DESY 96–033 ISSN 0418 - 9833 ASI-TPA/4/96 JINR E2–96–97 February 1996

ON THE INTERBASIS EXPANSION FOR THE KALUZA-KLEIN MONOPOLE SYSTEM

C. Grosche

Institut für Theoretische Physik Technische Universität Clausthal, Sommerfeldstraße 6 38678 Clausthal-Zellerfeld, Germany and II. Institut für Theoretische Physik Universität Hamburg, Luruper Chaussee 149 22761 Hamburg, Germany

G. S. Pogosyan and A. N. Sissakian

Bogoliubov Laboratory of Theoretical Physics Joint Institute for Nuclear Research (Dubna) 141980 Dubna, Moscow Region, Russia

ABSTRACT

We study the interbasis expansion of the wave-functions of the Kaluza-Klein monopole system in the parabolic coordinate system with respect to the spherical coordinate system, and vice versa. We show that the coefficients of the expansion are proportional to Clebsch-Gordan coefficients. We analyse the discrete and continuous spectrum as well, briefly discuss the feature that the (reduced) Kaluza-Klein monopole system is separable in three coordinate systems, and the fact that there are five functionally independent integrals of motion, respectively observables, a property which characterizes this system as super-integrable.

1 Introduction.

In the framework of quantum mechanics magnetic monopoles have been first discussed by Dirac in his classical paper [1]. He described them as quantized singularities in the electromagnetic field, the quantization condition being

2ge = nc~, (n ∈ IN) (1.1)

(e - electric charge, g - magnetic charge, c - velocity of light), arising from the singlevaluedness requirement of the wave-function. The corresponding Schrödinger equation can be straightforwardly evaluated, and leads to a pure continuous spectrum of an electron moving in the field of a magnetic monopole. More general is the Dyon problem, where a Coulomb-interaction term ∝ eg/r is included, and bound states can appear. This problem has been discussed by several authors, see e.g. Barut et al. [2], Jackiw [3], and for discussions including spin, see e.g. D’Hoker and Vinet [4].

More elaborated monopole models have been developed since and monopole solutions seem to be inevitable in grand unified theories [5]. Important examples are the (Bogomolnyi-Prasad-Sommerfield) BPS monopoles, e.g. [6], which move along geodesics in a curved space, and Kaluza-Klein monopoles, e.g. [7]-[10], the latter emerging from the former by means of a static solution, i.e., large spatial separation, of the classical field equations of five-dimensional gravity (Taub-NUT limit, “Euclidean limit”). Then, the relevant metric for the (full) Kaluza-Klein monopole system is given by (x = (x, y, z) ∈ IR^3) [7]

ds^2 = 1 Λ(r) dx^2 + Λ(r)(dx^2_5 + 4m A · dx)^2 , A = ±1 − z/r r^2 − z^2 −y x 0 , (1.2)

with x_5 = 4mψ; the metric term Λ and the φ-component of the magnetic interaction in spherical coordinates (r, ϑ, φ) are given by

Λ(r) = 1 1 +^{4m}_r

, A_φ = 4m(±1 − cos ϑ) , A_r = A_ϑ = 0 . (1.3)

The additional angular variable ψ describes the relative phase. This form of the Kaluza- Klein monopole system is the simplest solution of the classical field equations. The singularity at the origin vanishes if the coordinate ψ is cyclic with period 16πm [8, 9]. The quantity Λ in the metric (g_{ab}) represents the effects of gravity, and A is identified with the electromagnetic field interaction. 4m is the only parameter that characterizes the Kaluza- Klein monopole system, seen as a test particle in the Taub-NUT space, and the coupling g = 4m < 0 generates a discrete energy spectrum. Similarly as in the classical example of the o(4), respectively o(3, 1) dynamical symmetry algebra in the Kepler problem, the total angular momentum operator J and a suitable rescaled Pauli-Runge-Lenz vector K close into an o(4) or o(3, 1) algebra, depending on the sign of the energy, which can be extended to an o(4, 2) symmetry [2, 8, 10]. On the corresponding homogeneous spaces of the groups O(4) and O(3, 1), i.e., the three-dimensional sphere and the three-dimensional hyperboloid, a convenient coordinate space representation may be chosen for perturbation investigations for the discrete spectrum, respectively scattering phenomena in particular channels, e.g. [11] for a review concerning coordinate systems in homogeneous spaces, and their corresponding path integral representations and solutions.

The dynamical symmetry allows for a complete algebraic description of the classical as well as the quantum motions for the Kaluza-Klein monopole system. By Barut et al. [2] it was found that quantum systems with an O(4, 2) symmetry can be related by the Kustaanheimo-Stiefel transformation [12] to a four-dimensional oscillator, a fact which has been extensively exploited in path integral evaluations concerning Kepler-Coulomb, e.g. [13]–[15], and Dyon problems [16]–[18], and references therein.

As already observed by Zwanziger [19] a monopole problem with Coulomb coupling constant ∝ α = e_1e_2 + g_1g_2, a magnetic interaction ∝ μ = e_1g_2 − e_2g_1, and an additional scalar potential ∝ ~^2μ^2/2Mr^2, c.f. also [18], has the same dynamical symmetry as the Coulomb problem and admits separation of variables in spherical, parabolic and prolate spheroidal coordinates.

A thorough study of the classical and quantum properties of the BPS monopoles is due to Gibbons and Manton [7], and they have shown that these specific monopole problems admit due to their symmetry properties a solution in spherical and parabolic coordinates, i.e., the Taub-NUT limit leads surprisingly to a Coulomb-like Schrödinger equation which is exactly solvable in spherical as well as in parabolic coordinates. Prolate spheroidal coordinates have not been taken into account until now.

The metric (1.2) was used by Bernido [20] and Junker and Inomata [21] to establish a path integral solution of this problem in terms of polar coordinates. In Ref. [22] the corresponding path integral solution in parabolic coordinates was derived. The path integral solutions in Refs. [20]–[22] all made use of the Kustaanheimo-Stiefel transformation in order to obtain the propagator, its spectral expansion, respectively, and the energy dependent Green function.

In this paper we investigate the interbasis expansion of the (discrete and continuous) wave-functions in parabolic coordinates with respect to the spherical basis, and vice versa. We show that the the coefficients in the interbasis expansion are proportional to Clebsch- Gordan coefficients.

