DESY 96 - 004 ISSN 0418 - 9833 January 1996

PATH INTEGRAL SOLUTION FOR NATANZON POTENTIALS

Christian Grosche

II. Institut für Theoretische Physik Universität Hamburg, Luruper Chaussee 149 22761 Hamburg, Germany

Invited talk given at the “Barut’s Memorial Conference on Group Theory in Physics”, 21.–27 December 1995, Edirne, Turkey, to appear in the proceedings.

ABSTRACT

We study Natanzon potentials in the path formalism. They generalize the known Gaussian, Besselian and Legendrian path integral representations in a systematic way.

1 Introduction.

The invention of the path integral by Feynman [?] has been proven fruitful in many branches in mathematics and theoretical physics. It has ever been a challenge to many to calculate path integrals exactly. However, the only path integral which could be calculated exactly for a long time was the path integral for the harmonic oscillator and closely related problems, i.e., physical systems which could be described by a quadratic Lagrangian.

The first major step towards the calculation of more complicated problems was the evaluation of the path integral for the hydrogen atom by Duru and Kleinert [?]. Their achievement could be accomplished by the invention of the space-time transformation technique, also called “Duru-Kleinert-transformation”, “local-time-substitution”, etc. This technique enables one to transform a complicated problem into a simpler one: in the case of the hydrogen atom the simpler system is just the harmonic oscillator.

Therefore it was possible to evaluate now many problems from ordinary textbook quantum mechanics by means of path integrals by using just a few Basic Path Integrals, the Gaussian Path Integral based on the quadratic Lagrangian [?], the Besselian Path Integral based on the radial harmonic oscillator [?], and the Legendrian Path Integral based on the Pöschl-Teller and modified Pöschl-Teller potentials [?, ?]. Actually, all Basic Path Integrals can be considered as a special path integral on a group manifold and the particular form of its solution in terms of the spectral expansion for a potential, say, can be seen as a matrix element in a coordinate space representation of the corresponding dynamical group, c.f. [?, ?, ?] and references therein.

However, almost all potential problems considered sofar allowed only the incorporation of two free parameters, for instance, in the Coulomb problem they are the Coulomb coupling constant and the angular momentum number. This is also the case in the so-called “conditionally solvable” potentials [?] which allow the incorporation of anharmonic potential forces. It is known, though, that there is a wider class of potentials, known as “Natanzon potentials” [?] which generalize the usual potentials in a systematic way. They have six free parameters, their explicit form may even not be known analytically, but the corresponding quantum mechanical problem is exactly solvable, at least implicitly. It is the purpose of this contribution to summarize some results concerning the path integral solutions of the two types of Natanzon potentials [?], the hypergeometric and confluent types, along with some further modifications in their structure which give rise to “conditionally solvable Natanzon potentials” [?]. These classes of potentials contain all former path integral solutions for particular potentials as special cases.

2 The Natanzon Potentials.

Due to lack of space our presentation can only be sketchy. For the formulation of the path integral we follow along the lines of Refs. [?] and [?, ?], and references therein. In the evaluations of the path integrals for all the Natanzon potentials we must perform the transformation r → z together with the time-substitution dt = ds/z0^2 such that the new pseudo-time s00 can be introduced via the constraint ∫ s00 0 ds/z0^2 = T = t00 − t0, and with z → h for the confluent cases. This space-time transformation causes the emerging Schwarz derivative to cancel with the h̄^2-term in each potential. In the case of the confluent Natanzon potentials, a Besselian Path Integral emerges, whereas in the case of the hypergeometric Natanzon potential an additional space-time transformation with z = tanh^2 x, x > 0 must be performed.

