DESY 96–032 ISSN 0418 - 9833 ASI-TPA/3/96 February 1996

ASYMPTOTIC DISTRIBUTIONS ON SUPER RIEMANN SURFACES

C. Grosche

Institut für Theoretische Physik Technische Universität Clausthal, Sommerfeldstraße 6 38678 Clausthal-Zellerfeld, Germany and II. Institut für Theoretische Physik Universität Hamburg, Luruper Chaussee 149 22761 Hamburg, Germany

ABSTRACT

The Selberg super-trace formula for super Riemann surfaces is used to derive asymptotic distributions for the asymptotic distribution of the number N̄(˘) (|˘| → ∞) of eigenvalues ˘ of the Dirac-Laplace operator on super Riemann surfaces, and for the asymptotic distribution of the number N̄(N) (N → ∞) for the number of the norms N of the hyperbolic conjugacy classes, respectively. In the case that the underlying Riemann surface is compact, we find that the Witten index is determined by the area of the Riemann surface.

1 Introduction.

There are two important problems in the study asymptotic distributions. First, there is the question of prime geodesic theorems according to Riemann [?] in order to find the asymptotic proliferation of prime numbers P , as P → ∞. Second, there is the question of the number of eigenmodes in a cavity, nowadays known as Weyl’s law, as the energy tends to infinity. This very important law (one of Hilbert’s famous problems) was discovered by Weyl [?]. The latter problem is actually closely related to the question “Can one hear the shape of a drum?” [?], whereas the former could be put into “Can one see the sound of a drum?”. Obviously, both asymptotic laws have been the subject of many investigations since, and they both can be put into the context of index theorems which makes them mathematically even more attractive and interesting.

In quantum chaos [?, ?] and hyperbolic geometry [?] the prime geodesic theorem translates into an asymptotic distribution of the norms of hyperbolic conjugacy classes, as the norms tend to infinity, respectively the number of periodic orbits, as the length of the periodic orbits tend to infinity, and is generally known as Huber’s law [?]. Whereas it is possible by means of the Selberg trace formula [?, ?]–[?] and by the semiclassical Gutzwiller trace formula [?] to establish an intimate connection between periodic orbits and energy-levels, the general outcome is that the energy-levels give information about orbits, but not generally about the shape of the object in question [?], and the statistics of the distribution of the fluctuations of the staircase functions about the asymptotic distribution give evidence of the character of the investigated system [?], may it classically integrable, chaotic, respectively arithmetically chaotic [?]. The corresponding asymptotic laws also provide numerical checks, whether the found (length and energy) spectrum is actually complete up to a chosen value.

In the present paper I apply some of the known techniques for deriving asymptotic distributions, in the following for short denoted by Huber’s and Weyl’s law, respectively, in the case of super Riemann surfaces. The concept of superspace, e.g. [?] and super Riemann surfaces emerge, for instance, in string theory [?] and quantum super gravity theories [?] and provide a convenient and systematic way to incorporate fermionic degrees of freedom into a field theory. Besides the pure “stringy” aspects of super Riemann surfaces one can also think of a free interacting field theory where an effective potential analysis is made, e.g. Ref.[?, ?].

In the next section I review briefly some classical results concerning Weyl’s and Huber’s law. In the third section I summarize some results concerning super Riemann surfaces. I have developed in [?]–[?], based on earlier results by Baranov et al. [?], a theory of automorphic forms on super Riemann surfaces which resulted in the formulation of Selberg super-trace formulæ for Dirac-Laplace operators on super Riemann surfaces. It is possible to state Selberg super-trace formulæ for compact and non-compact super Riemann surfaces (according if the underlying usual Riemann surface, the body of the super Riemann surface, is compact or non-compact), and closed and bordered super Riemann surfaces [?, ?], respectively. In order to make the paper self contained I will outline some basic facts about super Riemann surfaces in the third section, including the statement of the relevant Selberg super-trace formulæ. The formulations will be as general as possible to include any super Riemann surfaces.

The fourth section actually then attacks the derivation of the asymptotic law for the proliferation of the periodic orbits, i.e., the norms of the hyperbolic conjugacy classes. The principal result is that we find a similar behaviour as in the classical case.

The fifth section will be concerned with the corresponding Weyl’s law. The very construction of the Selberg supertrace formula implies that in the case of a continuous spectrum for a non-compact super Riemann surface. The relevant expression which must be studied has the form str[(e^{−tH} − e^{−tH0} )], where H_0 is the free supersymmetric Hamiltonian. It is found that the positive (continuous) spectrum is canceled out, and we get a relative index theorem, e.g. [?, ?]. Actually, this trace yields a number counting the difference of the bosonic (respectively fermionic) zero-energy states of H minus the difference of the bosonic (respectively fermionic) zero-energy states of H_0 plus an additional number determined by the continuous spectrum. Here, we find quite a different behaviour in comparison the the classical case. Weyl’s law is found to be a constant given by the area of the domain. This is in accordance with the Witten index [?] (super-trace of the heat-kernel), formally written as str(−1)^F , where (−1)^F = 1 − 2a†a is the “Fermion”- number operator, is independent of the parameters of the theory. In the present case, these parameters describe the deformations of the metric, i.e., they are the Teichmüller parameters; therefore we are left with the invariants of the surfaces which are classified according to their genus g, i.e., str(−1)^F ∝ g ∝ A, the area of the surface. In the presence of parabolic conjugacy classes, i.e., non-compact domains with cusps, scattering states become dominant and change this picture.

The sixth section is devoted to a discussion and summary of the results. In the three appendices some results as derived from the usual Selberg trace formula are summarized, including some additional notation concerning the general set-up of the Selberg trace formula. Particularly in appendix B, I briefly outline the derivation of Huber’s law for SL(2, ZZ) which is due to unpublished results of Romani [?].

2 Some classical results

Before I develop the asymptotic distributions for super Riemann surfaces in the sequel, I first want to give a closer look at the classical cases and introduce some notation. In the considerations of the classical asymptotic distribution N̄_Γ of the norms N of the hyperbolic conjugacy classes in a Fuchsian group Γ one knows that (Huber’s law [?]) the asymptotic distribution has the form

N̄_Γ ∝ Ei(L) ∝ e^L L , L → ∞ , (2.1) where N = e^L and Ei(z) is the exponential integral [?, p.925]. It is the asymptotic distribution (leading term) for any (compact and non-compact) Riemann surface. However, this is a rather rough estimate. As it turns out (??) describes very well the asymptotic distribution in the case of the regular octagon [?]. But in the case of the fundamental domain of the modular group SL(2, ZZ) (??) is corrected considerably by the presence of parabolic elements in the Fuchsian group Γ, i.e.,

N̄_{SL(2,}ZZ_) ∝ Ei(L) − 3 2 Ei(L/2) , L → ∞ . (2.2)

Corrections of this order are also present from contributions coming from the eigenvalues of the Laplacian −Δ = −y^2(∂^2_x+∂^2_y ) on the Riemann surface, as already noted by Huber. The appearance of the additional summand Ei(L/2) is due to the fact that in the derivation of the asymptotic distribution of the mean number of hyperbolic conjugacy classes, N̄_Γ(L) is determined by the equation κ(L)∑ k=1 1 k N_Γ (L k ) = F_Γ(L) , (2.3)

with κ(L) = [L/l_m] with some minimum length l_m, i.e., the length of the shortest periodic orbit on the surface, [x] the integer part of the number x, and the function F_Γ(L) contains all contributions up to a specific order, say Ei(L/2), as derived form the Selberg trace formula. Equation (??) then is inverted by the Möbius inversion formula [?, p.237], i.e.,

N_Γ(L) = κ(L)∑ k=1 μ(k) k F_Γ (L k ) , (2.4)

where μ(k) is the Möbius function (μ(1) = 1, μ(2) = −1, μ(3) = −1, μ(4) = 0, μ(5) = −1, μ(6) = 1, . . .). On then applies (??) to (??), c.f. appendix B for more details. Similar asymptotic laws as (??) can be made as long as only compact domains are concerned. If non-compact domains are taken into account, the unknown structure of the scattering matrix generally does not allow any further evaluation. Only in the case of congruence groups Γ(N) it is possible to make some estimate based on the fact that the scattering matrix can be expressed in terms of the Γ-function and the Riemann ζ-function, e.g. [?, ?]. These kinds of asymptotic distributions are very similar to the prime number formulæ involving π(x), where π(x) is the number of prime numbers not exceeding x, compare e.g. [?, ?]). It is also observed in other chaotic systems, e.g., the hyperbola billiard [?]. The leading term is of the form of (??), and can be improved by subsequent analysis. The whole matter can be systematically discussed by considering Gutzwiller’s periodic orbit formula [?] for billiard systems [?].

