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Abstract 

A complete tree-level calculation of the reaction e+e - ~ e+~,eTb ( e - f ,  etb) in the electroweak standard theory in the 
LEP200 energy range is presented. For top quark masses in the range 130 to 190 GeV the cross sections are found to be in 
the order of 10 -5 to 10 -6 pb. Therefore, the number of single top quark events is expected to be negligible even with an 
integrated luminosity of E = 500 pb -~. It is further demonstrated that the Weizsiicker-Williams approximation approaches 
the accurate cross section calculations reasonably well. 

1. Introduction 

The existence of the 6th quark, the top quark, is a 
direct prediction of the Standard Model (SM) [1]. 
The search for it and the determination of its properties 
is one of the most important tasks of present high 
energy physics. The experimental limit for the mass 
of the top quark, obtained at the TEVATRON, is [2] 

mtop > 113 GeV (1) 

at 95% C.L., for a top with standard model decays. 
In addition, precision electroweak measurements from 
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LEP100, M w  determination at hadron colliders and 
neutrino scattering measurements constrain the top 
quark mass through radiative corrections to the range 
[3] 

= lgo+16+ls GeV. (2) mtop ~v--,_ 17_21 

There is the hope that by upgrading the TEVATRON 
a top quark with a mass below ,,~ 170 GeV will either 
be discovered or excluded. The main mechanism of top 
production in hadron collision is t ? pair production. 

The possibility for single top quark production 
through W-gluon scattering in hadron collisions has 
been discussed in several papers (see e.g. [4] ). 

Single top production in the reaction e+ e - ~ W t b  

has been studied in Ref. [5] for energies in the range 
of the Next e+e - Linear Collider. Taking into account 
the top mass limits (2), the threshold for this reaction 
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is above the standard LEP200 energy range. In [6] re- 
actions for light top production were considered, while 
single top production in ye collisions at TeV energies 
has been studied in Ref. [7]. Single top production 
might be interesting for measurements of top quark 
characteristics like the Vtb Kobayashi-Maskawa angle 
[8] or the top width, quantities hardly accessible in 
t ~ pair production. 

Within the Standard Model, at LEP200 energies sin- 
gle top quark production occurs in the reaction 

e + e  - , e v t b  (3) 

for mtop values being in the range (2).  
Recently results from calculations of reaction (3) 

have been published [9] with the conclusion that 
LEP200 would provide a chance to observe top quarks 
with masses up to ,-~ 180 GeV. The authors of Ref. 
[10] however concluded that with the anticipated 
luminosity of LEP200 the expected event rate is very 
low, even for v G = 200-250 GeV. A clarification of 
the situation seems mandatory; the LEP200 upgrade 
strategy to reach collision energies of 210 GeV as 
suggested in Ref. [9] would be influenced by the 
capability for single top quark production. 

In this paper we present the results of complete tree- 
level calculations for the cross section of reaction (3) 
within the standard electroweak theory. Throughout 
our paper, reaction (3) involves besides the e+ue?b  fi- 

nal state also the charge conjugated final state e -~e t  b. 

In Section 2 the precise cross section calculations are 
presented as functions of mtop for several center of 
mass (cms) energies. Section 3 involves discussions 
of some delicate features of the calculations which 
have to be treated in a proper way in order to obtain 
correct results. In Section 4 further support for the cor- 
rectness of  our result is obtained from the event rates 
of  reaction (3) as estimated in the framework of the 
effective photon (Weizs[icker-Williams) approxima- 
tion. Conclusions are presented in Section 5. 

2. Complete tree-level cross sections 

In Fig. 1 the complete set of the Feynman diagrams 
contributing to reaction (3) is presented, except that 
diagrams with the Higgs boson propagator were omit- 
ted because of the very small Yukawa coupling of the 
Higgs particle to electrons. 

