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A systematic classification of Feynman path integrals in quantum mechanics is
presented and a table of solvable path integrals is given which reflects the progress
made during the last 15 years, including, of course, the main contributions since the
invention of the path integral by Feynman in 1942. An outline of the general theory
is given which will serve as a quick reference for solving path integrals. Explicit
formulas for the so-called basic path integrals are presented on which the general
scheme to classify and calculate path integrals in quantum mechanics is
based. © 1995 American Institute of Physics.

1. INTRODUCTION

Path integrals had been introduced in physics for the first time by Feynman in his thesis.! By
means of his path integral Feynman gave a new formulation of quantum mechanics “in which the
central mathematical concept is the analog of the action in classical mechanics. It is therefore
applicable to mechanical systems whose equations of motion cannot be put into Hamiltonian form.
It is only required that some sort of least action principle be available.!” The idea to formulate
quantum mechanics in terms of the Lagrangian instead of the Hamiltonian goes back to Dirac.?
Feynman’s first publication on path integrals appeared in 1948.3 Historically of utmost importance
was Feynman’s generalization of the path integral to quantum electrodynamics* from which he
derived for the first time the “Feynman rules” providing an extremely effective method for
performing calculations in perturbation theory.

One of the great advantages of the path integral is that it gives a global (integral) solution of
the quantum mechanical problem in question. This is in contrast to the standard approach to
quantum mechanics based on the Schrodinger equation which gives a local (differential) formu-
lation of the problem. Due to its global character, a proper definition of the path integral depends
crucially on its regularization prescription and on the imposed boundary conditions. In the lan-
guage of functional analysis, the question of the boundary conditions is closely related to the
problem of finding the appropriate self-adjoint extension of a given Hamiltonian. The main point
is that the path integral contains all this information by its very construction! Of course, in the
evaluation of a particular path integral, one exploits information provided by functional analysis,
the theory of special functions, and the theory of differential equations. Therefore the interplay
between these fields and the theory of path integrals is very important to obtain useful results.

In this contribution we restrict ourselves to path integrals in quantum mechanics. Until fairly
recently, only a few examples of exactly solvable path integrals were known; see the books by
Feynman and Hibbs,® and by Schulman,® which give a good account of the state of art at the time
of 1965 and 1981, respectively. However, the situation has drastically changed during the last 15
years, and it is no exaggeration to say that we are able to solve today essentially all path integrals
in quantum mechanics which correspond to problems for which the corresponding Schrodinger
equation can be solved exactly. (This, of course, excludes all classically chaotic systems.) It thus
appears to us that the time has come to look for a systematic classification of path integrals in
quantum mechanics. Our goal therefore is to evaluate as many path integrals as possible in order
to build up quantum mechanics from the point of view of fluctuating paths, A comprehensive
Table of Feynman Path Integrals will appear soon’ and was already announced in Ref. 8. In this
contribution we shall present the main ideas on how our classification scheme works and which
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classes of path integrals are exactly solvable. By our presentation the interested reader should be
able to treat almost every path integral in quantum mechanics by a proper combination of the
various methods. In addition our intention is to give a quick reference guide for solving them. For
coherent state path integrals we have to refer to the literature.'* In the following we are not able
to give a complete list of references. A very extensive list of the hterature on path integrals
comprising more than 1500 papers will be given in our monography'! which is in preparation.

ll. GENERAL THEORY
A. Formulation of the path integral

Let us set up the definition of the Feynman path integral. We first consider the simple case of
a classical Lagrangian Z(x,X)=(m/2)x*—V(x) in D dimensions. Then the integral kernel
(xl IIERD, T= Z”—t')
K(X",X' ,T) — (X"Ie—iH(t"—t')/ﬁ|x’>®(t”_ t') (1)
of the time-evolution equation

Y(x,")= fRD K(X" X' 31,1 )W (X' 1) dx’ @)

is represented in the form (Feynman path integral)

. NDI2,_ -
K(x",x';T)= lim iR H o dx,exp 7 2 e (xj—xj_l)Z_ eV(x;)
k=1 j=1

N—roo

(3a)

"y =x" 1 "
Ef"" ’ .@x(t)exp{% f’ [-’2'1 - V(%)
t

x(¢')y=x"

dt}. (3b)

Here we have used the abbreviations €= (¢"—t")/N=T/N, x;=x(1;) (t;=t"'+¢€j, j=0,...,N), and
we interpret the limit N — o as equivalent to € — 0, T fixed.

The next step 1s to consider a generic classical Lagrangian of the form
X(q,q) (m/ 2)gab(q)q 4%—V(q) in some D-dimensional Riemannian space M with line element
ds*=g,,(q)dq® dq®. This case, as first systematically discussed by DeWitt,'? requires a careful
treatment. The Feynman path integral is most conveniently constructed by considering the Weyl-
ordering prescription in the corresponding quantum Hamiltonian. The result then is (see, e.g.,
Refs. 13—17 and references therein)

NDI2y N

m =

K(q".q';t".t") =[g(q")g(q")]~ " “m(zmeﬁ) I1 J dai- 11 Ve(@)
M I=1

k=1

N—oo

i N
. xexp| = 2 | 3= 8u(@)AqIAG — V(@) —eAV@) | [, (@)
j=1
=[g(q")g(q")] ™ f O pa() V(@
q(t')=q
i "lm L.
Xexp[g ft, {5 gab(q)q"q"—V(q)~AV(q)]dt]- (4b)
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Here ﬁj=%(qj+qj_l) denotes the midpoint coordinate, Aq;=(q;—q;_,), and AV(q) is a well-
defined “quantum potential” of order #* having the form [, = 4, In Vg, gl@)=det(g ;)]

ﬁ2
AV(Q)= 5= [8°TaLy+ 2(8%T,) 5+ 8% o). )

The midpoint prescription (MP) together with the additional potential term AV is obtained in a
completely natural way as an unavoidable consequence of the Weyl-ordering prescription in the
corresponding quantum Hamiltonian

h? h?
= —— -1/2 1/2 jab
H - 2m ALB+V(q) 2m 8 ‘9ag 8 ab+V(q)

1
=5 (8°PaPs+2Pa8 Pyt Papsg™) + V(@) +AV(Q), (©)

where p,= —i#(d,+;T,) denotes the momentum operator conjugate to the coordinate q, in M.
Of course, choosing another ordering prescription leads to a different lattice definition'®-%° in Eq.
(4) and a different quantum potential AV. However, every consistent lattice definition of Eq. (4)
can be transformed into another one by carefully expanding the relevant metric terms (integration
measures and kinetic energy term).

In an alternative approach the metric tensor is assumed to be given as a product according to
8ab="Hahe, 20 Then we obtain for the Hamiltonian

2 1
H=—5— AptV(Q)=5 - h?ppph®+ AVpr(q)+ V(q) ™)

and for the path integral (PF—product-form) we obtain

, q(s")=q"
K(q".q";T)= fq(,r)=q' Zerq(1)Vg(q)

i

Xexp[ + [115 hec@hestarioge - V(q>—Ava(q>Jdr} (82)

k=1

ND/2,
m
= :m(zm.eﬁ I f da; Vg(ao

N
i m

X exp 52 Zhbc(Qj)hac(qj—l)quAq?_eV(qj)_EAVPF(qj) . (8b)
ji=11

Here AVpg denotes the well-defined quantum potential

+

2

AV =ﬁ_ abl" F +2 abF + ab +2hachbc — h9¢ hbc — poc bc 9
pr(q) 8m [8%T oLy +2(8%T ) p+8%° 2 ,ab alt”" b sl 9

arising from the specific lattice formulation (8) of the path integral, respectively, the ordering
prescription for position and momentum operators in the quantum Hamiltonian. We only use the
lattice formulation (8) in this article unless otherwise (and explicitly) stated.
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B. Transformation techniques

Indispensable tools in path integral techniques are transformation rules. In order to avoid
cumbersome notation, we restrict ourselves to the one-dimensional case. For the general case we
refer to Refs. 12—-32 and references therein. We consider the path integral (3) and perform the
coordinate transformation x = F(g). Implementing this transformation, one has to keep all terms of
O(e) in Eq. (3). Expanding about midpoints, the result is

N/2N_1 N
K(F(g"),Flg"\iD)=[F'(¢"F (g™ tim | =——| I f dg, 11 F'()
N—w k=1 =1
i N hZ FII2( )
xexp) 2 | 57 FHE)A0) - V@)~ g prs
i=1

(10)

Note that the path integral (10) has the canonical form of the path integral (4). It is not difficult to
incorporate the explicitly time-dependent coordinate transformation x=F(q,t). 2124 Then we ob-
tain

K(F(q",t”),F(qI,t,);t",t’)=A(q”,q’;t",t’)&(q”,q’;t",t'), (11)
with the prefactor [F'(q,t)=3dF(q,t)/dq, F(q,t)=0F(q,t)/dt, etc.]
A(q",q’;t",t’):[F'(q",t")F’(q’,t’)]_1/2

Xexp{ i;ﬁ[f"" F'(z,t"F(z,t")dz— fq, F'(z,t’)F(z,t’)dz”, (12)

where the path integral representation for the kernel K is given by [F =F(q, 1), =5(t;+1;_1)]

