On the Algebraic Theory of Kink Sectors: Application to Quantum Field Theory Models and Collision Theory

Dissertation zur Erlangung des Doktorgrades des Fachbereiches Physik der Universität Hamburg

vorgelegt von Dirk Schlingemann aus Hamburg

Hamburg

1996

Gutachter der Dissertation: Prof. Dr. K. Fredenhagen Dr. K.-H. Rehren

Gutachter der Disputation: Prof. Dr. K. Fredenhagen Prof. Dr. G. Mack

Datum der Disputation: 29. Oktober 1996

Sprecher des Fachbereichs Physik und Vorsitzender des Promotionsausschusses: Prof. Dr. B. Kramer

To my parents and my brother

Abstract:

Several two dimensional quantum field theory models have more than one vacuum state. An investigation of super selection sectors in two dimensions from an axiomatic point of view suggests that there should be also states, called soliton or kink states, which interpolate different vacua.

Familiar quantum field theory models, for which the existence of kink states have been proven, are the Sine-Gordon and the ϕ^4_2-model. In order to establish the existence of kink states for a larger class of models, we investigate the following question:

Which are sufficient conditions a pair of vacuum states has to fulfill, such that an interpolating kink state can be constructed?

We discuss the problem in the framework of algebraic quantum field theory which includes, for example, the P (ϕ)_2-models. We identify a large class of vacuum states, including the vacua of the P (ϕ)_2-models, the Yukawa_2-like models and special types of Wess-Zumino models, for which there is a natural way to construct an interpolating kink state.

In two space-time dimensions, massive particle states are kink states. We apply the Haag-Ruelle collision theory to kink sectors in order to analyze the asymptotic scattering states. We show that for special configurations of n kinks the scattering states describe n freely moving non interacting particles.

Zusammenfassung:

Einige Modelle für Quantenfeldtheorien in zwei Raumzeitdimensionen besitzen mehr als ein Vakuum. Untersucht man im Rahmen der algebraischen Quantenfeldtheorie Superauswahlsektoren in 1+1 Dimensionen, dann zeigt sich, daß Kink- Zustände, die unterschiedliche Vakua interpolieren, in natürlicher Weise auftreten.

Bekannte Beispiele für zweidimensionale Modelle, in denen die Existenz von Kink-Zuständen bewiesen wurde, sind das Sinus-Gordon- und das ϕ^4_2-Modell. Um die Existenz von Kink Zuständen für eine möglichst große Klasse von Modellen nachzuweisen, wird die folgende Fragestellung vom Standpunkt der algebraischen Quantenfeldtheorie aus diskutiert:

Welche Bedingungen sind hinreichend, um aus den Vakua des zu untersuchenden Modelles interpolierende Kink-Zustände konstruieren zu können?

Wir entwickeln ein allgemeines Konstruktionsverfahrenfür Kink-Zustände, welches auf operatoralgebraischen Methoden beruht. Ferner zeigen wir, daß sich unser Verfahren auf eine große Klasse von Modellen anwenden läßt, die unter anderem alle P (ϕ)_2-Modelle, Yukawa_2- und spezielle Typen von Wess-Zumino-Modellen enthält.

In zweidimensionalen Quantenfeldtheorien sind massive Einteilchen-Zustände auch Kink-Zustände. Wir wenden die Haag-Ruelle-Streutheorieauf Kink-Sektoren an. Dabei zeigt sich, daß spezielle Konfigurationen von n Kinks sich asymptotisch wie n freie massive Teilchen verhalten.

6

Contents

1 Introduction and Overview 11 1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.1.1 Preliminary Remarks on Local Quantum Physics . . . . . 12 1.1.2 The Concept of Kinks . . . . . . . . . . . . . . . . . . . 16 1.1.3 Kinks in Quantum Field Theory Models: Models with ϕ^4_2- like Interactions . . . . . . . . . . . . . . . . . . . . . . 19 1.1.4 On the Axiomatic Characterization of Kink Sectors . . . . 27 1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 1.2.1 A Review of Recent Results . . . . . . . . . . . . . . . . 28 1.2.2 Some Consequences and Miscellaneous Results . . . . . . 34 1.2.3 Kink Fields and Collision Theory . . . . . . . . . . . . . 35

2 Axiomatic Quantum Field Theory and Models in 1 + 1-Dimensions 41 2.1 The Time-Slice Formulation of a Quantum Field Theory . . . . . 41 2.1.1 Cauchy Data and Dynamics of a Quantum Field Theory . 41 2.1.2 Haag-Kastler Nets for Cauchy Data . . . . . . . . . . . . 42 2.2 Quantum Field Theory Models in 1 + 1-Dimensions . . . . . . . 45 2.2.1 P (ϕ)_2-Models . . . . . . . . . . . . . . . . . . . . . . . 45 2.2.2 Yukawa_2 Models . . . . . . . . . . . . . . . . . . . . . . 47

3 Axiomatic Characterization of Kink States 49 3.1 Mathematical Description of Kinks . . . . . . . . . . . . . . . . 49 3.1.1 Kink Sectors . . . . . . . . . . . . . . . . . . . . . . . . 49 3.1.2 Kink (Soliton) Homomorphisms . . . . . . . . . . . . . . 52 3.2 Fusion, Subobjects, Direct Sums and Conjugation . . . . . . . . . 54 3.2.1 Composition of Kink Sectors . . . . . . . . . . . . . . . 54 3.2.2 Subobjects and Direct Sums . . . . . . . . . . . . . . . . 55 3.2.3 Conjugation of Kink Sectors . . . . . . . . . . . . . . . . 57

4 When Does a Theory Possess Kink States? 61 4.1 Interpolating Automorphisms . . . . . . . . . . . . . . . . . . . 61 4.1.1 Definitions and Notations . . . . . . . . . . . . . . . . . 61 4.1.2 Kink States, Induced by Interpolating Automorphisms . . 63 4.2 A General Construction Scheme . . . . . . . . . . . . . . . . . . 67 4.2.1 An Existence Criterion . . . . . . . . . . . . . . . . . . 67 4.2.2 Multi-Kink States . . . . . . . . . . . . . . . . . . . . . 69 4.3 Construction of Kink States via Universal Localizing Maps . . . . 73 4.3.1 Standard Split Inclusions and Universal Localizing Map . 74 4.3.2 Construction of InterpolatingAutomorphisms and Kink States 77 4.4 Miscellaneous Results . . . . . . . . . . . . . . . . . . . . . . . 81 4.4.1 A Completeness Theorem for Simple Kink Sectors . . . . 81 4.4.2 A Lower Bound Estimate for the Kink Mass . . . . . . . 83

5 Kink States in Quantum Field Theory Models 85 5.1 Interpolating Automorphisms in Quantum Field Theory Models . 85 5.1.1 Preliminary Results . . . . . . . . . . . . . . . . . . . . 85 5.1.2 A Non-Local Extension of the Net of Cauchy Data . . . . 88 5.1.3 A Criterion for the Existence of Interpolating Automor- phisms . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 5.1.4 A Criterion for the Existence of Interpolating Kink States . 93 5.2 Application to Quantum Field Theory Models . . . . . . . . . . . 94 5.2.1 Kink States in P (ϕ)_2-Models . . . . . . . . . . . . . . . 95 5.2.2 The Dynamics of the Yukawa_2 Model . . . . . . . . . . . 98 5.2.3 Kink States in Models with Yukawa_2 Interaction . . . . . 102 5.2.4 Wess-Zumino Models . . . . . . . . . . . . . . . . . . . 105 5.2.5 Kink States in Wess-Zumino Models . . . . . . . . . . . 108

6 Collision Theory for Kinks and Solitons 111 6.1 Technical Preliminaries . . . . . . . . . . . . . . . . . . . . . . 111 6.1.1 One-Kink Sectors . . . . . . . . . . . . . . . . . . . . . 111 6.1.2 From One-Kink Homomorphisms to Multi-Kink Represen- tations . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 6.2 Quasi-Statistics, Kink Fields and Cluster Properties . . . . . . . . 115 6.2.1 Quasi-Statistics . . . . . . . . . . . . . . . . . . . . . . 115 6.2.2 Kink Field Operators . . . . . . . . . . . . . . . . . . . 116 6.2.3 Cluster Properties for Kink Fields . . . . . . . . . . . . . 122 6.3 The Structure of Scattering States . . . . . . . . . . . . . . . . . 128

6.3.1 Creation Operators for Massive One-Kink States . . . . . 128 6.3.2 Construction of the Haag-Ruelle Collision States . . . . . 131

7 Conclusion and Outlook 137 7.1 Remarks on Open Problems . . . . . . . . . . . . . . . . . . . . 137 7.1.1 Some Further Remarks on Kink States, Induced by Interpolating Automorphisms . . . . . . . . . . . . . . . . . . 137 7.1.2 The Problem of Reducibility . . . . . . . . . . . . . . . . 138 7.2 Application to other Topics . . . . . . . . . . . . . . . . . . . . 138 7.2.1 Further Applications in 1+1-Dimensional Quantum Field Theories . . . . . . . . . . . . . . . . . . . . . . . . . . 138 7.2.2 Kink Sectors in d > 1 + 1 Dimensions . . . . . . . . . . 139

A Remarks on the Split Property for Massive Free Scalar Fields 143 A.1 Preliminaries: . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 A.2 Product States: . . . . . . . . . . . . . . . . . . . . . . . . . . . 144 A.3 Equivalence of Norms: . . . . . . . . . . . . . . . . . . . . . . . 145 A.4 Application of the Criterion: . . . . . . . . . . . . . . . . . . . . 146 A.5 The Split Property: . . . . . . . . . . . . . . . . . . . . . . . . . 148

B The Proofs for Chapter 6 151 B.1 The Proof of Proposition 6.2.6 . . . . . . . . . . . . . . . . . . . 151 B.2 The Proofs of Theorem 6.2.1 and Theorem 6.2.10 . . . . . . . . . 153

10 CONTENTS

Introduction and Overview 1

1.1 Introduction

In the early sixties, Rudolf Haag and Daniel Kastler proposed an algebraic approach to quantum field theory [45]. The purpose of this program was to understand the basic principles of quantum field theory in a mathematically rigorous way. The starting point of this approach, which can be seen in contrast to approaches based on classical Lagrangians, is an axiomatic formulation of a general quantum field theory by employing only the fundamental concepts of special relativity and quantum mechanics. This axiomatic approach is a successful tool to investigate general properties shared by different quantum field theories and it is a useful guideline for investigating and analyzing quantum field theories which have already been constructed.

On the other hand, the algebraic approach to quantum field theory seems to be less practicable for constructing concrete models. For the purpose to construct examples of quantum field theories explicitly, the Lagrangian approach (canonical quantization, functional integral) is more adequate, but it is always accompanied by serious mathematical problems. One is faced with many technical difficulties in order to prove that the investigated model exists and is compatible with the principles of special relativity and quantum mechanics. Nevertheless, approaches based on classical Lagrangians play an important role in high energy physics and they have successfully been applied for phenomenological purposes.

Besides the free field, many examples for interacting quantum field theories, fitting into the framework of algebraic quantum field theory, are known in two space-time dimensions, let us mention the P (ϕ)_2 and Yukawa_2-like models. There are also some non-trivial examples in three space-time dimensions, for instance the ϕ^4_3 and the Yukawa_3 model. It is still an open problem whether there are interacting quantum field theory models in four space-time dimensions.

There are different purposes for investigating low dimensional quantum field theories. Among them are, for instance, the following:

(i) Since there is a large set of different quantum field theories in two space time dimensions, these models can be viewed as ”theoretical laboratories” in which the concepts of general quantum field theory can be tested.

(ii) In some cases, low dimensional quantum field theory models play a role as effective theories in solid state physics.

The concept of kinks appears naturally in the investigation of two-dimensional quantum field theories. We shall see later that the occurrence of kinks can be verified for a large class of quantum field theory models.

In Section 1.1.1, we make some preliminary remarks on algebraic quantum field theory. We do not give a complete survey in this field, we only give the definitions and notions which will be used later to carry through our analysis.

For a detailed treatment of local quantum physics and its mathematical description from an algebraic point of view, we refer to Haag’s book [43] and references, given there. Introductory articles with the emphasis on the theory of super selection sectors can also be found in [54].

We briefly motivate and illustrate the concept of kinks in Section 1.1.2 and give a review of some well-known results in Section 1.1.3 and Section 1.1.4. During the last twenty years, many different approaches have been developed in order to analyze kinks in quantum field theory. We shall give a brief description of those examples which are nearest related to our analysis.

1.1.1 Preliminary Remarks on Local Quantum Physics

Haag-Kastler nets and superselection sectors: The frameworkof algebraic quantum field theory has turned out to be a successful formalism to describe physical concepts like observables, states , superselection sectors (charges) and statistics. These notions can appropriately be described by mathematical concepts like C*-algebras, positive linear functionals and equivalence classes of representations. For the convenience of the reader, we shall state the relevant definitions and assumptions here.

Let O ⊂ R^{1,s} be a region in space-time. We denote by A(O) the algebra generated by all observables which can be measured within O. For technical reasons we always suppose that A(O) is a C*-algebra and O is a double cone, i.e. a bounded and causally complete region. Motivated by physical principles, we make the following assumptions:

(1) The assignment

A : O - A(O)

is an isotonous net of C*-algebras, i.e. if O_1 is contained in O_2, then A(O_1) is a C*-sub-algebra of A(O_2). The isotony encodes the fact that each observable which can be measured within O can also be measured in every larger region. Furthermore, the C*-inductive limit

C^∗(A)

of the net A can be constructed since the set of double cones is directed. We refer to [69] for this notion.