The contents of the paper are organized as follows. In the following section we briefly define the Kaluza-Klein monopole system in spherical and parabolic coordinates. This includes the statements of the relevant line element ds^2, the metric (g_{ab}), the Hamiltonian H ¯ , and the constants of motion, respectively the observables, which are stated in the form of the total angular momentum J and the Pauli-Runge-Lenz vector K. We then just cite the relevant steps to obtain the properly normalized wave-functions, suitable for the interbasis expansion analysis. A simple separation Ansatz for the wave-functions yields ordinary differential equations in the variables (r, ϑ) and (ξ, η). We do not dwell into the corresponding path integral evaluations which make use of a space-time transformation within the path integral. For the properly normalized wave-functions in spherical coordinates we refer to [20, 21] for the discrete spectrum and to [23] for the continuous spectrum; in parabolic coordinates we rely on [22, 24].

In the third and fourth sections we present our principal results, i.e., we derive the interbasis expansions coefficients for the wave-functions of the Kaluza-Klein monopole systems for the parabolic basis expanded in terms of the spherical basis. Our investigation is done for the discrete as well as for the continuous basis, the latter often being neglected. The inverse expansion yields in the case of the continuous basis an integration with respect to the parabolic separation parameter β. The fifth section contains a short discussion of our results, and we briefly introduce the prolate spheroidal coordinates as the third separating coordinate system for the Kaluza-Klein monopole system.

2 Quantum Mechanical Solution.

If the cyclic variable ψ is separated off, the observables in the (reduced) Kaluza-Klein monopole system are given by a suitably chosen angular momentum operator J and a Pauli-Runge-Lenz operator K which can be cast into the form, e.g. [8, 10, 25]–[27]

J = x × ß − 4m~q x|x| ,

K = 12M (p × J − J × p) − 4m x|x| ( H ¯ − q^2~^2M ) , (2.1)

where ß = p − qA, p = −i~∇. They satisfy the commutation relations

[J_i, J_k] = i~ϵ_{ikl}J_l , [J_i, K_k] = i~ϵ_{ikl}K_l ,

[K_i, K_k ] = i~ ( q^2~^2 M − 2H̄ ) ϵ_{ikl}J_l . (2.2)

Here, summation over repeated indices is understood, and ϵ_{ikl} is totally antisymmetric in the indices i, k, l = 1, 2, 3. On the fixed energy eigenspace H ¯ Ψ = EΨ one defines the rescaled Pauli-Lenz-Runge operator M by means of M = ( ~^2q^2 M − 2E )_{−1/2} K for E < ~^2q^2/2M , M = K for E = ~^2q^2/2M , M = ( 2E − ~^2q^2M )_{−1/2} K for E > ~^2q^2/2M .

(2.3)

The operators M and J close to an o(4) algebra for E < ~^2q^2/2M, to an o(3, 1) algebra for E > ~^2q^2/2M, and to an o(3) ⊗ IR^3 algebra in the case E = ~^2q^2/2M, e.g. [8]. The property of five functionally independent observables characterizes the (reduced) Kaluza-Klein monopole system as a super-integrable system [28, 29] in three-dimensional Euclidean space. A complete set of observables of the full system is given by, e.g. [10] {q, H ¯ , A^2, A_3, B^2, B_3} , (2.4)

where A =^1_2 (J + M) and B =^1_2 (J − M).

We consider the spherical and the parabolic coordinate system which separate the Kaluza-Klein monopole system. The spherical coordinate system is given by

x = r sin ϑ cos φ , r > 0 , y = r sin ϑ sin φ , 0 < ϑ < π , z = r cos ϑ , 0 ≤ φ < 2π . (2.5)

The parabolic coordinate system has the form x = ξη cos φ , ξ, η > 0 , y = ξη sin φ , 0 ≤ φ < 2π , z =^1_2 (ξ^2 − η^2) . (2.6)

In terms of these coordinates the line element ds^2 takes on the form (dx_5 = 4mdψ, ψ ∈ [0, 4π))

ds^2 = 1 Λ(r) dx^2 + Λ(r)(dx^2_5 + 4m A · dx)^2

Polar Coordinates: = 1 Λ(r) ( dr^2 + r^2(dϑ^2 + sin^2 ϑdφ^2) ) + (4m)^2Λ(r) ( dψ + (±1 − cos ϑ)dφ )_2

(2.7)

Parabolic Coordinates: = 1 Λ(r) ( (ξ^2 + η^2)(dξ^2 + dη^2) + ξ^2η^2dφ^2 ) + (4m)^2Λ(r) [ dψ + ( ±1 − ξ^2 − η^2 ξ^2 + η^2 ) dφ ]_2

. (2.8)

In the following we only take into account the “+”-sign which is sufficient for our purposes. The metric-tensor in polar coordinates has the form

(g_{ab}) = 1 Λ(r)

1 0 0 0 0 r^2 0 0 0 0 r^2 sin^2 ϑ + (4mΛ)^2(1 − cos ϑ)^2 (4mΛ)^2(1 − cos ϑ) 0 0 (4mΛ)^2(1 − cos ϑ) (4mΛ)^2

, (2.9)

with g = det(g_{ab}) =

(4mr^2 sin ϑ Λ(r)

)_2

, (2.10)

and its inverse (g^{ab}) is given by

(g^{ab}) = Λ(r)

1 0 0 0 0 1 r^2 0 0 0 0 1

r^2 sin^2 ϑ

−1 − cos ϑ r^2 sin^2 ϑ 0 0 −1 − cos ϑ

r^2 sin^2 ϑ 1 (4mΛ)^2

+ (1 − cos ϑ)^2 r^2 sin^2 ϑ

. (2.11)

In parabolic coordinates we have

(g_{ab}) = 1 Λ(r)

× ξ^2 + η^2 0 0 0 0 ξ^2 + η^2 0 0

0 0 ξ^2η^2 + (4mΛ)^2 ( 1 + ξ^2 − η^2

ξ^2 + η^2

)_2

(4mΛ)^2 ( 1 − ξ^2 − η^2 ξ^2 + η^2 )

0 0 (4mΛ)^2 ( 1 − ξ^2 − η^2 ξ^2 + η^2 ) (4mΛ)^2

, (2.12)

and with g = det(g_{ab}) = (ξ^2 + η^2)^2 ( 4mξη Λ(r)

)_2 , Λ(r) = ( 1 + 8m ξ^2 + η^2 )_{−1} . (2.13)

The inverse (g^{ab}) is given by

(g^{ab}) = Λ(r)

×

1 ξ^2 + η^2

0 0 0 0 1 ξ^2 + η^2 0 0 0 0 1 ξ^2η^2 − 1 ξ^2η^2 ( 1 − ξ^2 − η^2 ξ^2 + η^2 )