The first row involves the t-channel photon ex- 
change diagrams. It is expected that these diagrams 
provide most of the cross section for reaction (3) due 
to the singular behaviour of the photon propagator 
at small momentum transfers. The second row of the 
diagrams corresponds to the t-channel Z ° boson ex- 
changes. Compared to the photon exchange diagrams 
one additional diagram occurs here due to the non-zero 
Z ~  coupling. Because of gauge invariance, diagrams 
with t-channel photon and Z ° exchanges are closely 
connected with each other. At large transfer momenta 
both types of diagrams are comparable in strength and 
have to be simultaneously considered in any calcula- 
tion. At small t, however, the photon-exchange dia- 
grams are dominant and they are, in a good approxi- 
mation, gauge invariant by themselves. In the follow- 
ing these four photon exchange diagrams are consid- 
ered as a particular subset which will be denoted as 
'4 d i a g r a m s ' .  T h e  remaining diagrams in Fig. 1 are 
either photon and Z ° s-channel or t-channel neutrino 
and W exchange diagrams. 

In this paper we restrict our calculations to the en- 
ergy interval of LEP200, namely from 170 to 210 GeV, 
and to top masses between 130 to 190 GeV; hence, we 
are below the thresholds of the reactions e+e - 
W t b  and  e+ e - , tL  Consequently, there are no 
contributions from on-shell W and/or top quarks so 
that the width of these particles can be omitted in the 
calculations. All calculations were carried out with the 
nominal set of SM parameters, with a b-quark mass of 
4.7 GeV and the electron mass of 5.11 x 10 -5 GeV. 
For the fine structure constant the value 1/137 has 
been taken since most of the cross section is expected 
to come from photon exchange diagrams (first row in 
Fig. 1 ) with very small momentum transfers. 

All results were obtained by means of two indepen- 
dent programs, namely CompHEP [ 11 ] and GRACE 
[ 12]. Feynman diagram generation, matrix element 
evaluation and the generation of the FORTRAN codes 
were done automatically by these packages. We em- 
phasize that these packages use complete different ap- 
proaches in the matrix element evaluation: in GRACE, 
after the Feynman diagram generation numerical cal- 
culations are carried out by means of helicity am- 
plitude algorithms; in CompHEP, the calculations are 
made in analytical form for squared amplitudes. The 
use of both programs in parallel gives us great confi- 
dence of the correctness of our results, which is im- 
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Fig. 1. Feynman diagrams for the single top quark production in the reaction e+e - ----* ev tb .  Diagrams involving the Higgs boson are 
omitted due to the smallness of the Higgs-electron coupling. 
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portant in view of the very large cancellations of con- 
tributions from different diagrams due to gauge invari- 
ance (see Section 3). 

The integration over the phase space of the four- 
body final state was carried out by means of the adap- 
tive Monte Carlo integration package BASES [13]. 
Different sets of kinematic variables were used to cor- 
rect elaborations of kinematical singularities in phase 
space. 

For all cases considered the agreement between the 
results of the two independent programs was very 
good; deviations turned out to be smaller than 1.5% 
for the full set of diagrams and smaller than 0.5% for 
the '4 diagrams' case. This is in agreement with pre- 
vious comparisons between CompHEP and GRACE 
for e.g. 2 ---+ 3 body reactions in e+e - collisions at 
TeV energies [ 14]. 

In addition, some calculations were carried out both 
in the 't Hooft-Feynman as well as in the unitary 
gauge. The results obtained in these two gauges are 
again in very good agreement; deviations were less 
than 0.5% and consistent with the numerical accuracy 
(see Section 3). 

Fig. 2 presents the total cross section values (solid 
curve) for the reaction e+e - , evtb as a function 
of the top quark mass for three cms energies in the 
LEP200 energy range. A number of cross section val- 
ues are collected in Table 1 in the column 'full set'. 

The most important point of Fig. 2 and Table 1 is, 
that the cross sections of reaction (3) are very small. 
In the best case, namely at ~ = 210 GeV and mtop = 
130 GeV, it is o- = 4.2 x 10 -5 pb, which corresponds, 
with an integrated luminosity of /~  = 500 pb - l ,  to 
about 0.02 events. Hence, at LEP200 energies single 
top quark production, although kinematically possible, 
is completely negligible within the Standard Model. 
This result contradicts the findings of Ref. [ 9]. 

