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Exact solution of master equations for a simple model of
self-organized biological evolution
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Abstract. The master equations for the random neighbour Bak-Sneppen model are solved
explicitly.

1. Introduction

Recently, Bak and Sneppen proposed a model of biclogical evolution [1,2]. Tt is a dynamical
system describing the mutation and natural selection of interacting species. The most
interesting point in this model is the phenomenon of self-organized criticality which is
studied intensively by means of several different numerical and analytical methods {3-6].
Self-organized criticality is the asymptotical critical behaviour in dynamical systems which
is achieved without any external fine tuning of their parameters [7]. One can hope that
the Bak—Sneppen model (B5SM) represents an important universal type of critical behaviour
which is realized in many dynamical systems independent of their detatled properties. It
would be natural to expect this from the point of view of present experience in studies of
critical phenomena.

The formulation of BSM is simple. It describes an ecosystem of N species which has a
state defined by the set {x1, ..., xy) of ¥ numbers, 0 € x; < 1. The state of the ith species
x; 1s called the barrier; it characterizes the effective barrier towards further evolution of the
species. The BSM dynamics is the following, Initially, each x, is set to a randomily chosen
value. At each time step the barrier x; with minimal value and X — 1 other barriers are
replaced by X new random numbers. In the random neighbour model (RNBSM) the (K — 1)-
replaced non-minimal barriers are chosen at random. In the local or nearest-neighbour
modei (LBSM) these are the barriers of the nearest neighbours to the species with minimal
barrier. In this version of the B$M the nearest neighbours of the species are assumed to be
defined.

The study of LBSM is more complex compared to the RNBSM because of the non-trivial
topology of the interspecies interaction in the LBSM. The analytical study of the BSM is
based mainly on the mean field approximation 2,3, 6]; some exact results are obtained for
the RNBSM [3]. In this paper we obtain the explicit solution of the master equation used
in [3] for the study of the RNBSM. We consider these equations for the case of an infinite
ecosystern with an infinite number of species (in the thermodynamic limit) only. The exact
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stationary solution of the RNBSM master equations obtained in [3] is the asymptotic of the
time-dependent solution which is constructed by us.

2. Statement of the problem

The basic quantity used in [3] to study the RNBSM is the probability that at time ¢ the number
of barriers that have values less then a fixed value A is n. Tt is denoted in [3] as P,(¢) and
fulfils the following master equation representing the dynamics of the RNBSM:

Po(t 4+ 1) = A2y (1) + 231 = M) Pult) + (1 = A)2 Py 2) n23
Pyt + 1) = APy (1) + 2A(1 — M) P2} + (1 — AV P3(t) + A2 Po(t)
Pt 1) =20(1 = )Pt} + (1 — WP Pa(t) + 2a(1 — M) Po(t)
Po(t + 1) = (1 = 2P Pi(2) + (1 — 1> Po(o).
The initial values P,(0) at ¢ = 0 are assumed to be given. Equations (1) define the values
of probabilities P,(z) for t > 0. These can be considered as the complete specification of
the RNBSM dynamical rujes.
It is convenient for us to rewrite the system of equations (1) in the form
Po(t + 1) = aPu(t) + bPaga(t) + cPry ()1 — 8n0) + (@Br 0+ BSn1 + ¥8n2) Po(t)  (2)

where

(0

a=2r1—-2) b=(1-2)? ¢ = A2

a=(-1)01-32 B=M2-31) y = A%
By virtue of (3) .

at+tb+c=1 e+p+y—b=0 (4)
Hence, it follows from (2) that the common necessary condition for probabilities P, (t) is

YV Re+D=@+b+0 Y PBO+@+B+y ~BRO =Y Pty = 1.

€y

In the more general case, when there are no representations of the form (3) for the parameters
of dynamical system (2) but relations (4} are fulfilled, P,(t) could be treated as a probability.
By introducing the operator

Dm.n (I, I') = 8:+I.£’8m.n - 5:.:’Lm,n (5)
where
Lm.n =adun + b3m+!.n + Cam——].n(l — sm.D) + (Ofam.ﬂ + ﬂsm.l + V‘smﬂ)sﬂ.n-
Equation (2) can be rewritten in the compact form

o0
(DP)n(t) = Y Daplts By (t") = 8,0 Pu(0). 6)
1 n=0

Thus, if the solution A, .(t,¢") of the operator equation

DA =1 "
is found, the solution of equation (6) can be constructed as

(PYn(®) =Y, Ama(t, 0) P 0). ®)

n=0
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Hence, the problem of solving the master equations is reduced to an inversion of the
linear operators D (5). There is no cbvious transformation which diagonalizes D directly.
In this case the inversion of D would be trivial. However, the important property of operator
A, which makes the problem of its construction solvable, is that A, , for n % 0 can be
expressed in a simple way through Ag,, and the equation for A, can be solved explicitly.