(2) Two local operations which take place in space-like separated regions should not influence each other. The principle of locality is formulated as follows: If the regions O_1 and O_2 are space-like separated, then the elements of A(O_1) commute with those of A(O_2).

(3) Each operator a which is localized in a region O should have an equivalent counterpart which is localized in the translated region O+x. The principle of translation symmetry is encoded by the existence of an automorphism group {α_x; x ∈ R^{1,s}} which acts on the C*-algebra C^∗(A) such that α_x maps A(O) onto A(O + x).

A net of C*-algebras which fulfills the conditions (1) to (3) is called a translationally covariant Haag-Kastler net.

In order to discuss particle-like concepts, we select an appropriate class S of normalized positive linear functionals, called states, of C^∗(A). We require that the states ω ∈ S fulfill the conditions:

(1) There exists a strongly continuous unitary representation of the translation group U : x → U(x) on the GNS^1-Hilbert space H which implements the translations in the GNS-representation π, i.e. π(α_xa) = U(x)π(a)U(−x) 1Given a state ω ∈ S, we obtain via GNS-construction a Hilbert space H, a *-representation π of C^�(A) on H and a vector Ω ∈ H such that ⟨Ω, π(a)Ω⟩ = ω(a) for each a ∈ C^�(A). The triple (H, π, Ω) is called the GNS-triple of ω.

for each a ∈ C^∗(A).

(2) The stability of a physical system is encoded in the spectrum condition (positivity of the energy), i.e. the spectrum (of the generator) of U(x) is contained in the closed forward light cone.

These conditions are also known as the Borchers criterion. States which satisfy the Borchers criterion and which are, in addition, translationally invariant are called vacuum states.

We denote by R the set of *-representations π such that π is the GNS-representation of some state ω ∈ S. Unitary equivalence classes [π] of *-representations π ∈ R, which we shall call sectors^2, are used to investigate quantum numbers or charges. More precisely, the quantum numbers or charges of the physical system under consideration are labeled by the set of irreducible sectors.

In order to illustrate these notions we shall summarize some aspects of the theory of DHR super selection sectors here. For the analysis of quantum field theories with short range forces, the following selection criterion for physical representations, which is known as the DHR criterion, has been proposed by S. Doplicher, R. Haag and J. Roberts [16, 17, 18, 19]: The representations are unitarily equivalent to a given vacuum representation π_0 when being restricted to the C*-algebra C^∗(A, O^′).^3

If Haag duality, a maximality condition for local observables, holds in the vacuum representation π_0

π_0(A(O))^{′′} = π_0(C^∗(A, O^′))^′

then it follows that for each representation π, which fulfills the DHR criterion, there exists an endomorphism ρ of C^∗(A) such that π is unitarily equivalent to π_0 ∘ρ. The endomorphism ρ can be chosen in such a way that it acts trivially on observables which are localized in the space-like complement of a given double cone O, and ρ is interpreted as a charge [π_0 ∘ ρ] which is localized within the region O.

The main feature of these endomorphisms is that they can be used to define the composition of sectors. Given two representations π_1 = π_0 ∘ ρ_1 and π_2 = π_0 ∘ ρ_2 the product of the sectors θ_1 = [π_1] and θ_2 = [π_2] is given by

θ_1θ_2 = [π_0 ∘ ρ_1ρ_2] .

2For our purpose it is more convenient to use the notion sector also for non-primary representations. Furthermore, if π is an irreducible representation, then we shall call [π] an irreducible sector.

3For an unbounded region G we denote by C^�(A, G) the C*-sub-algebra of C^�(A) which is generated by all local algebras A(O) with O ⊂ G.

The sector θ_1θ_2 is independent on the particular choice of endomorphisms, it only depends on the sectors θ_1 and θ_2. The composition of irreducible sectors is interpreted as the fusion of quantum numbers. Furthermore, for each pair of DHR endomorphisms ρ_1, ρ_2 there exists a canonical unitary operator ϵ(ρ_1, ρ_2), called statistics operator, such that

ρ_1(·)ϵ(ρ_1, ρ_2) = ϵ(ρ_1, ρ_2)ρ_2(·) .

As a consequence, the fusion of DHR sectors is commutative, i.e.:

θ_1θ_2 = θ_2θ_1 .

Assuming that θ has finite statistics (see [18, 19, 57, 58]), it could be shown that for each irreducible DHR sector θ there exists a conjugate θ̄, representing the anti-charge of θ. It is determined uniquely by the property that the sector θθ̄ = θ̄θ contains the vacuum sector [π_0] precisely once. Moreover, the product of two irreducible sectors θ_1 and θ_2 can be decomposed into a finite direct sum of irreducible sectors:

θ_1θ_2 = ⨁ θ n^θ_{1θ2} θ

where the natural numbers n^θ_{1θ2} count the multiplicity of the sector θ in the product θ_1θ_2; they are called fusion coefficients.

An investigation which concerns charges, localized in space-like cones, has been carried out by D. Buchholz and K. Fredenhagen [10]. The sectors which have been studied by them are called BF sectors and they generalize the concept of DHR sectors.

The time-slice formulation in two dimensions: In two space-time dimensions, there are, besides the free field, many interacting quantum field theory models. In order to place their analysis into the framework of algebraic quantum field theory, it is convenient to work with the time-slice formulation which we briefly describe here. The time slice formulation has two main aspects:

Aspect 1: The Cauchy data with respect to a space-like plane Σ (the initial conditions at time t = 0) are given by an isotonous net

M : I - M(I)

which assigns to each bounded subset I ⊂ Σ a C*-algebra M(I). It is assumed that the space-like translations act as an automorphism group {α_x : x ∈ R} on the C*-inductive limit C^∗(M) in such a way that α_x maps M(I) onto M(I + x). Moreover, locality holds, i.e. if the intersection of two intervals I_1, I_2 is empty, then the elements in M(I_1) commute with those in M(I_2).

Aspect 2: The dynamics, which describes the time evolution of a physical system, is given by a one-parameter automorphism group

α = {α_t : t ∈ R} of C^∗(M).

Motivated by physical principles, α should satisfy the following list of axioms:

(i) The automorphisms α_t commute with the spatial translations α_x.

(ii) The propagation speed, which is induced by the automorphism group α, is not faster than the speed of light, i.e. if an operator a is localized in the region I, then the operator α_t(a) localized in I_{|t|} := I + (−|t|, |t|).

In Chapter 2, we shall describe how a translationally covariant Haag-Kastler

net Aα can be constructed from a given net of Cauchy data and a given dynamics α.

Furthermore, we shall give a brief introduction into P (ϕ)_2- and Yukawa_2 models there.

1.1.2 The Concept of Kinks

Kinks already appear in classical field theories and the typical systems in which they occur are 1+1-dimensional. Familiar examples are the Sine-Gordon and the ϕ^4_2-model. We briefly describe the latter:

The Lagrangian density of the model is given by L(ϕ, x) =^1_2 ∂μϕ(x)∂^μϕ(x) − U(ϕ(x))

where the potential U is given by

U(z) := λ/2 (z^2 − a)^2 .

The energy of a classical field configuration ϕ is E(ϕ) = ∫ dx ( 1 2 (∂_0ϕ(0, x))^2 + 1 2 (∂_1ϕ(0, x))^2 + U(ϕ(0, x)) ) . With the choice of U, given above, the absolute minimum value of U is zero and thus the energy functional E : ϕ → E(ϕ) is positive.

There are two configurations ϕ_± with zero energy E(ϕ_±) = 0:

ϕ_± : (t, x) - ± a .

These configurations are invariant under space-time translations and represent the vacua of the classical system.

There are two further configurations ϕ_s, ϕ_{s̄} which are stationary points of the energy functional E. They are given by

ϕ_s : (t, x) - a tanh( √ λax ) and ϕ_{s̄} : (t, x) - − a tanh( √ λax ) . These configurations represent the kinks of the classical system which interpolate the vacua ϕ_±. Indeed, we have for the kink ϕ_s lim x→±∞ ϕs(t, x) = ϕ±(t, x) = ±a . (1.1) The configuration ϕ_{s̄}, which interpolates the vacua ϕ_± in the opposite direction, represents the anti-kink of ϕ_s. Both of them have the same energy, namely

E(ϕ_s) = E(ϕ_{s̄}) = 4 3 √ λa^3 . From the classical example above, we see that the crucial properties of a kink are to interpolate vacuum configurations as well as to be a configuration of finite energy. Motivated by these properties, in quantum field theory a kink state ω is defined as follows:

The interpolation property: For each observable a, the limits lim x→±∞ ω(α^(t,x^)(a)) = ω±(a) (1.2)

exist and ω_± are vacuum states. Note that equation (1.2) is the quantum version of the interpolation property (1.1).

Positivity of the energy: ω fulfills the Borchers criterion.

In the literature the concept of kink as described above is often called soliton (see [31, 32]) or more seldom lump (see [13]). In the subsequent, we shall use the word kink.

a_1 a_2 a_3

Figure 1.1: The figure shows an interaction potential U whose minima a_1, · · · , a_3 are not related by a symmetry of the Lagrangian.

We close this section by mentioning the following: The above Lagrangian L is invariant under the Z_2-symmetry ϕ → −ϕ and the vacuum configurations are related by this spontaneously broken symmetry. We can also imagine a situation where more than one vacuum is present but where there are no symmetries which connect different vacua. To illustrate this, we replace U(z) = λ/2(z^2 − a)^2 by a polynomial with local minima at {a_1, · · · , a_n} all of the hight zero, i.e.

U(a_1) = · · · = U(a_n) = 0 .

Hence we obtain n-distinct vacuum configurations

ϕ_j : (t, x) - ϕ_j(t, x) = a_j ; j = 1, · · · , n .

The minima can be placed in such a way, see Figure 1.1, such that there is no symmetry of the Lagrangian L which maps {a_1, · · · , a_n} onto {a_1, · · · , a_n} and we conclude that the vacuum configurations ϕ_j are not related by a symmetry of the Lagrangian.

1.1.3 Kinks in Quantum Field Theory Models: Models with ϕ^4_2- like Interactions

During the 70s, examples for interacting quantum field theory models were constructed. It was proven by J. Glimm, A. Jaffe and T. Spencer that two-dimensional models with P (ϕ)_2- interaction exist, and their vacuum states satisfy the Wightman axioms [37, 41]. Interactions between fermions and bosons have also been studied, in particular the Yukawa_2 interactions [37, 38, 74, 75]. Furthermore, an investigation of the Sine-Gordon model has been carried out by J. Fröhlich an E. Seiler [35].

A few years later, a great deal of attention has been paid to the construction of new superselection sectors which are different from vacuum sectors. In 1976, the existence of kink sectors for the (Φ · Φ)^2- and the Sine-Gordon model was established by J. Fröhlich [31]. To illustrate the ideas and techniques which have been used in [31], we give a short review of the construction of the kink sectors of the (Φ · Φ)^2-model.

The Cauchy data on a space-like plane Σ are represented by the W*-algebras

M : I - M(I) :=^{e^{iΦ(f1)+iΠ(f2) |} fj ∈ S(Σ, R^2), supp(fj) ⊂ I^{}′′}

where Φ = (Φ_1, Φ_2) is a massive free two-component Bose field and Π its canonically conjugate, acting as operator valued distributions on the Fock space H_0. The infrared regularized Hamiltonian of the model is

H(g) = H_0 + ∫ Σ dx g(x) ( λ : (Φ · Φ)(x)^2 : + σ_1 : Φ_1(x)^2 : + σ_2 : Φ_2(x)^2 : )

−E(g)1 where H_0 is the free Hamiltonian and g is an appropriate test function with compact support. The constant E(g) is chosen in such a way that H(g) is a positive operator. The O(2) invariance of H(g) is explicitly broken unless σ_1 = σ_2. It remains a Z_2 symmetry which is given by Φ → −Φ.

The basic ingredients for the construction of kink sectors of the (Φ · Φ)^2-model have been taken from the work of J. Glimm, A. Jaffe and T. Spencer [37] which contains the following results:

(i) The uniform limit α_t(a) := lim_{g→1} e^{itH(g)} a e^{−itH(g)} exists for each local operator a and defines a dynamics α with propagation speed less or equal than one.

(ii) Since H(g) is invariant under the Z_2 action Φ → −Φ, the automorphism χ : exp(iΦ(f_1) + iΠ(f_2)) - exp(−iΦ(f_1) − iΠ(f_2)) commutes with the dynamics α, i.e.: α_t ∘ χ = χ ∘ α_t . For appropriate values σ_1, σ_2 < 0, σ_1 ≠ σ_2 and sufficiently small coupling constant λ, there are precisely two inequivalent vacuum states ω_± which are related by the symmetry χ: ω_+ ∘ χ = ω_− .

The existence of the vacuum sectors and the properties of the dynamics of the (Φ · Φ)^2-model can be used to construct interpolating kink sectors. It has been proven by J. Fröhlich [31] that besides the two vacuum sectors there are two kink sectors, a kink and its corresponding anti-kink. We summarize the main steps of his construction here.