Analogous asymptotic distributions as (??) can be derived for higher dimensional groups. One has for instance

N̄_Γ ∝ e^{2ρL} 2ρL , L → ∞ , (2.5) where |2ρ| = p + 2q. Here p and q specify the number of roots in the algebra. For SO_0(2n + 1, 1) ∼= H^{2n} one has p = 2n and q = 0, thus 2|ρ| = √ n, say. Compare for SO(3, 1) Elstrod et al. [?], and for the general case Gangoli [?].

The other important asymptotic distribution, i.e. Weyl’s law, describes the asymptotic proliferation of the numbers of energy levels N̄ (E) not exceeding E, respectively it counts the asymptotic proliferation of the number of modes in a cavity. It provides a useful check whether all modes of a system (as a theoretical or a “hard-ware” model) actually have been found. The leading term (two-dimensional case) has the form N̄(E) ∝ A 4π E, E → ∞ , (2.6) with A the area of the corresponding domain. For general flat compact two-dimensional systems it is possible to give expressions down to powers E^0 [?]: N̄(E) = A 4π E − ∂A 4π √ E + 1 24 ∑ corners ( π α_r − α_r π )

+ 1 12π ∫ A K(σ)d^2σ − 1 24π ∮ ∂A k(s)ds + O(E^{−1/2}) , E → ∞ , (2.7) Here ∂A denotes the length of the boundary, α_r the angle of the corner r, K(σ) is the Gaussian curvature, and κ(s) the mean curvature on the boundary. Generally, a Weyl’s law can always been derived by studying the short-time behaviour of the heat-kernel Θ(t) of a system, e.g., [?, ?] for reference. In non-compact domains the leading term is proportional to E ln E/4π, say, e.g. [?] and references therein. In the case of a Ddimensional manifolds one obtains [?] N̄(E) ∝ V olume Ω(D) E^{D/2} , E → ∞ , (2.8) where V olume is the volume of the considered domain (cavity) and Ω(D) = 2π^{D/2}/ Γ(D/2) is the volume of the D-dimensional unit sphere. Investigations to determine Weyl’s law on Riemann surface are due to Venkov [?], Aurich et al. [?], or Müller [?].

3 Super Riemann surfaces and the Selberg super-trace formula

We sketch some facts about N = 1 super Riemann surfaces. For more details I refer to e.g. [?]–[?], Baranov et al. [?], Batchelor et al. [?], DeWitt [?], Ninnemann [?], Rabin and Crane [?], and Rogers [?]. Let us start with a (1|1) (complex)-dimensional (not necessarily) flat superspace, parameterized by even coordinates Z ∈ C_c and odd (Grassmann) coordinates θ ∈ C_a, respectively. Let Λ_∞ be the infinite dimensional vector space generated by elements ζ_a (a = 1, 2, . . .) with basis 1, ζ_a, ζ_aζ_b, . . . (a < b) and the anticommuting relation ζ_aζ_b = −ζ_bζ_a, ∀_{a,b}. Every Z ∈ Λ_∞ can be decomposed as Z = Z_B + Z_S with Z_B ∈ C_c ≡ C, Z_S = ∑ n 1 n! c_{a1,...,an} ζ^{an} . . . ζ^{a1} , with the c_{a1,...,an} ∈ C_a totally antisymmetric. Z_B and Z_S , respectively, are called the body (sometimes denoted by Z_B = Z_{red}) and soul of the super-number Z, respectively. In the fermionic string theory one is interested in super-conformal symmetry. The notion of superspace and super-manifolds enables one to represent super-symmetry transformations as pure geometric transformations in the coordinates Z = (z, θ) ∈ C_c × C_a. As is well-known, a usual complex manifold of complex dimension equal to one is already a Riemann surface. The definition of a super Riemann surface, however, requires the introduction of a super-conformal structure. Let us consider the operator D = θ∂_z + ∂_θ (note D^2 = ∂_z). Further we consider a general super-analytic coordinate transformation ~z = ~z(z, θ), ~θ = ~θ(z, θ). A super-analytic coordinate transformation is called super-conformal, iff the (0|1)-dimensional subspace of the tangential space generated by the action of D is invariant under such a coordinate transformation, i.e. D = (D ~θ)~D. This means that a coordinate transformation is superconformal iff Dz^′ = θ^′Dθ^′.

To study super-symmetric field theories one needs even and odd super-fields. Here the definition of DeWitt of super Riemann manifolds conveniently comes into play. The infinite dimensional algebra Λ_∞ supplies all the required quantities. Domains in C^{(1|1)} with coordinates (z, θ) are constructed in such a way that the entire Grassmann algebra is attached to the usual complex coordinates. If one considers the universal family of DeWitt super Riemann manifolds with genus g, then only 2g − 2 parameters of Λ_∞ are required, the remaining ones are redundant.

An important property in the theory of supermanifold is when a supermanifold is split. This means that for a coordinate transformation Z → Z^′ (Z, Z^′ ∈ L_∞) the coefficient functions do not mix which each other. An individual super Riemann can always be considered as being split and corresponds to a usual Riemann surface with a spin structure: at each point of the superspace, S the reduced subgroup Γ_{red} ⊂ SL(2, IR) consists of hyperbolic elements, acts discretely upon H = H^{(1|1)}_{red} and has a compact quotient space Γ_{red}\H. Then Γ\H × S is a family of (1|1)-dimensional complex compact supermanifolds, parameterized by S [?]. The moduli space of closed super Riemann surfaces of genus g is a family of surfaces labeled by 6g − 6 even and 4g − 4 odd read parameters, and is called the super moduli space.

To generalize the uniformization of usual Riemann surfaces to super Riemann surfaces M, one shows that unique generalizations ^C^{(1|1)}, C^{(1|1)} and H^{(1|1)} := {(z, θ) ∈ C^{(1|1)}|ℑ(z) > 0} of simple connected Riemann surfaces exist, and endows U = ^C^{(1|1)}, C^{(1|1)}, H^{(1|1)} with a super-conformal structure, such that the local coordinate transformations are superconformal mappings.

In order to construct explicitly a metric on H^{(1|1)} one starts with the super-vierbeins in flat superspace and performs a super-Weyl transformation to obtain the metric ds^2 in H^{(1|1)}, i.e., ds^2 = dq^a_ag_bdq^b = 1 Y^2 [dz̄dz − iθ̄dz̄dθ − iθdθ̄dz − (2Y + θθ̄)dθdθ̄] . (3.1) The scalar product has the form

(Φ_1, Φ_2) = ∫ dzdz̄dθdθ̄ 2Y Φ_1(Z)Φ̄_2(Z) , (3.2)

for super-functions Φ_1, Φ_2 ∈ L^2(H^{(1|1)}), Y = y + θθ̄/2.

In the case of non-Euclidean harmonic analysis in the context of super Riemann surfaces we consider the group OSp(2, C) of super conformal automorphisms on super Riemann surfaces as a natural generalization of Möbius transformations which explicitly have the form z^′ = az + b cz + d + θ αz + β (cz + d)^2

, θ^′ = α + βz cz + d + χ_γθ cz + d . (3.3)

The χ_γ with χ_γ = ±1 lead to the description of spin structures on a super Riemann surface. This general super-Möbius transformation does mix the coefficient functions of super-functions F ∈ Λ_∞. Since we work with a super Riemann surfaces which is split, the odd quantities α, β are not necessary and can be omitted. It is sufficient to consider transformations γ ∈ OSp(2, 1) with α = β = 0 and characters χ_γ which describe spin structures. Furthermore γ and −γ describe the same transformation. We thus have that the automorphisms on H^{(1|1)} are given by AutH^{(1|1)} = OSp(2|1, IR)/{±1l}, and a super- Fuchsian group Γ denotes a discrete subgroup of AutH^{(1|1)}. Therefore we obtain for the transformations z → z^′ and θ → θ^′

z^′ = az + b cz + d , θ^′ = χ_γθ cz + d . (3.4)

M_{ı=0} corresponds to the usual Riemann surface M_{red} with some spin-structure, since an element γ ∈ AutH^{(1|1)} is fixed by a PSL(2, IR) transformation and a character χ_γ = ±1. The properties of the odd coordinates are determined by the properties of M_{red}: θ is the cut of a spinor-bundle.