3. Modified equations for A

Let us define the auxiliary operator

o 1 E dz{a 4+ bz~! 4+ czy 0!
& t tr = T .
r!,m( ’ ) zn.'l

e( —1'. 9)

Zr—ntl
Here, by definition,

git)y=0fort <0 ty=1fort > 0.
Multiplying both sides of equation (7) by A°, one obtains an equation of the form

A’DA = A°. {10)
If the operator V is defined as

AD=1-V (an
one can verify directly that

Vi (t, t') = Viu 2, 1')0,0 (12)
where
v, = ﬁ dz(a + bzz’”:: ez) ! (@ + Bzt y22 — b Ha(t — ). (13)
Thus, by virtue of (11) and (12}, equation (10) can be rewritten as

Apn = VB =AY . (14)

Setting m = 0 in (14), one obtains the equation for Ag,:
Agn — Vohon = AJ . : (15)

The main result is that to solve equation (14) for the matrix operator A, it is enough
to find the solution of equation (I5) for Ag . If Agy is known, the matrix elements Ay
for m # 0 can be constructed as

Apmn = Vmlon + A, . (16)

4. Useful integral transformation

We introduce a special integral transformation (SIT) for functions of a complex variable,
which will be necessary to solve equation (15). Iis definition for the function f(z) is
written in the form

d
Lifi = ﬁ s+ YT F@. (17)

Here, the integration contour is the circle |z[ = r of the radius r with the centre at z =0, v
is a parameter. It is assumed that the integral on the right-hand side of (17) exists. We shall
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consider the SITs as functions of integer variables. For the SITs we define a convolution
operation as

=]

Dif =gk, ) = Y L{fHe—s)Lighs — 1)

=0

For such defined SITs the following simple lemmas can be proven.
Lemma 1. If the function f(z) is analytical for z # 0, z % 00 and
R@=FEY  Fir+
then
LY =L{fz} =17}
Lemma 2. If the functions f(z) and g(z) are analytical for |z| < r, then
Dify=Ligl =E{f g}

where

Frgto = LD

With the help of the $ITs, equation (15} can be solved explicitly for Ag,. They are also
convenient for constructing the matrix elements of operator A from (16).

5. Exact solution of equations for A

It follows from definition (9) that the operator A® is proportional to the SIT of a power
function:

Ag,,,.(t, t') = Um.n(ra II)I:{zn—m} (18)
where

Unpn(t, ) = gt~ =DRpla-mbi=t =0z o 2 19

T

From (13) one obtains a similar representation for the operator V,:

Vi = Unoll{z ™ Q(2)} Q@) =o' + B2+ y2 -tz (20)

b b
o =o ﬁ’:ﬁﬁ y’=Ey b’n-:\/gb:\/b_c.

By virtue of lemma 1 the operator V; is represented by the SIT of a polynomial function:

Here

Vo = Uooll{Q(2)} = Uooli{g(2)}  qla) =o'+ (B — bz +y'2" (21)
Thus, it is natural to suppose that the operator Ag,, has a representation of the form
Bon = UpaLl{ falz)} (22)

It is assumed here that the function f,(z) is analytical for |z} < r. By using (18), (19), (21}
and (22}, equation (15) can be written as

{f(2)} — %Ir{q(zn L@ =L p=+be
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1t is fulfilled if
Mz @)z

The solution of this equation
ni] — Z'Z
£(0) = pz"( )

ol =22 —4q(2)z

is obviously an analytical function for |z| < r if the parameter r of the SIT is chosen to be

sufficiently small. Thus, we obtain the solution of equation (15) in the form
p2°(1 — %) "g(2) }

p(l~2z2) —g(z)z p(t—28) —g(x)z|

Substituting (20} and (23) in (16) and by use of lemmas 1 and 2 we obtain the following

representations for the other matrix elements of A:

2"1gy(2) }

o1 —22) — q(2)z
1 qy(2) }

o(1=28 —q@)z |’

(23)

Agp = Ug‘,,Ir ‘ ] = UO.nI: {Z" -+

ﬁ;'n = Ul.nlyl-} {Zn_l +

App = Up [z"""’ +

Here g,(z), g2(z) are the polynomials
gD =8+ (& + ¥z — b
D) =y +p 1+ - b7
and the parameter » of the SIT is defined as
p(1—-2 —q@z#0  forz] <r
By using (3), the operator A for the original master equations (1) can be represented as

dz(1 + )2
, 2wigt=imen

I—A—-az
tm—1 ’
x (1—!—2 a JL)2)19(: t)

2(e—"y-2
Nyt ye—r—2 f dz{l +z)
Ayt 1y =AM = 0" fw_

222 =31 —A2) .