Step 1: Let s be a smooth test function with the property: There exists a bounded interval I ⊂ Σ such that s(x) = { π if x ∈ I_{RR} 0 if x ∈ I_{LL} where I_{RR} is the right and I_{LL} is the left complement of I. The graph of s is shown by Figure 1.2. The O(2)-valued function

g_s : x - g_s(x) = ( cos(s(x)) sin(s(x)) − sin(s(x)) cos(s(x)) ) ∈ O(2) induces a Bogoliubov automorphism ρ_s which is defined on the Weyl operators by ρ_s : exp(iΦ(f_1) + iΠ(f_2)) - exp(iΦ(g_sf_1) + iΠ(g_sf_2)) .

Since g_s(x) = { −1_2 if x ∈ I_{RR} 1_2 if x ∈ I_{LL} ,

I_{LL} I I_{RR}

Figure 1.2: The figure shows the graph of the kink function s.

the automorphism ρ_s acts trivially on operators which are localized in I_{LL} and as the symmetry χ on those which are localized in I_{RR}.

Obviously, the states ω_s := ω_− ∘ ρ_s and ω̄_s := ω_+ ∘ ρ^{−1}_s fulfill the interpolation condition for kink states.

Step 2: The explicit knowledge of the dynamics α can be used to prove the existence of a strongly continuous function

γ : (t, x) - γ(t, x)

where γ(t, x) is a unitary operator, localized in a sufficiently large interval I_{(t,x)}. It implements the automorphism

α_{(t,}x_) ∘ ρ_s ∘ α_{(−t,−}x_) ∘ ρ^{−1}_s = Ad(γ(t, x))

and satisfies the cocycle condition:

γ(t_1 + t, x_1 + x) = α_{(t,}x_)(γ(t_1, x_1))γ(t, x) . (1.3)

The operators γ(t, x) describe the translation by (t, x) of the kink charge [ω_− ∘ ρ_s]. It follows from the properties of γ that ω_s is translationally covariant and satisfies the spectrum condition. The same holds for the state ω̄_s := ω_+ ∘ ρ^{−1}_s . This implies that ω_s and ω̄_s are kink states.

It is well known that the Bogoliubov automorphism ρ_r is implemented by a unitary operator u_r which is localized in supp(r) if the function r is smooth with compact support. This fact can be used to show that the set of sectors, consisting of the vacua e_± := [ω_±] and the kink sectors θ := [ω_s], θ̄ := [ω̄_s] is closed under fusion. In the same manner as DHR endomorphisms [18, 19, 43], the automorphisms ρ_s can be used to describe the fusion of kink sectors. We consider functions s_1, s_2 such that the state ω_{s1} belongs to the sector θ and the state ω̄_{s2} belongs to the sector θ̄. The fusion of the sectors θ and θ̄ is

θθ̄ := [ω_− ∘ ρ_{s1} ρ^{−1}_{s2} ] = [ω_− ∘ ρ_{s1−s2} ] = e_− .

Here the fact that r = s_1 −s_2 has compact support is used. Analogously, we obtain

θ̄θ = e_+

which justifies the interpretation that θ̄ is the anti-kink sector with respect to θ. Furthermore, we have the remaining combinations:

θθ := [ω_− ∘ ρ_{s1} ρ_{s2} ] = e_− and θ̄θ̄ := [ω_+ ∘ ρ^{−1}_{s1} ρ^{−1}_{s2} ] = e_+ . (1.4)

As we shall see later, the combinations (1.4) do not correspond to the proper fusion of kink sectors.

In 1977 J. Fröhlich proved the existence of the kink states of the one- component ϕ^4_2-model [32] by using, in comparison to [31], an alternative method. The technical difficulties which arise here are due to the fact that one has to deal with a one-component Bose field. Therefore, there is no a priori choice for a Bogoliubov transformation ρ_s. We shall give a brief summary of the results of [32] to illustrate the main differences to the construction of the (Φ · Φ)^2-kinks.

The construction of the vacuum sectors of the ϕ^4_2-model, which is presented in [32], uses the methods of Euclidean field theory. The vacuum states of the ϕ^4_2- model can be obtained from two measures μ_± on S^′(R^2) which satisfy the Osterwalder- Schrader axioms. We briefly explain how the measures μ_± are constructed as limits of perturbations of the Gaussian measure μ_0.

Step I: Let μ_0 be the Gaussian measure on the space of tempered distributions S^′(R^2) with mean zero and covariance C where the integral kernel of C is C(x − y) = ∫ d^2p (p^2 − m^2)^{−1} e^{ip(x−y)} .

The regularized interaction part of the Euclidean action is

S_1(g, ϕ) = ∫ d^2x g(x) ( λ : ϕ(x)^4 :_{μ0} − σ : ϕ(x)^2 :_{μ0} )

T

L_1

Localization region of boundary term ϕ(g_{j,+}).

Localization region of boundary term ϕ(g_{j,−}).

0

L

Figure 1.3: The finite volume region.

where : · :_{μ0} is the normal ordering with respect to the Gaussian measure μ_0 and g is a smooth test function. The action S_1(g, ϕ) is invariant under the substitution ϕ → −ϕ. To approximate one of the measures μ_± the Z_2 symmetry has to be broken explicitly by introducing appropriate boundary terms.

The test function g can be chosen in such a way that it is one in the region I_T × I_L and zero outside a slightly larger region. Here the interval I_s is defined by I_s := (−s/2, s/2). For L_1 < L the region I_L\I_{L1} has two connected components I_± and there are two possibilities (corresponding to μ_+ or μ_−) to choose boundary conditions with respect to each of the regions I_T × I_± (See Figure 1.3 for an illustration). This gives four different boundary terms {δS_{j,±}(ϕ) = ϕ(g_{j,±}) + c_{j,±}; j = ±} where g_{j,±} are suitable test functions which have support in a neighborhood of I_T × I_± and c_{j,±} are appropriate constants. The regularized interaction part of the Euclidean action with boundary terms is S_{ij}(g, ϕ) = S_1(g, ϕ) + δS_{i,+}(ϕ) + δS_{j,−}(ϕ) . Step II: To approximate the measure μ_±, we perturb μ_0 by a positive L_1-function dμ_{T,L,±}(ϕ) := Z(T, L, ±) dμ_0(ϕ) exp( −S_{±±}(g, ϕ) ) where the constant Z(T, L, ±) is for normalization. According to J. Glimm, A. Jaffe and T. Spencer [41], the limits ∫ dμ_±(ϕ) exp(ϕ(f)) = lim_{L→∞} lim_{T →∞} ∫ dμ_{T,L,±}(ϕ) exp(ϕ(f)) , which determine the measures μ_±, exist for each test function f. Since the different choices for the boundary terms are related by the the map ϕ → −ϕ, i.e. ϕ(g_{+,±}) = −ϕ(g_{−,±}) , the measures μ_+ and μ_− satisfy the relation dμ_+(−ϕ) = dμ_−(ϕ) .

Step III: There are four Hamilton operators {H_{ij} (L); i, j = ±} acting on the Fock space H_0 of the massive free scalar field. They are related to the unnormalized measures dμ_{T,L,ij}(ϕ) := dμ_0(ϕ) exp( −S_{ij}(g, ϕ) ) by Nelson’s Feynman-Kac formula: ∫ dμ_{T,L,ij}(ϕ) = ⟨Ω_0, exp( −T H_{ij}(L) )Ω_0⟩ .

Here Ω_0 is the bare vacuum vector in H_0. Let M : I → M(I) be the net of Cauchy data for the massive free scalar field. The dynamics of the ϕ^4_2-model can be obtained by the prescription α_t(a) := lim_{L→∞} e^{itHij(L)} a e^{−itHij(L)} where the limit is independent of the choice of the boundary conditions. Finally, by using the Osterwalder-Schrader reconstruction theorem, two vacuum states ω_± with respect to the dynamics α can be constructed from the measures μ_±.

As for the (Φ · Φ)^2-model, the construction of the kink states for the ϕ^4_2-model is placed into the framework of algebraic quantum field theory. In comparison to [31], the main difference is that the cocycle, γ : (t, x) → γ(t, x) (equation (1.3)) is constructed first. According to the results of J. Roberts [64], the total information of a kink sector is contained in its corresponding charge transporters. In other words, the kink sector can be reconstructed if the cocycle γ is given.

The crucial property which allows us to carry through the analysis of [32] is the following: Let I be a bounded interval, then the observables which are localized in the left complement I_{LL} of I are statistically independent of those which are localized in the right complement I_{RR}. This means, formulated in the language of operator algebras, that the W*-tensor product M(ILL) ⊗ M(IRR) is unitarily isomorphic to the W*-algebra M(ILL) ∨ M(IRR) . Here the W*-algebras M(J ), which belong to half lines J , are defined by

M(J ) = C^∗(M, J )^{′′} .

The statistical independence for half-line algebras can be proven by using the analysis which has been carried out in [8]. For the convenience of the reader, we give a complete proof in Appendix A. We now describe the main steps of the construction of the kink sectors of the ϕ^4_2-model.

Step 1: According to [15, 20], the statistical independence of M(I_{LL}) and M(I_{RR}) implies the existence of a unitary operator u_I which has the following properties: Let a and b be operators which are localized in I_{LL} and I_{RR} respectively. Then the relations

u_I a u^∗_I = a and u_I b u^∗_I = χ(b) hold.

Here χ is the Bogoliubov automorphism which is induced by the map ϕ → −ϕ.

Step 2: According to the results of [31], it can be shown that for each t the limit

γ^0(t) := lim_{L→∞} exp( itH_{++}(L) )u_I exp( −itH_{−+}(L) )u^∗_I

exists and that the operator γ^0(t) is localized in a sufficiently large interval I_t. Note that the Hamiltonian H_{−+}(L) belongs to the following interpolating boundary conditions: The left boundary term is chosen with respect to the boundary conditions for the vacuum ω_− and the right boundary term is chosen with respect to the boundary conditions for the vacuum ω_+. Finally, the charge transporters are given by

γ(t, x) := αx(γ^0(t)u_I)u^∗_I

and the corresponding interpolating automorphism ρ can be obtained from γ by the uniform limit

ρ(a) = limx_{→−∞} γ(t, x) a γ(t, x)^∗ .

It follows from its construction that ρ acts trivially on the observables which are localized in I_{LL} and acts as the symmetry χ on those which are localized in I_{RR}. The kink sector and its anti-kink sector are

θ = [ω_+ ∘ ρ] and θ̄ = [ω_+ ∘ ρ^{−1}] respectively.

This result is in complete analogy to the result for the (Φ · Φ)^2-model, i.e. in both models the same four irreducible sectors appear.

We finally mention some further treatments of kink sectors:

(i) In [31, Chapter 5], the existence of kink states in general P (ϕ)_2-models is discussed. However, this construction leads only to kink states which interpolate vacua which are connected by the internal symmetry transformation ϕ → −ϕ. We shall see later that we achieve a generalization of this result.

(ii) In the late 80s, J. Fröhlich and P.A Marchetti developed a quantization of kinks in terms of Euclidean functional integrals which has been applied to several lattice field theories [33, 61, 34].

(iii) Recently, a construction of kink sectors for a lattice version of the XY-model has been carried out by H. Araki [1]. We also refer to [52].

1.1.4 On the Axiomatic Characterization of Kink Sectors

An axiomatic characterization of kink sectors, which is placed into the framework of algebraic quantum field theory, has firstly been given in [31, Chapter 6]. Kink sectors are described there by equivalence classes of interpolating automorphisms. It is required for them to be translationally covariant and to satisfy appropriate interpolation conditions, more precisely, they act trivially on observables which are localized in a left space-like complement of a double cone O and as an internal symmetry on those which are localized in the right space-like complement of O. We postpone a detailed description of interpolating automorphisms until Chapter 4, we only make a few remarks on this issue here.

(i) To determine a kink sector one has to choose a vacuum sector in addition to a given equivalence class of interpolating automorphisms.

(ii) The kink sectors which can be obtained from interpolating automorphisms have a special property. They interpolate vacua which are related by an internal symmetry transformation. However, there are candidates for models, possessing more than one vacuum sector, in which different vacuum sectors can not be related by an internal symmetry (see Section 1.1.2).

The investigation of massive one-particle states motivates to look for a more general analysis of kink sectors. Massive one-particle states in general d > 1 + 1- dimensional quantum field theories have been studied by D. Buchholz and K. Fredenhagen [10]. One of their main results states that each massive one-particle state is an excitation of a unique vacuum within a space-like cone. In other words, the GNS-representation of a massive one particle state is unitarily equivalent to a vacuum representation when being restricted to an algebra which belongs to the causal complement of a space-like cone. In 1 + 1-dimensional quantum field theories, massive one-particle states have kink properties, i.e. two vacuum states correspond to each massive one-particle state. This is due to the fact that the space-like complement of a bounded region in two-dimensional Minkowski space has two connected components [22, 23, 71].

In 1994, an adequate representation of kink sectors was developed by K. Fredenhagen [23]. It is given in terms of algebra homomorphisms, called kink homomorphisms, which are generalizations of DHR and BF endomorphisms. To point out the relations between kink homomorphisms, interpolating automorphisms and DHR (BF) endomorphisms, we summarize some of the main properties of kink homomorphisms here.

(i) Kink homomorphisms are C*-algebra homomorphisms ρ which map a C*- algebra B_{e2} , depending on the right (left) vacuum e_2, into a C*-algebra B_{e1} , depending on the left (right) vacuum and e_1. The composition of two kink homomorphisms corresponds to the composition of kink sectors. In the particular case e = e_1 = e_2 the algebra B_e is mapped into itself and ρ is nothing else but a BF endomorphism [10].