We introduce the Dirac-Laplace operators_m and ^_m, respectively [?, ?] (m ∈ ZZ) m = 2Y DD̄ + im(θ̄ − θ)D̄, ^_m = 2Y DD̄ + im 2 (θ̄ − θ)(D + D̄) , (3.5)

and_m and ^_m are related by a linear isomorphism_m = Y^{−m/2}(^_m + im/2)Y^{m/2}. Particularly we have for m = 0 [?, ?, ?, ?, ?]

^_0 =_0 ≡ = 2Y (∂θ∂_¯θ + θθ̄∂z∂_¯z + θ∂_¯θ∂z − θ̄∂θ∂_¯z) . (3.6)

For an even super function Ψ(Z, Z̄) = A(z, z̄) + θθ̄B(z, z̄)/y we have the equivalence ^ Ψ(Z, Z̄) = sΨ(Z, Z̄) ⇐⇒ −ΔA(z, z̄) = s(1 − s)A(z, z̄) , B(z, z̄) = s 2 A(z, z̄) , (3.7) and Δ = y^2(∂^2_x + ∂^2_y ) is the non-Euclidean Laplacian on the hyperbolic plane H.

Let us introduce the quantities N_γ and l_γ by 2 cosh^{lγ}_2 = N^{1/2}_γ + N^{−1/2}_γ = a + d + χ_γαβ. N_γ is called norm of a hyperbolic γ ∈ Γ in a super Fuchsian group, and N_{γ0} will denote the norm of a primitive hyperbolic γ_0 ∈ Γ, and l_γ = ln N_γ denotes the length corresponding to a γ ∈ Γ and all notions from the bosonic case are interpreted in a straightforward way into their super generalization. Each element γ ∈ Γ/{±1l} is thus uniquely described as γ = k^{−1}γ_0k for some primitive γ_0, n ∈ IN and k ∈ Γ/Γ_{γ0} . For OSp(2, IR)/{±1l} in homogeneous coordinates a hyperbolic transformation is always conjugate to the transformation z^′ = N_γz, θ^′ = χ_γ √ N_γ θ. I have proposed in [?] similarly as for the hyperbolic T ∈ Γ, elliptic and parabolic T ∈ Γ, and appropriate super-fundamental domains F^{(1|1)}, a decomposition of an appropriate T ∈ Γ as follows (T ∈ Γ conjugate to) γ × R × S (3.8) with n ∈ IN and 0 < ϕ < π, and γ, R and S, respectively, denote hyperbolic, elliptic and parabolic transformations, acting by matrix multiplication, i.e.,

(T ∈ Γ conjugate to) γ × R × S =

N^{1/2}_γ 0 0 0 N^{−1/2}_γ 0 0 0 χ_γ

× cos ϕ − sin ϕ 0 sin ϕ cos ϕ 0 0 0 χ_R · 1 n 0 0 1 0 0 0 χ_S

, (3.9)

with n ∈ IN and 0 < ϕ < π, and γ, R and S, respectively, denote hyperbolic, elliptic and parabolic transformations, and ϕ = π/ν_j, j = 1, . . . , s, where ν_j is the order of the elliptic element R_j .

Concerning non-compact super Riemann surfaces, let V be an h-dimensional complex vector space, V = C^h. Let U be an representation of Γ which acts in the space V and is unitary with respect to the inner product in V . For each α = 1, . . . , κ we have a subspace V_α ⊂ V of the operator U(S_α), i.e., V_α = {v ∈ V |U(s_j)v = v}. Let k_α = dim V_α and κ_0 = ∑κ α=1 k_α. k_α denotes the degree of singularity of the representation U relative to the generator S_α of Γ_α ⊂ Γ and κ̃_0 denotes the degree of singularity of Γ relative to U. For more details, c.f. [?, ?], and it is sufficient without loss of generality of assume the trivial representation in the following.

One considers similar as in the case of the usual Selberg trace formula a superautomorphic kernel, the super-trace of operator-valued functions h( ) (we consider only the case m = 0), and can formulate the Selberg super-trace formula in the following way [?, ?, ?]:

Theorem 3.1 The Selberg super-trace formula on closed super Riemann surfaces for Dirac-Laplace operators for hyperbolic, elliptic and parabolic conjugacy classes is given by ∞∑ n=0 [ h(^1_2 + ip^{(B)}_n ) − h(^1_2 + ip^{(F )}_n ) ] = i dim V A 4π ∫ IR h(^1_2 + ip) tanh πp dp + ∑ {γ} ∞∑ k=1 l_γ 2 sinh(kl_γ/2) [ g(kl_γ) + g(−kl_γ) − χ^k_γ ( g(kl_γ)e^{−klγ /2} + g(−kl_γ)e^{klγ /2} )]

+ ∑ {R} ν−1∑ k=1 1 ν [( 1 − χ^k_R cos kπ ν )

× ∫_∞ 0 g(u)e^{−u/2} + g(−u)e^{u/2} cosh u − cos(2kπ/ν) du + ∫_∞ 0 g(u) − g(−u) cosh u − cos(2kπ/ν) sinh u 2 du ]

−2 [ κ̃_0 ln 2 + κ_− ln |sdet(1 − U(S))| ] g(0) − κ_− 2 h(^1_2 )tr[S(^1_2 )] + κ_− ∫_∞ 0 g(−u)du + κ_− 2π ∫ IR h(^1_2 + ip)

Δ^′(^1_2 + ip) Δ(^1_2 + ip) dp + κ_0 2 ∫_∞ 0 [g(u) − g(−u)]du + κ̃_0 2π ∫ IR h(^1_2 + ip)[Ψ(1 + ip) + Ψ(1 − ip)]dp , (3.10)

where κ̃_0 = ∑ {S_j } κj(1 − χSj ), κ± = ∑ {S_j }(1 ± χSj ), and the other terms similarly in-

terpreted. λ^{(B,F )}_n = ip^{(B,F )}_n +^1_2 on the left runs through the set of all eigenvalues of the Dirac-Laplace operator , and the summation on the right is taken over all primitive conjugacy classes {γ} with str(γ) + χ_γ > 2, {R} with str(R) + χ_R < 2, and {S} with str(S) + χ_S = 2. The function h(^1_2 + ip) must have the following properties

1. h(^1_2 + ip) ∈ C^∞(IR),

2. h(p) vanishes faster than 1/|p| for p → ±∞.

3. h(^1_2 + ip) is holomorphic in the strip ℑ(p) ≤^1_2 + ϵ, ϵ > 0, to guarantee absolute convergence in the summation over {γ}.

4. g(u) = (2π)^{−1} ∫ IR h(^1_2 + ip)e^{−iup}dp, 5. Ψ(z) = Γ(z)/Γ^′(z) with Γ(z) the Eulerian Γ-function [?, p.943], 6. Δ(z) denotes the determinant of the scattering matrix S as constructed form the Eisenstein series, 7. and the remaining quantities describe in detail the cusp-space with κ_0 its dimension, and κ the number of cusps.

As far as the hyperbolic conjugacy classes are concerned, the result of Theorem 2.1 can be generalized to m-weighted Dirac-Laplace operators ^_m [?].

4 Derivation of Huber’s law

In order to analyze the Selberg super-trace formula we have to start by considering a properly chosen test-function in the ∑ {γ} terms to eliminate the χ_γ contribution. We set g(u, t) = 1 4 √ πt e^{u/2} [ e^{−(u−L)2 /4t} − e^{−(u+L)2/4t} ] , (4.1) and together with the abbreviation s =^1_2 + ip we obtain h(p, t) = ∫ IR g(u)e^{iup}du = sinh(sL)e^{s2t} . (4.2) which is a sin-hyperbolic modulated heat kernel, and fulfills the condition of a proper test-function. In the following we use for convenience both the notations h(^1_2 + ip) ≡ h(p) for the test-function h. Note the property lim_{t→0+} ∫ IR g(u)f(u) = 1 2 [ f(L)e^{L/2} − f(−L)e^{−L/2} ] (4.3) for a test function f(u). We furthermore find g(u) + g(−u) sinh(u/2) = e^{−(u−L)2 /4t} − e^{−(u+L)2/4t} 2 √ πt ≡ G_1(u, t) , (4.4) which gives the obvious identity lim_{t→0+} G_1(u, t) = δ(u − L) − δ(u + L) . (4.5) Now we have h(p, t = 0) = sinh(sL) = sinh[(^1_2 + ip)L], h(0, 0) = sinh(L/2), and g(u = 0, t) = 0.