2.1 Hypergeometric Natanzon Potential.

Let us start with the case of the hypergeometric Natanzon potential which is defined by

V (r) = h̄^2 2M fz(z − 1) + h_0(1 − z) + h_1z R(z) + h̄^2 8M ( 3 ( z00 z0 )_2 − 2 z000 z0 ) , (1)

where R(z) = a_0z^2 + b_0z + c_0, and z = z(r) is implicitly defined by the differential equation

z0 = 2z(1 − z)/^√R(z). The variable z varies in the interval z ∈ (0, 1). We get via the path

integral solution of the modified Pöschl-Teeler potential for the corresponding path integral representation

K(r00, r0; T ) =^{r(t}

00)=r^{00} ∫ r(t^0)=r^0 Dr(t) exp { i h̄ ∫ t00 t^0 [ M 2 ṙ^2 − V (r) ] dt }

= ∫ IR dE 2πi e�iET/h̄G(r00, r0; E) , (2) with the Green’s function G(E) of the hypergeometric Natanzon potential given by

G(r00, r0; E) =^(R(r0)R(r00)^{)1/4} M

h̄^2

Γ(m_1 − L_ν)Γ(L_ν + m_1 + 1) Γ(m_1 + m_2 + 1)Γ(m_1 − m_2 + 1) × ( (1 − z(r0))(1 − z(r00))

)_(m_1�m_{2)}/_2( z(r0)z(r00)^{)(m1+m2)/2} ×_2F_1 ( − L_ν + m_1, L_ν + m_1 + 1; m_1 − m_2 + 1; 1 − z^2_< )

×_2F_1 ( − L_ν + m_1, L_ν + m_1 + 1; m_1 + m_2 + 1; z^2_> ) . (3)

2F_1(a, b; c; z) is the hypergeometric function. C.f. [?, ?, ?] and references therein for the proper derivation of the Green’s function for the Pöschl-Teller potential. Here denote m_{1,2} =^1_2 (η ± √ −2ME0/h̄), L_ν =^1_2 (ν − 1), and I have abbreviated η^2 = h_0 + 1 − 2Mc_0E/h̄^2, ν^2 = f + 1 − 2Ma_0E/h̄^2, and E0 = (a_0 + b_0 + c_0)E − h̄^2(h_1 + 1)/2M. z_{<,>} is the smaller/larger of z0, z00. Note that the numbers η and ν are square roots and the specific sign they take may vary in different examples. The poles of the Green’s function determine the bound state energy eigenvalues E_n (n ∈ IN_0) √ h_0 + 1 − 2Mc_0E_n h̄^2 − √ f + 1 − 2Ma_0E_n h̄^2 − √ h_1 + 1 − 2M h̄^2

(a_0 + b_0 + c_0)E_n = 2n + 1 . (4)

Equation (??) is an equation of fourth degree in E_n.

2.2 Confluent Natanzon Potentials.

The class of the confluent Natanzon potentials can be obtained by the substitution [?] a_0 = σ_2/τ^2, b_0 = σ_1/τ, f = g_2/τ^2, h_1 − h_0 − f = g_1/τ, z = h/τ, and taking into account the limit τ → 0. This yields

V (r) = h̄^2 2M g_2h^2 + g_1h + η R(r) + h̄^2 8M ( 3 ( h00 h0 )_2 − 2 h000 h0 ) , (5)

where R(r) = σ_2h^2 + σ_1h + c_0, and h = h(r) is implicitly defined by the differential equation

h0/2h = 1/^√R(r). The variable r and the function h = h(r) are assumed to be positive. Via the

path integral for the radial harmonic oscillator we get the following path integral representation

K(r00, r0; T ) =^∫ IR dE 2πi e�iET/h̄G(r00, r0; E) , (6)