N/2
i N
~ m —
K(q",q';t",r')=nm(zmﬁ) H f dgy: H Fiexol 7 2 | 52 Fi(Aq) ~eV(F)
N—» j=1
eh? F* ! ;
~3m Fn emf F'(z,t)F(z,t)dz | | . (13)

It is obvious that the path integral representation (13) is not completely satisfactory. Whereas the
transformed potential V(F(g,t)) may have a convenient form when expressed in the new coordi-
nate g, the kinetic term (m/2)F ’24? is in general nasty. Here the so-called “time transformation”
comes into play which leads in combination with the ‘““space transformation” already carried out
to general “space—time transformations” in path integrals. The time transformation is imple-
mented (see, e.g., Refs. 13, 21, 22, 24, 26-32 and references therein) by introducing a new
“pseudotime” s". In order to do this, one first makes use of the operator identity

1 1
a-£ 0 Fanm-Er s T (14
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where H is the Hamiltonian corresponding to the path integral K(¢",'), and f, ,(g,t) are functions
of g and ¢, multiplying from the left or from the right, respectively, onto the operator (H—E).
Secondly, one introduces a new pseudotime s” and assumes that the constraint

fo ds FAF(Q(s),s))f (F(q(s),5)=T=1"—1" (15)

has for all admissible paths a unique solution s”">0 given by

y_ (" dt _ (" ds
=) FENRGD e FRGES)

Here one has made the choice f/(F(q(s),s))=f(F(q(s),s))=F'(q(s),s) in order that in the final
result the metric coefficient in the kinetic energy term is equal to 1. A convenient way to derive the
corresponding transformation formulas uses the energy dependent Green’s function G(E) of the
kernel K(T) defined by

(16)

1 G
Glg"q" E)={a" gz =74 )= 7 fo dT "EVIOTRK (¢",q",T). 17

For the path integral (3) one obtains the following transformation formula (here we consider the
time-independent one-dimensional case only)

° JdE
K(x"x';T)= f 7 FG(q"q"E), (18)
i R
G(g".q"E)=% [F’(q”)F’(q’)]“zf0 ds" K(q".q';s"), (19)

where the transformed path integral Kis given by

" N2y
At e — 13
K(q",q";s")= lim ik H f dq,

=" gg(srensi |75 - FrovEan-m-avig s,

q(0)=q’
(20)
with the quantum potential AV defined by
AV(qr)=£2—(3 ;,2—2 F—”) 21
8m F F

A rigorous lattice derivation is far from trivial and has been discussed by many authors. Recent
attempts to put it on a sound footing can be found in Refs. 25, 30-32. In terms of stochastic
processes the time transformation is formulated as follows:
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W[ x]16(x(t)—x )exp[——f V(x(t))dt]

Z(R,x")

= [ s [Tas [ owialatrasn—+)
2’7Tﬁ 0 #R,q') 1

Xexp[ -7 [F'z(qwi(q))—E)+AV(q>1ds]. @)

Here #{R,x') denotes the set of paths in R which start at x” at ¢’, the & functions describe the
boundary condition, and 2W[x] is the stochastic measure for the Feynman process in real time,
or the Wiener process in imaginary time after a Wick rotation.

Further refinements are possible and general formulae of practical interest and importance can
be derived. Let us note that also an explicitly time-dependent “space—time transformation” can be
formulated similarly, cf. Refs. 7, 11, 21, 24.

By the same technique the separation of variables in path integrals can also be stated, cf. Ref.
33. Let us consider a D=d+d’ dimensional system, where x denotes the d-dimensional coordi-
nate and z the d’-dimensional coordinate. For simplicity we consider the special case where the
metric tensor for the x coordinates is equal to f2(z)l, and the metric tensor for the z coordinate is
diagonal and denoted by g=g(z) with elements g;=g;;(z), i=1,...,d". Furthermore, we incorpo-
rate a potential of the special form W(x,z)= W(z)+V(x)/f (z) Wthh also includes all quantum
potentials arising from metric terms. Then (g=1II g%

[207 st [0 oxo
2ot )=z'

N . . (x)
Xexp{%— ft’ [; (g 2)*+ fA(n)%*) - (}-2—(-—)+W(z))}dt}

z(t")=

GO N TSN f ? i)z
Xexp{ % f;”[% (g-i)z—W(z)'“TZﬁ]dt]' (23)

Here we assumed that the d-dimensional x-path integration has the spectral representation

f i .@x(t)exp[;t;f f{;*z—wx)}dt}:f dEy W} (X' )¥\(x)e AR (24)

x(¢')=x'

C. Group path integration

We consider the Lagrangian %(x,x)=(m/ 2)gabi“ib— V(x) (xeRP*9) as formulated, say, in a
not necessarily positive definite space with signature

(gop)=diag(+1,...,+1,—1,...,—~1).
N’ \ g

p times q times

(25)

We want to evaluate the corresponding path integral in an abstract way by exploiting path inte-
gration over group manifolds. In order to illustrate the general method, let us assume that xeRP
and V(x)=V(|x|). We consider the short-time kernel of (3) (e — 0)
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m \D2 i [m ,
K(x;,x;_1;€)= Srich exp| & E(xj—xj_l) —eV(Ix;]) ;. (26)

Next we introduce D-dimensional polar coordinates with polar variable r and angular van’ables
6,,...,6p—,, &."*** Then we have V(Ixj|)= V(r) andx;_-x;=r;_yr;cos ©;_; ; where @,

the angle between the two vectors x;_; and x; which can be expressed by means of the acidltlon
theorem for polar coordinates in D dimensions in terms of the angular variables. We now seek an
expansion of the function % °*®i~1/ in terms of the angular variables. This expansion is con-
structed in two steps. First we use the formula (Ref. 35, Chap. IX)

gt €os 9=(%)_ F(V)E 1+ V)IH_,,(Z)CIV(COS Q), (27)
=0

with v=(D—2)/2, where C; are Gegenbauer polynomials and /,, a modified Bessel function. The
addition theorem for the M linearly independent real surface (or hyperspherical) harmonics S§* of
degree [ on the S°~!-sphere has the form

&

1 2i+D-2 _
2 SHQ)SH)= gy —p—5— i (c0s ©,2). (28)

Here Q=x/r denotes a unit vector in RP, Q(D)=2#P*/IT(D/2) the volume of the
D-dimensional unit sphere, and M = 21+ D—2)({+D—3)!/11(D—3)!. The orthonormality re-
lation is

f dQ SHQ)SY (Q)=818,,. (29)
As a result we get the expansion formula

277') (D-2)12

% €08 9 2__277.(
Z

© M
> D SHQ)SHO) 4 (p-2)2(2)- (30)
1=0 u=1

Insertion into the path integral yields the “partial wave expansion”

Kx"x",Ty=K(",r',Q",Q";T)

© M NN-
___(rlrn)(Z D)IZE E S#(ﬂ’)S”’(ﬂ") llm( ) H f redryg

1=0 p=1 Neo k=1

XH exp| 55 (r2+rl D—€x V(rl)

m
Liyo- 2)/2(‘5 rjrj—l) (31)

@ M

=(r'r)IP2 Y N SHQ)SHOQ"K s (p-2ya(r" '3 T), (32)
=0 pu=1

where the radial path integral is given by
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Nizy_, N
m o0
Kiv-2)(r",r’;T)= lim Sich 1:[ fo dry l:[ Mirp-2y2l rpTp-1]
N—o k=1 p=1
. N
i m
X exp ﬁz 2—E-(Arj)2—eV(rj) (33)
j=1

He"y=r" ) i s m .
= | DrDmsp-pplrlexp) ¢ | 15 V() |dey.
r(t")=r t!
(34)

The nontrivial functional weight is defined as

wilrjrj-1]=VN2wze” %l (z;), (35)

with z;=mr;r;_,/ieh. Therefore we have achieved a twofold result. On the one hand we have
expanded the exponential eZ “*® in terms of the spherical harmonics, i.e., the matrix elements of
the group SO(D), and on the other we have separated the D-dimensional path integral into an
angular part and a radial path integral. The appearance of the modified Bessel function is inter-
preted as a nontrivial functional weight in the radial path integration of Refs. 13,34. Of course, the
radial path integral cannot be further evaluated if the potential V(r) is not specified. An example
is given in Sec. III B.