0 0 − 1 ξ^2η^2 ( 1 − ξ^2 − η^2

ξ^2 + η^2 ) 1 (4mΛ)^2 + 1 ξ^2η^2 ( 1 − ξ^2 − η^2

ξ^2 + η^2

)_2

. (2.14)

Therefore we obtain for the Hamiltonian operator H ¯ in the two coordinate systems

Polar Coordinates: H ¯ = − ~^2 2M Λ(r) [ ∂^2 ∂r^2 + 2 r ∂ ∂r + 1 r^2 ( ∂^2 ∂ϑ^2 + cot ϑ ∂ ∂ϑ + 1 sin^2 ϑ

∂^2 ∂φ^2 )

+ ( 1 (4mΛ)^2 + (1 − cos ϑ)^2 r^2 sin^2 ϑ ) ∂^2 ∂ψ^2 − 2 r^2

1 − cos ϑ

sin^2 ϑ ∂ ∂φ ∂ ∂ψ ] (2.15)

Parabolic Coordinates: = − ~^2 2M Λ(r) { 1 ξ^2 + η^2 ( ∂^2 ∂ξ^2 + 1 ξ ∂ ∂ξ + ∂^2 ∂η^2 + 1 η ∂ ∂η ) + 1 ξ^2η^2

∂^2 ∂φ^2 + [ 1 (4mΛ)^2 + 1 ξ^2η^2 ( 1 − ξ^2 − η^2 ξ^2 + η^2

)_2] ∂_2 ∂ψ^2 − 2 ξ^2η^2 ( 1 − ξ^2 − η^2 ξ^2 + η^2 ) ∂ ∂φ ∂ ∂ψ } . (2.16)

In the spherical coordinate system the time-independent Schrödinger equation H ¯ Ψ(r, ϑ, φ, ψ) = EΨ(r, ϑ, φ, ψ) (2.17) is solved by making the Ansatz for the wave-functions according to Ψ(r, ϑ, φ, ψ) = R(r)Z(ϑ) e^{i(νφ+kψ)} 4π √ 2|m| . (2.18)

Here are ν ∈ ZZ, q = k/4m ≡ s/4m, 2s = 0, ±1, ±2, . . ., and the operator q̂, conjugate to ψ̂, corresponding to the quantum number q is conserved and identified with the relative electric charge [7, 10, 27]. For simplicity this additional observable has not been included in (2.4).

The functions R(r) and Z(ϑ) are normalized, and the particular form of Ψ guarantees that the wave-functions are normalized to unity with respect to the scalar product (f, g) = ∫_∞ 0 r^2dr Λ(r) ∫_π 0 sin ϑdϑ ∫_{2π} 0 dφ ∫_{4π} 0 4|m| dψf^∗g . (2.19) Explicitly, this gives for the angular and radial variables the ordinary differential equations 1 sin ϑ d dϑ sin ϑ dZ dϑ + [ J(J + 1) − ν^2 4 sin^{2 ϑ}_2 − (ν − 2k)^2 4 cos^{2 ϑ}_2 ] Z = 0 , (2.20) 1 r^2 d dr r^2 dR dr + [( 2ME ~^2 − k^2 16m^2 ) + 1 r (8mME ~^2 − k^2 2m ) − J(J + 1)

r^2 ] R = 0 , (2.21) where J is the spherical quantum number. We see that a discrete spectrum can only occur for g = 4m < 0 , E < ~k^2 32m^2M

. (2.22)

The solution of these differential equations, respectively the wave-functions of the spectral expansion of the corresponding path integral solution, are in terms of Jacobi polynomials in cos ϑ, and Laguerre polynomials for the discrete and Whittaker functions for the continuous spectrum in the radial variable. Thus we get for m < 0 the bound state wave-functions Ψ_{N Jνk} in spherical coordinates [7, 20, 21] Ψ_{N Jνk} (r, ϑ, φ, ψ) = e^{iνφ+ikψ} 4π √ 2|m| R_{N J} (r) Z_{Jνk} (ϑ) , (2.23)

where the radial R_{N J} (r) wave-functions have the form

R_{N J} (r) = [ (N − J − 1)! (N + J)! 4 a^3N^3 √ N^2 − s^2 ]_{1/2}( 2r aN )_J exp ( − r aN ) L^{(2J+1)} N −J−1 ( 2r aN ) , (2.24) and the functions Z_{Jνk} (ϑ) are given by Z_{Jνk} (ϑ) = [ (2J + 1)[(J −^1_2 (|ν| + |ν − 2k|)]![(J +^1_2 (|ν| + |ν − 2k|)]!

2[J +^1_2 (|ν| − |ν − 2k|)]![J −^1_2 (|ν| − |ν − 2k|)]! ]_{1/2}

× ( sin ϑ 2 )_{|ν|}( cos ϑ 2 )_{|ν−2k|} P^{(|ν|,|ν−2k|)} J− 12 (|ν|+|ν−2k|)(cos ϑ) . (2.25) The bound state energy levels are

E_N =

~^2 (4m)^2M √ N^2 − s^2 ( ± N − √ N^2 − s^2 ) , N = |s| + 1, |s| + 2, · · · . (2.26) Here N = n_r + l +^{|ν|+|ν−2k|}_2 + 1 is the principal quantum number, l the orbital, and n_r the radial quantum numbers, which have for fixed N and s, the values 0, 1, · · · N − |s| − 1, respectively. The quantum numbers J and l are related through J = l +^{|ν|+|ν−2k|}_2 . Note, that a = 1 /( N √ q^2 − 2E_N M/~^2 ) = 4|m| /[ N(N − √ N^2 − s^2 ) ] is a “Bohr-radius”.

Gibbons and Manton [7] have argued that the energy levels with the “−”- sign are artefacts of the asymptotic approximation. The L^{(α)}_n (x) are Laguerre polynomials [30, p.1037], and the P^{(α,β)}_n (x) are Jacobi polynomials [30, p.1035]. The levels with the “+”- sign give for N ≫ |s| E_N ≃ ~^2 (4m)^2M [ s^2 2 − s^2 8N^2 + O ( 1 N^4 )] , (2.27)

which exhibits a Coulomb-like behaviour.