(ii) Conversely, DHR and BF endomorphisms are particular kink homomorphisms.

They correspond to trivial kink sectors which interpolate a vacuum sector e with itself.

(iii) To each kink sector, a kink homomorphism can be related, no matter whether the vacua under consideration are related by a symmetry or not. In particular, for each pair which consists of an interpolating automorphism ρ and a vacuum sector e, there exists a unique kink homomorphism ρ_e, which is, however, an extension of ρ.

A general analysis of kink sectors has been carried out in [71]. Here kink homomorphisms are used as a tool to discuss direct sums subobjects and conjugation of kink sectors. A review of these results is given in Chapter 3.

1.2 Overview

The purpose of this section is to give an overview of new results. The reader can find here a summary of Chapter 4 and Chapter 5 in which we establish sufficient conditions for the existence of kink sectors. Moreover, we briefly summarize Chapter 6 where we apply the Haag-Ruelle collision theory to kinks.

1.2.1 A Review of Recent Results

Studying 1+1-dimensional quantum field theories from an axiomatic point of view shows that kink sectors naturally appear in the theory of superselection sectors. This motivates the following question:

Question: If we consider any quantum field theory model in 1 + 1 dimensions which possesses more than one vacuum state, which conditions for a pair of vacuum states will be sufficient such that an interpolating kink state can be constructed?

In Chapter 4, we give an answer to this question by developing a construction scheme for kink states which is based on general principles. In order to make the comprehension of the subsequent chapters easier we shall state the main ideas here.

The construction of an interpolating kink state is based on a simple physical idea: Let A be a Haag-Kastler net of W*-algebras. Each double cone O splits our system into two infinitely extended laboratories, namely the laboratory which belongs to the left space-like complement O_{LL}, and the laboratory O_{RR} which belongs the right space-like complement O_{RR}. In order to prepare an interpolating kink state, we wish to prepare one vacuum state ω_1 in the left laboratory O_{LL}, and another vacuum state ω_2 in the right laboratory O_{RR}. This can only be done if the preparation of ω_1 does not disturb the preparation procedure of ω_2. In other words, the physical operations which take place in the laboratory on the left side O_{LL} should be statistically independent of those which take place in O_{RR}. Note that in [32] the corresponding condition is needed for the Cauchy data.

Therefore, we require that there exists a vacuum representation π_0 such that the W*-tensor product

Aπ_0 (OLL) ⊗ Aπ_0 (ORR)

is unitarily isomorphic to the von Neumann algebra

Aπ_0 (OLL) ∨ Aπ_0 (ORR)

where A_{π0} is the net in the vacuum representation π_0.^4 This condition is equivalent to the existence of a type I factor N which sits between A_{π0} (O_{RR}) and A_{π0} (O_R):

Aπ_0 (ORR) ⊂ N ⊂ Aπ_0 (OR) .

Here O_R is the space-like complement of O_{LL}. In other words, the inclusion

Aπ_0 (ORR) ⊂ Aπ_0 (OR) (1.5)

is split.

A detailed investigation of standard split inclusions of W*-algebras has been carried out by S. Doplicher and R. Longo [20]. We also refer to the results of D. Buchholz [8], C. D’Antoni and R. Longo [15] and C. D’Antoni and K. Fredenhagen [14].

4for an unbounded region U, Aß_0 (U) denotes the von Neumann algebra which is generated by all local algebras Aß_0 (O) with O ⊂ U.

Let ω_1 and ω_2 be two inequivalent vacuum states whose restrictions to each local algebra A(O) are normal. Using the isomorphy

Aπ_0 (OLL) ⊗ Aπ_0 (ORR)^∼= Aπ_0 (OLL) ∨ Aπ_0 (ORR)

we conclude that the map

ab -_{ω1(a)ω2(b) , a is localized in OLL and b is localized in ORR,}

defines a state of the algebra C^∗(A, O_{LL} ∪O_{RR}) which, by the Hahn-Banach theorem, can be extended to a state ω of the C*-algebra of all observables. The state ω interpolates the vacua ω_1 and ω_2 correctly, but for an explicit construction of an interpolating state which satisfies the Borchers criterion, some technical difficulties have to be overcome.

The condition that the inclusion (1.5) is split is sufficient to develop a general construction scheme for interpolating kink states. We shall give a brief description of it here.

Step 1: We consider the W*-tensor product of the net A with itself:

A ⊗ A : O - A(O) ⊗ A(O)

The map α_F which is given by interchanging the tensor factors,

α_F : a_1 ⊗ a_2 - a_2 ⊗ a_1

is called the flip automorphism. Since the inclusion (1.5) is split, the flip automorphism is unitarily implemented on A_{π0} ⊗ A_{π0} (O_{RR}) by a unitary operator θ which is contained in A_{π0} ⊗ A_{π0} (O_R) [15]. The adjoint action of θ induces an automorphism

β := (π_0 ⊗ π_0)^{−1} ∘ Ad(θ) ∘ π_0 ⊗ π_0

which maps local algebras into local algebras. For each observable a which is localized in the left space-like complement of O we have β(a) = a, and for each observable b which is localized in the right space-like complement of O we have β(b) = α_F (b). Note that β may depend on the choice of the vacuum representation π_0.

Step 2: It is obvious that the state

ω := ω_1 ⊗ ω_2 ∘ β|_C∗_(A_{)⊗}1

interpolates ω_1 and ω_2. Let π_1 and π_2 be the GNS-representations of ω_1 and ω_2 respectively. Then the GNS-representation

π = π_1 ⊗ π_2 ∘ β|_C∗_(A_⊗1_)

of ω is translationally covariant because the automorphism α_x ∘ β ∘ α_{−x} ∘ β is implemented by a cocycle γ(x) of local operators in C^∗(A). The positivity of the energy can be proven by showing the additivity of the energy-momentum spectrum for automorphisms like β. This together implies that ω is an interpolating kink state.

In comparison to [31, 32], our construction scheme has the following advantages:

⊕ It is independent of specific details of the considered model because the split property (1.5), which is the crucial condition for applying the construction scheme, can be motivated by general principles.

⊕ It can be applied to pairs of vacuum sectors which are not related by a symmetry transformation.

Unfortunately, there is one disadvantage which is the price we have to pay for using a model independent analysis.

⊖ The split property for wedge algebras (1.5) has to be proven for the vacuum states of the model under consideration if we want to apply our construction scheme to it. It is believed that the vacuum states of the P (ϕ)_2- and Yukawa_2 models fulfill this condition, but a rigorous proof is only known for the massive free Bose and Fermi field [14, 8, 78].

In Chapter 5, we investigate an alternative construction of kink states which can directly be applied to models. It is convenient to formulate our setup in the time slice formulation of a quantum field theory. We fix a space-like plane Σ ⊂ R^2 and consider a net of Cauchy data M which is faithfully represented on a Hilbert space H_0. The Cauchy data of the P (ϕ)_2- and the Yukawa_2 model are given by the nets of the corresponding free fields at time t = 0. For these Cauchy data it can be proven that the inclusion M(IRR) ⊂ M(IR) is split [8, 78, 72].

Let us briefly explain how kink states can be constructed if the following conditions are assumed:

(i) The dynamics of the model satisfies an appropriate extendibility condition which we shall explain later.

(ii) The vacuum states are local Fock states which is automatically satisfied for P (ϕ)_2 and Yukawa_2 models [37, 75].

Step 1’: We consider the twofold net

M ⊗ M : I - M(I) ⊗ M(I) .

Like in Step 1 of our previous construction scheme, the split property implies that

on M(IRR) ⊗ M(IRR), the flip automorphism is implemented by a unitary opera-

tor θ_I [15]. The adjoint action of θ_I is an automorphism β^I which has the following properties:

(i) The automorphism β^I acts trivially on observables which are localized in the left complement of I and it acts like the flip on observables which are localized in the right complement of I.

(ii) The automorphism β^I maps local algebras into local algebras.

Note that the automorphism β^I does not depend on the dynamics α.

Step 2’: Let ω_1, ω_2 be two vacuum states with respect to a given dynamics α. The state

ω := ω_1 ⊗ ω_2 ∘ β^I|_C∗_(M_{)⊗C}1

interpolates the vacua ω_1 and ω_2. Moreover, it is covariant under spatial translations since for each x the operator

γ(0, x) = (αx ⊗ αx)(θ_I)θ_I is localized in a sufficiently large bounded interval. Indeed, the unitary operators

U(0, x) := (U_1(0, x) ⊗ U_2(0, x)) (π_1 ⊗ π_2)(γ(0, −x))

implement the spatial translations in the GNS-representation of ω where U_1 and U_2 implement the translations in the GNS-representations π_1, π_2 of ω_1 and ω_2 respectively.

Step 3’: It remains to be proven that ω is translationally covariant with respect to the dynamics α. For this purpose, we wish to construct a cocycle γ(0, t) such that the operators

U(t, 0) := (U_1(t, 0) ⊗ U_2(t, 0)) (π_1 ⊗ π_2)(γ(−t, 0))

implement the dynamics α in the GNS-representation of ω. The operator

γ(t, 0) := (α_t ⊗ α_t)(θ_I)θ_I

is a formal solution. Unfortunately, the flip implementer θ_I is not contained in any local algebra and the term (α_t ⊗ α_t)(θ_I) has no mathematical meaning unless α is the free dynamics. However, it can be given a meaning in some cases. We shall see that for an interacting dynamics there exists a suitable cocycle of the operators γ(t, 0) such that γ(t, 0) is localized in a bounded interval whose size depends linearly on |t|.

In order to formulate a sufficient condition for the existence of γ(t, 0), we construct an extension of the net M ⊗ M. We define M̂(I) to be the von Neumann algebra which is generated by M(I) ⊗ M(I) and the operator θ_I . The net

M̂ : I -^^M(I)

is an extension of M ⊗ M which does not fulfill locality. This is due to the nontrivial implementation properties of θ_I . We shall call a dynamics α extendible if there exists a dynamics α̂ of M̂ which is an extension of α ⊗ α. Indeed, t -_{γ(t, 0) := α̂t(θI)θI} is a cocycle which has the desired properties. Finally, we conclude like in Step 3 of our previous construction scheme that the state

ω := ω_1 ⊗ ω_2 ∘ β^I|_C∗_(M_{)⊗C}1 is a kink state where ω_1, ω_2 are vacuum states with respect to the dynamics α.

Since the extendibility condition is very technical one might bother that it is only fulfilled for few exceptional cases. Fortunately, this is not true. There is a large class of quantum field theory models whose dynamics are extendible. In Chapter 5, we shall prove that the extendibility holds for the following models:

(i) P (ϕ)_2-models.

(ii) Yukawa_2 models.

(iii) Special types of Wess-Zumino models.

Note that a Dirac spinor field contributes to the field content of the Yukawa_2 and Wess-Zumino models, and the nets of Cauchy data fulfill twisted duality instead of Haag duality [78]. According to recent results which have been established by M. Müger [62], our results remain true for these cases also.

Wess-Zumino models have been studied in several papers. We refer to the work of A. Jaffe, A. Lesniewski, J. Weitsman and S. Janowsky [47, 50, 51, 48, 49]. It has been proven in [48] that some Wess-Zumino models possess more than one vacuum sector. An application of our construction scheme proves the existence of kink states for these models.

1.2.2 Some Consequences and Miscellaneous Results

As one can see from the previous section, our construction scheme leads to kink states of the form:

ω = ω_1 ⊗ ω_2 ∘ β|_C∗_(A_{)⊗}1 (1.6)

where β is a suitable interpolating automorphism and ω_1, ω_2 are vacuum states. The homomorphism

Δ := β|_C∗_(A_{)⊗}1 : C^∗(A) - C^∗(A ⊗ A)

may be interpreted as a co-product which induces a product on the set of locally normal linear functionals of C^∗(A). We shall call it interpolating product. It can be used to compute the composition of kink sectors in a very convenient way which we illustrate by the following example: Let ω_1, ω_2 and ω_3 be vacuum states. The composition of the kink sectors θ_1 = [ω_1 ⊗ ω_2 ∘ Δ] and θ_2 = [ω_2 ⊗ ω_3 ∘ Δ] can be defined since the right vacuum of θ_1 coincides with the left vacuum of θ_2. We shall prove in Section 4.2.2 that the sector

[(ω_1 ⊗ ω_2 ⊗ ω_3) ∘ (id ⊗ Δ) ∘ Δ]

is nothing else but the product sector θ_1θ_2. We refer to Chapter 3 and [22, 23, 70] where a precise definition of the composition of kink sectors is given.

It is not hard to show that the kink state, which is given by equation (1.6), is not a pure state. Its GNS-representation is

π = π_1 ⊗ π_2 ∘ Δ

where π_1 and π_2 are the GNS-representations of ω_1 and ω_2 respectively. We are interested in irreducible sub-representations of π. It is not obvious whether π possesses any irreducible subrepresentation which will not be the case if the von Neumann algebra π(C^∗(A))^{′′} is, for example, type III.

To show reducibility we are faced with the problem to prove that the von Neumann algebra π(C^∗(A))^{′′} is type I. Unfortunately, the investigation of the type of the von Neumann algebra π(C^∗(A))^{′′} turns out to be difficult.

On the other hand, there are kink sectors induced by interpolating automorphisms for which the algebra π(C^∗(A))^{′′} is, in fact, type I. Such examples arise naturally in the investigation of the question how large the class of kink sectors is which can be obtained by applying our construction scheme.