This procedure can now be put into a more general context.”> We consider the generic La-
grangian Z(x,X)=(m/2)g,x*%*—V(x) (xeRP*7) and its corresponding short-time kernel
K(x; X;_1;€). The short-time kernel is evaluated by harmonic analysis with respect to the sym-
metry group of the Lagrangian. This is usually a Lie group. In order to do this one seeks for an
expansion of ¢*%-1"% in terms of representations of the group. This may be done in generalized
polar coordinates involving generalized spherical harmonics. We assume that we can introduce a
generalized polar variable 7 and a set of generalized angular variables {6} such that
x,=7€,(0),....0,44-1) (v=1,...,p+q), where the €’s are unit vectors in some suitably chosen
(timelike, spacelike, or lightlike) set’® with V(x)=V(7), say. To perform the integration over the
spherical harmonics the scalar product X;_ -X; must be rewritten in terms of a group element, say,

1.36

-1
a function f(gj__ll g;), such that e?-1"% = e8-18)), Since g =gj__11g ; is a group element we set
F(g)=e¥® The expansion then yields

Fio)= [ dB,d, T Bpre), P [ R0 (s 0ds, 36)

where dg is the invariant group (Haar) measure. [ dE, stands for a Lebesgue-Stieltjes integral
which includes discrete (f dE, — =,) as well as continuous representations. The summation
index m may be a multi-index. d, denotes (in the compact case) the dimension of the represen-
tation; otherwise we take

™
dy fG DA(2)DN (g)dg = SAN") Sy 37)

as a definition for d, . &\,\") can denote a Kronecker delta or a & function, depending on whether
the variable A is a discrete or continuous parameter. For instance, in D-dimensional polar coordi-
nates the functions D}, (IeNy,m eZ) are called associated spherical harmonics, and the D),
(I eNp) are the zonal harmonics. For the path integral we obtain
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K(x”,x’;T)=K(7"’,T’,{0",0’};T)=f dE, dy Y, Df;,(g"lg")Kx,,,,(r”,T';T), (38)

m

N2y N =122 q/2
' N T m f m im A -
Kxm(7',m:T)= lim 2wieh H diH 2mieh 2areh Falz)e
Neooo k=1 I=1
. N
i m )
Xexp F > E(Afrj) —eV(T) | ¢, (39)

j=1

with z;=m7;7;_/ieh. We see that (m/27rieﬁ)(1’"”2)/2(im/2weﬁ)qlz}:’fn[z]e” plays the role of
a generalized functional weight in the path integral. The path integration over the group elements
could be performed due to their orthonormality. Choosing a particular basis in the group it is then
possible to expand the D),(g’~'g") in terms of the wave functions ¥ _({6}), corresponding to
the Casimir operator of the group. In Ref. 36 the authors concentrated on the cases where the
harmonic analysis can be performed either with the DX (g) as the characters of the group or the
zonal spherical functions. However, the method is more general. In the case of SO(D) the Casimir
operator is the Legendre operator and the wave functions are the hyperspherical harmonics §,(£2)
which are products of Gegenbauer polynomials.

Using the technique of group path integration it is possible to choose different coordinate
space representations to derive various path integral identities. Examples are the path integral
identity for the Poschl-Teller and modified Poschl-Teller potentials.3

Another aspect of group path integration is the so-called interbasis expansion for problems
which are separable in more than one coordinate system. In the case of potential problems, these
potential are called superintegrable. This property is very closely connected with the necessary
condition that such problems have several integrals of motion, and that the underlying dynamical
symmetry group allows the representation of the problem in various coordinate space representa-
tions. Superintegrable systems can be found in Euclidean space, as well as in spaces of constant
curvature. The basic formula is quite simple being

|k>=J dl Cp i), (40)

where [k) stands for a basis of eigenfunctions of the Hamiltonian in the coordinate space repre-
sentation k, and [ dl is the expansion with respect to the coordinate space representation 1 with
coefficients Cy which can be discrete, continuous, or both. The main difficulty is, in case one has
two coordinate space representations in the quantum numbers k and 1, respectively, to find the
expansion coefficients C| . Well known are the expansions which involve Cartesian coordinates
and polar coordinates. In the simple case of free quantum motion in Euclidean space, this means
that exponentials representing plane waves are expanded in terms of Bessel functions and spheri-
cal waves (a discrete interbasis expansion), see Eq. (27).

This general method of changing a coordinate basis in quantum mechanics can now be used
in the path integral. We assume that we can expand the short-time kernel, respectively, the expo-
nential e*%-1"%, in terms of matrix elements of a group according to Eq. (36). Here a specific
coordinate basis has been chosen. We then can change the coordinate basis by means of Eq. (40).
Due to the unitarity of the expansion coefficients Cj the short-time kernel is expanded in the new
coordinate basis, and the orthonormality of the basis allows to perform explicitly the path integral,
exactly in the same way as in the original coordinate basis.

From the two (or more) different equivalent coordinate space representations, formulas and
path integral identities can be derived. These identities actually correspond to integral and sum-
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mation identities, respectively, between special functions. The case of the expansmn from Carte-
sian coordinates to polar coordinates has been studied by Peak and Inomata®’ with their solution
of the radial harmonic oscillator. The path integral solution of the radial harmonic oscillator in turn
enables one to calculate numerous path integral problems related to the radial harmonic oscillator,
actually problems which are of the so-called Berselian type, including the radial Coulomb prob-
lem.

Other expansions are not so well known. This is mostly due to the fact that either the involved
coordinate systems are not familiar, or that the expansion coefficients have a complicated struc-
ture. Let us, for instance, consider the following two problems:

(i) Free motion in R? in elliptic coordinates. One makes use of the expansion (Ref. 38, p. 185,
h=pd/2)

explip(x cos a+y sin a)]=22 i”cen(a;hz)Mﬁl)(u;h)ce,,(v;hz)
n=0

+22 i"‘se,,(a;hz)M(_l,),(y;h)se,,(v;hz), 41
n=1

where the se,,, ce,,and M (1 are Matthieu functions and x=0, O<v<r the elliptic coordinates in
R? (x=d cosh u cos v, y=d sinh w sin v, and d is the interfocus distance). Performing the group
path integration using Eq. (41) yields the path integral identity [me,(z)=v2ce,(2),
me_,(z)=—iv2se,(z)] (Refs. 39 and 40)

(tll)= " (tll = " .
j# # .@,u,(t)fu = Dv(t)d*(sinh? p+sin? v)
u(t"y=p' p(e')=v'

X exp ——dZJ (sinh? p+sin? v)(p*+ ?)dt
—zhp T/2m
2 J pdpe
n——w
dp dp d2p2 d2p2
(y* o B A (. 22 * 0. ",
XM, (;,L,Z)M,, (u,z)men(v, 2 men Vi | 42)

(ii) Free motion in R® in prolate spheroidal coordinates. One makes use of the expansion
(Ref. 38, p. 315)

exp[i pd(sinh u sin v sin 8 cos ¢+ cosh p cos v cos 6)]

o0 I
=D > (21+1)it*27ei"¢51 W (cosh w;pd)psi(cos vip? d*)ps; "(cos 6;p*d?).
1=0 h=—1

(43)

u=0, 0sv<m, 0<¢$<2w are prolate spheroidal coordinates, and S;’(” , psT are spheroidal func-
tions. d is the interfocus distance. Again performing the group path integration in terms of the
spheroidal wave functions yields®*4
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('II)= ” (t")= " . X ) i ¢(t”)=¢" ,
f” . .@p,(t)fy ’ Dv(t)d>(sinh? p+sin® v)sinh u sin Vf YDP(t)
wlt'y=p' wi')=' $(')= ¢’

i 7| m
Xexp{ = f‘ [?dz((sinhz ptsin? v)(a2+ %)
t!

2
dt}

© 4
20141 (I=n)t . 0 [ 2
=E E _m—(l+n)|eln(¢ d’)jo p2 dp e ihp“TI2m
1=0 n= :

+sinh? u sin® vd?)+

8md? sinh® u sin® v

X psi(cos v';p2d?)psT(cos v";pzdz)S;'(l)*(cosh ,u’,pd)S;‘“)(cosh un”.pd). (44)

Further examples are the path integral representations (see, e.g., Refs. 39-41)
(ili) for elliptic coordinates on the sphere S,
(iv) for elliptic cylindrical coordinates on the sphere S'%,
(v)  for pseudoelliptic coordinate systems on the pseudosphere A,
(vi) for pseudoelliptic cylindrical coordinate systems on the pseudosphere A,
(vii) for the harmonic oscillator in R? in elliptic coordinates, and
(viii) for the generalized Kepler—Coulomb problem in prolate spheroidal coordinates.

D. Klein—-Gordon particle

The path integral formulation of a Klein~Gordon particle was already presented by

Feynman*? in one of his classical articles. It goes as follows: One considers the Green function

corresponding to the Klein—Gordon equation

(O+M2G(x",x")=—8(x"—x"), (45)
where O=g#"V V = —A is the Klein—Gordon operator, and &(x) the four-dimensional &
function. M is the mass of the particle. According to Ref. 42, 43 we can now write G(x",x') as

G(x”,x’)——f dre M TR (X" X' 7T, (46)

where 0<s<7 is a new timelike variable (“fifth parameter”). The new propagator K(x",x';7)
describes time evolution in 7 from x’ to x” and has the following path integral representation:

x(7)=x"

K(x"x";7)= f @x(s)exp(zﬁf 8 x? ds) 47

This path integral satisfies the Schrodinger-like equation

COK(x".x";7)
Tl

a7 =— Dx”K(X XS 'T) (48)

together with the initial condition lim,_,, K(x",x";7)= 8(x"—x"). Therefore, the propagator can
be seen as a usual quantum mechanical path integral, defined on a four-dimensional manifold with
metric g, . Potentials and magnetic fields can be incorporated in an obvious way.
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E. Dirac particle