The continuous spectrum has the form E_p = ~^22M (p^2 + q^2) with largest lower bound E_0 = ~^2q^2/2M = ~^2k^2/32m^2M, and the continuous wave-functions Ψ_{pJνk} are Ψ_{pJνk} (r, ϑ, φ, ψ) = e^{iνφ+ikψ} 4π √ 2|m| R_{pJ} (r) Z_{Jνk} (ϑ) , (2.28) with the radial wave-functions R_{pJ} (r) given by

R_{pJ} (r) =

|Γ[J + 1 − 2i|m|(p^2 − q^2)/p]| (2J + 1)! √ 2π r exp [ π|m| p (p^2 − q^2) ] M_{2i|m|(p}2_{−q}2_{)/p,J+} 1_2 (−2ipr) .

(2.29) The M_{κ,λ}(z) = e^{−x/2}x^{λ+1/2}_1F_1(^1_2 − κ + λ; 2λ + 1; x) are Whittaker functions [30, p.1059]. According to Meixner [31] and Mukunda [32] the functions (2.24,2.29) are orthogonal and form a complete set, i.e., ∫_∞ 0 r^2dr Λ(r)

R_{N J} (r)R^∗_N ′_J (r) = δ_{N N} ′ , ∫_∞ 0 r^2dr Λ(r)

R_{pJ} (r)R^∗_p′_J (r) = δ(p − p^′) , (2.30) and ∞∑ N =1

R_{N J} (r^′)R_{N J} (r^{′′}) + ∫_∞ 0 R^∗_{pJ} (r^′)R_{pJ} (r^{′′})dp = 1 r^2 δ(r^{′′} − r^′) . (2.31)

In parabolic coordinates one makes the Ansatz

Ψ(ξ, η, φ, ψ) = f_1(ξ)f_2(η) e^{i(νφ+kψ)} 4π √ 2|m| . (2.32)

The wave-functions Ψ are normalized according to the scalar product (f, g) = ∫_∞ 0 dξ ∫_∞ 0 dη(ξ^2 + η^2) ξη Λ(r) ∫_{2π} 0 dφ ∫_{4π} 0 4|m|dψf^∗g . (2.33) This gives the ordinary differential equations

d^2f_1 dξ^2 + 1 ξ df_1 dξ + [( 2ME ~ − k^2 16m^2 ) ξ^2 −

(ν − 2k)^2 ξ^2

+ β_1 ] f_1 = 0 , (2.34)

d^2f_2 dη^2 + 1 η df_2 dη + [(2ME ~ − k^2 16m^2 ) η^2 − ν^2 η^2

+ β_2 ] f_2 = 0 , (2.35)

where β_{1,2} are related through

β_1 + β_2 = 16mME ~^2 − k^2 m . (2.36)

The solutions of these ordinary differential equations, respectively the solution for the corresponding path integral formulation, are for the bound state wave-functions Laguerre polynomials in ξ and η, respectively. We obtain [7, 22] for the bound state wave-functions (n_1, n_2 ∈ IN; N = n_1 + n_2 +^1_2 (|ν| + |ν − 2k|) + 1) Ψ_{n1n2νk} (ξ, η, φ, ψ) = e^{iνφ+ikψ} 4π √ 2|m| [ 2 a^3N^3 √ N^2 − s^2 n_1!n_2!

(n_1 + |ν − 2k|)!(n_2 + |ν|)! ]_{1/2}

× ( ξ^2 aN )^{|ν−2k|}_2 ( η_2 aN )^{|ν|}_2 exp ( − ξ^2 + η^2 2aN ) L^{(|ν−2k|)} n1 ( ξ^2 aN ) L^{(|ν|)}_{n2} ( η^2 aN ) , (2.37) with the energy spectrum (2.26). The continuous states Ψ_{pβνk} are given by [22] Ψ_{pβνk}(ξ, η, φ, ψ) = e^{iνφ+ikψ} 4π √ 2|m| exp [ π|m| p (p^2 − q^2) ]

× |Γ(^1_2 + |^ν_2 − k| − iβ_1)Γ(^{1+|ν|}_2 − iβ_2)| √ 2π^2p ξη|ν − 2k|! |ν|! M_{iβ1,} |ν−2k|_2 (−ipξ^2)M_{iβ2,} |ν|_2 (−ipη^2) , (2.38)

where β_{1,2} =^1_4 [4|m|(p − q^2/p) ± 2β/p], β are the parabolic separation parameter, and E_p as before. The wave-functions (2.37,2.38) are orthogonal (compare e.g. [22]) ∫_∞ 0 dξ ∫_∞ 0 (ξ^2 + η)^2 ξηdξdη Λ(r) ∫_{2π} 0 dφ ∫_{4π} 0 4|m|dψ Ψ_{n1n2νk} (ξ, η, φ, ψ)Ψ^∗_n′_{1n}′_{2ν}′_k′ (ξ, η, φ, ψ) = δ_{n1,n}′_1 δ_{n2,n}′_2 δ_{ν,ν}′ δ_{k,k}′ , (2.39) ∫_∞ 0 dξ ∫_∞ 0 (ξ^2 + η)^2 ξηdξdη Λ(r) ∫_{2π} 0 dφ ∫_{4π} 0 4|m|dψ Ψ_{pβνk}(ξ, η, φ, ψ)Ψ^∗_p′_β′_ν′_k′ (ξ, η, φ, ψ) = δ(p − p^′)δ(β − β^′)δ_{ν,ν}′ δ_{k,k}′ , (2.40) and form a complete set ∑ 2k∈ZZ ∑ ν∈ZZ ∑ n1,n2∈IN0 Ψ_{n1n2νk}(ξ, η, φ, ψ)Ψ^∗_{n1n2νk} (ξ^′, η^′, φ^′, ψ^′) + ∫_∞ 0 dp ∫ IR dβ Ψ_{pβνk}(ξ, η, φ, ψ)Ψ^∗_{pβνk}(ξ^′, η^′, φ^′, ψ^′) }

= Λ(r) 4|m|ξη(ξ^2 + η^2) δ(φ − φ^′)δ(ψ − ψ^′)δ(ξ − ξ^′)δ(η − η^′) . (2.41) 3 Interbasis Expansion for the Discrete Basis.

Let us consider the interbasis expansion of the parabolic bound state wave-functions (2.37) with respect to the spherical wave-functions (2.23), i.e., Ψ_{n1n2νk} (ξ, η, φ, ψ) = n1+n2∑

l=0 W^l_{n1n2} Ψ_{nr lνk}(r, ϑ, φ, ψ) , (3.1) where n_1 + n_2 = n_r + l; we have included the dependence of ψ, and have re-inserted the angular quantum number l and the radial quantum number n_r in the principal quantum number N = n_r + J + 1 ≡ n_r + l +^1_2 (|ν| + |ν − 2k|) + 1. The parabolic variables can be expressed in terms of the spherical variables by means of ξ^2 = r + z = r(1 + cos ϑ), η^2 = r − z = r(1 − cos ϑ). We consider (3.1) in the limit r → ∞. From the property of the Laguerre polynomials L^{(α)}_n (x) → (−1)^nx^2/n!, as x → ∞, we see that the dependence on r cancels on both sides of (3.1).