We find for the super-trace formula of the test-function (??) ∞∑ n=0 [ h(^1_2 + ip^{(B)}_n , t) − h(^1_2 + ip^{(F )}_n , t) ] = i A 4π ∫ IR h(^1_2 + ip, t) tanh πp dp + ∑ {γ} ∞∑ k=1 l_γG_1(kl_γ, t) + ∑ {R} ν−1∑ k=1 1 ν ∫_∞ 0 g(u, t) − g(−u, t) cosh u − cos(2kπ/ν) sinh u 2 du − κ_− 2 tr[S(^1_2 )] sinh^L_2 e^{t/4} + κ−^{∫ ∞}_0 g(−u, t)du +^{κ−}_{2π}^∫_{IR} h(^1_2 + ip, t)^{Δ′( 12 + ip)}_{Δ( 12 + ip, t)}dp + κ_0 2 ∫_∞ 0 [g(u, t) − g(−u, t)]du + κ̃_0 2π ∫ IR h(^1_2 + ip, t)[Ψ(1 + ip) + Ψ(1 − ip)]dp . (4.6)

We know that if s is an eigenvalue of , then s(1−s) is an eigenvalue of −Δ [?, ?, ?]. Now let us consider the zero-mode of −Δ, the usual hyperbolic Laplacian, i.e., s(1 − s) = 0. We have two possibilities in choosing a proper s, s = 0 and s = 1, respectively, and both values correspond to zero-modes of and we can replace s → 1 − s in all equations involving . Let us denote the multiplicities of these zero-modes by Δn^{(s=0)}_0 ≡ Δn^{(0)}_0 and Δn^{(s=1)}_0 ≡ Δn^{(1)}_0 , respectively. Therefore ∑ zero-modes

[h(^1_2 + ip^{(B)}_n , t) − h(^1_2 + ip^{(F )}_n , t)] = Δn^{(1)}_0 sinh L . (4.7)

Let us first consider compact super Riemann surfaces. Investigating the various terms we find for the zero-length term

lim_{t→0+} i ∫ IR h(p, t) tanh πpdp = − lim_{t→0+} ∫_∞ 0 g(u) − g(−u) sinh(u/2) du = − coth L 2 . (4.8)

In the term involving the hyperbolic conjugacy classes we obtain in the limit t → 0^+:

Δn^{(1)}_0 sinh L + ∞∑ n=1 [h(p^{(B)}_n ) − h(p^{(F )}_n )] = − A 4π coth L 2 + 1 2 ∑ {γ} ∞∑ k=1 l_nδ(L − l_nk) . (4.9)

Operating by 2 ∫ L l_0 dl/l on both sides, where 0 < l0 < l1 < L we get (κ(L) = [L/l1]

Δn^{(1)}_0 ∫ L l_0 dl l (e^l − e^{−l}) + ∞∑ n=1 ∫ L l_0 dl l [( e^{s(B)n l} − e^{−s(B)n l} ) − ( e^{s(F )n l} − e^{−s(F )n l} )]

= − A 2π ∫ L l_0 dl l coth l 2 + κ(L)∑ k=1 1 k ∞∑ n=1 kl_n ∫ L l_0 dl l δ(l − l_nk) . (4.10)

The integration over the δ-function gives the step-function Θ(x), which in turn by the summation over n gives the number of geodesics with length L/k not exceeding L/k. Skipping all terms and powers proportional to e^{−L} we get, as L → ∞

Δn^{(1)}_0 Ei(L) + ∞∑ n=1 [ Ei(s^{(B)}_n L) − Ei(s^{(F )}_n L) ] = A 2π ln L + κ(L)∑ k=1 1 k N ( L k ) + O(e^{−L}/L) . (4.11)

Denoting now

F (L) := Δn^{(1)}_0 Ei(L) + ∞∑ n=1 [ Ei(s^{(B)}_n ) − Ei(s^{(F )}_n ) ] − A 2π ln L (4.12)

we obtain the asymptotic distribution for the length of the periodic orbits on a closed compact super Riemann surface according to N̄ (L) ∝^{κ(L)}∑ k=1 μ(k) k F (L k ) ≃ F (L) − 1 2 F (L 2 ) , L → ∞ , (4.13)

which gives in second order due to the properties of the Möbius function

N̄(L) ∝ Δn^{(1)}_0 [ Ei(L) − 1 2 Ei ( L 2 )] + ∞∑ n=1 [ Ei(s^{(B)}_n L) − Ei(s^{(F )}_n L) ] , L → ∞ . (4.14)

I have included the Ei(L/2)-term because ℜ(s^{(B,F )}_n ) =^1_2 gives a contribution of the same order.

Taking into account the elliptic terms, we find that the contributions corresponding to the first term vanishes, and for the second we find

lim_{t→0+} ∫_∞ 0 g(u) − g(−u) cosh u − cos(2kπ/ν) sinh u 2 du = 1 2 sinh L cosh L − cos(2kπ/ν) → 1 2 , L → ∞ , (4.15) and thus this expression gives for L → ∞ only a constant, thus leading only to terms proportional to ln L in F (L) similarly as in (??), which can be neglected.

Let us extend our investigation to non-compact super Riemann surfaces. First, we observe that with the test function (??) we have g(0, t) = 0, and corresponding terms in the Selberg super-trace formula do not give a contribution. Furthermore we have h(^1_2 , 0^+) = sinh^L_2 . This gives a Ei(L/2) contribution in N̄(L). The remaining terms are of similar order except for the term coming form the scattering matrix Δ(s). This term is completely undetermined, except for the property that it does not exceed the contributions of O(e^l/L), i.e., it must be lower than of order O(e^L/L). This general statement is well-known in the theory of the Selberg zeta function, e.g. [?]). Therefore, the only statement which can be made is that on non-compact super Riemann surfaces the asymptotic distribution of the length of geodesics, i.e. the asymptotic proliferation of hyperbolic conjugacy classes, is according to

N̄ (L) ∝ Ei(Δn^{(1)}_0 L) ∝ e^{Δn} (1) 0 L Δn^{(1)}_0 L

, L → ∞ , (4.16)

and no further statement can be made.

5 Derivation of Weyl’s law

In order to investigate Weyl’s law on super Riemann surfaces, we consider the heat-kernel function h_{HK}(p, t) = e^{s2t} = exp[(−p^2 + ip + 1/4)t] , (5.1) and we have to investigate the Selberg super-trace formula in the limit t → 0^+. First of all, we easily find g_{HK}(u, t) = 1 2 √ πt exp ( − u^2 4t + u 2 ) . (5.2)

Let us start with compact super Riemann surfaces. The relevant expressions concerning the zero-length term and the contribution from the hyperbolic conjugacy classes have been calculated in [?, ?], and in particular we get for the zero-length term (in the following we drop the index in h_{HK})

i dim V A 4π ∫ IR h(p, t) tanh πp dp = − dim V A 4π . (5.3)

We obtain the following Selberg super-trace formula for the heat kernel ∞∑ n=0 [ e^{t(λ(B)n )2} − e^{t(λ(F )n )2} ] = − dim V A 4π + 1 √ 4πt ∑ {γ} ∞∑ k=1 l_γe^{−k2l2γ /4t} sinh(kl_γ/2) ( cosh kl_γ 2 − χ^k_γ )

+ ∑ {R} ν−1∑ k=1 1 ν [( 1 − χ^k_R cos kπ ν )

× ∫_∞ 0 du g(u, t)e^{−u/2} + g(−u, t)e^{u/2} cosh u − cos(2kπ/ν) + ∫_∞ 0 g(u, t) − g(−u, t) cosh u − cos(2kπ/ν) sinh u 2 du ]

− 1 √ πt [ κ̃_0 ln 2 + κ_− ln |sdet(1 − U(S))| ]

− κ_− 2 tr[S(^1_2 )]e^{t/4} + κ−^{∫ ∞}_0 g(−u, t)du +^{κ−}_{2π}^∫_{IR} e^{( 1}2^{+ip)2t Δ′( 12 + ip)}_{Δ( 12 + ip)} dp + κ_0 2 ∫_∞ 0 [g(u, t) − g(−u, t)]du + κ̃_0 2π ∫ IR e^{( 12 +ip)2t}[Ψ(1 + ip) + Ψ(1 − ip)]dp . (5.4)

For small t the heat kernel Θ(t) = str(e^{−tH} ) has the expansion given by the integral Θ(t) ≃ ∫_∞ 0 e^{−tE}dN(E) = ∫_∞ 0 e^{−z} dN(z/t) , t → 0^+ , (5.5)

hence for small t only the asymptotic behaviour for large E will be of importance. For the usual bosonic case E ∝ p^2, and in case of super Riemann surfaces E ∝ p. The term corresponding to the hyperbolic conjugacy classes can be exploited to yield the finestructure of the spectral staircase [?], which however is of no interest here, and the term is omitted.