We cite the path integral representation for the one-dimensional Dirac particle (Refs. 5, 44—
46) (p,=—ihd,)

i
K(x",x";T) =(x"|exp[ -5 T(oy p,+mclo,+ V(x))}|x')

x(#"y=x" i P
=f .@V(t)exp( T f V(x)dt). 49)
x(t)y=x' hoJ
V may be a matrix-valued potential. The support property of the measure Zv is defined in such a
way that it selects paths of N steps each of length ce (e=T/N in the lattice representation) that
start at x’ in the direction e, and end at x” in the direction B, where o and S take the values
“right” and “left.” The path integration then is a summation over all reversings of directions (Ref.
5). oy and o, are the Pauli matrices. Simple applications are the free particle,>*® and a point

interaction.*’

F. The fermionic path integral

The fermionic path integral in the coherent state representation is defined as follows'® (for
simplicity we restrict ourselves to a Fermi system with a single spin variable):

My
)=7f =N

k(iD= [ 1077 @i @ness] i ae)+ g [t a0y - B, e

t'y=nq

N-1
= lim H f - dn—k
N—co k=1

N

_ i .. -
Xexp 77N77N+52[”7;(771'“77j—1)_€H(77j,77j—1;t)] . (50)
j=1

Here 7, and 7; denote Grassmann variables satisfying the anticommutation relations
{me.m3y={  m}={M,m}=0 for all ] and k. The boundary conditions are imposed by requiring
7(t) to be fixed at t=¢', 5(¢t')=17’, and 7 to be fixed at t=1", 7(¢")=7". H(7, n;t) is obtained
from a given Hamiltonian H (a¥,a;1) in “normal ordered form” by replacing the fermion creation
and annihilation operators according to a' = pa— 9’

G. Perturbation expansions

The general method for the time-ordered perturbation expansion is quite simple. Let us as-
sume that we are given a potential W(x)=V(x)+ V(x) in the path integral and suppose that W is
so complicated that a direct path integration is not possible. However, the path integral K"
corresponding to V(x) is assumed to be known. We expand the integrand of the path integral
containing V(x) in a perturbation expansion about V(x). The result has a simple interpretation on
the lattice: the initial kernel corresponding to V propagates during the short-time interval € unper-
turbed, then it interacts with V in order to propagate again in another short-time interval e unper-
turbed, and so on, up to the final state. One then obtains the following series expansion (Refs. 5,
47-56) (xeR):
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n
© . n
i i ®
KG"x";T)=KV(x"x";T) + 2, (“ﬁ I1 j,'m d’ff dx;

n=1 j=1 -
XKWy x50 =1 )YW(x VKV (xy, 21 58— 1)+

X V(%= 1)KVt Xy 3ty =t ) V(X ) KV (" 38" — 1,). (51)

Here we have ordered time as ¢’ =¢y<t;<t,<---<t,,,=t" and paid attention to the fact that
K(t;~t;_,) denotes the retarded propagator and thus is different from zero only if 1=t
Several problems in path integration which are definitely non-Gaussian, non-Besselian, or non-
Legendrian can be addressed by a perturbation expansion approach. Let us mention the incorpo-
ration of point interactions*’'-% and boundary conditions at finite distances. Also 1/r (Refs. 48,
52) and 1/r2-potentials®? can be treated.

A specific kind of a perturbation expansion was developed by Devreese et al.®*~%° by per-
forming a Fourier transformation of the potential which enables one to make an exact path
integration of the emerging quadratic Lagrangian problem. One obtains the infinite series (¢>1)

I c+ic "y =y 1 "m
— f ds e‘T”‘fm ) Dx(t)exp) — — ft — x>+ V(x) |dt
27 Jo—io x(t')=x' hoJe|2

_5 n dk, dk, K, .
_,Eo =v fRD (2mh)P fRD (2ah)P Viky)-- IDWV(I(,,)

exp((i/h)x"-27_ | k;— (i/h)x" - Ko)
[s+(ky/2m)]--[s+ (Ko+ - +k,)%/2m]

- Ly dky dk; .o expl(ilR)(x' -k, —x"-Kp)]
_EO( L jnv (2':rf‘t)l’jl}1 wo @ar)? K- Ty T s Tk 2m)

(52)

V(K) is the Fourier transform of the potential V(x).

lll. BASIC PATH INTEGRALS

In this section we present the path integrals which we consider as the basic path integrals.

A. Path integral for the harmonic oscillator and related path integrals

The first elementary example is the path integral for the harmonic oscillator. It has been first
evaluated by Feynman.> We have the identity (x eR)
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"y _ # lm ’”
f X7 (1) exp| = f " (32— w2x?)dt
2h Jp

x(t")=x'

B / mw imw ("2 x")cot wT— 2x'x" (53)
~ V2xif sin 0T exp 2h * rojcotw sin wT
172
. mw 1 mo mow
o —iwT(n+1/2)| . et e
2 e (wh) 2"n!H"( N7~ )H( V ﬁx)

neNy

mo '2 n2
Xexp _—ZZ.(x +x"4) . (54)

The expansion into wave functions has been achieved by means of the Mehler formula; H,(x)
denotes the Hermite polynomials.
The path integral for general quadratic Lagrangians can also be stated exactly as (xeRP)

(") =x" 1 ”
J' (") _@x(t)exp(% jt’ $(x,i)dt)
t

x(¢')=x'
— 1 brz Jd 82SCI[XI,»X,] i s "o 55
= —m et| — 72—(9;1',— exp E Cl[x »X ] . ( )

Here #(x,x) denotes any classical Lagrangian at most quadratic in x and x and S [x",x’]

=/ i',' F(X¢yXc)dt the corresponding classical action evaluated along the classical solution X,
satisfying the boundary conditions x¢,(t')=x', x;(t")=x" (here we assume that the classical
dynamics allows only a single classical path). The determinant appearing in Eq. (55) is known as
the van Vleck—Pauli-Morette determinant (see, e.g., Refs. 12, 57 and references therein). The
explicit evaluation of §,[x”",x"] may have any degree of complexity due to complicated classical
solutions of the Euler—Lagrange equations as the classical equations of motion. The path integral
(55) includes the following important cases:
. The linear potential
. The (time-dependent forced) harmonic oscillator
. A particle in a crossed time-dependent electric and magnetic field
. Oscillators with magnetic fields
. Oscillators with friction
. Coupled oscillators
. Penning trap potential
. Oscillators with two-time actions
. Second derivative Lagrangians, i.e., with a term (/2)x2 which can describe stiffness of
polymers or surface tensions in statistical mechanics

10. The periodic-orbit theory of Guizwiller’®™
Furthermore, the formula for the general quadratic Lagrangian (55) serves as a starting point for
the semiclassical expansion, and the general moments formula in the path integral.%0-62 Let us just
mention the semiclassical expansion formula as derived in Refs. 60, 61. It has the form

O OIS WN—
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T dtl'"dtj

> 1 i
K(x",x';T)=KWKB(x",x';T) 1+2 —' - z “'E 1 1
i AR o nyleeenl

n;=3 nj=3
du

Xv(nl)t ...V(”j) f:
(t1) (/) R% (27riﬁ)"j\/mx

L

X exp 5% (u—a) [W 1+ W 'SC'EW J(u—a) ! |, (56)

where Kwygp(T) is the semiclassical kernel as given, e.g., by Eq. (55), and % has been expanded
up to second order in coordinates and velocities. The following abbreviations have been used:

a;=(m;,q), b;={(v;,p), (57

T T Y
W= Gap(t,t"Ydu(t)dpy(t')
0 0

T [T _
Cij= fo fo G(t,t")dp(t)dp;(t') (58)

T (T
Vij:fo fo G,(t,t")dv(t)dv,(t') J

S=v-Cw~!lc, C=c. (59)

Here g and p denote an average over the classical paths. u, v are integration measures, (-,-) is a
scalar product with respect to these measures, and

Gu(t,t') G(t,t")

=\ Guny 6,0

is the Feynman Green function, i.e., the Green function of the small disturbance operator in phase
space.

Based on the solution of the harmonic oscillator and the quadratic Lagrangian, respectively, it
is possible to derive expressions for the generating functional® in a perturbative approach which
is also applicable in quantum field theory (Feynman graphs!). They are based on the moments
formula for arbitrary functionals F of positions and momenta (the analog of Wick’s theorem in
quantum mechanics).5! Some important moments formulas can also be found in Ref. 62.