Using the orthogonality condition of the angular wave-functions (2.25) we find the following expression for the interbasis coefficients W^l_{n1n2}

W^l_{n1n2} =

(−1)^l 2^{n1+n2+|ν|+|ν−2k|} l!(l + |ν| + |ν − 2k|)! (l + |ν|)!(l + |ν − 2k|)! × [l +^1_2 (|ν| + |ν − 2k| + 1)]n_r!(n_r + 2l + |ν| + |ν − 2k| + 1)! n_1!n_2!(n_1 + |ν − 2k|)!(n_2 + |ν|)!

I^l_{n1n2} , (3.2) with the quantity I^l_{n1n2} given by

I^l_{n1n2} =

∫_1 −1 dx (1 + x)^{n1+|ν−2k|}(1 − x)^{n2+|ν|}P^{(|ν|,|ν−2k|)}_l (x) . (3.3) The integral I^l_{n1n2} can be evaluated by means of [30, p.841]

∫_1 −1 dx(1 + x)^σ(1 − x)^ρP^{(α,β)}_n = 2^{ρ+σ+1}Γ(1 + ρ)Γ(1 + σ)Γ(n + 1 + α) n!Γ(ρ + σ + 2)Γ(1 + α)^3

F_2 ( −n α + β + n + 1 ρ + 1 α + 1 ρ + σ + 2 | | | | | 1 ) . (3.4)

However, using the Rodriguez formula for the Jacobi polynomials [30, p.1035]

P^{(α,β)}_n (x) =

(−1)^n 2^nn!

(1 − x)^{−α}(1 + x)^{−β} d^n dx^n [ (1 − x)^{α+n}(1 + x)^{β+n} ] (3.5)

and comparing with the integral representation of the Clebsch-Gordan coefficients [33, p.243] C^{jm}_{j1m1,j2m2} = δ_{m1+m2,m} (−1)^{j1+m2−j} 2^{j1+j2+j+1} × (2j + 1)(j + m)!(j_1 + j_2 + j + 1)!(j_1 + j_2 − j)!

(j_2 − j_1 + j)!(j_1 − j_2 + j)!(j_1 + m_1)!(j_2 − m_2)!(j_2 + m_2)!(j − m)! × ∫_1 −1 dx (1 − x)^{j1−m1} (1 + x)^{j2−m2} d^{j−m} dx^{j−m} [ (1 − x)^{j2−j1+j} (1 + x)^{j1−j2+j} ] , (3.6)

yields that the coefficients W^l_{n1n2} of the interbasis expansion (3.1) are given in terms of the Clebsch-Gordan coefficients C^{jm}_{j1m1,j2m2} , i.e.,

W^l_{n1n2} = (−1)^{n2} C^{jm}_{j1m1,j2m2} , (3.7)

where

j_1 = n^1 + n^2 + |ν − 2k| 2 , j^2 = n_1 + n_2 + |ν|

2 , j = l + |ν| + |ν − 2k| 2 , m_1 = n^1 − n^2 + |ν − 2k| 2 , m^2 = n_2 − n_1 + |ν|

2 , m = |ν| + |ν − 2k| 2 . (3.8)

Using the orthogonality condition of the Clebsch-Gordan coefficients, we can invert (3.1) yielding Ψ_{nr lνk} (r, ϑ, φ, ψ) = nr +l∑

n1=0 W^l_{n1n2} Ψ_{n1n2νk} (ξ, η, φ, ψ) , (3.9) which represents the expansion of the spherical basis with respect to the parabolic basis.

4 Interbasis Expansion for the Continuous Basis.

4.1 Interbasis Expansion of the Parabolic Basis with Respect to the Spherical Basis.

Let us consider the interbasis expansion of the parabolic scattering basis with respect to the spherical basis, i.e., Ψ_{pβνk}(ξ, η, φ, ψ) = ∞∑ l=0 W^{pβ}_{lνk} Ψ_{pJνk} (r, ϑ, φ, ψ) , (4.1) with the spherical wave-functions Ψ_{plνk} (2.28) and the parabolic wave-functions Ψ_{pβνk} (2.38). We now consider the following expression

W^{pβ}_{lνk} ·_1F_1(a + b + l; 2l + |ν| + |ν − 2k| + 2; −2ipr) = (−i)^l 2^{l+|ν|+|ν−2k|} |Γ(a)Γ(b)| |Γ(l + a + b)| (2l + |ν| + |ν − 2k| + 1)l!(l + |ν| − |ν − 2k|)! 16πp (l + |ν|)!(l + |ν − 2k|)! × ∞∑ s,t=0 (a)_s(b)_t (1 + |ν − 2k|)_s(1 + |ν|)_t (−ipr)^{s+t−l} s!t! Θ_{st} , (4.2)

where a =^1_2 (1 + |ν − 2k|) − i|m|(p − q^2/p) − iβ/p, b =^1_2 (1 + |ν|) − i|m|(p − q^2/p) + iβ/p and (z)_s denotes Pochhammer’s symbol [34]. The quantity Θ_{st} is given by

Θ_{st} =

∫_1 −1 (1 + x)^{|ν−2k|+s}(1 − x)^{|ν|+t}P^{(|ν|,|ν−2k|)}_l (x)dx . (4.3) Using the Rodriguez formula (3.5) one shows that Θ_{st} is equal to zero for s + t ≥ l. Therefore, we can consider the limit r → 0 on both sides of (4.2) and obtain W^{pβ}_{lνk} = (−i)^l 2^{l+|ν|+|ν−2k|} |Γ(a)Γ(b)| |Γ(l + a + b)| (2l + |ν| + |ν − 2k| + 1)l!(l + |ν| − |ν − 2k|)! 16πp (l + |ν|)!(l + |ν − 2k|)! × (2l + |ν| + |ν − 2k| + 1)! |ν|!|ν − 2k|! l∑ s=0 (a)_s(b)_{l−s} (1 + |ν − 2k|)_s(1 + |ν|)_{l−s} Θ_{s,l−s} s!(l − s)! . (4.4)