3. Gauge cancellation and other delicate features 
of the calculations 

One of the technical difficulties in the calculation 
of cross sections for reaction (3) concerns large can- 
cellations among the contributing diagrams. If we re- 
strict ourselves to the four photon exchange diagrams 
(first row in Fig. 1), their results for the cross sec- 
tions are shown in Fig. 2 as dashed lines and in Ta- 
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Fig. 2. Total cross sections for the reaction e+e - ~ e+vet-b 

(e-~e t~) as function of the top quark mass for x/~ = 170, 190 and 
210 GeV. The solid line corresponds to the complete set of diagram 
calculations, the dashed line to the photon exchange diagram 
approximation and the dotted line to the Weizslicker-W'flliams 
approximation. 

ble 1 in column '4 diagrams'. As expected, this sub- 
set of diagrams represents the complete calculations 
to a very good approximation. Fig. 3 demonstrates the 
cancellation behaviour among them within the unitary 
gauge as a function of the cutoff angle between the in- 
coming and outgoing positron. Each diagram squared 
results to cross sections of (P( 101 ,-~ 102) pb, while 
their coherent sum gives 7.7 x 10 -6 pb, for mtop = 140 
GeV at v/s = 190 GeV. Thus, cancellations of the or- 
der O( 107) are observed for the total cross section. 
The 't Hooft-Feynman gauge also gives cancellations 
of the same order of magnitude. Even in cases of an 
angular cut of > 0.2 mrad between the positrons (as 
was necessary in Ref. [9] to obtain finite cross sec- 
tion values), the cancellation is still of (9(105). Such 
enormous cancellation of up to O( 108) directly in- 
fluences the accuracy of our numerical calculations. 
Therefore, we have also calculated cross sections with 
double precision and quadratic precision variables and 
found discrepancies to be about 0.5%. 

Another important aspect in the cross section cal- 
culation concerns the non-zero value of the electron 
mass. Due to the singular behaviour of the photon 
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Table 1 
Cross sections for the reaction e+e - ~ e+vetb (e-~et~) for the complete set of diagrams, the four t-channel photon exchange diagratm 
and the Weizs~icker-Williams approximation. 

V/~ mtop full set 4 diagrams W-W approx. 
(GeV) (GeV) (pb) (pb) (pb) 

170 130 3.64 x 10 -6  3.53 x 10 -6 4.53 x 10 -6  
160 1.40 x 10 -9 1.44 x 10 -9 1.98 x 10 -9  

190 130 1.62 x 10 -5 1.57 x 10 -5 1.99 x 10 -5 
160 8.82 x 10 -7 8.61 x 10 -7 1.12 x 10 -6  
180 1.20 x 10 -9 1.21 x 10 -9 1.66 x 10 -9  

210 130 4.28 x 10 -5 4.06 x 10 -5 5.07 x 10 -5 
160 6.88 x 10 -6 6.70 x 10 -6 8.58 x 10 -6  
180 7.52 x 10 -7 7.30 x 10 -7 9.54 x 10 -7 
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Fig. 3. Total cross sections in the four photon exchange diagram 
approximation as a function of the positron angular cut for mtop = 
140 GeV at v/~ = 190 GeV in the unitary gauge. The dotted lines 
show the results for each of the diagrams (denoted as (A), (B), 
(C) and (D) in Fig. 1 ) squared, while the solid line corresponds 
to their coherent sum. 

propagator total cross sections will be divergent if 
me = 0, while finite numbers are obtained for me = 

5.11 x 10 -4 GeV. The introduction of an angular cut 
between the positrons helps to avoid the singularity 
[ 9], but the cross section difference between the two 
cases can be appreciable. 

We have also checked our first-order calculations 
within the ' t  Hooft-Feynman as well as the unitary 

gauge. As an example, at v/s = 190 GeV with mtop 
= 140 GeV we obtained for the total cross section 
0.779 x 10 -6 pb in the unitary gauge and 0.794 x 10 -6 
pb in the 't Hooft-Feynman gauge, which is consistent 
with the numerical precision of ~ 0.5%. 

