, PT,, respectively. Property (4) al- 
lows us to simplify ( l ) significantly by using the fol- 
lowing ansatz for its solution in some cases: 

fo~(Pl ,PE ..... P,;Po) 

= ~ Crfr(Pt,  P2 .... Pn; Po)J~r(PT,P~, -..P*;P~), 
r 

(6) 

where f r and j~ r are analytic and antianalytic func- 
tions with the only possible singularities at the coin- 
ciding points Pig = 0. In (6) Po is the coordinate of  the 
compound state of  n gluons (fo depends on the dif- 
ferences Pio only). This ansatz is applied to the Od- 
deron, being a compound state of three reggeized 
gluons [ 6,7 ], and to the case of  the arbitrary number 
of  gluons in multi-colour QCD, with N ~  ~ .  In both 
cases the Feynman diagrams have cylinder topology 
in colour space, if one substitutes each gluon line by 
quark and antiquark lines. Only the nearest gluons 
on the circle of  this cylinder interact. We enumerate 
them in corresponding order considering the gluons 
i = n +  1 and i= 1 as coinciding ones and simplify the 
colour structure at large N in (2) substituting 

N 
-- zaz~,--*~k,i+ 1 -~ . (7) 

This procedure corresponds to irreducible one-cyl- 
inder diagrams from which multi-cylinder contribu- 
tions can be derived easily. Thus, at large N the hol- 
omorphic function f r(p,, P2""Po) in (6) satisfies the 
equation 

e f r = A ~ f  r, o¢{= ~ Hi, i+t,  (8) 
i= l  

and the antiholomorphic function j~r  satisfies the 
analogous equation obtained by the substitution 
H--}H*, e---,g. The position 09 of the Regge singulari- 
ties of the partial waves f,o is proportional to the sum 
of the "energies" e and g 

g2  

~ =  16r t zN(e+g)  . (9) 

Now we pass to the central point of  our discussion: it 
turns out that the holomorphic Hamiltonian g (8) 
has a nontrivial integral of  motion: there is a confor- 
mally invariant differential operator 

aZ/=R12P23 ""Pnl PI P2 . . .In, ( 1 O) 

which commutes with the Hamiltonian: 

~¢Ae_- ~ 4 .  ( 11 ) 

To verify ( 11 ) one should use (5) for Hi,;+ 1 on its 
left-hand side and the equivalent expression 

H i k = 2 1 n ( p i k ) + p i k l n ( P i P k ) p ~ l - - 2 V ( 1 )  (12) 

on its right-hand side. 
The existence of the operator ~¢ (10) with the 

property ( 11 ) means that the differential equation 

d f = 2 f  (13) 

and the integral equation (8) have common eigen- 
funct ionsf  Therefore, the solution of (8) is reduced 
to the finding of all solutions of  the comparatively 
simple conformally-invariant equation (13). 

Note, that another representation of the pair Ham- 
iltonians Hik is 

Hik =ln(p~kP,) +ln(pZkSk) --2 In (p~k) --2V( 1 ) ,  
(14) 

from which the conformal invariance of ~ is also 
evident. 

Let us consider the Odderon case ( n =  3) now, 
where (6) is valid for arbitrary N [6,7]. Using the 
conformally covariant ansatz [ 6 ] 

i \ m / 3  
_ _ / p l z p I 3 p 2 3  

f (Pl ,Pz ,P3;Po)--  o 2 2 ~gm(x) (15) 
k,p 1oP2oP 3o ] 

where m =  ½ + i v +  ½r is the conformal weight of the 
Odderon and ~u m depends only on the anharmonic 
ratio x=p~zO3o/P~oP3z, one can rewrite (7) with H~k 
given by (14) in the following form: 
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e ~ u m ( x ) = [ l n ( ~ i V , ) + l n ( l ~ x i V l )  

+ In(1 _-~x x i V 2 ) +  ln(~-~ 1_ x ) iV2) 

+ ln(~-~--~ i V 3 ) +  l n ( ~ ~  1_ x ) i V 3 )  

- -6~(  1 ) ] ~ m ( x )  , (16) 

where 

V1 = -~m( 1 - 2 x )  + x (  1 - x ) 0 ,  

V 2 = ~ m ( l + x ) + x ( 1 - x ) O ,  

V3 = - ~ m ( 2 - x ) + x ( 1 - x ) 0 ,  (17) 

and 0--- 0x. 
Due to ( 11 ) gt '~ satisfies also ( 13 ), where the op- 

erator ~¢ (10) in the x-representat ion can be written 
in terms of  products o f  Vi: 

1 1 
i~¢(x) = VI - -  V2 V3 = Vl - -  V3 V2 . . . .  

x ( l - - x )  x ( 1 - - x )  

= l V 3 T ~ - X  V 2 L V  1 . ( 1 8 )  
X I - - X  X 

T h e r e f o r e ,  ~//m (X) satisfies the third order ordinary 
differential equation (13) .  Analogous differential 
equations where solved by Dotsenko and Fateev for 
the Green functions of  two-dimensional  conformal 
field theories in terms of  generalized hypergeometric 
functions [ 8 ]. One can expect that (13) is also ex- 
actly solvable. In this case, the eigenvalue e would be 
calculated exactly by putting the known solution on 
the right-hand side of  (16) .  Furthermore,  the opera- 
tor ~ in (16) is a function of  d :  

~ =  Y C ( d ) .  (19)  

This function can be calculated in the singular points 
x-o0, 1, ~ .  For example, for x--,0 one obtains 

oct" ( d )  = l n  (~¢) = - In (x)  + ½~v( ~m + x 0 )  

+ ½~/( 1 + -~ m +xa)  + ½~u(1-2-~m+xO) 

+ ½~( 1 - ~ m - x O )  + ½~u( - ~ m - x O )  

+ ½~u(2.~m-xa). (20) 
Due to the group representation theory the wave 

function f~ (6)  is expanded in the series over the 

states with all admissible conformal  weights M12 = 
½ + i a +  ½r, 3~rx2 = ½ + i a -  ½r in the subchannel (1,2),  
for example. Taking into account the definition ( 15 ) 
we have for ~um"~: 

~,""~ ( x, x* ) 

+oo 
+oo f = E dffxM'2-m/3x*Ml2-m/3~Ml2,~i, 2 . ( 2 1 )  

r~ --co 
--co 

The Fourier coefficients PM,2,~2 can be calculated 
in explicit form from (16) for the simplified Hamil-  
tonian (20) .  We obtain for ~ = m  

~l/m'rn( x, X*) Ix~o 

=lxl4m/3+lxl2-2m/3[al +a21n(Ix l ) ]  . (22)  

This asymptotics of  ~m,,~ was used for finding the 
appropriate  trial function in the variational ap- 
proach to the Odderon problem in Q C D  in ref. [ 7 ]. 

Note, that the small x behaviour  (22)  of  ~m'~(x)  
can be obtained from (13) and f rom an analogous 
equation for ~ ' in (6).  But (13)  has solutions with 
stronger singularities ~ x - m / 3 ,  ( 1 - x ) - m / 3  and x 2/3 
at the points x = 0 ,  1 and ~ ,  respectively. Presum- 
ably, one should select the eigenvalue 2 in (13) f rom 
the condition that such singularities incompatible 
with the representation (21 ) would disappear. 
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