We shall prove in Section 4.4.1 that this class contains simple kink sectors which are characterized by fulfilling wedge duality. Let π be a kink representation which belongs to a simple kink sector and let us assume that the split property holds for wedge algebras in the representation π. Then there exists an appropriate interpolating automorphism β such that the representation

π̂ := π_1 ⊗ π_2 ∘ β|_C∗_(A_{)⊗}1

is unitarily equivalent to the countably infinite multiple of π; as a consequence, the algebra π̂(C^∗(A))^{′′} is type I.

In Section 4.4.2, we shall establish a lower bound for the mass of those kinks which can be obtained via our construction scheme.

1.2.3 Kink Fields and Collision Theory

In Chapter 6, the Haag-Ruelle collision theory [44, 68] is applied to kink sectors. In comparison to [70], our analysis leads to an improved treatment of kink scattering. We refer to the work of S. Doplicher, R. Haag and J. Roberts [18, 19] and

D. Buchholz and K. Fredenhagen [10] where the Haag-Ruelle collision theory has been applied to DHR and BF superselection sectors in four space-time dimensions. Scattering of plektons (particles with braid group statistics in three space-time dimensions) has been investigated by K. Fredenhagen, M.R. Garberdiel und S.M. Rüger [28].

For the construction of kink collision states, it is useful to develop an adequate field bundle formalism [18, 19, 10] which can be applied to kink sectors. We shall see that such a formalism needs rather technical methods since, in contrast to DHR and BF sectors, kink sectors can not be composed arbitrarily.

To illustrate the concept of kink fields, we consider the following situation: The Hilbert space of all physical states splits into a direct sum of Hilbert spaces such that each of them carries an irreducible representation of the observable algebra: H = (⨁ e H_e ) ⊕ (⨁ θ H_θ ) . The first sum runs over all vacuum sectors e whereas the second sum is taken over all irreducible kink sectors θ. Given two irreducible kink sectors θ_1 and θ_2 such that the left vacuum of θ_2 coincides with the right vacuum of θ_1, then their composition θ_1θ_2 is well defined. We assume that the product sector θ_1θ_2 can be decomposed into a finite direct sum of irreducible sectors:

θ_1θ_2 = ⨁ θ n^θ_{1θ2} θ . Moreover, to be not too complicated, we let the fusion coefficients n^θ_{1θ2} be either one or zero. The Hilbert space which belongs to the sector θ_1θ_2 is

H_{θ1θ2} := ⨁ θ n^θ_{1θ2} H_θ ⊂ H . Within this situation, there are two different types of charge carrying field operators. This kind of doubling appears here since a kink can be interpreted either as an excitation of its left or as an excitation of its right vacuum. We now describe the two different types of kink fields, carrying a kink charge θ, more precisely.

(1) Kink fields with orientation + are linear operators (a^+(θ), D^+(θ)) with domains

D^+(θ) := ⨁ θ_1:θθ_1 well defined H_{θ1} where a^+(θ) maps H_{θ1} into H_{θθ1} .

(2) Kink fields with orientation − are linear operators (a^−(θ), D^−(θ)) with domains

D^−(θ) := ⨁ θ_2:θ_2θ well defined H_{θ2} where a^−(θ) maps H_{θ2} into H_{θ2θ}.

As we shall see later, the orientation is related to the localization properties of a kink field: The localization region of a kink field with positive orientation is a right wedge region and vice versa. Such a structure, which is the main reason for technical difficulties, does not arise in the DHR and BF case where any two sectors can be composed in any order.

In order to give an idea how kink fields can be multiplied, we discuss a simple example. Let us consider five kink sectors θ_2, · · · , θ_0, · · · , θ_{−2} such that the product sector θ = θ_2θ_1θ_0θ_{−1}θ_{−2} is well defined. There are six ways in which the field operators a^±(θ_{±2}), a^±(θ_{±1}) can be composed on H_{θ0} :

a_{(++−−)} = a^+(θ_2)a^+(θ_1)a^−(θ_{−2})a^−(θ_{−1})

a_{(+−+−)} = a^+(θ_2)a^−(θ_{−2})a^+(θ_1)a^−(θ_{−1})

a_{(+−−+)} = a^+(θ_2)a^−(θ_{−2})a^−(θ_{−1})a^+(θ_1)

a_{(−++−)} = a^−(θ_{−2})a^+(θ_2)a^+(θ_1)a^−(θ_{−1})

a_{(−+−+)} = a^−(θ_{−2})a^+(θ_2)a^−(θ_{−1})a^+(θ_1)

a_{(−−++)} = a^−(θ_{−2})a^−(θ_{−1})a^+(θ_2)a^+(θ_1)

Each of the composed operators a_{(··· )} is a well defined linear map from H_{θ0} into H_θ. We see from this example that factors of a product of kink fields, supposed to be defined, can be exchanged if their orientations are different. If in addition the localizing regions of two exchangeable field operators are space-like separated, then the exchange of them is induced by a unitary operator, called quasi-statistics operator. For example, assuming that a^+(θ_2) and a^−(θ_{−2}) are localized in spacelike separated regions, then there exists a unitary operator ϵ_{(−+−+|−−++)} such that

a_{(−+−+)} ψ = ϵ_{(−+−+|−−++)} a_{(−−++)}ψ for each ψ ∈ H_{θ0} . These operators are the analogues of the statistics operators within the DHR and BF situation. The crucial difference is that the DHR and BF statistics operators are related to arbitrary permutations of factors in a product of field operators, whereas the quasi-statistics operators are related to pairs of finite

Z2 = {+, −}-valued sequences, in our example it is the pair (−+−+|−−++). To

point out these differences, we use the word quasi. A detailed analysis of quasistatistics relations between kink field operators is carried out in Section 6.2. We also refer to [70].

The Hilbert space H carries a unitary and strongly continuous representation of the translation group U which implements the translation of observables and which fulfills the spectrum condition. We assume that the kink superselection sectors under consideration are massive one-particle states which means that the spectrum of the translation group being restricted to an irreducible kink sector U_θ(x) = U(x)|_{Hθ} consists of an isolated mass shell H_m = {p|p^2 = m^2; p_0 ≥ 0} and a subset of the set C_{μ+m} = {p|p^2 ≥ (m + μ)^2; p_0 ≥ 0}. The one-particle subspace, the space of all vectors in H_θ whose spectral support is contained in H_m, will be denoted by H^1_θ .

Following the DHR and BF analysis, it is possible to construct one-kink operators, i.e. kink field operators which map a particular vacuum vector Ω_e ∈ H_e into a one-particle space H^1_θ. If the kink field operator has orientation +, then the vacuum e is the left vacuum of θ, otherwise, if the orientation is −, then it is the right vacuum of θ.

The one-kink creation operators a(f, t) depend on a energy-momentum distribution f in which the velocity of the created kink is encoded, and it depends in addition on a time parameter t which compares, in a certain sense, the free motion of a kink with its motion when interaction is present. Let us suppose there is one kink alone in the world, then there is nothing else which can interact with it. Therefore, for a one-kink state there is no difference between the free and the interacting case. This means that applying a(f, t) to the corresponding vacuum vector Ω_e, the vector ψ(f) = a(f, t)Ω_e is independent of t.

A multi-kink state can be obtained by an application of multiple one-kink creation operators to a vacuum Ω_e

ψ(t) = a(f_1, t) · · · a(f_n, t)Ω_e as long as we respect the composition rules for kink fields. Note that the expression ψ(t) above may contain kink fields with different orientation. The vector ψ(t) describes a configuration of n kinks at time t after scattering.

For large t we expect that the kinks decouple and behave like n non-interacting freely moving particles. This is indeed the case for a special class of kink configurations. It seems to be necessary to assume that

(i) the interpolated vacua are related by an internal symmetry which gives us the possibility to assign to each one-kink creation operator a(f_j , t) a bounded interpolation region O_j(t), which is, roughly speaking, the region in which the interpolation of the vacua takes place.

(ii) Another crucial property is the velocity ordering in order to ensure that the space-like distances between the interpolation regions increase to infinity when t tends also to infinity.

In Chapter 6, we shall present a detailed discussion on the assumptions which have to be made such that the strong limit

ψ^{out} = s − lim_{t→∞} a(f_1, t) · · · a(f_n, t)Ω_e

exists and depends only on the one-particle vectors ψ_j = a(f_j, t)Ω_{ej} . Here Ω_{ej} are suitable vacuum vectors. Furthermore, we shall prove that the norm of the scattering state ψ^{out} is ||ψ^{out}|| = n∏ j=1 ||ψ_j|| . This implies that the assignment n⨂ j=1 H^1_{θj} - H : n⨂ j=1 ψ_j - ψ^{out}

is an isometry where H^1_{θj} are suitable one-particle spaces. As expected, the vector ψ^{out} represents a configuration of n non-interacting freely moving kinks. The asymptotic in-states can be obtained analogously.

40 Introduction and Overview

Axiomatic Quantum Field Theory and Models in

1 + 1-Dimensions 2

2.1 The Time-Slice Formulation of a Quantum Field Theory

As already mentioned in the introduction, for the analysis of quantum field theory models it is convenient to work with the time-slice formulation. In order to keep the present chapter self-contained, we repeat the main aspects of it. In addition to that, we describe how a Haag-Kastler net can be constructed from the Cauchy data and a given dynamics.

2.1.1 Cauchy Data and Dynamics of a Quantum Field Theory

Let us consider Cauchy data of a quantum field theory which are faithfully represented on a Hilbert space H_0, i.e. the Cauchy data are given by a net of von Neumann algebras

M := {M(I) ⊂ B(H0); I is a bounded interval in Σ}

This net satisfy the conditions:

(1) Isotony: If I_1 ⊂ I_2, then M(I_1) ⊂ M(I_2).

(2) Locality: If I_1 ∩ I_2 = ∅, then M(I_1) ⊂ M(I_2)^′.

(3) The group of spatial translations in Σ ∼= Ris represented unitarily and strongly continuous on H_0

U : R - U(H0) ; x - U(x)

such that the automorphism α_x := Ad(U(x)) maps M(I) onto M(I + x). The time evolution is described by the notion of dynamics. For convenience, we repeat its definition here.

Definiton 2.1.1 : A one-parameter group of automorphisms α = {α_t ∈ Aut(M); t ∈ R} is called a dynamics of the net M if the following conditions are fulfilled:

(1) The automorphism group α has propagation speed ps(α) ≤ 1, where ps(α) is defined by: ps(α) := inf{β^′|α_tM(I) ⊂ M(I_β′_{|t|}); ∀t, I} . Here I_s := I + (−s, s) denotes the interval, enlarged by s > 0.

(2) The automorphisms {α_t ∈ Aut(M); t ∈ R} commute with the automorphism group of spatial translations {α_x ∈ Aut(M); x ∈ R}, i.e.: α_t ∘ αx = αx ∘ α_t ; ∀x, t . The set of all dynamics of M is denoted by dyn(M).

Note that in many cases it is possible to choose the same net of Cauchy data for different models. For instance, the Cauchy data of the P (Φ)_2-models can be chosen by the time-zero algebras of the massive free Bose field [37].

2.1.2 Haag-Kastler Nets for Cauchy Data

To distinguish different theories, we have to compare different dynamics. For this purpose, we shall construct a universal Haag-Kastler net with respect to a given

net M of Cauchy data.

Let U(M) be the group of unitary operators in C^∗(M) and we define G(R, M) to be the group which is generated by the set {(t, u)| t ∈ R and u ∈ U(M) } modulo the following relations:

(1) We require for each u_1, u_2 ∈ U(M) and for each t ∈ R: (t, u_1)(t, u_2) = (t, u_1u_2) and (t, 1) = 1 .

2.1 The Time-Slice Formulation of a Quantum Field Theory 43

(2) If u_1 ∈ M(I_1) and u_2 ∈ M(I_2) such that I_1 ⊂ (I_2)^c_{|t|}, then we require for each t_1 ∈ R:

(t_1 + t, u_1)(t_1, u_2) = (t_1, u_2)(t_1 + t, u_1) .

We conclude from relation (1) that (t, u) is the inverse of (t, u^∗).

We see from the construction above that a localization region in R × Σ can be assigned to each element in G(R, M): A generator (t, u), u ∈ M(I) is localized in O ⊂ R × Σ if {t} × I ⊂ O. We denote by G(O) the subgroup of G(R, M) which is generated by the elements which are localized in the double cone O. We easily observe that relation (2) implies that group elements commute if they are localized in space-like separated regions.

The translation group in R^2 is naturally represented by group automorphisms

of G(R, M). They are defined by

(t, x) - β_{(t,}x_)(t_1, u) := (t + t_1, αxu)

and the subgroup G(O) is mapped onto G(O + (t, x)) by β_{(t,x)}.

In order to construct the universal Haag-Kastler net, we build the group C*- algebra B(O) with respect to G(O) (compare also [56]). For convenience, we shall describe the construction of B(O) briefly.

In the first step we build the *-algebra B_0(O) which is generated by all complex valued functions a on G(O), such that

a(u) = 0 for almost each u ∈ G(O) .

We write such a function symbolically as a formal sum a = ∑ u a(u) u . The product and the *-relation are given as follows: ab = ∑ u a(u) u · ∑ u^′ b(u^′) u^′ = ∑ u^′ (∑ u a(u)b(u^{−1}u^′) ) u^′ a^∗ = ∑ u ā(u^{−1}) u

It is well known, that the algebra B_0(O) has a C*-norm which is given by ||a|| := sup_π ||π(a)||_π where the supremum is taken over all *-representations π of B_0(O). Finally, we define B(O) as the closure of B_0(O) with respect to this norm.