Using the integral (3.4) we can evaluate Θ_{s,l−s}, and therefore we obtain for the interbasis coefficients W^{pβ}_{lνk} W^{pβ}_{lνk} = (−i)^l |ν − 2k|! (2l + |ν| + |ν − 2k| + 1)(l + |ν − 2k|)!(l + |ν| + |ν − 2k|)! 4πp l!(l + |ν|)! × |Γ(a)Γ(b)|Γ(l + b) |Γ(l + a + b)|Γ(b)^3

F_2 ( a l + |ν| + |ν − 2k| −l 1 + |ν − 2k| 1 − l − b | | | | | 1 ) . (4.5)

Using a symmetry transformation for_3F_2(1) according to [35]

3F_2 ( −n b c d e | | | | | 1 ) = (d − b)_n (a)_n^3

F_2 ( −n b e − c e b − d − n + 1 | | | | | 1 ) , (4.6) yields W^{pβ}_{lνk} = (−i)^l |ν − 2k|! (2l + |ν| + |ν − 2k| + 1)(l + |ν − 2k|)!(l + |ν| + |ν − 2k|)! 4πp l!(l + |ν|)! × Γ(l + a + b)|Γ(a)Γ(b)| Γ(a + b)|Γ(l + a + b)|^3

F_2 ( a −l l + |ν| + |ν − 2k| 1 + |ν − 2k| a + b | | | | 1 ) . (4.7)

Comparing (4.7) with the corresponding formula for the SU(2) Clebsch-Gordan coefficients [33, 36] C^{jm}_{j1m1,j2m2} = (−1)^{j1−m1} δ_{m,m1+m2} (j_1 + j_2 − m)! (j_2 − j_1 + m)! × (2j + 1)(j_2 − j_1 + j)!(j_1 + m_1)!(j_2 + m_2)!(j + m)!

(j_1 − m_1)!(j_2 − m_2)!(j − m)!(j_1 + j_2 − j)!(j_1 − j_2 + j)!(j_1 + j_2 + j + 1)!

×_3F_2 ( −j_1 + m_1 −j + m j + m + 1 −j_1 − j_2 + m j_2 − j_1 + m | | | | | 1 ) , (4.8)

we finally obtain for the coefficients W^{pβ}_{lνk} of the interbasis expansion W^{pβ}_{lνk} = (−1)^{l+a} Γ(a)Γ(b)Γ(1 − a)Γ(1 − b) 4πp Γ(a + b)Γ(1 − a − b) C^{jm}_{j1m1,j2m2} , (4.9) where j_1 = |ν| − a − b2 , j_2 = |ν − 2k| − a − b2 , j = l + |ν| + |ν − 2k|2 , m_1 = |ν − 2k| − a + b 2 , m^2 = |ν| + a − b 2 , m = |ν| + |ν − 2k| 2 . (4.10)

Thus we have established the interbasis expansion of the continuous basis in parabolic coordinates in terms of the spherical basis.

4.2 Interbasis Expansion of the Spherical Basis with Respect to the Parabolic Basis.

Because the parabolic parameter β may have in general a complex value, we must clarify the range of integration for β in C for the inverse interbasis expansion. Let us consider the integral Q_{ll}′ = ∫ IR W^{pβ ∗}_l′_{νk} W^{pβ}_{lνk} dβ . (4.11) Using the form for the interbasis coefficient W^{pβ}_{lνk} in terms of the_3F_2 function (4.7) we have Q_{ll}′ = i^{l−l′} 4πp E^{ν,k}_{ll}′ (|ν − 2k|!)^2 l′∑ s=0 (−l^′)_s(l^′ + 1 + |ν| + |ν − 2k|)_s (1 + |ν − 2k|)_sΓ(a + b + s) s! × l∑ t=0 (−l)_t(l + 1 + |ν| + |ν − 2k|)_t (1 + |ν − 2k|)_tΓ(2 + |ν| + |ν − 2k| − a − b + t)t! A_{kν} , (4.12) where the quantity E^{ν,k}_{ll}′ is given by E^{ν,k}_{ll}′ = √ (2l + |ν| + |ν − 2k| + 1)(2l^′ + |ν| + |ν − 2k| + 1) × Γ(l + a + b)Γ(l^′ + |ν| + |ν − 2k| − a − b + 2) Γ(l^′ + a + b)Γ(l + |ν| + |ν − 2k| − a − b + 2) × (l + |ν − 2k|)!(l + |ν| + |ν − 2k|)!(l^′ + |ν|)!l^′! (l^′ + |n − 2k|)!(l^′ + |ν| + |ν − 2k|)!(l + |ν|)!l! , (4.13)

and the quantity A_{kν} has the form (z = iβ/2p)

A_{kν} = (−2ip) i∞∫ −i∞ Γ (_{1+|ν|} 2 −^{i|m|(p2−q2)}_p + z ) Γ (_{1+|ν|} 2 +^{i|m|(p2−q2)}_p − z )

×Γ (_{1+|ν−2k|} 2 −^{i|m|(p2−q2)}_p + s − z ) Γ (_{1+|ν−2k|} 2 +^{i|m|(p2−q2)}_p + t + z ) dz . (4.14)

According to Barnes’ Lemma [37, §1.19(8)] 1 2iπ i∞∫ −i∞ Γ(α + z)Γ(β + z)Γ(γ − z)Γ(δ − z) dz =

Γ(α + γ)Γ(α + δ)Γ(β + γ)Γ(β + δ) Γ(α + β + γ + δ) , (4.15) if the path of integration is indented so that the poles of Γ(γ − z)Γ(δ − z) lie to the right, and the poles of the expression Γ(α + z)Γ(β + z) to the left of it, and it is supposed that α, β, γ, δ are such that no pole of the first set coincides with any pole of the second set. In our case the Lemma applies and we obtain Q_{ll}′ = i^{l−l′} E^{ν,k}_{ll}′ |ν|! |ν − 2k|! l′∑ s=0 (−l^′)_s(l^′ + 1 + |ν| + |ν − 2k|)_s Γ(2 + |ν| + |ν − 2k| + s) s! × l∑ t=0 (−l)_t(l + 1 + |ν| + |ν − 2k|)_t(1 + |ν − 2k| + s)_t (1 + |ν − 2k|)_t(2 + |ν| + |ν − 2k| + s)_t t! . (4.16)