Let us try to derive some convenient tools for our analysis. Following Aurich and Steiner [?], we consider N̄ (s), as s → ∞ (d_n denotes the multiplicity of the level s_n)

N̄(s) = ∫ s_0 s ds^′ ∑ n d_nδ(s^′ − s_n) = ∫ p 0 dp^′ ∑ n d_n [ δ(p^′ − p) + δ(p^′ + p) ]

= lim_{ϵ→0} ∑ n d_n ∫ p 0 dp^′ 1 √ π ϵ [ e^{−(p0−p)2/ϵ2} + e^{−(p0−p)2/ϵ2} ] . (5.6)

This gives for an integral term with respect to p in the trace formula 1 √ π ∫ IR dp^{′′}f(p^{′′}) lim_{ϵ→0} 1 ϵ ∫ p 0 dp^′ [ e^{−(p0−p)2/ϵ2} + e^{−(p0−p)2/ϵ2} ]

= ∫ IR dp^{′′}f(p^{′′}) ∫ p 0 dp^′ [ δ(p^′ − p) + δ(p^′ + p) ]

= ∫ p −p dp^′f(p^′) . (5.7)

We are therefore lead to the following correspondence Term in the asymptotic expansion in the heat kernel:

lim_{t→0+} ∫ IR h_{HK}(p, t)f(p)dp ⇐⇒ Term in the asymptotic expansion of Weyl’s law: lim_{p→∞} ∫ p −p h_{HK}(p^′, 0)f(p^′)dp^′ . (5.8)

We then can consider the expression

N̄^{(B)}(p) − N̄^{(F )}(p) − κ^− 2π ∫ p −p Δ^′(^1_2 + iq) Δ(^1_2 + iq) dq , p → ∞ , (5.9) in order to study the asymptotic proliferation.

Compact super Riemann surfaces with only hyperbolic conjugacy classes

The case of compact super Riemann surfaces with only hyperbolic conjugacy classes is the simplest one and we immediately obtain

N̄^{(B)}(p) − N̄^{(F )}(p) = − dim V A 4π , (5.10)

which is therefore evidence for exact super symmetry of the spectrum, all energy levels but the ground state are degenerate and cancel.

Compact super Riemann surfaces with hyperbolic and elliptic conjugacy classes

Exploiting the δ-function properties of g(u, t) it is not difficult to incorporate also the elliptic terms. The first term in the summation over elliptic conjugacy classes yields ∫_∞ 0 du g(u, t)e^{−u/2} + g(−u, t)e^{u/2} cosh u − cos(2kπ/ν) = 1 √ πt ∫ IR e^{−u2 /4t} cosh u − cos(2kπ/ν) du → 2 ∫ IR δ(u) cosh u − cos(2kπ/ν) du = 2 1 − cos(2kπ/ν) , t → 0^+ . (5.11)

For the second term we obtain ∫_∞ 0 g(u) − g(−u) cosh u − cos(2kπ/ν) sinh u 2 du = ∫ IR g(u) sinh^u_2 du cosh u − cos(2kπ/ν) = 1 2 √ πt ∫ IR e^{−u2/4t+u/2} sinh u 2 du → ∫ IR δ(u)e^{u/2} sinh^u_2 du cosh u − cos(2kπ/ν)

= 0 , t → 0^+ . (5.12)

Summarizing we get

N̄^{(B)}(p) − N̄^{(F )}(p) = − dim V A 4π + ∑ {R} ν−1∑ k=1 1 ν ( 1 − χ^k_R cos kπ ν ) 2 1 − cos(2kπ/ν) , (5.13)

and the supersymmetric properties of the system are almost the same as before.

Non-comapct super Riemann surfaces

Turning to the case where also cups are present, we have to evaluate some additional contributions. Integral expressions over g(u, t) are determined by means of the limit t → 0^+, similarly as the two integrals in the elliptic conjugacy classes, and give either a constant or zero. Considering the equivalence relation

lim_{t→0+} 1 2π ∫ IR h(p, t)[Ψ(1 + ip) + Ψ(1 − ip)]dp ⇐⇒ lim_{p→∞} ∫ p −p h(q, 0)[Ψ(1 + iq) + Ψ(1 − iq)]dq , (5.14)

we obtain for the term involving the Ψ-functions 1 2π ∫ p −p [Ψ(1 + iq) + Ψ(1 − iq)]dq = 1 π ∫ p −p ( d dt ln Γ(1 + iq) ) dq = 2 π (p ln p − p) + 1 2 + O(p^{−1}) , p → ∞ , (5.15)

and we have used ln Γ(z) ∝ (z −^1_2 ) ln z − z + ln √ 2π, (|z| → ∞, [?, p.940]. All remaining terms are simple. Therefore we get the corrections to Weyl’s law in the presence of cusps, as p → ∞ N̄^{(B)}(p) − N̄^{(F )}(p) − κ^− 2π ∫ p −p Δ^′(^1_2 + iq) Δ(^1_2 + iq) dq = − dim V A 4π + 2 ∑ {R} ν−1∑ k=1 1 − χ^k_R cos(kπ/ν) ν[1 − cos(2kπ/ν)] − κ_− (_1

2 tr[S(^1_2 )] + 1 ) + κ_0 2 − 4p π [ κ̃_0 ln 2 + κ_− ln |sdet(1 − U(S))| + κ̃_0 2 ] − 2κ̃_0 π p ln p + O(p^{−1}) . (5.16)

We see clearly that additional states due to cusps increase this expression to −∞, in contrast to the compact case, where it is approaching a constant.

6 Discussion and summary

In this paper I have discussed how to derive asymptotic distributions for the number of eigenvalues of the Laplacian (for short Weyl’s law) and for the number of norms of hyperbolic conjugacy classes (for short Huber’s law) on super Riemann surfaces by means of the Selberg super trace formula. In the case of Huber’s law I have found a similar behaviour as for the corresponding case on usual Riemann surfaces. The case of the Weyl’s law, however, was quit different. For compact super Riemann surfaces Weyl’s law is essentially equivalent with the Witten index of the quantum mechanically system. For non-compact super Riemann surfaces this result was modified by the additional presence of scattering states which yield energy-dependent (respectively momentum dependent) terms, a similar effect as in the classical case.

However, there are several obstacles for a more thorough investigation which would cover all cases of super Riemann surfaces, i.e. compact, respectively non-compact, and closed, respectively bordered super Riemann surfaces. In the case of non-compact super

Riemann surfaces any further refinement of the leading term in Huber’s law faces the completely unknown behaviour of the logarithmic derivative of the scattering matrix. The exact form of the scattering matrix is only known for congruence groups [?]. In the case of bordered super Riemann surfaces there seems no obvious discussion how to treat the asymptotic number of the norms of the inverse hyperbolic conjugacy classes. The corresponding case of the classical result for usual bordered Riemann surfaces exploits the known behaviour of the heat-kernel for t → 0 and t → ∞, respectively. Summarizing, our model has the advantage that it is possible to determine many quantities explicitly nevertheless, in comparison to the generally flat superspace models as discussed, e.g, by Borisov et al. [?] and Fuchs [?].

Acknowledgements

I would like to thank J. Bolte, D. Mayer and F. Steiner for fruitful discussions.

A Summary of the classical Selberg trace formula

The most general form of the Selberg trace formula for closed Riemann surfaces was given by Venkov [?] and Hejhal [?, ?], completing the original work of Selberg [?].