By construction, the group isomorphisms β_{(t,x)} induce a representation of the translation group by automorphisms of the C*-inductive limit C^∗(B) of the net

B : O - B(O)

and we conclude that B is a translationally covariant Haag-Kastler net. Proposition 2.1.2 : Each dynamics α ∈ dyn(M) induces a C*-homomorphism ι_α : C^∗(B) - C^∗(M) such that for each (t, x) ∈ R^2, ι_α ∘ β_{(t,x)} = α_{(t,x)} ∘ ι_α .

In particular,

Aα : O - Aα(O) := ια(B(O))^{′′}

is a translationally covariant Haag-Kastler net.

Proof. Let α be a dynamics of M, then we conclude from ps(α) ≤ 1 that the prescription (t, u) - α_tu defines a C*-homomorphism ι_α : C^∗(B) - C^∗(M) .

In particular, ι_α is a representation of B on the Hilbert space H_0. These statements can be verified by using the following relations: (a) ι_α((t, u_1)(t, u_2)) = α_tu_1α_tu_2 = α_t(u_1u_2) = ι_α(t, u_1u_2) (b) If (t_1, u_1) and (t_1 + t, u_2) are localized in space-like separated regions, then we conclude from ps(α) ≤ 1:

[ι_α(t_1, u_1), ι_α(t_1 + t, u_2)] = α_{t1} [u_1, α_tu_2] = 0

(c) ι_α(β_{(t,x)}(t_1, u)) = ι_α(t + t_1, α_xu) = α_{(t,x)}α_{t1} u � In general, we expect that for a given dynamics α the representation ι_α is not faithful. Hence each dynamics defines a two-sided ideal

J(α) := ι^{−1}_α (0) ∈ C^∗(B)

in C^∗(B) which we call the dynamical ideal with respect to α and the algebras

B(O)/J(α)^∼= Aα(O)

may depend on the dynamics α. Indeed, if O is a double cone whose base is not contained in Σ, then, in general, for different dynamics α_1, α_2 the algebras A_{α1} (O)

and Aα_2 (O) are different. On the other hand, if the base of O is contained in Σ,

then we conclude from the fact that the dynamics α has finite propagation speed and from Proposition 2.1.2:

Corollary 2.1.3 : If I ⊂ Σ is the base of the double cone O, then the algebra

Aα(O) is independent of α. In particular,

C^∗(M) = C^∗(A_α) .

2.2 Quantum Field Theory Models in 1+1-Dimensions

A few remarks on non-trivial quantum field theory models are given in this section. We give a short description of the Cauchy data and the dynamics of P (ϕ)_2- and Yukawa_2 models.

2.2.1 P (ϕ)_2-Models

We denote by H_s the symmetrized Fock space over the Hilbert space L_2(R) of complex-valued and square integrable functions, i.e.

H_s := ∞⨁ n=0 L_2(R)^{⊗sn} where s stands for the symmetrization of the tensor product. The massive free Bose field ϕ and its canonically conjugate π act as operator valued and tempered distributions on H_s, fulfilling canonical commutation relations (CCR). The net of Cauchy data of the P (ϕ)_2 models is given by the CCR-algebras Ms : I - Ms(I) :=^{e^{i(ϕ(f1)+π(f2)) |} fj ∈ SR(R) ; supp(fj) ⊂ I^{}′′} . According to J.Glimm and A.Jaffe [37], the Wick monomials : ϕ^n : of the time zero field exist. They are well defined operator valued distributions. The interacting part of a P (ϕ)_2 Hamiltonian, regularized by an IR-cutoff c > 0, is given by

H_1(c) := ∫ dx : P (ϕ(x)) : χ_c(x)

where P is a polynomial of even degree deg(P ) = 2n and χ_c is a smooth test function with the property:

χ_c(x) = { 1 if x ∈ (−c, c) 0 if x ∈ (−c − ϵ, c + ϵ)\R . It is well known that H_1(c) is a self-adjoint operator which has a joint core with the free Hamiltonian H_0.

The family of operators {H_1(c); c > 0} induces a dynamics α_1 ∈ dyn(M_s) with zero propagation speed [37]. If c_1 > c and I ⊂ (−c, c), then we have for each a ∈ M_s(I) and for each t ∈ R: e^{itH1(c)} a e^{−itH1(c)} = e^{itH1(c1)} a e^{−itH1(c1)} . Thus we may define α_1 by the uniform limit a -_{α1,t(a) := limc→∞ e}itH1(c)_{a e}−itH1(c)_{. (2.1)} Since H_1(c) has a joint core with the free Hamiltonian H_0, we are able to define the Trotter product of the automorphism groups α_0 and α_1 which is given for each local operator a ∈ M_s(I) by the strong limit

α_t(a) := (α_0 × α_1)_t(a) = s − lim_{n→∞}(α_{0,t/n} ∘ α_{1,t/n})^n(a) .

Furthermore, the propagation speed is sub-additive with respect to the Trotter product [37], i.e.

ps(α_0 × α_1) ≤ ps(α_0) + ps(α_1) and we conclude that α ∈ dyn(M_s) is a dynamics of M_s.

It has been shown by Glimm and Jaffe [37] that there exist vacuum states ω with respect to the interacting dynamics α. Due to Haag’s Theorem (compare also [12]) there is no vector ψ in the Fock space H_s such that the linear functional ω_ψ : a - ⟨ψ, aψ⟩ is a vacuum state with respect to an interacting dynamics. But the vacuum states ω can be approximated by states which are induced by vectors in H_s. The closure of the operator H_0 + H_1(c) is self-adjoint and bounded from below. Let E(c) be the infimum of the spectrum of (H_0 + H_1(c))^{∗∗}, then

H(c) := (H_0 + H_1(c))^{∗∗} − E(c)1

is a positive operator. According to [37], there exists a sequence

{Ω(c_n) ∈ ker(H(c_n)); n ∈ N} ; lim_n c_n = ∞

such that the weak* limit

ω := w^∗ − lim_{n→∞}⟨Ω(c_n), (·)Ω(c_n)⟩ (2.2)

is a vacuum state with respect to the interacting dynamics α.

2.2.2 Yukawa_2 Models

Let us consider the Fock space

H_a := ∞⨁ n=0 L_2(R, C^2 )^{⊗an}

where a stands for anti-symmetrization of the tensor product and L_2(R, C^2 ) is the Hilbert space of C^2 -valued and square integrable functions. The free Dirac spinor field ψ and its canonically conjugate ψ̄ act as operator valued tempered distributions on H_a, fulfilling canonical anti-commutation relations (CAR).

The field content of the Yukawa_2 model consists of one Bose field ϕ and one Dirac spinor field ψ. The net of Cauchy data of this model is given by the W*- tensor product

M : I - M(I) = Ms(I) ⊗ Ma(I)

where the net M_a is given by the CAR-algebras

Ma : I - Ma(I) :=^{ψ(f1),^¯ψ(f2)^| supp(fj) ⊂ I^{}′′} .

The unrenormalized Hamiltonian with IR-cutoff c > 0 is

H_{un}(c) := H_0 + ∫ dx : Ψ̄(x)Ψ(x) : Φ(x) χ_c(x)

where H_0 is the free Hamiltonian and the fields Φ and Ψ are given by

Φ := ϕ ⊗ 1_{Ha} and Ψ := 1_{Hs} ⊗ ψ .

The Hamiltonian H_{un}(c) is defined in the sense of bilinear forms on D × D, where D is a dense subspace in H_0 := H_s ⊗ H_a.

According to [37], the renormalized Hamiltonian can be constructed by introducing an UV-cutoff and adding appropriate counterterms. Then the UV-cutoff can be removed and we obtain an positive operator H(c), depending on the IR-cutoff c > 0. The dynamics α^Y of the Yukawa_2 model can be constructed from the family of Hamiltonians {H(c); c > 0}. It is given by a -_αY_{t (a) := limc→∞ e}itH(c)_{a e}−itH(c)_. However, the construction of the Yukawa_2 dynamics is more complicated than the construction of P (ϕ)_2-dynamics and we postpone a detailed description of α^Y until Chapter 5 where more technical details are needed. The additional difficulties which arise here are due to the fact that α^Y can not be written as the Trotter product of the free dynamics α_0 and an interacting part α_1 with propagation speed ps(α_1) = 0. Vacuum states with respect to the Yukawa_2 dynamics, whose existence have firstly been established by R. Schrader [75], can be obtained in the same manner as described for the P (ϕ)_2 models (equation (2.2)).

Axiomatic Characterization of Kink States 3

3.1 Mathematical Description of Kinks

In this section, we give a precise definition of kink sectors in the framework of algebraic quantum field theory. Furthermore, we describe the construction of kink homomorphisms which are generalizations of the DHR and BF endomorphisms.

3.1.1 Kink Sectors

Let A be a translationally covariant Haag-Kastler net and π be a representation of A, belonging to a sector θ ∈ sec(A). We define the restriction θ|B of θ to a C*-

sub-algebra B ⊂ C^∗(A) as the unitary equivalence class of the restricted representation π|B, i.e. θ|B := [π|B] . Definiton 3.1.1 : A sector θ of A is called a kink sector, which interpolates the vacuum sectors e_1, e_2, if it satisfies the conditions:

(a) θ fulfills the Borchers criterion (positivity of the energy). We refer to Section 1.1.1 for this notion.

(b) There is a left wedge region W_1 ∈ W_− and a right wedge region W_2 ∈ W_+ such that:

θ|_C∗_(A_{,W1)} = e_1|_C∗_(A_{,W1)} (3.1)

θ|_C∗_(A_{,W2)} = e_2|_C∗_(A_{,W2)} (3.2)

A state (representation) is called a kink state (representation) if it belongs to a kink sector.

Of course, since a kink sector θ is translationally invariant, we conclude that the relation (3.1) holds for every left wedge region. Analogously, (3.2) holds for every right wedge region.

Notation: We denote the set of kink states, kink representations and kink sectors

by S(e1, e2), Δ(e1, e2) and sec(e1, e2) respectively. Furthermore, we shall call the

right vacuum the source and the left vacuum the range.

We shall show that the existence of a kink sector θ ∈ sec(e_1, e_2) implies that the vacuum representations π_1 and π_2, which belong to the sectors e_1 and e_2 respectively, are locally unitarily equivalent.

Proposition 3.1.2 : Let θ ∈ sec(e_1, e_2) be a kink sector. Then for each bounded double cone O, θ|A(O) = e1|A(O) = e2|A(O) . Proof. Each double cone O can be written as an intersection O = O_R ∩ O_L of a left wedge region O_L and a right wedge region O_R. Let θ ∈ sec(e_1, e_2) be a kink sector, then we obtain from equation (3.1) and (3.2):

θ|_C∗_(A_{,OL)} = e_1|_C∗_(A_{,OL)} and θ|_C∗_(A_{,OR)} = e_2|_C∗_(A_{,OR)} . (3.3)

Since A(O) ⊂ C^∗(A, O_L) ∩ C^∗(A, O_R), we have:

θ|A(O)^{= e}1|A(O)^{= e}2|A(O)^.

The double cone O can be chosen arbitrarily which implies the result. �

Remark: Proposition 3.1.2 states that local unitary equivalence of two vacuum representations π_1 and π_2 is a necessary condition for the existence of an interpolating kink state. Without loss of generality, we may assume the following conditions:

(i) The local algebras A(O) are W*-algebras.

(ii) The states ω ∈ S(A) under consideration are locally normal, i.e. their restrictions ω|A(O) are normal states of A(O) for each double cone O.

Proposition 3.1.3 : Let π ∈ Δ(e_1, e_2) be a kink representation. Then each subrepresentation π̂ ⊂ π is a kink representation in Δ(e_1, e_2).

Proof. We choose a projection E which is contained in the commutant of π(C^∗(A)) and we consider the sub-representation π̂ which is given by π̂(a) := π(a)E . We conclude from equation (3.1) that there is a vacuum representation π_1 with [π_1] = e_1 and

π|_C∗_(A_{,W )} = π_1|_C∗_(A_{,W )} .

Since E is contained in the commutant of π(C^∗(A)), we conclude that E ∈ A_{π1} (W^′). According to [21], the algebra A_{π1} (W ) is a type III factor which implies that each sub-representation of π_1|_C∗_(A_{,W )} is unitarily equivalent to π_1|_C∗_(A_{,W )} itself. This yields:

π̂|_C∗_(A_{,W )} = Eπ_1|_C∗_(A_{,W )} ∼= π_1|_C∗_(A_{,W )} .

Analogously we show that

π̂|_C∗_(A_{,W} ′_) = Eπ_2|_C∗_(A_{,W} ′_) ∼= π_2|_C∗_(A_{,W} ′_)

for a suitable vacuum representation π_2 with [π_2] = e_2.