Furthermore very satisfying expressions exist for the trace of the Euclidean time-evolution

kemnel, i.e., the partition function in terms of an effective potential®236*
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1 (Tim
f dxq K(xo,xo;—iT)=2 e Enllti= 3§ @x(t)exp{ % J [7 2+ V(x)|dt
R 0

m L=}
V—_—Zﬂ'ﬁT f_ dxy e TWixo)/A, (60)

The effective potential W (xg) is evaluated in the following way. One considers the smeared
version of the potential V(x) according to

]

© dx (x—x¢)?
Vaz(xo)(x0)= f_w m V(x)exp - _707__ , (61)
1 TQ Q(x)T
a?(xg)= TG0 ( éx") coth (’;‘)) 1), (62)

where )(x,) is the frequency of a harmonic oscillator in the trial Lagrangian which emerges in a
Fourier mode expansion of the partition function. Then one considers the quantity

o, v 2 sinh (Q7/2)
Wi(x0,a%,Q)= Vi y(x0) ~ 5 O%(xg)a*(xg)+ Y A (63)

and minimizes it such that the equations

5 _ 1 Qr thQT | ”
a (xo)—m —2"00 T— s ( )
Q2(xg)=2 g v _Z v (65

(x9)= 9a2 a2(xo)~gg a2(xq) )

are fulfilled. The emerging effective potential is denoted by W,(x,) and inserted into the expres-
sion (60) of the partition function. The result is a generalization of Ref. 5. For details we refer to
the literature.>28:4

B. Path integral for the radial harmonic oscillator

In order to evaluate the path integral for the radial harmonic oscillator, one has to perform a
separation of the angular variables, as discussed in Sec. Il C. Here we are not going into the
subtleties of the Besselian functional weight (35) connected with the Bessel functions which
appear in the lattice approach,>#%343765 which is actually necessary for a correct definition and
explicit evaluation of the radial harmonic oscillator path integral. One obtains (modulo the above
mentioned subtleties caused by the functional weight u,[r%]) (r',r"=0)
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. 2
r(t"y=r" i P 1"— 2 22 Ac— 1/4_ _”_E_ 22
fr(t')=r’ .@r(t)exp[ﬁ ft, (2 = T T3 T dt

"y im "
EJW = Dr(t) un[r*lexp| — ft (F2— w?r?)dt
r(t"y=r' 2k Jy

NI2

N-1 N ,
m ® i m
=i . —_ —_— 2 . —_— N
:= lim Trieh H fo drkH palriri—1]-exp 7 2 2EA ri—€V(r;) (66)
N—oo k=1 =1 j=1
or'r”
=yr'r" _ne exp _re (r'24+r"?)cot wT|I mer 67)
ifi sin 0T 2ih Mi# sin 0T
2mw . n! me
— r " —iwT(2n+X+1) o
VT 2 e r(n+x+1)(ﬁ”)
nENo
_@ 2 "2 (N) ﬂ 1217\ T_ﬂ "2
Xexp( % (r'“+r"9) L, rald L, P B (68)

where I, (z) denotes the modified Bessel function, and LM(z) a Laguerre polynomial. The ex-
pansion into the wave functions has been performed by means of the Hille—Hardy formula.

C. Path integral for the Poschi-Teller potential

There are two further basic path integral solutions based on the SU(2) (Refs. 31, 36, 66, 67)
and SU(1,1) (Ref. 36) group path integration, respectively. The first yields the following path
integral identity for the Poschl-Teller potential (0<<x< 7/2):

[ : 2 7 2 2
A iET/hfx(t,’)=x,, 5 r ft" m ., k" [a"~1/4 p°—1/4
7 fo dT e e Dx(t)exp % )12 Ryl R + v dt

_ \/2,%2,, I'(m~Lg)T(Lg+m,+1)
Tl VI b o pepm—

(my=m2)/2( 1 +cos 2x' 1+cos 2Jc’)("‘l+”‘2)’2

2 2

1—cos 2x' 1—cos 2x"
2 2

XZFI —LE+m1,LE+m1+1;m|—m2+l;

2

1-cos 2x<)

X2F1 —LE+m1,LE+m1+1;ml+m2+l; (69)

2

1+cos 2x>)

=2 Gk el (70)
E,—E ’

neNy
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n'T'(a+B+n+1) 112

®(*A)(x)=|2(a+B+2n+1)

F(at+n+1)T(B+n+1)
X (sin x)** 2(cos x)P+12p(*A)(cos 2x), (71)
52
E,‘=7’; (a+B+2n+1)2, (72)
with m,,=XB*a), Ly = ~+ + W2mE/#. Here x(,y denotes the larger, smaller of x’, x”,

respectively. ,F(a,b;c;z) is the hypergeometric function, and Pf,""g)(z) are Jacobi polynomials.
Here we have used the fact that it is possible to state closed expressions for the (energy dependent)
Green’s functions for the Poschl-Teller and modified Poschl-Teller potentials (see below), re-
spectively, by summing up the spectral expansion.®®

D. Path integral for the modified Poschl-Teller potential

Similarly one can derive a path integral identity for the modified Poschl-Teller potential. One
gets (m; 5, = 3y £ V=2mE/R), L,=3—1+v), r>0)

. , 2 2 2
L iET/ﬁf’(t”)=r" : f”' m o AT (m 14 vi—l4
f fo dT e r¢’)=r' Dr(t)exp hJrl|2 " 2m | sinh? r cosh? r dt
m r(ml_Lv)F(Lv+ml+ 1) ' ’
_ Ny —(my~msy) ' nymy+my+ 112
FF(m1+m2+l)r(m1—m2+1)(COSh" cosh r") =172 (tanh r' tanh r")™ 72

1
X2F1( —L,,+m1,L,,+m1+ l;ml—m2+1;-—2—)

cosh” r.
XoF (=L, +my,L,+m;+1;m;+my+1;tanh? r.) (73)
NEM \Pik,,kz)*(r,)qrik,,b)(r,,) - ‘I’;k"kz)*(r’)\II;k"kz)(r")
—,,=0 E,—E +fo P hi’p*l2m—E 74)
The bound states are explicitly given by
‘Pftk"kz)(r)=Nflk“k2)(sinh r)2k2=12(cosh r)~2k1+312
X, Fi(—n,—k,+ky— k+1;2k,;—sinh? r) (75a)
1 — —— 172
_ 2n!(2k—1)I'(2ky—n—1) (sinh r)2ka=172
F(2k2+n)r(2k1—2k2—n)
1 —sinh? r
2n—2k+3/2 [2ky—1,2(k;—ky—n)—1]
X (cosh r) 1 XP, ( okl 7 ), (75b)
ki kD) 1 [22k—1D)T(ky+ky— )T (kg +ky+—1)]12 750)
n F(2k2) F(kl_k2+K)F(k1—k2‘“K+1) ’
E,= ﬁzz 1)2= ﬁ22kk 17? 76
w== 5 (2= )=~ o [2(k ~kp=n)~ 1], (76)
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with k= —(l+v) k,=%1%x7n), n=0,1,...,Ny<k,—k,—3%, x=k,—k,—n. The continuum
states are [k=3(1+ip),p=0]

‘If;k"k2)(r)=N;k"k2)(cosh r)2"1'”2(sinh r)2k2—1/2

X F (ky+ky— i,k +ky+ i—1;2k,; —sinh? r), (77a)
1 / smh
(ky k) . p mp _
Np F(Zkz) [F(k +k2 K)r( k1+k2+K)
><I‘(k1+k2+:<—1)I‘(—k1+k2—K+1)]”2. (77b)

E. Path integration on the pseudo-Euclidean plane

In this section we summarize the various path integral representations on the pseudo-
Euclidean plane. On the pseudo-Euclidean plane there are according to Kalnins and Miller®®7! ten
coordinate systems which separate the Schrodinger equation. A glance on the various representa-
tions shows that indeed various self-adjoint extensions (and new interbasis expansions) are re-
quired. However, because a thorough treatment of the path integration on the pseudo-Euclidean
plane will be given elsewhere,®® and in order not to make the article too lengthy, we restrict
ourselves to the statement of the representations and some short comments. Details will be pre-
sented elsewhere.>

We shall use the following notation: J,(z) is Bessel function, X (z) is the modified Bessel
function, E{®V(z) are even and odd parabolic cylinder functions, Ai(z) denotes the Airy function,
and Me,(z) and Me(3)(z) are Mathieu functions. In the parametric coordinate systems d is a
positive parameter.

The technique how to define path integrals in spaces with indefinite metric is described in Ref.
36. In the polar system (see II, below) a similar interbasis expansion as Eq. (27) has been used
which is known from hyperbolic geometry. In the three parabolic systems, one has used the results
from the inverted (repelling) harmonic oscillator and the linear potential, respectively. In the
elliptic and hyperbolic systems (VI-IX see below) an interbasis expansion similar to Eq. (41) has
been used which generalizes Eq. (41) to pseudo-Euclidean geometry. The last system (X below) is
the most difficult one. Here it is necessary to consider the self-adjoint extension of the inverted
(repelling) Liouville problem. We now have

I. Cartesian, (vy,v)=ve R®D:

U(t")=v ” m im , 2
fv(t')=v %(t)exP(M f (¥5- v‘)dt) 27rﬁTexP(2ﬁT o ~v] ) 78)
dp ikT
=JR(,,)4_Z eXpl ~ 5, P 2+ip-(v"—v")|. (79)

IL. Polar, p>0, reR:

p(t”)=p" T(‘!/)=T/I i P -’_n- PERRY ﬁZ
[ @r(t)exp{ﬁ | ,[2 (=) + gy

p(t')=p

. 2
=fR s e )f Tsz(_IPP VKulipp')e = #rTm, (80)
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III. Parabolic 1, & neR:

fﬁ(ﬂ,) ﬁ" )fﬂ( ")= ’i @ﬂ(t)(gz 2)exp[2ﬁj (§2 77)(§2~7’2)dt

£:)=¢
f d¢ dp o~ ifpTi2m
R 327t
i{
‘r Z 2 )’ E 1/2+t{/p(e M.M\/—g")E 01/2+,z,p(e '"M\/Z—};')y")
X 3 iz\|? . .
‘F(Z— ;'z';) E(-I%/2+i£/p(e_WM\E;E")E(—I{/z+ig/p(em/4\/-2_;7l")
g 2
‘F il zp) EC)p- ,;,,,(e'""‘\/E;g VEQ 12 igiple” it \2p ')
x 3 ig\|? . (81)
‘F(Z_ EE) E(-lg/Z-illp("’_”r/4 \/-Z—P-f')E(—l%/z—ig/p(e_mm@??')