In the energy range of LEP200 and the mtop interval 
(2),  the effective masses of the two-particle systems 
?b and e + Ve are far from the mass of the on-shell W, so 
that the width of the W (and of the top quark) can to a 
good approximation be neglected. However, at larger 
energies reactions like e+ e - --~ W t b  and e+ e - --~ t f  

will be open with sizeable cross sections and our '4 

d i a g r a m s '  approximation should be replaced by calcu- 
lations which take into accodnt all diagrams (see Fig. 
1) and their interferences. In this case finite widths of 
the W and the top have to be introduced in the calcula- 
tions,which has been found to be a delicate procedure 
due to gauge invariance [ 15]. 

4. Equivalent photon approximation 

As has been shown in Section 3 the four t-channel 
photon exchange diagrams (first row of Fig. 1) repre- 
sent a very good description of the reaction e + e -  , 
e p t b  at LEP200 energies. Further confirmation of 
these results may be obtained by the application of 
the Weizsticker-Williams approximation [ 16] to re- 
action (3). In this approach the cross section of the 2 
--~ 3 process 

y e -  , fbv (4) 
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with a real photon in the initial state is convoluted 
with the effective photon spectrum. We used for this 
spectrum the improved version of Ref. [ 17]: 

a [ l + ( 1 - x )  2 1 o g l - x  
f ( x , 8 )  = ~ x x2t~ 

I. 

21 - x._- x28] . (5) 
x J 

The cross section for reaction (3) we are interested 
in is then given by 

Xmax / *  

o'e+ e-_..e+ rbv ( s ) ~__ ] trre--4br ( xs  ) f ( x '  8) dx '  (6) 
Xmin 

where x is the fractional energy transferred by the 
photon with Xmin -- (mtop + mb)2/s ,  Xmax = 1, and 
t5 = m2 / ( mtop + rob) 2. 

The first term in the improved photon spectrum 
(5) corresponds to the usual Weizs~icker-Williams ap- 
proximation which is connected, before the integra- 
tion over the squared momentum transfer q2, to 1/q 2 
terms, whereas the second term corresponds to terms 
of the order 2 4 m J q  . The contribution of the second 
term has been found to be small (<  1%) and is ne- 
glected in our cross section estimations. 

Cross sections for reaction (4),  calculated in Ref. 
[6] for energies in the TeV energy range and con- 
firmed by the package CompHEP, were evaluated 
with CompHEP for different LEP200 energies and 
top quark masses. The convolution of these results 
with f ( x ,  8) yields the cross sections for reaction 
(3) as shown in Fig. 2 (dotted line) and in Table 1, 
last column. As can be seen, the cross sections found 
are again in the order of 10 -5 and 10 -6 pb, so that 
reasonable agreement exists between the Weizs~icker- 
Williams approximation and the precise calculation 
as well as the t-channel photon exchange diagram 
approach. The differences are well below 20%. 

130 and 190 GeV the cross sections are of the order 
of 10 -5 to 10 -6 pb, so that the number of single top 
quark events expected with an integrated luminosity 
of 500 pb -1 is negligible. Hence, the search for and 
measuring of top quark characteristics as suggested in 
Ref. [9] is out of range of the LEP200 machine even 
for the best case of mtop = 130 GeV and x/~ = 210 
GeV. 

We have demonstrated that in the energy range dis- 
cussed the cross section for the process e+e----~ evtb 
can very well be approximated by calculation of the 
four t-channel photon exchange diagrams (first row 
in Fig. 1). The Weizs/icker-Williams approximation 
formalism is also able to reproduce the results for this 
reaction reasonably well. 

At higher energies, in particular above the thresh- 
olds for the reactions e+e - ~ Wtb and e+e - 
t?, the diagrams in Fig. 1 with on-shell W and top 
quark production become important. In this case the 
t-channel photon exchange diagrams dominating at 
LEP200 will only give small corrections. At such high 
energies, single top quark production is still of inter- 
est since direct information on its couplings may be 
obtained. Further detailed calculations based on all di- 
agrams of Fig. 1 including finite widths for the W and 
the top quark are required. 
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5. Conclusions 

Complete tree-level calculations for cross sections 
within the Standard Model of single top quark produc- 
tion in the reaction e+ e - ~ e + v j b  ( e -~e tb )  are 
presented. It is found that in the LEP200 energy range 
of 170 to 210 GeV and for top quark masses between 
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