Using now the Saalschütz Theorem [37, §4.4(3)] n∑ p (a)_p(b)_p(−n)_p (c)_p(1 + a + b − c − n)_p p! = (c − a)_n(c − b)_n (c)_n(c − a − b)_n , (4.17)

we get Q_{ll}′ = (−i)^{l+l′} E^{ν,k}_{ll}′ (l + |ν|)! (l + |ν − 2k|)! l′∑ s=0 (−l^′)_s(l^′ + 1 + |ν| + |ν − 2k|)_s (l + |ν| + |ν − 2k| + s + 1)!Γ(1 − l + s)

. (4.18)

Because s_{max} = l^′ for the case l^′ < l, we have for all s 1 − l + s ≤ 0, and it follows that Q_{ll}′ equals zero. We get the same result in the case l^′ > l because the equation for Q_{ll}′ is symmetric with respect to l → l^′. Thus, for l = l^′ we consider only the last term with s = l^′, and it follows in (4.18) Q_{ll}′ = δ_{ll}′ . Thus we have for the inverse interbasis expansion of the spherical basis with respect to the parabolic basis Ψ_{plνk}(r, ϑ, φ, ψ) = ∫ IR dβ W^{pβ ∗}_{lνk} Ψ_{pβνk}(ξ, η, φ, ψ) , (4.19) and the β-integration is taken along the real axis.

5 Summary.

In this paper we have derived the interbasis coefficients of the wave-functions of the Kaluza-Klein monopole system which relate the spherical and parabolic bases with each other. We have found that the coefficients for the discrete as well as for the continuous bases are proportional to Clebsch-Gordan coefficients; in the case of the discrete basis we have found the difference is but a phase factor. An extension of our results to the Dyon problem with an additional scalar potential ∝ ~^2μ^2/2Mr^2 according to [18, 19] is straightforward and omitted.

We have not dwelled into the corresponding analysis of the Kaluza-Klein monopole in the third separating coordinate system. Let us consider the prolate spheroidal coordinate system, which is given by x = d √ (ξ^2 − 1)(1 − η^2) cos φ = d sinh μ sin ν cos φ , y = d √ (ξ^2 − 1)(1 − η^2) sin φ = d sinh μ sin ν sin φ , z = dξη = d cosh μ cos ν

(5.1)

ξ > 1, |η| < 1, μ > 0, 0 < ν < π, φ ∈ [0, 2π), and R = 2d is the interfocus distance. For convenience we can also introduce the alternative representation of the coordinates in terms of trigonometric and hyperbolic functions via ξ = cosh μ, η = cos ν. Replacing z → z = d(cosh μ cos ν + 1) gives the prolate spheroidal II coordinate system, c.f. [29] and references therein, which actually separates the Kaluza-Klein monopole system and the usual Kepler-Coulomb problem as well. Note that the coordinates (5.1) separate the two-center Coulomb problem [38]. The property that the Kaluza-Klein monopole system separates in a third coordinate system is connected with the fact that we have the five observables (2.4), and the observable corresponding to the spheroidal system is a combination of the observables in the spherical and parabolic coordinate systems.

In a forthcoming contribution we will analyse this case of the prolate spheroidal basis, where matters are much more involved and the wave-functions can only be defined recursively. The separating procedure in prolate spheroidal coordinates is similar as in the case of the Hartmann potential, c.f. [29] and references therein. As it turns out, the interbasis expansion approach is most convenient in this case because no solution in usually known higher transcendental functions is possible, similarly as for the pure Kepler- Coulomb problem [39]. After obtaining recurrence relations for the interbasis coefficients, they can serve as a starting point for an algebraic perturbation description [40]–[42] for the construction of the wave-functions. Also, interbasis expansions relating parametric bases with, e.g., a spherical basis, enables one to derive path integral representations in parametric coordinate systems [11]. However, this will be discussed elsewhere.

Acknowledgements

The authors gratefully acknowledge financial support from the Heisenberg-Landau program. G.S.Pogosyan would like to thank the members of the II. Institut für Theoretische Physik, Hamburg University, for their kind hospitality, and C.Grosche would like to thank the members of the Institut für Theoretische Physik, Ulm university, where part of this work was done, for their kind hospitality. Two of the authors (G.S.P. and A.N.S.) are thankful to V.M.Ter-Antonyan for fruitful discussions.

References

[1] P.A.M.Dirac: Quantised Singularities in the Electromagnetic Field. Proc.Roy.Soc.(London) A 133 (1932) 60–72.

[2] A.O.Barut, C.K.E.Schneider and R.Wilson: Quantum Theory of Infinite Component Fields.

J.Math.Phys. 20 (1979) 2244–2256.

[3] R.Jackiw: Dynamical Symmetry of the Magnetic Monopole. Ann.Phys.(N.Y.) 129 (1980) 183–200.

[4] E.D’Hoker and L.Vinet: Spectrum (Super-) Symmetries of Particles in a Coulomb Potential.

Nucl.Phys. B 260 (1985) 79–102.

[5] N.S.Craigie, P.Goddard and W.Nahm (eds.): Monopoles in Quantum Field Theory. (World Scientific, Singapore, 1982).

[6] E.B.Bogomol’nyi: The Stability of Classical Solutions. Sov.J.Nucl.Phys. 24 (1976) 449–454.

E.N.Bogomolnyi and M.S.Marinov: Calculation of the Monopole Mass in Gauge Theory. Sov.J. Nucl.Phys. 24 (1976) 355–357.

A.M.Polyakov: Particle Spectrum in Quantum Field Theory. JETP Lett. 20 (1974) 194–195. M.K.Prasad and C.M.Sommerfield: Exact Classical Solution for the t’Hooft Monopole and the Julia-Zee Dyon. Phys.Rev.Lett. 35 (1975) 760–702.

G.t’Hooft: Magnetic Monopoles in Unified Gauge Theories. Nucl.Phys. B 79 (1974) 276–284.

[7] G.W.Gibbons and N.S.Manton: Classical and Quantum Dynamics of the BPS Monopoles.

Nucl.Phys. B 274 (1986) 183–224.

[8] B.Cordani, G.Fehér and P.A.Horvàthy: O(4; 2) Dynamical Symmetry of the Kaluza-Klein Monopole. Phys.Lett. B 201 (1988) 481–486.

[9] D.J.Gross and M.J.Perry: Magnetic Monopoles in Kaluza-Klein Theories. Nucl.Phys. B 226 (1983) 29–48.

A.Salam and J.Strathdee: On Kaluza-Klein Theory. Ann.Phys.(N.Y.) 141 (1982) 316–352. R.D.Sorkin: Kaluza-Klein Monopole. Phys.Rev.Lett. 51 (1983) 87–90.