Let us consider an fundamental domain (polygon) F of a Fuchsian group Γ, realised on the Poincaré upper half-plane H. In the case that F is compact, the corresponding Fuchsian group Γ is cocompact, otherwise Γ is non-cocompact. An arbitrary Fuchsian group is generated by

1. Hyperbolic elements denoted by γ_i, i = 0, . . . , 2g − 1, including their inverses, which are characterized by tr(γ_i) > 2 (i = 1, . . . , 2g − 1); these transformations are also called boosts or dilatations, respectively.

2. Elliptic elements denoted by R_j (j = 1, . . . s) characterized by tr(R_j) < 2 (j = 1, . . . , s) with s the number of inequivalent fixed points of the group action; these transformations are also called rotations. ν_j is called the order of the elliptic element R_j for R^{νj}_j = 1 (j = 1, . . . , s).

3. Parabolic elements S_j (j = 1, . . . , κ) characterized by tr(S_j) = 2 (j = 1, . . . , κ) with κ the number of inequivalent cusps; these transformations are also called translations.

The generators {γ_1, . . . , γ_{2g−1}, R_1, . . . , R_s, S_1, . . . , S_κ} obey the constraint

(γ_0γ^{−1}_1 . . . γ_{2g−2}γ^{−1}_{2g−1})(γ^{−1}_0 γ_1 . . . γ^{−1}_{2g−2}γ_{2g−1})R_1 . . . R_sS_1 . . . S_κ = ( 1 0 0 1 ) . (A.1)

The non-Euclidean area of such a fundamental domain is given by (Gauss-Bonnet theorem, e.g. [?]) A = 2π 2(g − 1) + κ + s∑ j=1 ( 1 − 1 ν_j ) . (A.2)

To each cusp there is associated an Eisenstein series e(z, s, α) = ∑ γ∈Γα\Γ y^s(γz) (A.3)

z ∈ H, ℜ(s) > 1, α = 1, . . . , κ, with Γ_α being the stabilizer of the cusp α. In the spectral decomposition of the hyperbolic Laplacian these Eisenstein series span the continuous spectrum.

An element T ∈ Γ (hyperbolic, elliptic, parabolic) is realized as a two times two matrix acting on z ∈ H as follows (Möbius transformations) T z = az + b cz + d with T = ( a b c d ) . (A.4)

Let us introduce the quantities N_γ and l_γ by 2 cosh(l_γ/2) = N^{1/2}_γ + N^{−1/2}_γ = a + d. N_γ is called the norm of a hyperbolic γ ∈ Γ in a Fuchsian group and l_γ the length of a periodic orbit corresponding to γ. Each element γ ∈ Γ/{±1l} is uniquely described as γ = k^{−1}γ_0k for some primitive γ_0, n ∈ IN and k ∈ Γ/Γ_{γ0} .

We introduce the point pair invariant R(z, w) = |z−w|^2/[ℜ(z)ℜ(w)] and and construct the integral kernel k[R(z, w)] ≡ k(z, w) for operator valued functions Λ(Δ_m) k(z, w) = ( w − z̄ z − w̄ )m/_2 Φ ( |z − w|^2 ℑ(z)ℑ(w) ) (A.5)

for some Φ ∈ C^2_c (IR) (z, w ∈ H). We introduce furthermore the automorphic kernel by K(z, w) = 1 2 ∑ γ∈Γ̄ χ^m_γ j(γ, w)k(z, γw) . (A.6) This construction of the automorphic kernel is valid for any Fuchsian group. The trace of the operator Λ(Δ_m) is then constructed by considering ∫ F K(z, z)dxdy/y^2 = ∑ n Λ(E_n), including an appropriate regularization if necessary by subtracting the continuous spectrum contribution as represented by the Eisenstein series. χ(γ) ≡ χ_γ denotes a multiplier system acting according to Γ̄ → {±1} with χ(−1l) = −1 (γ ∈ Γ̄, such that Γ̄ ∈ SL(2, IR), ^Γ = Γ̄/{±1}), and j(γ, z) denotes the automorphic weight [?]. We formulate [?, ?, ?]:

Theorem A.1 The Selberg trace formula on arbitrary Riemann surfaces for automorphic forms of weight m, m ∈ ZZ, is given by ∞∑ n=1 h(p_n) = −

A dim V 16π^2 ∫_∞ 0 cosh(mu/2) sinh(u/2) g^′(u)du + 1 2 ∑ {γ} ∞∑ k=1 χ^{mk}_γ tr_V [U^k(γ)]l_γ sinh(kl_γ/2) g(kl_γ)

+ i 2 ∑ {R} ν−1∑ k=1 χ^{mk}_R tr_V [U^k(R)] exp[i(m − 1)kπ/ν] ν sin(kπ/ν) ∫ IR du g(u) e^{(m−1)u/2}(e^u − e^{2ikπ/ν} ) cosh u + cos[π − 2(kπ/ν)] − [ κ_0 ln 2 + ln | det(1 − U(S))| ] g(0) + κ_0 2 ∫_∞ 0 g(u) sinh(u/2) ( 1 − cosh um 2 ) du + 1 4 [κ_0 − tr(S)]h(0) + 1 4π ∫ IR Δ^′(^1_2 + ip) Δ(^1_2 + ip) h(p)dp − κ_0 2π ∫ IR h(p)Ψ(1 + ip)dp . (A.7)

E_n = p^2_n +^1_4 on the left runs through the set of all eigenvalues of the Maass Laplacian, and the summation on the right is taken over all primitive conjugacy classes {γ} with tr(γ) > 2, {R} with tr(R) < 2, R elliptic, and {S} with tr(S) = 2, S parabolic. The test function h must satisfy the following properties

1. h(p) is an even function in p,

2. h(p) is analytic in the strip ℑ(p) <^1_2 + ϵ for some ϵ > 0,

3. and h(p) vanishes according to h(p) = O[1/(1 + p^2)^{1+ϵ}] for some ϵ > 0 for p → ±∞,

4. g(u) = π^{−1} ∫_∞ 0 h(p) cos(up)dp. 5. Ψ(z) = Γ(z)/Γ^′(z) with Γ(z) the Eulerian Γ-function,

6. Δ(z) denotes the determinant of the scattering matrix S as constructed form the Eisenstein series,

7. U(γ), U(R) denote unitary representations of the hyperbolic and elliptic conjugacy classes, respectively, V a (multidimensional) complex vector space,

8. and the remaining quantities describe in detail the cusp-space with κ_0 its dimension, and κ the number of cusps.

B Huber’s law from the Selberg trace formula

To examine the classical Selberg trace formula in order to obtain a Huber’s law from it one starts by considering the test-function (cosine-modulated heat-kernel function)

h(p, t) = cos(pl) exp [ − ( p^2 + 1 4 ) t ] , (B.1)

which in turn gives the Fourier transformed g(u, t) = 1 4 √ πt e^{−t/4} [ e^{−(L−u)2/4t} + e^{−(L+u)2/4t} ] . (B.2)

We consider the trace formula (??) for m = 0 and assume a trivial representation U. Due to the zero-mode of the non-Euclidean Laplacian we get ∞∑ n=0 h(p_n, t) = cosh L 2 + ∞∑ n=1 h(p_n, t) . (B.3)

Furthermore it is not difficult to derive the following equivalences (compare e.g. Romani [?])

lim_{t→0+} A 4π ∫ IR p tanh(πp)h(p, t)dp = − A 8π coth^L_2 sinh^L_2

, (B.4)

lim_{t→0+} e^{−t/4} 8 √ πt ∑ {γ} ∞∑ k=1 l_γg(kl_γ) sinh(kl_γ/2) = 1 4 ∞∑ n=1 ∞∑ k=1 g_nl_n sinh(kl_n/2)

[δ(L + kl_n) + δ(L − kl_n)] (B.5)

lim_{t→0+} 1 4ν sin ϕ ∫ IR cosh[π(1 − 2ϕ)p] cosh πp h(p, t)dp = 1 2ν cosh^L_2 cosh L − cos 2ϕ

, (B.6)

lim_{t→0+} e^{−t/4} 2π ∫ IR h(p, t)Ψ(1 + ip)dp = − 1 2 1 e^L − 1

. (B.7)

We have denoted by l_n the length of the n-th orbit (ordered according to their value) with g_n their multiplicity. Trivially we have h(p = 0, t) = 1 and lim_{t→0}+ g(u = 0, t) = 0. The really difficult term is now

lim_{t→0+} e^{−t/4} 4π ∫ IR cos(pL)e^{−p2t} Δ^′(^1_2 + ip) Δ(^1_2 + ip) dp ≡ J(L), (B.8) provided the term exists. In general no definite statement can be made up to the estimate that the asymptotic distribution of norms N̄_Γ(N) for any Fuchsian group of the first kind behaves according to [?]