It remains to be proven that π̂ satisfies the Borchers criterion. By a result of Borchers [3], the operators U(x) which implement the translations in the representation π can be chosen in such a way that U(x) is contained in π(C^∗(A))^{′′}. Since the projection E is contained in π(C^∗(A))^′, we conclude that Û : x → Û(x) := U(x)E is a unitary and strongly continuous representation which implements the translations in the representation π̂. In particular the spectrum of Û is also contained in the closed forward light cone. �

3.1.2 Kink (Soliton) Homomorphisms

A generalization of DHR and BF endomorphisms has been invented by K. Fredenhagen [23] in order to define the composition of kink sectors. We shall see that a kink sector, which interpolates vacuum sectors e_1, e_2, can be represented by two different types of C*-algebra homomorphisms

ρ : C^∗(A^+_{e1} ) - C^∗(A^+_{e2} ) and ρ^′ : C^∗(A^−_{e2} ) - C^∗(A^−_{e1} )

where C^∗(A^±_e ) are extensions of the C*-algebra C^∗(A), depending on a vacuum sector e ∈ sec_0(A) and one of the space-like directions ±-infinity. We briefly describe how kink homomorphisms can be constructed from a given kink sector.

Step 1: In the first step, we construct extensions of the C*-algebra C^∗(A). Let

ω ∈ S0(A) be a vacuum state and W a wedge region. Then we denote by A[ω](W ) (3.4)

the closure of the C*-algebra C^∗(A, W ) with respect to the topology which is induced by semi norms: ||a||^T_ω = |tr(T π(a))| . Here (H, π, Ω) is the GNS triple of ω and T a trace class operator on H with trace tr(T ) = 1.

Obviously, the algebras A_{[ω]}(W ) depend only on the sector e = [ω]. The net

A^±_e : W± ∋ W - Ae(W )

is canonically isomorphic to the net

A^±_π : W± ∋ W - Aπ(W ) = π(C^∗(A, W ))^{′′}

where W_± denotes the set of right (left) wedge regions. Since the sets W_± are directed, the C*-inductive limits C^∗(A^±_e ) and C^∗(A^±_π ) can be constructed. It has been proven in [23, 70, 71] that the following statements hold:

(1) Each vacuum representation π_e, which belongs to the vacuum sector e, has unique extensions π^±_e to the algebras C^∗(A^±_e ). Moreover, if we assume that π_e is faithful, then

π^±_e : C^∗(A^±_e ) - C^∗(A^±_{πe} )

are C*-algebra isomorphisms.

(2) If θ is a kink sector with source e_2 and range e_1, then each representation π, which belongs to the sector θ, has extensions π^+ to C^∗(A^+_{e2} ) and π^− to C^∗(A^−_{e1} ).

(3) If we assume that Haag duality holds in each vacuum sector e, then for each double cone O the intersection Ae(OL) ∩ Ae(OR) = A(O) is independent of e.

Step 2: Let us consider a kink representation (H, π) ∈ Δ(e_1, e_2) which interpolates the vacua e_1 and e_2. We choose vacuum representations (H_1, π_1) and (H_2, π_2) with [π_1] = e_1 and [π_2] = e_2. Then for each right wedge region W ∈ W_+ there exist unitary operators v^W_1 : H → H_1 and v^W_2 : H → H_2 such that: Ad(v^W_1 ) ∘ π|_C∗_(A_{,W} ′_) = π_1|_C∗_(A_{,W} ′_) and Ad(v^W_2 ) ∘ π|_C∗_(A_{,W )} = π_2|_C∗_(A_{,W )} . We obtain representations ρ̃ := Ad(v^W_1 ) ∘ π^+ : C^∗(A^+_{e2} ) - B(H_1)

ρ̃^′ := Ad(v^W_2 ) ∘ π^− : C^∗(A^−_{e1} ) - B(H_2) which are unitarily equivalent to π. It has been proven [23] that

ρ̃(C^∗(A^+_{e2} )) ⊂ C^∗(A^+_{π1} ) and ρ̃^′(C^∗(A^−_{e1} )) ⊂ C^∗(A^−_{π2} ) and we finally define the kink homomorphisms: ρ := (π^+_1 )^{−1} ∘ ρ̃ : C^∗(A^+_{e2} ) - C^∗(A^+_{e1} )

ρ^′ := (π^−_2 )^{−1} ∘ ρ̃^′ : C^∗(A^−_{e1} ) - C^∗(A^−_{e2} ) .

Remark: As mentioned above, we can associate two different types of kink homomorphisms to each kink sector θ ∈ sec(e_1, e_2), namely

(a) kink homomorphisms ρ which are localized in right wedge regions W ∈ W_+, i.e.

ρ|_C∗_(A_{,W} ′_) = id_C∗_(A_{,W} ′_)

(b) and kink homomorphisms ρ^′ which are localized in left wedge regions W^′ ∈ W_−, i.e.

ρ^′|_C∗_(A_{,W )} = id_C∗_(A_{,W )} .

Notation:

(i) We denote the set of all kink homomorphisms, which interpolate the vacua e_1, e_2, by Δ(q, e_1, e_2). The value q ∈ Z_2 is called the orientation of a kink homomorphism where we set q = 1 for kink homomorphisms which are localized in right wedge regions and q = −1 for those which are localized in left wedge regions.

(ii) For each kink homomorphism ρ we choose one wedge region supp(ρ) in which ρ is localized.

3.2 Fusion, Subobjects, Direct Sums and Conjugation

The kink homomorphisms, which are discussed in the previous section, can be used to build the composition, direct sums and the conjugation of kink sectors. We shall see that the set of kink sectors is closed under these operations.

3.2.1 Composition of Kink Sectors

Let θ ∈ sec(e_1, e_2) and θ̂ ∈ sec(e_2, e_3) be kink sectors. Then we can choose either kink homomorphisms with orientation q = 1 or q = −1 to define their product.

(a) Let ρ ∈ Δ(1, e_1, e_2) and ρ̂ ∈ Δ(1, e_2, e_3) be kink homomorphisms such that [π^+_1 ∘ ρ] = θ and [π^+_2 ∘ ρ̂] = θ̂. Then we define:

θ ×_{(r)} θ̂ := [π^+_1 ∘ ρρ̂] . (3.5)

(b) On the other hand, let ρ^′ ∈ Δ(−1, e_1, e_2) and ρ̂^′ ∈ Δ(−1, e_2, e_3) be kink homomorphisms with [π^−_2 ∘ ρ^′] = θ and [π^−_3 ∘ ρ̂^′] = θ̂. Then we define the product by:

θ ×_{(l)} θ̂ := [π^−_3 ∘ ρ̂^′ρ^′] . (3.6)

Proposition 3.2.1 : Let θ, θ̂ be kink sectors. If the source s(θ̂) of θ̂ and the range r(θ) of θ coincide, then the following statements hold.

(1) The products, which are given by equation (3.5) and (3.6), coincide and depend only on the sectors θ and θ̂, i.e.: θθ̂ := θ ×_{(r)} θ̂ = θ ×_{(l)} θ̂ .

(2) The product θθ̂ is a kink sector with source s(θθ̂) = s(θ̂) and range r(θθ̂) = r(θ) .

Proof. The proof can be found in [23, 71]. �

Remark:

(i) For the investigation of the fusion rules for kink sectors, it is sufficient, according to Proposition 3.2.1, to consider products of kink homomorphisms with orientation q = 1.

(ii) The product of two kink sectors can only be defined if the source of one of the sectors coincides with the range of the other. This is different in the DHR case where any two sectors can be composed.

3.2.2 Subobjects and Direct Sums

In order to discuss subobjects and direct sums, we mention some important properties of operators which intertwine kink representations.

Remark:

(i) Let π ∈ Δ(e_1, e_2) and π̂ ∈ Δ(e^′_1, e^′_2) be two kink representations. Then we conclude from Proposition 3.1.3, that, if e_1 ≠ e^′_1 or e_2 ≠ e^′_2, then π and π̂ are disjoint.

(ii) Let ρ, ρ̂ ∈ Δ(1, e_1, e_2) be kink homomorphisms, localized in W , and let π_1 be a vacuum representation, belonging to the sector e_1. Then each intertwiner ṽ ṽ π^+_1 ∘ ρ|_C∗_(A_)(·) = π^+_1 ∘ ρ̂|_C∗_(A_)(·) ṽ is contained in A_{π1} (W ). Hence v := (π^+_1 )^{−1}(ṽ) ∈ A_{e1} (W ) intertwines ρ and ρ̂, i.e.:

v ρ(·) = ρ̂(·) v . (3.7)

Thus it is sufficient to consider operators which intertwine kink homomorphisms to investigate reduction schemes for kink representations.

Notation: The vector space of operators, which intertwine the kink homomorphisms ρ and ρ̂ (equation (3.7)), is denoted by (ρ̂|ρ).

Subobjects: A kink homomorphism ρ_1 is called a subobject of a kink homomorphism ρ, if there is an isometry v ∈ (ρ|ρ_1) and we write ρ_1 ≺ ρ.

Direct Sums: Conversely, we are able to define the direct sum ρ_1⊕ρ_2 for each pair of kink homomorphisms ρ_1, ρ_2 with s(ρ_1) = s(ρ_2) and r(ρ_1) = r(ρ_2). According to [6] we can find two isometries v_1, v_2 ∈ A_e(W ) with complementary range and we define ρ_1 ⊕ ρ_2 as follows:

ρ(a) = (ρ_1 ⊕ ρ_2)(a) := v_1ρ_1(a)v^∗_1 + v_2ρ_2(a)v^∗_2 . (3.8)

If W contains the localization regions of ρ_1 and ρ_2, then ρ is a kink homomorphism which is also localized in W . Note that the homomorphism ρ_1 ⊕ρ_2 depends on the choice of v_1, v_2, whereas the sector [ρ_1 ⊕ ρ_2] does not.

Proposition 3.2.2 : The set of kink homomorphisms with orientation q is closed under multiplication, taking direct sums and subobjects.

Proof. The statement of the proposition follows immediately from the discussion above. �

Remark:

(i) The set of kink homomorphisms possesses a category structure. The objects are vacuum sectors e_1, e_2 and the arrows are kink homomorphisms ρ ∈ Δ(1, e_1, e_2). The composition of arrows is given by the product of kink homomorphisms. The trivial arrow in Δ(1, e, e) is the identity id^+_e of C^∗(A^+_e ).

(ii) On the other hand, there is a second category structure, namely the objects are kink homomorphisms ρ, ρ_1 ∈ Δ(1, e_1, e_2) and the arrows are intertwiner v ∈ (ρ_1|ρ). Such a structure is also known as a 2-C^∗-category. See [66] for this notion.

Given arrows ρ_1, ρ_2 ∈ Δ(1, e_1, e_2), ρ ∈ Δ(1, e_2, e_3) and ρ̂ ∈ Δ(1, e_0, e_1), then the following distributive laws are fulfilled:

(ρ_1 ⊕ ρ_2)ρ ∼= ρ_1ρ ⊕ ρ_2ρ and ρ̂(ρ_1 ⊕ ρ_2) ∼= ρ̂ρ_1 ⊕ ρ̂ρ_2 .

Moreover, the sets of arrows Δ(1, e_1, e_2) possesses a partial order relation by the definition of subobjects.

3.2.3 Conjugation of Kink Sectors

A criterion for the existence of anti-kinks has been established in [71]. We briefly review the main facts which have been worked out there.

Theorem 3.2.3 : Let θ ∈ sec(e_1, e_2) be a kink sector. If there exists a kink sector θ̄ ∈ sec(e_2, e_1) such that

(a) θθ̄ ≻ e_1 and θ̄θ ≻ e_2, then the following statements are true:

(1) θ̄ is uniquely determined by (a) and the map j : θ ∈ sec(e_1, e_2) - j(θ) = θ̄ ∈ sec(e_2, e_1) is a cofunctor.

(2) j is an involution which respects direct sums and subobjects:

(i) j ∘ j = id (ii) j(θ_1 ⊕ θ_2) = j(θ_1) ⊕ j(θ_2) (iii) If θ_1 ≺ θ, then j(θ_1) ≺ j(θ).

(3) Denote by sp(θ) the spectrum of the implementation of the translation group in a kink representation which belongs to θ. Then sp(θ) = sp(j(θ)) .

Proof. The proof of the theorem can be found in [71]. The main tools are taken from the mathematical theory of sectors, which has been developed by R. Longo [57, 58] �

Remark:

(i) A kink sector θ ∈ sec(e_1, e_2) fulfills condition (a) if and only if the index of the W*-inclusion

ρ(Ae_2 (W )) ⊂ Ae_1 (W )

is finite. Here ρ ∈ Δ(1, e_1, e_2) is a kink homomorphism which represents θ and which is localized in W . We refer to [57, 58, 71] for these notions.

(ii) Given two irreducible kink sectors θ_1 ∈ sec(e_1, e_2) and θ_2 ∈ sec(e_2, e_3) which fulfill condition (a). Then their product is a finite direct sum of irreducible kink sectors, i.e.:

θ_1θ_2 = ⨁ θ n^θ_{1,θ2} θ . Here n^θ_{1,θ2} are natural numbers, called fusion coefficients, which are different from zero only for a finite number of irreducible kink sectors θ ∈ sec(e_1, e_3). We conclude from (1) and (2) that the conjugation respects the fusion rules.

(iii) The statement (3) may be physically interpreted as the fact that the mass of a kink and its corresponding anti-kink coincide.

The anti-kink sector can be constructed by using the modular data of the wedge algebra A_e(W_+) where the wedge regions W_± are given by {x||x^0| ≤ ±x^1}. Let (H_e, π_e, Ω_e) be the GNS-triple of a vacuum state which belongs to e. Then we denote by (J_e, Δ_e) the modular data with respect to the pair (A_{πe} (W ), Ω_e). For technical reasons, let us assume that the net A possesses a PCT symmetry which is implemented in each vacuum representation π_e by the modular conjugation J_e.