[10] L.Gy.Fehér and P.A.Horváthy: Dynamical Symmetry of Monopole Scattering. Phys.Lett. B 183 (1987) 182–186, 512 (E).

[11] C.Grosche: Path Integrals, Hyperbolic Spaces, and Selberg Trace Formulæ. DESY Report, DESY 95–021, January 1995 (Habilitationsschrift), 228pp., to be published by World Scientific (1996).

[12] P.Kustaanheimo and E.Stiefel: Perturbation Theory of Kepler Motion Based on Spinor Regularization. J.Rein.Angew.Math. 218 (1965) 204–219.

[13] I.H.Duru and H.Kleinert: Solution of the Path Integral for the H-Atom. Phys.Lett. B 84 (1979) 185–188.

[14] I.H.Duru and H.Kleinert: Quantum Mechanics of H-Atoms From Path Integrals. Fortschr.Phys. 30 (1982) 401–435.

[15] C.Grosche: Coulomb Potentials by Path-Integration. Fortschr.Phys. 40 (1992) 695–737.

[16] H.Dürr and A.Inomata: Path Integral Quantization of the Dyonium. J.Math.Phys. 26 (1985) 2231– 2233.

[17] L.Chetouani, L.Guechi, M.Letlout and T.F.Hammann: Exact Path Integral Solution for a Charged Particle Moving in the Field of a Dyon. Nuovo Cimento B 105 (1990) 387–399.

[18] H.Kleinert: Path Integral for Coulomb System with Magnetic Charges. Phys.Lett. A 116 (1986) 201–206.

[19] D.Zwanziger: Exactly Soluble Nonrelativistic Model of Particles with Both Electric and Magnetic Charges. Phys.Rev. 176 (1968) 1480–1488.

[20] C.C.Bernido: Path Integral Evaluation of a Charged Particle Interacting With a Kaluza-Klein Monopole. Nucl.Phys. B 321 (1979) 108–120.

[21] A.Inomata and G.Junker: Quantization of the Kaluza-Klein Monopole System by Path Integration.

Phys.Lett. B 234 (1990) 41–44. Path-Integral Quantization of Kaluza-Klein Monopole Systems. Phys.Rev. D 43 (1991) 1235–1242.

[22] C.Grosche: Kaluza-Klein Monopole System in Parabolic Coordinates by Functional Integration.

J.Phys.A: Math.Gen. 24 (1991) 1771–1783.

[23] C.Grosche and F.Steiner: Table of Feynman Path Integrals. To appear in: Springer Tracts in Modern Physics (1996).

[24] L.Chetouani, L.Guechi, T.F.Hammann and A.Lecheheb: Algebraic Treatment of the Kaluza-Klein Monopole System. J.Math.Phys. 36 (1995) 1016–1028.

[25] N.Katayama: On Generalized Runge-Lenz Vector and Conserved Symmetric Tensor for Central- Potential Systems with a Monopole Field on Spaces of Constant Curvature. Nuovo Cimento B 108 (1993) 657–667.

[26] M.Visinescu: The Geodesic Motion on Generalized Taub-NUT Gravitational Instantons. Z.Phys. C 60 (1993) 337–341.

[27] G.W.Gibbons and P.J.Ruback: The Hidden Symmetry of Taub-NUT and Monopole Scattering.

Phys.Lett. B 188 (1987) 226–230.

[28] N.W.Evans: Superintegrability in Classical Mechanics. Phys.Rev. A 41 (1990) 5666–5676.

[29] C.Grosche, G.S.Pogosyan and A.N.Sissakian: Path Integral Discussion for Smorodinsky-Winternitz Potentials: I. Two- and Three-Dimensional Euclidean Space. Fortschr.Phys. 43 (1995) 453–521.

[30] I.S.Gradshteyn and I.M.Ryzhik: Table of Integrals, Series, and Products. (Academic Press, New York, 1980).

[31] J.Meixner: Die Greensche Funktion des wellenmechanischen Keplerproblems. Math.Zeitschr. 36 (1933) 677-707.

[32] N.Mukunda: Completeness of the Coulomb Wave Functions in Quantum Mechanics. Amer.J.Phys.

46 (1978) 910–913.

[33] D.A.Varshalovich, A.N.Moskalev and V.K.Khersonskii: Quantum Theory of Angular Momentum.

(World Scientific, Singapore, 1988).

[34] W.Magnus, F.Oberhettinger and R.P.Soni: Formulas and Theorems for the Special Functions of Mathematical Physics (Springer, Berlin, 1966).

[35] W.N.Bailey: Generalized Hypergeometric Series, Cambridge Tracts No.32 (Cambridge University Press, Cambridge, 1935).

[36] M.Kibler, L.G.Mardoyan and G.S.Pogosyan: On a Generalized Kepler-Coulomb System: Interbasis Expansions. Int.J.Quantum Chem. 52 (1994) 1301–1316.

[37] A.Erdélyi, W.Magnus, F.Oberhettinger and F.G.Tricomi (eds.): Higher Transcendental Functions, Vol.I (McGraw Hill, New York, 1955).

[38] E.Teller: Über das Wasserstoffmolekülion. Zeitschr.Phys. 61 (1930) 458–480.

[39] C.A.Coulson and A.Joseph: Spheroidal Wave Functions for the Hydrogen Atom. Proc.Phys.Soc. 90 (1967) 887–893.

[40] L.G.Mardoyan, G.S.Pogosyan, A.N.Sissakian and V.M.Ter-Antonyan: Spheroidal Analysis of Hydrogen Atom. J.Phys.A: Math.Gen. 16 (1983) 711–718.

[41] L.S.DavtØn, L.G.MardoØn, G.S.PogosØn, A.N.SisakØn i V.M.Ter-AntonØn: Sfer-

oidal~ny$i bazis qetyrehmernogo izotropnogo oscillØtora. OI˚I preprint P2–

87–453, Dubna 1987, 15pp.

[L.S.Davtyan, L.G.Mardoyan, G.S.Pogosyan, A.N.Sissakian and V.M.Ter-Antonyan: Spheroidal Basis of the Four-Dimensional Isotropic Oscillator. JINR Communications, R2–87–453, Dubna 1987, 15pp., unpublished].

[42] C.Grosche, Kh.Karayan, G.S.Pogosyan and A.N.Sissakian: Quantum Motion on the Three- Dimensional Sphere: The Ellipso-Cylindrical Bases. DESY Report, DESY 95–218, November 1995, 28pp.