(] T+ Do (- ,x)z) o=

JHF=2 dz(1+ 202731 — (A + (3A — Dz + Az3)
f 2rigt - (3~ (1 — W)z)

Amn(l !") — lm—n+f—-ﬂ_|(1 - A)n__m.{_!._ll_l

=AM ~

x0(r 1) st

e _penm1 [ de(l %702

—t' =n=I t—t'+n—1 —
Boalt, £y = AT A =N =0

2{(1-A)z+1-32) ;
* (I HCETY T l)z)e(t f)

dz(1 +2)*7"73(1 - 2)
L 2mizt= (A — (1 = Dz2)

Here, the integration contour is the circle |z| =r, r < A/(1 - A).

= AR (1 = Ay 8@t — ).
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The integrals can easily be calculated in the case of A = 1/2:

iy 20t —t' = 1)!
o Al
Bmalt, 13 =14 ((r-—r’+m—n—1)!(:—:’—-m+n—1)!
N 20—t ~ 1)
(¢t—t—m—m)(t—t'+m+n—2)!

2 — 1 ~ 1) Q@ — 1) —3)!

Al.n(f, t") = 41-:+r' (
ey (20 = 1Y =B — ¢ — 10(t — 1)+ n* ~ 30 4 8)

4l
=4 (1=t =)t —t' +n—1)
) B Ny 20—t -1}
Boalt, ) = 4 ((t—z'—n-—l)!(:—z’-;—:;—l)!
_ 2t ~ ') = 3)! )
-t ~n-DW—-t'+n~1)

QRu-1H-=-3—-t'+n-1

=4!—r+r' .
(-t —n-—DI¢—t'+n—1)1

=t —mli—t+n-2) (t—t'—rz-i‘)!(t-t’+n—l}!)

For A 5 1/2 the following asymptotic forms of A(z, ¢’} can be obtained for ¢ —¢' — oo

4:—:’}_:—r'+m—n-1 1—X t—t'+n—-m—1
Bmnt, ') = (1 = 2R 21 ~ )" 4 d=2)

1723572
i—-X 1—A
— )+ 0"
x(m+2k—l)(n+2A—l)+ =)
Ap ot t’) _ Al =202 =2) 4!-!'—13{!-!'-—4:(1 - l)r—r'+n-2(51 -1
T Ty R 2BRA — 1)
11— Y
t
x(n+21—1)+0( )

gi=t'=lyt—t'=n=Tpq _ 3 t=t'+r—1 1—A
Agn(t, !N =1-21+ ( ) ( + o

1—7/2
T 2152025 — 1) 2 1) +0e™)

if » < 1/2, and

A=y r=rtmen=1ey A yr-r'n—m—1 1—2X 1=
Dy n(t, 1) = A ¢ ) (m + ) (n - ———)

71252 2h -1 28 —1
+Ou™"%)
ir=tprrongy — Ay i(sh — 1) 1—A
n A=A ~7/2
Aya(t, 1) = 2225 — 1) (n Taor) e
4:-."—!”-!'-—-;1—](1 - A_)t—r’+n—1 1—2
" -2
Dop(t, 1) = T252(2) — 1) ( + 25— 1) +06™")
if x> 1/2.

6. Conclusion

(24)

(25)

(26)

27
(28)

(29)

The solution obtained for A can be verified by its direct substitution in equation (7). The
asymptotic forms of P,(¢) (24)—(29) are in agreement with the results of [3]; for ¢ — oo

these can be calculated with help of (8).

In our paper we only considered the main mathematical problem arising for the
description of self-organized criticality in the framework of RNBSM; however, our results
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allow us to calculate all the quantities of interest for the understanding of critical phenomena
in RNBSM. We hope that they will be useful for analytical and numerical studies of self-
organized criticality in more complicated models. They could also be helpful for the
elaboration of renormalization group methods for the BSM [8,9].
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