Table 1: Natanzon Potentials

R(z) V (z), ΔV (z) = h̄^22M (( z^{′′} z^′ )_2 − z^{′′′}z_′ )) Range

R = σ_2h^2 + σ_1h + c_0 h̄^22M g^2h^2 + g^1h + ηR(h) + ΔV (h) h > 0

R = c_0 h = e^{2x/√c0} h̄^2 2M c_0 ( g_2e^{4x/√c0} + g_1e^{2x/√c0} + η + 1 ) x ∈ IR R = σ_1h h = r^2/σ_1 h̄^2 2M ( g_2 σ^2_1 r^2 + g^1σ_1 + η + 3/4 r^2 ) r > 0 R = σ_2h^2 h = 2r/ √ σ_2 h̄^2 2M ( g_2 σ_2 + g_1/ √ σ_2 r + η 4r^2 ) r > 0 R = a_0z^2 + b_0z + c_0 h̄^22M fz(z − 1) + h^0(1 − z) + h^1 R(h) + ΔV (h) z ∈ (0, 1)

R = 1 z =^1_2(1 + tanh x) h̄^2 2M ( h_1 + h^02 + 1 − h^02 tanh x − f/4 cosh^2 x ) x ∈ IR R = z z = tanh^2 r h̄^2 2M ( h_1 + 1 + f − 3/4

cosh^2 r

+ h^0 + h^1 + 3/4 sinh^2 r ) r > 0 R = 1 − z z = 1/ cosh^2 r h̄^2 2M ( h_0 + h_1 + 1 − f + 3/4 cosh^2 r

+ h^1 + 3/4 sinh^2 r ) r > 0 R = z^2 z = 1 − e^{−2r} h̄^2 2M ( h_1 4 + f + 1 + h_0 + h_1 4 sinh^2 r + ( h_1 2 − f ) coth r ) r > 0 R = 4z(1 − z) z =^1_2(1 − cos φ) h̄^2 8M ( h_0 + h_1 + 3/4

sin^2(φ/2)

+ h^1 + 3/4 cos^2(φ/2)

− (f + 1) ) φ ∈ (0, π)

with the Green’s function G(E) of the confluent Natanzon potential given by G(r00, r0; E) =^{(√}R(r0)R(r00) 4h(r0)h(r00) )_1/_2 1 h̄ √ − M 2E0 × Γ(^1_2 + λ − κ)

Γ(2λ + 1) W_{κ,λ} ( √ −8ME0 h_> h̄ ) M_{κ,λ} ( √ −8ME0 h_< h̄ ) . (7)

W_{κ,λ}(z) and M_{κ,λ(z)} are Whittaker functions. Here denote λ^2 =^1_4 (η + 1 − 2Mc_0E/h̄^2, κ = (Eσ_1 − h̄^2g_1/2M/4h̄) √ −M/2E0, and E0 = (σ_2E − h̄^2g_2/2M)/4. From the poles in the Green’s function the bound state energy eigenvalues E_n can be determined by the equation (n ∈ IN_0)

E_nσ_1 − h̄^2g_1/2M 2h̄ √ M h̄^2g_2/M − 2σ_2E_n − √ η + 1 − 2Mc_0E_n h̄^2

= 2n + 1 , (8)

which is again an equation of fourth degree in E_n. Table 1 gives some examples for special cases of Natanzon potentials. In the confluent cases we must replace z → h in ΔV .

2.3 Conditionally Solvable Natanzon Potentials. 2.3.1 A generalized Coulomb potential.

As a first example of a conditionally solvable Natanzon potential I consider a modification of (??) by changing the power-behaviour of h in the g_1-term into a g_1h^3, in the σ_1-term into σ_1h^4, and we set c_0 = η = 0. Thus we obtain

V (r) = h̄^2 2M g_1h^3 + g_2h^2 R(r) + ΔV (h(r)) , (9)

where R(r) = σ_1h^4 + σ_2h^2, h0(r)/2h(r) = 1/ √ R(r). The variable r and the function h = h(r) are assumed to be positive. We obtain via the path integral for a shifted harmonic oscillator the path integral representation [?]