N̄_Γ(N) = liN + O(N^{3/4}/ log N) , N → ∞ , (B.9)

where li is the logarithm integral [?, p.929]. Let us consider only the terms (??) and the contribution coming from the hyperbolic conjugacy classes. Operating with 4 ∫ L l_0 sinh(L/2)/L

then yields_∞ ∑ k=1 1 k ∞∑ n=1 g_nΘ(L − kl_n) = Ei(L) + O(ln L) . (B.10)

According to the reasoning in the introduction, Huber’s law (??), follows and is valid for any Riemann surface. If one considers only compact Riemann surfaces, this can be refined, where one can exploit the full impact of the Möbius inversion formula (??).

In the case of congruence groups (subgroups of SL(2, ZZ)) and related groups it is now possible to give explicit expressions for the scattering matrix and its determinant. The remaining terms in the trace formula are not difficult to evaluate. This has the consequence that we can state the following identity for the case of SL(2, ZZ) (compare e.g. [?, ?, ?]; the general case is similar, and the terms are not considerably altered; we consider this case for simplicity) 1 4π ∫ IR h(p, t) Δ^′(^1_2 + ip) Δ(^1_2 + ip) dp = g(0) ln π − ∞∑ n=1 Λ(n) n ∫ IR cos pL e^{−2ip ln n}dp − 1 2π ∫ IR h(p, t)Ψ(^1_2 + ip)dp − h(0) 4 . (B.11)

Here Λ(n) is the von Mangoldt function [?] which is equal to ln n if n = P^k (k ≥ 1), where P is a prime number, and zero otherwise. Therefore we can explicitly state J(L)

J_{SL(2,}ZZ_)(L) = δ(L) ln π + 1 2 e^{L/2} e^L − 1 + ∞∑ n=1 Λ(n) n [δ(L + 2 ln n) + δ(L − 2 ln n)] . (B.12)

One then finds [?] for the dominating contribution, as L → ∞ (c > 0)

J_{SL(2,}ZZ_)(L) = − ∞∑ n=2 Λ(n) ( 1 ln n − 1 n^2 ln n ) Θ(L − 2 ln n) ∝ Ei ( L 2 ) + O ( e^{12 (L−c} √_{L/2 )} L ) , (B.13) Putting all relevant terms together, one obtains [?]

N̄ (L) = Ei(L) − 3 2 Ei ( L 2 ) − 1 3 Ei ( L 3 ) + 1 2 Ei (L 4 ) + 1 3 Ei ( L 6 )

+2 e^{L/2} L ∞∑ k=1 1 √ p^2_k + 1/4 [ cos(p_kL − α_k) − e^{−L/4} cos ( p_kL 2 − α_k ) − e^{−L/3} cos (p_kL 3 − α_k )]

+O ( e^{L/2} L^2 ) , L → ∞ . (B.14)

Here, α_k = arctan(2p_k) with E_k = p^2_k + 1/4 the k^{th} energy eigenvalue of the Laplacian on modular domain. In (??) I have displayed just the first two terms.

C Weyl’s law from the Selberg trace formula

In the general case where one has a non-compact Riemann surface one must consider the combination of the discrete and continuous states of the Laplacian on the hyperbolic plane. Generally, Weyl’s law can always been derived by studying the short-time behaviour of the heat-kernel Θ(t) of a system. If one has for instance (see e.g. [?, ?] for reference)

Θ(t) ∝ c_αt^α + c_βt^β + . . . , t → 0^+ , (C.1)

then it follows, c.f. (??)

N̄(E) ∝ c_αΓ(1 − α)E^{−α} + c_βΓ(1 − β)E^{−β} + . . . , E → ∞ . (C.2)

For open systems, the scattering states must be subtracted. For an appropriate testfunction one can choose the heat kernel function h(p, t) = e^{−(p2+1/4)t}. Alternatively, the following result can also be derived by means of the functional equation for the Selberg zeta-function [?]. One finds for the number of energy levels N̄ (E) of Energy E parameterized by E_n = p^2 +^1_4 not exceeding E minus the number of resonances in the same range [?, ?] N̄(p) − 1 4π ∫ p −p Δ^′(^1_2 + ip) Δ(^1_2 + ip) dp = A 4π ( p^2 − 1 3 ) − κ π p ln p + p π [ κ(1 − ln 2) − ln | det(1 − U(S))| ]

+ tr(S) 4 + ∑ {R} ν−1∑ k=1 1 4ν sin^2(kπ/ν) + O(ln p/p) , p → ∞ . (C.3) Here I have included all terms down to the constants. I have used that for the trace of the heat kernel one has tr(e^{−(p2+1/4)t}) ∝ (A/4π)[1/t − 1/3 + O(t)] (t → 0^+) [?, ?], and one uses (??).

As an example, we consider the fundamental domain of SL(2, ZZ), i.e., the modular domain. Weyl’s law has the form [?, ?] N̄(E) = E 12 − 1 π √ E ln E − 2 + ln^π_2 π √ E + 5 72 + 1 8π ln E E + O(E^{−1}) , E → ∞ . (C.4) Equation (??) as well as the cases of Dirichlet or Neumann boundary conditions are nicely confirmed by the numerical data, e.g. [?, ?].

References

[1] Riemann B 1859 Über die Anzahl der Primzahlen unter einer gegebenen Größse Monatsber.Königl.Preuss.Akad.Wiss.Berlin 671

[2] Weyl H 1912 Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller Differentialgleichungen (mit einer Anwendung auf die Theorie der Hohlraumstrahlung) Math.Ann. 71 441–479

[3] McKean H P 1972 Selberg’s Trace Formula as Applied to a Riemann Surface Commun. Pure Appl.Math. 25 225–246; 1974 Correction: Ibidem 27 134

[4] Aurich R, Bolte J and Steiner F 1994 Universal Signatures of Quantum Chaos Phys.Rev.Lett. 73 1356–1359

[5] Aurich R, Matthies C, Sieber M, and Steiner F 1992 Novel Rule for Quantizing Chaos Phys.Rev.Lett.

68 1629–1632

[6] Venkov A B 1981 Spectral Theory of Automorphic Functions Proc.Math.Inst.Steklov 153 1–163

[7] Huber H 1959 Zur analytischen Theorie der Raumformen und Bewegungsgruppen Math.Ann. 138 1–26

[8] Selberg A 1956 Harmonic Analysis and Discontinuous Groups in Weakly Symmetric Riemann Spaces with Application to Dirichlet Series J.Indian Math.Soc. 20 47–87

[9] Hejhal D A 1976 The Selberg Trace Formula for PSL(2; IR) I Lecture Notes in Physics 548 (Berlin, Heidelberg, New York: Springer)

[10] Hejhal D A 1981 The Selberg Trace Formula for PSL(2; IR) II Lecture Notes in Physics 1001 (Berlin, Heidelberg, New York: Springer)

[11] Gutzwiller M C 1991 Chaos in Classical and Quantum Mechanics (New York, Berlin, Heidelberg:

Springer)

[12] Aurich R, and Steiner F 1992 Staircase Functions, Spectral Rigidity and a Rule for Quantizing Chaos Phys.Rev. A 45 583–592

[13] Bolte J 1993 Periodic Orbits in Arithmetical Chaos on Hyperbolic Surfaces Nonlinearity 6 935–951;

Some Studies on Arithmetical Chaos in Classical and Quantum Mechanics Int.J.Mod.Phys. B 7 4451–4553

[14] Hartwell C G and Howe P S 1995 A Superspace Survey Class.Quantum Grav. 12 1823–1880

[15] D’Hoker E and Phong D H 1988 The Geometry of String Perturbation Theory Rev.Mod.Phys. 60 917–1065

[16] Wess J and Bagger J 1992^2 Supersymmetry and Supergravity (Princeton University Press, Princeton)

[17] Bytsenko A A, Cognola G, Vanzo L 1992 and Zerbini 1996 Quantum Fields and Extended Objects in Space–Times with Constant Curvature Spatial Section Phys.Rep. 266 1–126

[18] Kirsten K 1993 Finite-Temperature Interacting Scalar Field Theories in Curved Spacetime Class.Quantum Grav. 10 1461