IV. Parabolic 2, & neR:

[0 g [ 07T oy aP- §2)exp[2ﬁ [7 =@ 7y

£'y=¢
1 i 2 ” "
dp ) {F(Z-'_E) E—1/2+.;/p(\/2_1;§ )EC 1/2+«g/p( 2p7")
_ —ikp°TI2m

_fR i fn 327° ¢ ’ 3.1 (1) "
r Z+‘2—; E_1/2+,~g/p(\/2—17§ )E 1/2"'!.3,'/1’(\/2—1)77 )

1 i\ :

r Z+ 2p E 12— t{/P( \/555 )E—I/2 l(/p( \/2—1777 )

v e . (82)
’F(Z-l' 5;) (__%/2 ,;/p(\/z_Pg )E 11/2 t{/p(\/i_p_n )

V. Parabolic 3, & neR:

& n)=§u (") = " im " . .
[20% e [0 ey - n)eXP{gg [7e-mre- nz)dt] .
Leh)y=¢' 7" )=7' ¢

® dp 2
=16f f d —ihp“T/2m
0 P Jn 4%

X Aif — §’+\/ﬁ§z)p2’3]Ai[— §”+\/ﬁfz)‘v2’3]
X Ail — n’+\/2_r;:_l—§z)p2’3}Ai{" 77"+\/2—';§i)1’2/3]' (83)
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VI. Elliptic 1, aeR, b>0:

"y (") =b"
f”"’ “ _@a(t)J “=" Sb(1)d¥(sinh? a—sinh? b)
b(t')y=b'

a(t'y=a’

Xexp — dzf (sinh? a—sinh? b)(4? —bz)dt}
1 © 2 p2d2 p2d2
_— =k, —ikp*TI2m . ", * .
87 Jo p dpJR dk e”™e Me,k(b " Mejl b'; 7
d d
XME;?’( n= )M“’*(a’;%—). (84)

VIL Elliptic 2, a R, 5>0:

MY "y =p?
j ‘" ar) f 0" Db(1)d*(sinh? a+cosh? b)
a(t’')=a'
Xexp — dzf (sinh? a+ cosh? b)(a —bz)dt}
1 ® 2.2 o p2d2
_ —~ak ,—ihp“TI2m n__ s+ .
. opdprdke e Me(b i
o m P o, pd o[ , P4
XMel| b’ —i A M a 'S My’ \a 5] (85)
VIII. Hyperbolic 1, y,, y,R:
” d2
[ gy )f”‘” % Do) G (sinh y, =sinh y,)
(') =y
X exp gg dzf (sinh y,—sinh y,)(y3— }’2)‘11‘}
1 @ i T  p%d*
=— -k —-tﬁp T/2m Y
327Topdpfdke Me; (2 L=
2 14 '
Yi . m pd Y2 T - pd @*[Y2 T -pd
XMe,k(z g )M > 14,\/?2 MP"\ S IZ,J{T. (86)

IX. Hyperbolic 2, y,, y,€R:

m ”
f)’l(t )= yl @y (t)f)’t(t) )’1 gy (t)(eZyl_*_eZyz)exp[ = ftt, (82y1+82y2)(}}%—_)"§)dt

yit)=y; yie) =y

2 o
=3 JO dk k sinh ka dp pe™ M7 TIMK (&7 1p) K u(e”1p)Kin( —ie*2p)K y(ie¥p).
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X. Hyperbolic 3, y,, y,€R:

fyl(t) y, @y[(t)fyl(t) )'1 @:Y (t)(eZYI—-eZ’Z)CXP

m ”
: 2% Jt (eP1—eP2) (31— y3)d1
yi(t )=y )=y, )

= 1 jw » dp o~ ihpTI2m jw k_dk K. (ipey;)K- (_,-pey’{)
= Jo o 2 sinh wk = * ik

X [Jik(PC‘yé) +J—ik(peyé)]*[Jik(Pey;) +J—ik(17€yl2’)]

neN

+ 2 4n12n(pey¥>12,,(peyé>xz,,(—z'peY'szn(ipeyf)} : (88)

F. General formulas

For the classification of solvable path integrals, one also requires a few additional formulas
which generalize the usual problems in quantum mechanics in a specific way. Here one has, e.g.,

(i) Explicitly time-dependent problems according to, e.g., V(x) = V(x/L())W (1),

(ii) Incorporation of & function perturbation according to V(x) — V(x)— y8(x—a) (one
dimension),

(iii) Incorporation of & function perturbation according to V(x) > V(x)— 88'(x—a) (one
dimension),

(iv) Boundary problems with impenetrable walls (half space, infinite boxes) which can be
derived from (ii) by considering the limit y — % (Dirichlet boundary conditions),

(v) Boundary problems with impenetrable walls (half space, infinite boxes) which can be
derived from (iii) by considering the limit 8 — o (Neumann boundary conditions),

(vi) Point interactions in two and three dimensions.

(i) For the first class of problems, there is a general solutlon provided {(z) has a specific
form. For {(t)=(at +2bt+c)”2 one finds the general formula?!

fxﬁﬂ):x” 9x(t)exp —l— Jt” 25(2—-2——1 V(—’f—) dt
x(¢+')=x' hoJo|2 {(t) {(l‘)

—(pnyp1\—DI2 ﬂ "2 5.1_ 12 .g_’)} (X_" X_, o dt )
(g () exP[zﬁ (X é«" X gl K v {I/’gl vf P(_t)' ’ (89)

with £'=7(t"), "=L(t"), etc. Here w'?=ac—b?, and K, v denotes the path integral
=g i "l m m
K V(z”,z’;s")=fz(s ) Ga(s)exp + Js — 22— — w'*—V(z)|ds|. (90)
’ 20)=2' h 0 2 2

Another class of time-dependent problems has a time dependence according to V(x) — V(x
—f(1)). Here one gets (Ref. 72) (¢'=x"—f', f'=f(t"), etc.)
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e

x(t')=x'

im orre 0 " £re . ’ 1 & 2
—exp| |- =4 5 [ P

x [ .@q(t)exp{ + [; §*= V(q>—mf(t>q]df}- ey

q(t')=¢'

Equations (89),(91) are special cases of Eq. (11) [note that F'(q,£)=0 in Eq. (91) and therefore
an additional term in the prefactor A(#",t") appears].

(ii) In the second class of general formulas we consider the incorporation of point
interactions,” i.e., a & function as an additional potential located at x=a with strength y. This
kind of problems can be solved by an exact summation of a perturbation expansion according to
Sec. II G. However, in general a closed formula can only be stated for the corresponding Green’s

function. One obtains™>
dt}

x(t')y=x'

i © K x(t"y=x" 1 | m
- J dTe'ET”'f “) Dx(t)exp L ft = 2= V(x)+y8(x—a)
A 0 h ! 2

GV(x",a;E)Ga,x";E)
1/y-GYNa,a;E)

=G(x",x";E)+ (92)

G(V)(E) is the Green’s function for the unperturbed problem (y=0). Possible bound states are
determined by the poles of G(E), i.e., by the equation G(V)(a,a,E,,)= 1/v. By repeating the
procedure it is possible to incorporate an arbitrary number of & function interactions.

(iii) The third class incorporates & function perturbation. This is achieved by considering the
path integral formulation of the one-dimensional Dirac particle’ together with a point interaction.*’
Taking the nonrelativistic limit one obtains for a & function perturbation in the path integral
representation

d,}

' - (93)

x(t")y=x'

l—f dTe"ET”'fx(t = D (t)exp ift in—x'z—V(x)+,85’(x—a)
fi 0 fi ¢! 2

Gf:,)(x”,a;E)G(V)(a,x’ JE)

4
2 X

=G"(x"x";E)— =
( ) Gf:l,)x,,(a,a;E)+ /8

2

A J
GS,Y;(a,a;E)=( 94)

dxdy

2m
GV (x,y;E)— F1 5(x—)'))

x=y=a

Note that in the path integral (93) the formal expression “Gf:v)(a,a;E) ” is automatically regular-
ized by the removal of an “ultraviolet divergence.” This regularization prescription is not put in
“by hand” but is a result. This example shows in a nice way how boundary conditions are
contained in the proper definition of a path integral and can be extracted by careful analysis. By
repeating the procedure it is possible to incorporate an arbitrary number of & function interac-
tions.