K(r00, r0; T ) =^∫ IR dE 2πi e�iET/h̄G(r00, r0; E) , (10) where the Green’s function G(E) is given by (ω = −σ_1E/2M) G(r00, r0; E) =^{(√}R(r0)R(r00) 4h(r0)h(r00) )_1/_2 √ M πh̄^3ω Γ(−ν)

× { D_ν [√ 2Mω h̄ ( h_>(r) − h̄^2g_1 4Mσ_1E )] D_ν [ − √ 2Mω h̄ ( h_<(r) − h̄^2g_1 4Mσ_1E )]

−D_ν [√ 2Mω h̄ ( h(r0) − h̄^2g1 4Mσ_1E )] D_ν [√ 2Mω h̄ ( h(r00) − h̄^2g1 4Mσ_1E )]

×D_ν (√ 2Mω h̄ h̄^2g_1 4Mσ_1E )/ D_ν ( − √ 2Mω h̄ h̄^2g_1 4Mσ_1E )} . (11)

Table 2: Confluent Conditionally Solvable Natanzon Potentials

R(h) V (h), ΔV (h) = h̄^22M (( h^{′′} h^′ )_2 − h^{′′′}h_′ )) Range

R = σ_1h^4 + σ_2h^2 h̄^22M g^1h^3 + g^2h^2R(h) + ΔV (h) h > 0

R = 16h^4, h = √ r h̄^232M ( g_1√ r + g^2r − 3

r^2 ) r > 0 R = σ_1h^3 + σ_2h^2 h̄^22M g^1h^4 + g^2h^2R(h) + ΔV (h) h > 0

R = 9h^3, h = r^{2/3} h̄^218M ( g_1r^{2/3} + g_2r^{−2/3} − 5 4r^2 ) r > 0

Note that a proper incorporation of the boundary conditions must be taken into account [?]. Here I have abbreviated ν = − 1 2 + 1 4ωh̄ ( σ_2E − h̄^2g_2 2M − h̄^4g^2_1 16M^2σ_1E ) . (12)

This determines the energy-spectrum by zeros of the parabolic cylinder function, i.e.,

D_νn ( − √ 2Mω_n h̄ h̄^2g_1 4Mσ_1E_n ) = 0 . (13)

I have indicated by ν_n = ν(E_n) and ω_n = ω(E_n) the explicit dependence on E_n. In table 2 another example can be found.

2.3.2 A modified Rosen-Morse potential.

For another class of conditionally solvable potentials I want to investigate, I consider the hypergeometric Natanzon potential with the following modifications

V (r) = h̄^2 2M 3 4 z(1 − z) + h_0(1 − z) + h_1z^{1/2} R(z) + ΔV (z(r)) , (14)

where R(z) = b_0z + c_0, and z = z(r) is implicitly defined by the differential equation z0 = 2z(1 − z)/ √ R(z). The variable z varies in the interval z ∈ (0, 1). Therefore we get via the path integral solution for the Rosen-Morse potential for the corresponding path integral

K(r00, r0; T ) =^∫ IR dE 2πi e�iET/h̄G(r00, r0; E) , (15) with the Green’s function G(E) of the conditionally solvable hypergeometric Natanzon potential given by G(r00, r0; E) = M h̄^2 ( R(r0)R(r00) z(r0)z(r00) )_1/_4

Γ(m_1 − L_E)Γ(L_E + m_1 + 1) Γ(m_1 + m_2 + 1)Γ(m_1 − m_2 + 1) × ( 2 √ z(r0) 1 + √ z(r0) · 2 √ z(r00) 1 + √ z(r00) ) 1_{2 (}m_{1+}m_{2+1)} ( 1 − √ z(r0) 1 + √ z(r0) · 1 − √ z(r00) 1 + √ z(r00) ) 1_{2 (}m_1�m_{2)}

×_2F_1 ( −L_E + m_1, L_E + m_1 + 1; m_1 − m_2 + 1; 1 − √ z_>(r) 1 + √ z_>(r) )

×_2F_1 ( −L_E + m_1, L_E + m_1 + 1; m_1 + m_2 + 1; 2 √ z_<(r) 1 + √ z_<(r) ) . (16)