[19] Grosche C 1990 Selberg Supertrace Formula for Super Riemann Surfaces, Analytic Properties of the Selberg Super-Zeta-Functions and Multiloop Contributions to the Fermionic String, Dissertation, Hamburg University, DESY Report 89–010, 102pp, and Commun.Math.Phys. 133 433–485

[20] Grosche C 1993 Selberg Supertrace Formula for Super Riemann Surfaces II: Elliptic and Parabolic Conjugacy Classes, and Selberg Super-Zeta-Functions Commun.Math.Phys. 151 1–37

[21] Grosche C 1995 Path Integrals, Hyperbolic Spaces, and Selberg Trace FormulæDESY Report 95–021, Habilitationsschrift, 228pp, to be published by World Scientific

[22] Baranov A M, Manin Yu I, Frolov I V, and Schwarz A S 1986 The Multiloop Contribution in the Fermionic String Sov.J.Nucl.Phys. 43 670–671; 1987 A Superanalog of the Selberg Trace Formula and Multiloop Contributions for Fermionic Strings Commun.Math.Phys. 111 373–392; Geometry of Two-Dimensional Superconformal Field Theories Theor.Math.Phys. 70 64–72; Baranov A M, and Schwarz A S 1985 Multiloop Contribution to String Theory JETP Lett. 42 419– 421; 1987 On the Multiloop Contributions to the String Theory Int.J.Mod.Phys. A 2 1773–1796

[23] Grosche C 1993 Selberg Trace-Formulæ in Mathematical Physics. In Conference Proceedings Vol.41 of the Workshop “From Classical to Quantum Chaos (1892-1992)”, Trieste, July 1992, 45–55. Eds.: G. Dell’Antonio, S. Fantoni and V. R. Manfredi (Società Italiana Di Fisica, Bologna)

[24] Grosche C 1994 Selberg Supertrace Formula for Super Riemann Surfaces III: Bordered Super Riemann Surfaces Commun.Math.Phys. 162 591–631

[25] Borisov N V, Müller W and Schrader 1988 Relative Index Theorems and Supersymmetric Scattering Theorie Commun.Math.Phys. 114 475–513

[26] Witten E 1982 Constraints on Supersymmetry Breaking Nucl.Phys. B 202 253–316

[27] Romani C 1991 Über die Verteilung der Längen der periodischen Bahnen der chaotischen Bewegung im Fundamentalgebiet von SL(2; ZZ), Diploma thesis, Hamburg University, 47pp

[28] Gradsteyn I S and Ryzhik I M 1980 Table of Integrals, Series, and Products (New York: Academic Press)

[29] Hardy G H and Wright E M 1979 Introduction to the Theory of Numbers (Oxford: Oxford University Press)

[30] Riesel H 1985 Prime Numbers and Computer Methods for Factorization (Boston, Basel, Stuttgart:

Birkhäuser)

[31] Sieber M 1991 The Hyperbola Billiard: A Model for the Semiclassical Quantization of Chaotic Systems, Dissertation, Hamburg University, DESY Report 91–030, 101pp

[32] Sieber M and Steiner F 1990 Generalized Periodic-Orbit Sum Rules for Strongly Chaotic Systems Phys.Lett. A 144 159–163; 1990 Classical and Quantum Chaos of a Strongly Chaotic Billiard System Physica D 44 248–266; 1990 Quantum Chaos in the Hyperbola Billiard Phys.Lett. A 148 415–420; 1991 Quantization of Chaos Phys.Rev.Lett. 67 1941–1944

[33] Elstrod J, Grunewald F and Mennicke J 1985 The Selberg Zeta-Function for Cocompact Discrete Subgroups of PSL(2; C) Banach Center Publications 17 83–120

[34] R.Gangoli 1977 Zeta Functions of Selberg’s Type for Compact Space Forms of Symmetric Spaces of Rank One Illinois J.Math. 21 1–41; 1977 The Length Spectra of Some Compact Manifolds of Negative Curvature J.Diff.Geom. 12 403 Gangoli R and Warner G 1980 Zeta Functions of Selberg’s Type for Some Noncompact Quotients of Symmetric Spaces of Rank One Nagoya Math.J. 78 1–44

[35] Baltes H P, and Hilf E R 1976 Spectra of Finite Systems (Mannheim: Bibliographisches Institut)

[36] Balazs N L, Schmidt C S, and Voros A 1987 Spectral Fluctuations and Zeta Functions J.Stat.Phys.

46 1067–1090

[37] Steiner F and Trillenberg P 1990 Refined Asymptotic Expansion of the Heat Kernel for Quantum Billiards in Unbounded Regions J.Math.Phys. 31 1670–1676

[38] Brownell F H 1955 An Extension of Weyl’s Asymptotic Law for Eigenvalues Pacific J.Math. 5 483– 499; 1957 Extended Asymptotic Eigenvalue Distribution for Bounded Domains in n-Space J.Math. Mech. 6 119–166

[39] Müller W 1992 Spectral Geometry and Scattering Theory for Certain Complete Surfaces of Finite Volume Invent.math. 109 265–305

[40] Batchelor M 1979 The Structure of Supermanifolds Trans.Amer.Math.Soc. 253 329; 1980 Two Approaches to Supermanifolds Trans.Amer.Math.Soc. 258 257 Batchelor M and Bryant P 1988 Graded Riemann Surfaces Commun.Math.Phys. 114 243

[41] DeWitt B 1984 Supermanifolds (Cambridge: Cambridge University Press)

[42] Ninnemann H 1992 Deformations of Super Riemann Surfaces Commun.Math.Phys. 150 267–288

[43] Rabin J M and Crane L 1985 Global Properties of Supermanifolds Commun.Math.Phys. 100 141–160; 1985 How Different are the Supermanifolds of Rogers and DeWitt? Commun.Math. Phys. 102 123–137; 1988 Super Riemann Surfaces: Uniformization and Teichmüller Theory Commun.Math.Phys. 113 601–623

[44] Rogers A 1980 A Global Theory of Supermanifolds J.Math.Phys. 21 1352–1364; 1985 On the Existence of Global Integral Forms on Supermanifolds J.Math.Phys. 26 2749–2753; 1986 Graded Manifolds, Supermanifolds and Infinite-Dimensional Grassmann Algebras Commun.Math.Phys. 105 375– 384 Langer and Rogers A 1994 New Fields on Super Riemann Surfaces Class.Quantum Grav. 11 2619–2626; 1995 Corrigendum 12 2619–2620

[45] Aoki K 1988 Heat Kernels and Super Determinants of Laplace Operators on Super Riemann Surfaces Commun.Math.Phys. 117 405–429

[46] Uehara S and Yasui Y 1988 A Superparticle on the “Super” Poincaré Upper Half Plane Phys.Lett.

B 202 530–534; 1988 Super Selberg’s Trace Formula from the Chaotic Model J.Math.Phys. 29

2486–2490;

Matsumoto S, Uehara S and Yasui Y 1990 A Superparticle on the Super Riemann Surface J.Math.Phys. 31 476–501

[47] Aurich R, and Steiner F 1989 Periodic-Orbit Sum Rules for the Hadamard-Gutzwiller Model Physica

D 39 169–193

[48] Fuchs J 1985 Remarks on Supersymmetric Quantum Mechanics at Finite Temperatures Ann.

Phys.(N.Y.) 165 285–314

[49] Iwaniec H 1984 Prime Geodesic Theorem J.Reine und Angewandte Math. 349 136–159

[50] Koyama S-Y 1991 Determinant Expression of Selberg-Zeta Functions Trans.Amer.Math.Soc. 324 149 [51] Bolte J and Steiner F 1990 Determinants of Laplace-Like Operators on Riemann Surfaces Commun.Math.Phys. 130 581–597

[52] Steiner F 1987 On Selberg’s Zeta Function for Compact Riemann Surfaces Phys.Lett. B 188 447–454

[53] Matthies C and Steiner F 1991 Selberg’s Zeta Function and the Quantization of Chaos Phys.Rev.

A 44 R7877–R7880

[54] Steil G 1994 Eigenvalues of the Laplacian and of the Hecke Operators for PSL(2; ZZ) DESY Report 94–028, 25pp

[55] Hejhal D A and Rackner B N 1992 On the Topography of Maass Waveforms for PSL(2; ZZ) Exp.Math.

1 275–305