(iv) The fourth class of general formulas is obtained if we consider in Eq. (92) the limit
¥ — —, This has the consequence that an impenetrable wall appears at x=a. The result then is
for the motion in the half space x>a (Refs. 54, 55)
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i © . x(r")=x"
/)3
ﬁ J-Q dT e'ET j.x(,") i @(x>a)x(t)exp[ ‘ "? V(x)-]dt}

G(x",a;EYGV)(a,x',E)

=V o FY—
G (x X ,E) G(V)(a,a;E) . (95)

Possible bound states are determined by the poles of G(E), i.e., by the equation G(V)(a,a,E,,) =0,
Furthermore, for the motion inside a box with boundaries at x=a and x=b one obtains (a<x<b,
Dirichlet—Dirichlet boundary conditions)

_;;_f dT zET/hf:((t'))_x _@ga<x<b)x(t)exp[-é-ﬁt”[-’2ﬁ £2—V(x)}dt]
GV(x"x";E) GY(x",b;E) GY(x",a;E)
GVb,x";E) GV(b,b;E) GY(b,a;E)
G"(a,x";E)  G"(a,b;E) GY)(a,a;E)

96

GY(b,b;E) GV(b,a;E) ©6)
G"a,b;E) GYNa,a;E)

(v) In an obvious way, as in the prev1ous case, we can also obtain a path integral represen—

tation in a half space with Neumann boundary conditions at x=a by letting 8 — — in Eq. \93)47

i zET/ﬁJ"") & L f’" m 2
ﬁf dT e’ .@§x>a)x(t)exp 7. |7% V(x) |dt

GV(x",a;E)GY)(a,x";E)

x”

A(V)
G (.0 E)

=GW(x" x":E)— 97)

The same procedure as for the motion in a box a<<x<b with Dirichlet boundary conditions can be
applied for Neumann boundary conditions at both boundaries

i tET/ﬁJ’x(t) & i f’" m .
% f daT e’ .@(a<x<b)x(t)exp .2 x*—=V(x)|dt

G(x"x"E) GU(x"b:E) G V(x",a;E)
Gb.xE) 6D (b,6:E) GV u(b,a;E)
GNaxE) GV .(a.b;E) GV (a,aiE)
<f>x,,(b b:E) G .(b,a;E)

G/ x,,(a b;E) GY) (a,a;E)

X x”

(98)

Similar results can be obtained for Dirichlet boundary conditions at one boundary, and Neumann
boundary conditions at the other. Radial boxes and rings can be taken into account as well, and

potentials which depend on the absolute value |x| by combining the results for Dirichlet and
Neumann boundary conditions, i.e.,*
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J

G(x",0;E)GV(0,x";E)  G(x",0;E)G(0,x";E)
261(0,0;E) 26" (0,0;E)

X

0 x(t")=x'

L iET/hfx(t,I)=x” i f‘” m.a_
% f dT e .@x(t)exp{ 5 ).2% V(|x])

=GV(x" x";E)— (99)

(vi) It is also possible to incorporate a two- and three-dimensional & function perturbation

located at x=a in the path integral®®’3
dt}

i o . "y i nm
= J- ar e’ET/ﬁfX(‘ )= rnx(t)exps 5 ft — %*—V(x)
fJo w()=x' e hoJel2

=¢(x" x";E)+ TUNE)'GV(x",a,E)GV(a,x';E), (100)
Vix) = A’ AA-1) 7 o1
(X)—m—lxrr— Ok (101)
TONE)=agor—8in- (102)

(3=A<3,7eR). For the notation: g(r) is a solution of the corresponding unperturbed problem, and
a is the (regularized) coupling. The regularizing functions g4 ,8,,\ are defined by

. & . 8(r)—goaGX(r)
goa= lim oS, gia= lim SR (103)
r—0% A r—0*

where G2(r) denotes the asymptotic expansion of the irregular solution G,(r) of the unperturbed
problem. Generally one has G2(r)= G\ (r) +additional terms, where G}’ denotes the free par-
ticle case. Two special cases of G2(#) can be stated for A=1 and 1, i.e., for the Schrodinger
operator in two and three dimensions, respectively, which will be sufficient for our purposes. Then

m
GY(r)=Gh(r)=~ —7 Vrinr, (104)
B m mn 2mn
Gl(r)=2_';T? l——ﬁ—z—r—--—-ﬁz—-rlnr . (105)

By these means, the incorporation of a point interaction in two and three dimensions located at
x=a in the path integral is then defined by Eq. (100). By repeating the procedure it is possible to
incorporate an arbitrary number of two- and three-dimensional & function interactions.

IV. A TABLE OF EXACTLY SOLVABLE FEYNMAN PATH INTEGRALS

We are now in the position to present a systematic classification and a list of exactly solvable
Feynman path integrals. Of course, due to lack of space, an actual table cannot be presented in this
article. We therefore list the name of the potential, i.e., the name of the quantum mechanical
problem, and the basic path integrals to which the path integrals in question can be reduced and
the method by which it can be solved.

In our table we order the quantum mechanical problems according to their underlying basic
path integral. This classification is for one-dimensional potentials closely related to the classifica-
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TABLE 1. Application of potential problems.

Radial harmonic

Poschl-Teller

Modified Poschi-Teller

Quadratic Lagrangian oscillator potential potential
Infinite square well Liouville potential Scarf potentials Refiectionless potential
Linear potential Morse potential Symmetric top Rosen—Morse potential

Repelling oscillator
Forced oscillator

Saddle point potential
Uniform magnetic field

Driven coupled
oscillators
Two-time action
(Polaron)
Second derivative
Lagrangians

Semiclassical expansion
Generating functional

Momenta formula

Effective potentials
Anharmonic oscillator

Uniform magnetic field
Motion in a section

Calogero model

Aharonov-Bohm
problems

Coulomb potential

Smorodinsky—Winternitz
potentials
Coulomb-like potentials
in polar and parabolic
coordinates
Nonrelativistic
monopoles
Kaluza—Klein monopole
Poincaré plane
+magnetic field
+potentials
Dirac Coulomb problem
Anyons

Magnetic top
Higgs oscillator
on spheres

Wood-Saxon potential
Hultén potential

Manning—Rosen potential
Hyperbolic Scarf potential

Hyperbolic barrier potential
Hyperbolic spaces

of rank one
Kepler problem

on (pseudo-) spheres
Natanzon potentials
Hyperbolic strip
Higgs oscillator

on pseudospheres

Hermitean spaces

tion scheme based on Schrodinger’s factorization method as reviewed by Infeld and Hull,”* re-
spectively, to the related classification scheme of Gendenshtein’® based on supersymmetric quan-
turn mechanics.”®

Path integrals on homogeneous spaces have been discussed in Ref. 36 (spheres and pseudo-
spheres, bispherical coordinates). A comprehensive treatment of the various coordinate space
representations can be found for two- and three-dimensional Euclidean space, and the two- and
three-dimensional (pseudo-) sphere in Ref. 40.

Our classification is according to the following scheme:

(i) The general Lagrangian which is at most quadratic in x and x (the harmonic oscillator

being the simplest and best known example),

(ii) The radial harmonic oscillator,

(iii) The P6schl-Teller potential,

(iv) The modified Péschl-Teller potential,

(v) Path integrals on homogeneous spaces (group path integration, interbasis expansions),

(vi) Explicitly time-dependent problems,

(vii) Path integrals with point interactions, respectively, boundary conditions,

(viii) Path integrals with infinite boundaries at finite distances (half spaces, infinite walls,

boxes, and rings),

(ix) Step potentials.

In the two tables we try to summarize our knowledge on how to solve path integrals in
quantum mechanics. In Table I we display the various possibilities how the fundamental path
integral solutions, i.e., the harmonic oscillator, the general quadratic Lagrangian, the radial har-
monic oscillator, the Poschl-Teller and the modified Poschl-Teller potential, respectively, can be
used to solve by path integration a wide range of other potential problems, including potential
problems in spaces of constant curvature (i.e., Euclidean space, sphere, and pseudosphere).
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TABLE 1. Group path integration and perturbation expansion.

Group path integration Perturbation expansions
Euclidean space J functions
Pseudo-Euclidean space & functions
Spheres Point interaction for Dirac particle
Single-sheeted pseudospheres Dirichlet boundary conditions
Double-sheeted pseudospheres Neumann boundary conditions
Bispherical coordinates Boxes and radial rings
Pseudobispherical coordinates Absolute value potentials
Klein—Gordon propagator Point interactions in R%R®

Step potentials

Also some miscellaneous results are listed. All these problems can be called either Gaussian,
Besselian, or Legendrian, respectively.

In Table IT we list the kind of problems which are either related to path integration on group
spaces, including their spectral expansion in more than one coordinate system, and path integral
problems which are definitely non-Gaussian, Besselian or Legendrian at all. These problems can
only be addressed by a perturbative approach, i.e., the exact summation of a perturbation expan-
sion.

Of course, in the case of general quantum mechanical problems, more than just one of the
basic path integral solutions is required. However, such problems can be conveniently put into a
hierarchy according to which of the basic path integral is the most important one for its solution.
For instance, in the path integral solution for the ring potential {(an axially symmetric Coulomb-
like potential), this hierarchy puts the radial harmonic oscillator path integral solution first, be-
cause it requires a space—time transformation to transform the Coulomb terms into a radial oscil-
lator.

It is obvious that all potential problems can be generalized to more complicated problems, i.e.,
one can add an additional explicit time dependence, implement a & function perturbation, and
consider problems in half spaces and infinite boxes, cf. Egs. (89)—(96), respectively. The construc-
tion of examples is left to the reader.

V. DISCUSSION AND OUTLOOK

In this contribution we have sketched our approach “How to Solve Path Integrals in Quantum
Mechanics.” We do not claim completeness; however, we have done our best to gather as much
information as possible. In our presentation we did not give any proofs of the formulas. This will
be postponed to our book.” Our intention was not to give a rigorous mathematical discussion of the
existence of the path integral (cf., e.g., Refs. 57, 77—80) and the various transformation techniques
(cf., e.g., Refs. 25, 30-32). Since Feynman’s beautiful article® and his classic book written with
Hibbs,’ several textbooks and reports on path integration have been published,>6:28.62:6379-85 Nqy
the time seems to be ripe for a comprehensive summary and critical review including a systematic
classification and extensive bibliography which we are going to complete soon.”!!