Here are

L_E = 1 2 (√ 1 − h_1 − 2M(b_0 + c_0)E/h̄^2 − 1 ) , (17)

m_{1,2} = √ h_0 + 1 − 2Mc_0E/h̄^2 ± 1 2 √ h_1 + 1 − 2M(b_0 + c_0)E/h̄^2 . (18)

Furthermore I have abbreviated η^2 = h_0 + 1 − 2Mc_0E/h̄^2. Note that the number η is a square root and the specific sign it takes may vary in different examples. From the poles of the Green’s function, we derive the quantization condition for the bound state wave-functions (n ∈ IN) √ h_0 + 1 − 2Mc_0E_n/h̄^2 + (n +^1_2 ) = 1 2 (√ 1 + h_1 − 2M(b_0 + c_0)E_n/h̄^2 − √ 1 − h_1 − 2M(b_0 + c_0)E_n/h̄^2 ) . (19)

This equation is again an equation of fourth degree in E_n. In table 3 I have listed further possibilities of hypergeometric conditionally solvable Natanzon potentials. The cases R = z, R = 1 − z and R = 4z(1 − z) lead to already known potentials, the others to genuine new structures.

With our successful path integral solutions we have therefore accomplished new features in a Table of Path Integrals [?] which add to the endeavour “How to Solve Path Integrals in Quantum Mechanics” [?].

Table 3: Hypergeometric Conditionally Solvable Natanzon Potentials

R(z) V (z), ΔV = h̄^22M (( z^{′′} z^′ )_2 − z^{′′′}z_′ )) Range

R = b_0z + c_0 h̄^22M 3z(1 − z)/4 + h^0(1 − z) + h^1z^{1/2} R(z) + ΔV (z) z ∈ (0, 1)

R = 1 z =^1_2(1 + tanh x) h̄^2 2M ( h_0 + 1 − h^0 − 3/4 1 + e^{−2x}

+ h^1 √ 1 + e^{−2x} − 3 4(1 + e^{−2x})^2 ) x ∈ IR R = z z = tanh^2 r h̄^2 2M ( h_0 + 3/4 sinh^2 r

+ h_1 coth r + 1 ) r > 0 R = 1 − z z = 1/ cosh^2 r h̄^2 2M ( h_0 + 1 + 3

4 sinh^2 r

+ h_1 cosh r sinh^2 r ) r > 0

R = b_0z + c_0 h̄^22M 3z(1 − z)/4 + h^0(1 − z) + h^1(1 − z)^{1/2} R(z) + ΔV (z) z ∈ (0, 1)

R = 1 z =^1_2(1 + tanh x) h̄^2 2M ( h_0 + 1 − h^0 − 3/4 1 + e^{−2x}

+ h^1e^{−x} √ 1 + e^{−2x} − 3 4(1 + e^{−2x})^2 ) x ∈ IR R = z z = tanh^2 r h̄^2 2M ( h_0 + 3/4 sinh^2 r

+ h_1 cosh r

sinh^2 r ) r > 0 R = 1 − z z = 1/ cosh^2 r h̄^2 2M ( h_0 + 1 + 3

4 sinh^2 r

+ h_1 coth r ) r > 0

R = a_0z^2 + b_0z h̄^22M fz(z − 1) − 3(1 − z)/4 + h^1z^{3/2} R(z) + ΔV (z) z ∈ (0, 1) R = z z = tanh^2 r h̄^2 2M ( h_1 tanh r − f + 3/4 cosh^2 r + 1 ) r > 0 R = z^2 z = 1 − e^{−2r} h̄^2 2M ( f + 1 − f + 3/4 1 − e^{−2r}

+ h^1 √ 1 − e^{−2r} − 3 4(1 − e^{−2r})^2 ) r > 0 R = 4z(1 − z) z =^1_2(1 − cos φ) h̄^2 8M [ h_1 sin(φ/2)

cos^2(φ/2) − ( f + 14 ) + 34 1 cos^2(φ/2) ] φ ∈ (0, π)

R = a_0z^2 + b_0z h̄^22M fz(z − 1) − 3(1 − z)/4 + h^1z^{3/2} √ 1 − z R(z) + ΔV (z) z ∈ (0, 1) R = z z = tanh^2 r h̄^2 2M ( h_1 sinh r

cosh^2 r − f + 3/4 cosh^2 r + 1 ) r > 0 R = z^2 z = 1 − e^{−2r} h̄^2 2M ( f + 1 − f + 3/4 1 − e^{−2r}

+ h^1e^{−r} √ 1 − e^{−2r} − 3 4(1 − e^{−2r})^2 ) r > 0 R = 4z(1 − z) z =^1_2(1 − cos φ) h̄^2 8M [ h_1 tan φ2 − ( f + 14 ) + 34 1 cos^2(φ/2) ] φ ∈ (0, π)

Acknowledgements.

I would like to thank the organizers of the Conference for the nice atmosphere and warm hospitality during my stay in Edirne.

References

[1] A.Bohm, Y.Ne’eman and A.O.Barut (eds.): Dynamical Groups and Spectrum Generating Algebras (Academic Press, New York, 1987).

[2] M.Böhm and G.Junker: Path Integration Over Compact and Noncompact Rotation Groups.

J.Math.Phys. 28 (1987) 1978–1994.

[3] A.De Souza Dutra: Conditionally Exactly Soluble Quantum Potentials. Phys.Rev. A 47 (1993) R2435–R2437

[4] I.H.Duru: Path Integrals Over SU(2) Manifold and Related Potentials. Phys.Rev. D 30 (1984) 2121–2127.

[5] I.H.Duru and H.Kleinert: Solution of the Path Integral for the H-Atom. Phys.Lett. B 84 (1979) 185–188. Quantum Mechanics of H-Atoms From Path Integrals. Fortschr.Phys. 30 (1982) 401–435.

[6] R.P.Feynman and A.Hibbs: Quantum Mechanics and Path Integrals (McGraw Hill, New York, 1965).

[7] C.Grosche: Conditionally Solvable Path Integral Problems. J.Phys.A: Math.Gen. 28 (1995) 5889– 5902.

Conditionally Solvable Path Integral Problems II: Natanzon Potentials DESY Report, DESY 95–174, September 1995, 19pp., J.Phys.A: Math.Gen., to appear.

[8] C.Grosche: Path Integrals, Hyperbolic Spaces, and Selberg Trace Formulæ. DESY Report, DESY 95–021, February 1995 (Habilitationsschrift), 228pp., to be published by World Scientific (1996).

[9] C.Grosche: The General Besselian and Legendrian Path Integral. DESY Report, DESY 95–161, August 1995, 7pp.

[10] C.Grosche and F.Steiner: How to Solve Path Integrals in Quantum Mechanics. J.Math.Phys. 36 (1995) 2354–2385.

[11] C.Grosche and F.Steiner: Table of Feynman Path Integrals. To appear in: Springer Tracts in Modern Physics (1996).

[12] A.Inomata and G.Junker: Path Integrals and Lie Groups. In “Noncompact Lie Groups and Some of Their Applications”, San Antonio, Texas, USA, 1993, 199–224. Eds.: E.A.Tanner and R.Wilson (Kluwer Academic Publishers, Dordrecht, 1993).

[13] H.Kleinert and I.Mustapic: Summing the Spectral Representations of Pöschl-Teller and Rosen-Morse Fixed-Energy Amplitudes. J.Math.Phys. 33 (1992) 643–662.

[14] G.A.Natanzon: General Properties of Potentials for Which the Schrödinger Equation can be Solved by Means of Hypergeometric Functions. Theor.Math.Phys. 38 (1979) 146–153

[15] D.Peak and A.Inomata: Summation Over Feynman Histories in Polar Coordinates. J.Math.Phys.

10 (1969) 1422–1428.