Summarizing, we can cover by the mentioned methods the so-called standard path integrals
which are based on Gaussian, Besselian, and Legendrian path integrals. The solutions of these
path integrals actually represent the matrix elements of group representations in a particular
coordinate space representation. In this sense these three kinds of path integrals are but a special
kind of the general path integration on group manifolds. One has to keep in mind that the chosen
coordinate space representation is but one possibility. Other coordinate space representations will
give other standard path integrals and corresponding path integral identities. As examples for the
latter we have shown how to calculate the free motion in R® and R® in elliptic and spheroidal
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coordinates. As will be shown in the near future®*! we are able by this method to perform path

integration for numerous problems (free motion in spaces of constant curvature, potential prob-
lems) in parametric coordinate systems.

The very formulation of the path integral already contains a specific kind of boundary condi-
tion. For the free motion or the standard potential problems these boundary conditions are usually
chosen in such a way that the vanishing of the wave functions at *o is required. Boundary
conditions at finite distances must be incorporated more explicitly in the path integral. We have
seen that Dirichlet and Neumann boundary conditions in one dimension can be incorporated into
the path integral by point interactions, where one makes the strength of the point interaction
infinitely repulsive. Actually point interactions represent boundary conditions for the wave func-
tion such that an infinite strength is but a special case. It is obvious that by this method we also can
treat boundary conditions in D dimensions. They are incorporated by a & function according to
—y&(a-x), where a-x is a (D — 1)-dimensional hyperplane. Making the strength of the hyperplane
interaction infinitely repulsive gives Dirichlet boundary conditions along the hyperplane. Of
course, the procedure is similar for Neumann boundary conditions.

The situation is more delicate for two- and three-dimensional point interactions. The peculiar
feature of the self-adjoint extension of the corresponding Schrodinger operator defines a path
integral representation with a special kind of boundary condition at the interaction point. Here
Aharonov—Bohm effects (with magnetic moments) and point-particle interactions can be
modeled.”

Mixed boundary conditions require the same kind of regularization procedure as Neumann
boundary conditions. The latter are obtained by considering a &' interaction in the path integral (as
pointed out in Ref. 73, the notion of & must not be taken too literally, it only serves to describe
a specific kind of boundary conditions at the location of the interaction). The & interaction in turn
is derived by a regularization procedure which makes use of the path integral representation of the
one-dimensional Dirac particle subject to a point interaction, i.e., a usual one-dimensional &
function. Here a four parameter family of self-adjoint extensions must be taken into account which
covers a wide range of boundary conditions in the (then nonrelativistic, i.e., Schrodinger) limit.

We have also listed some formulas for explicitly time-dependent problems. The special feature
of the time dependence is such that it is possible to remove it. However, additional (and sometimes
imaginary) potential and measure terms, respectively, appeared. The imaginary potential can be on
the one hand understood as a source or a sink for the probability, because the transformation of a
time-independent Hamiltonian to a time-dependent one, say, has the consequence that the new
Hamiltonian does not conserve energy; this is now exactly balanced by the imaginary potential in
order to guarantee energy conservation of the entire (time-independent) system. On the other hand,
this term can be interpreted as a “‘path dependent measure.”

Notwithstanding the fact that a considerable progress has been achieved in recent years to-
wards a deeper and more comprehensive understanding of path integration, many questions re-
main to be answered.

The familiar coordinate systems such as Cartesian, polar, or parabolic coordinates cover only
a very limited range of possible studies in general coordinate systems and related questions, as
separation of variables and the study of finitely integrable systems. The known techniques cover
path integrals in coordinate systems which are parameter free. What is desirable is a treatment of
generic coordinate systems, by which we mean coordinate systems depending on certain param-
eters in such a way that all standard coordinate systems can be obtained by degenerations of the
generic ones. The elliptic and prolate spheroidal coordinates are simple examples for such sys-
tems. Such considerations are by no means just idle doings. The study of simple systems provides
tools for the investigation of more complicated ones.

Let us shortly discuss the problem of the physical significance of considering the separation of
variables in parametric coordinate systems. The free motion in a given space is, of course, the
most symmetric one, and the search for the number of coordinate systems which allow the
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separation of the Hamiltonian is equivalent to the investigation how many inequivalent sets of
observables can be found. The incorporation of potentials usually removes at least some of the
symmetry properties of the space. Well-known examples are spherical systems, and they are most
conveniently studied in spherical coordinates. For instance, the Coulomb potential is separable in
four coordinate systems, namely, in conical, spherical parabolic, and prolate spheroidal II coordi-
nates (for a comprehensive review with the focus on path integration cf. Ref. 86).

The separation of a quantum mechanical potential problem in more than one coordinate
system has the consequence that there are additional integrals of motion and that the spectrum is
degenerate. In the case of the isotropic harmonic oscillator one has in addition to the conservation
of energy and the conservation of angular momentum, the conservation of the quadrupole mo-
ment; in the case of the Coulomb problem one has in addition to the conservation of energy and
the angular momentum, the conservation of the Runge-Lenz vector. In total these additional
conserved quantities add up to five integrals of motion (in classical mechanics) and observables (in
quantum mechanics), respectively. It is even possible to introduce extra terms in the pure oscillator
and Coulomb potential in such a way that one still has all these (slightly modified) integrals of
motion. As it turns out, the so-constructed modified harmonic oscillator and Coulomb problem
belong to a larger class of potentials which are called superintegrable.

Disturbing the spherical symmetry usually spoils the superintegrability. The first step consists
of deforming the ring-shaped feature of the (superintegrable) modified oscillator and Coulomb
potential. Here one gets in the former a ring-shaped oscillator and in the latter the Hartmann
potential.

Disturbing the system further, one may end up with the situation that there is only one
coordinate system left which allows separation of variables. A constant electric field (Stark effect)
allows only the separation in parabolic coordinates. In this case it is interesting to remark that in
the momentum representation of the hydrogen atom the bound state spectrum is described by the
free motion on the sphere S, to be more precise, the dynamical group O(4) describes the discrete
spectrum, and the Lorentz group O(3,1) the continuous spectrum. There are six coordinate systems
on $® which separate the corresponding Laplacian. The solution in spherical and cylindrical
coordinates correspond to the spherical and parabolic solution in the coordinate space representa-
tion. The elliptic cylindrical system on S® is of interest because it enables one to formulate a
complete classification for the energy levels of the quadratic Zeeman effect.

The separation in parabolic coordinates is also possible in the case of a perturbation of the
pure Coulomb field with a potential «z/r which, however, still allows an exact solution.?” The
two-center Coulomb problem turns out to be separable only in spheroidal coordinates.

Another possibility to disturb the spherical symmetry is to remove the invariance under
rotations with respect to a given axis (e.g., about a uniform magnetic field). Usually this invariance
is used to illustrate the azimuthal quantum number m, i.e., the eigenvalue of the L, operator. The
physical meaning of this quantum number then is that there exists a preferred axis in space. This
symmetry can be broken if one considers a Hamiltonian of a nucleus with an electric quadrupole
moment Q and spin J in a spatially varying electric field. Here spheroconical coordinates are most
convenient. Also the problem of the asymmetric top, a symmetric oblate top, or the case of
tensorlike potentials can be treated best in spheroconical coordinates.

In order that a potential problem is separable in ellipsoidal coordinates, it is required that the
shape of the potential resembles the shape of an ellipsoid. Of course, the anisotropic harmonic
oscillator belongs to this class. Introducing quartic and sextic interaction terms then eventually
allows only separation of variables in ellipsoidal coordinates. Another example is the Neumann
model, i.e., a particle moving on a sphere subject to anisotropic harmonic forces.

A detailed study of the coordinate space representations of SU(1,1) is worthwhile. The group
manifold of SU(1,1) (and its path integral representation) can be described as the free quantum
motion on the hyperboloid
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x4 x2-x2-x2=1, (106)

where only the upper sheet is taken into account. As shown by Kalnins and Miller® the Laplace
operator on this hyperboloid allows separation of variables in 74 coordinate systems! The spec-
trum of SU(1,1) contains an infinite discrete and a continuous spectrum. For instance, in the study
of the two-sheeted pseudosphere only the continuous part is needed, whereas in the single-sheeted
case both contributions are necessary. Furthermore, the coordinate space representations of
SU(1,1) contain information about singular potentials as V(r)= —a/r*(a<1/4). Here a self-
adjoint extension is required. Path integrals on homogeneous spaces with indefinite metric are
plagued with such problems. If it is possible to extract the necessary information from a particular
coordinate space representation, it is possible to set up a path integral formulation by means of
path integration on groups, and one can derive new path integral identities.

It is our hope that a compilation of our present knowledge will help to spread the results
achieved into the physical and mathematical community, making them available for critical con-
sideration and further progress, with the ultimate goal of a comprehensive and complete path
integral description of quantum mechanics and quantum field theory, including quantum gravity
and cosmology.
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