Assumption: There is an anti-automorphism j : C^∗(A) → C^∗(A) which reflects the translations, i.e. j ∘ α_x = α_{−x} ∘ j, and which maps A(O) onto A(−O). It is implemented in each vacuum representation π_e by the modular conjugation J_e, i.e.:

π_e(j(a)) = J_eπ_e(a)J_e .

We easily observe that for each vacuum sector e there are extensions j^±_e of j:

j^±_e := (π^∓_e )^{−1} ∘ Ad(J_e) ∘ π^±_e : C^∗(A^±_e ) - C^∗(A^∓_e ) .

Let ρ^′ ∈ Δ(−1, e_1, e_2) be a kink homomorphism which belongs to the sector θ ∈ sec(e_1, e_2). According to [71], a kink homomorphism ρ̄ ∈ Δ(1, e_2, e_1), which represents the conjugate sector j(θ) (Theorem 3.2.3), is given by

ρ̄ := j^−_{e2} ∘ ρ^′ ∘ j^+_{e1} ∈ Δ(1, e_2, e_1) . (3.9)

Remark:

(i) The map ρ^′ - ρ̄, which is given by equation (3.9), is the PCT transformation of the kink homomorphism ρ^′. If ρ^′ is localized in a left wedge region W^′, then ρ̄ is localized in the PT-reflected region −W^′. In particular, the PCT transformation changes the orientation of a kink homomorphism.

(ii) Let ρ be a kink homomorphism, localized in a right wedge region W . We can choose a kink homomorphism ρ^′ which belongs to the same sector as ρ and which is localized in the PT-reflected region −W . Then the PCT transformation ρ̄ of ρ^′ is a conjugate kink homomorphism for ρ which is also localized in W . The correspondence ρ - ρ^′ may be interpreted as a PT operation and thus ρ - ρ̄ is the composition of a PT and a PCT operation which is nothing else but the charge conjugation.

60 Axiomatic Characterization of Kink States

When Does a Theory Possess Kink States? 4

4.1 Interpolating Automorphisms

Interpolating automorphisms, which are also called soliton automorphisms, have been introduced by J. Fröhlich [31, Chapter 6] with the aim to give an axiomatic characterization of soliton sectors in the framework of algebraic quantum field theory. We shall give a precise definition of interpolating automorphisms in Section 4.1.1. In Section 4.1.2, we shall prove that a kink state corresponds to each pair which consists of a vacuum state and an interpolating automorphism.

4.1.1 Definitions and Notations

Let us consider a quantum field theory in two dimensions which is given by a translationally covariant Haag-Kastler net A of W*-algebras.

Definiton 4.1.1 : An automorphism χ ∈ Aut(C^∗(A)) is called a symmetry of the

net A if it preserves the net structure and commutes with the translations:

(1) χ(A(O)) = A(O) for each double cone O.

(2) χ ∘ α_x = α_x ∘ χ for each x ∈ R^2.

We shall denote the group of symmetries by Sym(A).

Definiton 4.1.2 : Given a symmetry χ ∈ Sym(A), an automorphism ρ of C^∗(A) is called χ-interpolating if it fulfills the conditions, listed below.

(1) There exists a bounded double cone O, such that the relations ρ|_C∗_(A_{,OLL)} = id_C∗_(A_{,OLL)} and ρ|_C∗_(A_{,ORR)} = χ|_C∗_(A_{,ORR)} (4.1) hold.

(2) There exists a strongly continuous map γ_ρ : R^2 → C^∗(A) which fulfill the conditions: (i) Ad(γ_ρ(x)) = α_x ∘ ρ ∘ α_{−x} ∘ ρ^{−1} . (4.2) (ii) The operators fulfill the cocycle condition: γ_ρ(x + y) = α_x(γ_ρ(y))γ_ρ(x) . (4.3) Two interpolating automorphisms ρ_1, ρ_2 are called equivalent if ρ_1ρ^{−1}_2 is C^∗(A)- inner.

Notation:

(i) The set of all χ-interpolating automorphisms is denoted by Aut(χ, A). For each automorphism ρ ∈ Aut(χ, A) we choose one double cone supp_I(ρ) which satisfies equation (4.1). We shall call supp_I(ρ) the interpolation region of ρ.

(ii) We denote by sec(χ, A) the set of equivalence classes of χ- interpolating automorphisms and we shall call the elements of sec(χ, A) interpolating sectors.

(iii) A function γ_ρ which fulfills (4.2) and (4.3) is called a cocycle of ρ.

In [31], an additional property is assumed for the set of interpolating automorphisms Aut(χ, A). It is demanded that for a given symmetry χ, the set sec(χ, A) contains only one equivalence class.

4.1.2 Kink States, Induced by Interpolating Automorphisms

Proposition 4.1.3 : Let χ ∈ Sym(A) be a symmetry and let ω_0 ∈ S_0(A) be a vacuum state. For each automorphism ρ ∈ Aut(χ, A), the state ω_0 ∘ ρ is a kink state in S([ω_0], [ω_0 ∘ χ]).

We postpone the proof of the proposition above since we need some further results for preparation.

Observation: We observe that the GNS-representation π_0∘ρ of the state ω_0 ∘ρ has the correct interpolation property. Indeed, for each interpolating automorphism ρ ∈ Aut(χ, A) with supp_I(ρ) ⊂ O, the representation π_ρ := π_0 ∘ ρ fulfills the relations:

π_ρ|_C∗_(A_{,OLL)} = π_0|_C∗_(A_{,OLL)} and π_ρ|_C∗_(A_{,ORR)} ∼= π_χ|_C∗_(A_{,ORR)} (4.4)

where π_χ denotes the GNS-representation of ω_0 ∘ χ.

Thus it remains to be proven that ω_0 ∘ρ fulfills the Borchers criterion (positivity of the energy), which follows by applying the statement of [31, Theorem 7]. Since a detailed proof of [31, Theorem 7] is not given there, we shall present a complete proof of Proposition 4.1.3. In comparison to [31], we use methods of a completely model-independent analysis [18, 19].

Preparation of the Proof: In the first step, we shall prove that the representation π_ρ is translationally covariant.

Proposition 4.1.4 : For each translationally covariant representation (H, π), the representation π ∘ ρ is translationally covariant.

Proof. Let γ_ρ be a cocycle of ρ and U be a strongly continuous unitary representation which implements the translations in the representation π. Using equation (4.3), we obtain by a straight forward computation [18, 19]:

π ∘ ρ ∘ α_x = Ad( U(x)π(γ_ρ(−x)) ) ∘ π ∘ ρ (4.5)

Thus

x -_{U(x)π(γρ(−x)) (4.6)}

is a strongly continuous unitary representation of the translation group, implementing the translations in the representation π ∘ ρ. �

Notation: Let (H_0, π_0) be a vacuum representation and let ρ be an interpolating automorphism. We define U_ρ(x) := U_0(x)π_0(γ_ρ(−x)) (4.7) and denote the spectrum (of the generator) of U_ρ by S(ρ) where U_0 implements the translations in the representation π_0.

In order to establish the statement of Proposition 4.1.3, we shall prove that S(ρ) is contained in the closed forward light cone. For this purpose, we prove the additivity of the energy-momentum spectrum.

Lemma 4.1.5 : Let {ρ_j ∈ Aut(χ_j, A); j = 1, 2} be a pair of interpolating automorphisms, then the additivity of the energy-momentum spectrum holds: S(ρ_1) + S(ρ_2) ⊂ S(ρ_1ρ_2) .

Proof. The proof is standard and we can apply the methods which are used for the treatment of the DHR-framework [18, 19]. We also refer to [31]. The only difference which appears here consists of the fact that the representations ρ_j are localized in wedge regions and not in double cones. But for the proof it is sufficient that ρ_j acts as a symmetry on those observables which are localized in the right space-like complement of supp_I(ρ).

Let f_j, j = 1, 2, be test functions with suppf̃_j ⊂ S(ρ_j) and let a ∈ A(O) be a local operator. Then the operators a_j := ∫ dx f_j(x)γ_j(x)α_xa have energy-momentum transfer in suppf̃_j where γ_j is a cocycle of ρ_j.

This implies that Ψ_1 := π_0(a_1)Ω_0 ∈ H_0 has energy-momentum support in suppf̃_1 and that Ψ_2 := π_0(χ_1(a_2))Ω_0 ∈ H_0 has energy-momentum support in suppf̃_2. Moreover, Ψ := π_0(ρ_1(a_2)a_1)Ω_0 has energy-momentum support in suppf̃_1 + suppf̃_2 which remains also true for Ψ_y := π_0(ρ_1(a_2))U_{ρ1} (y)π_0(a_1)Ω_0 .

Using the cluster theorem and the fact that a_1 and a_2 are almost local operators we conclude that lim y^1−|y^0|→−∞ ||Ψ_y||^2 = lim y^1−|y^0|→−∞ ⟨Ω_0, π_0( a^∗_1 ρ_1(α_{−y}(a^∗_2a_2)) a_1 )Ω_0⟩

= lim y^1−|y^0|→−∞ ⟨Ω_0, π_0( a^∗_1 α_{−y}χ_1(a^∗_2a_2) a_1 )Ω_0⟩

= lim y^1−|y^0|→−∞ ⟨Ω_0, π_0(a^∗_1a_1)π_0(α_{−y}χ_1(a^∗_2a_2))Ω_0⟩

= lim y^1−|y^0|→−∞ ⟨Ω_0, π_0(a^∗_1a_1)U_0(−y)π_0(χ_1(a^∗_2a_2))Ω_0⟩

= ⟨Ω_0, π_0(a^∗_1a_1)Ω_0⟩⟨Ω_0, π_0(χ_1(a^∗_2a_2))Ω_0⟩

= ||Ψ_1||^2 ||Ψ_2||^2 .

We conclude that for ||Ψ_j|| ≠ 0 there exists at least one y ∈ R^2 such that Ψ_y ≠ 0. The lemma follows since the vector Ψ_y is a non-zero vector in the representation Hilbert space of ρ_1ρ_2 with spectral support in S(ρ_1) + S(ρ_2). � According to Section 3.2.3 (Theorem 3.2.3), there exists a conjugate ρ̄ ∈ Aut(χ^{−1}, A) for ρ which is given by ρ̄ := j ∘ χ^{−1} ∘ ρ ∘ j (4.8) where we have assumed the existence of a PCT-symmetry j for technical reasons. Lemma 4.1.6 : The interpolating automorphisms ρ^{−1} and ρ̄ are equivalent. In particular, S(ρ) = S(ρ^{−1}).

Proof. Since ρ is an automorphism, we conclude from Theorem 3.2.3 and [36, 58, 71] that π_χ ∘ ρ^{−1} and π_χ ∘ ρ̄ are unitarily equivalent for each symmetry χ, i.e.

[π_χ ∘ ρ^{−1}] = [π_χ ∘ ρ̄] .

This implies

S(ρ^{−1}) = S(ρ̄) = S(ρ)

and the proof is completed. �

Proposition 4.1.7 : For each automorphism ρ ∈ Aut(χ, A), the representation

π_0 ∘ ρ

is a positive energy representation.

Proof. Using the additivity of energy-momentum spectrum (Lemma 4.1.5), we conclude that S(ρ) + S(ρ^{−1}) ⊂ S(π_0). Since S(ρ) = S(ρ^{−1}) (Lemma 4.1.6), we finally obtain:

S(ρ) ⊂ V̄_+ . (4.9) � Proof of Proposition 4.1.3: For each automorphism ρ ∈ Aut(χ, A), we conclude from Proposition 4.1.7 and equation (4.4) that π_0 ∘ ρ is a positive energy representation which satisfies the required interpolation property. �

We close this section by discussing the relation between interpolating automorphisms and kink homomorphisms. For this purpose, we repeat some notions of Chapter 3.

For each vacuum sector e ∈ sec_0(A), we consider the nets

A^±_e : W ∈ W± - Ae(W )

where A_e(W ) is the W*-completion of the C*-algebra C^∗(A, W ), defined in Section 3.1.2. The corresponding C*-inductive limits C^∗(A^±_e ) are extensions of the C*-algebra C^∗(A). Furthermore, we denoted by id^±_e the identity of C^∗(A^±_e ). Let π_0 be a vacuum representation which belongs to e, then we denote by e_χ the vacuum sector [π_0 ∘ χ].

Proposition 4.1.8 : Let ρ ∈ Aut(χ, A) be an interpolating automorphism and let e ∈ sec_0(A) be a vacuum sector. Then there exists a unique kink homomorphism

ρ_{(e,eχ)} : C^∗(A^+_{eχ} ) - C^∗(A^+_e ) such that

ρ_{(e,eχ)}|_C∗_(A_) = ρ . (4.10)

Moreover, for each unitary operator v ∈ C^∗(A) one has:

(Ad(v) ∘ ρ)_{(e,eχ)} = Ad(v) ∘ ρ_{(e,eχ)} . (4.11)

Proof. Using the interpolation property (equation (4.1)) and the translation covariance of the representation π_0 ∘ ρ (Proposition 4.1.4), we conclude that there exist unique extensions (π_0 ∘ ρ)^+ and (π_0 ∘ ρ)^− of the representation π_0 ∘ ρ to the C*-algebras C^∗(A^+_{eχ} ) and C^∗(A^−_e ) respectively. According to Chapter 3, we obtain the desired C*-algebra homomorphism:

ρ_{(e,eχ)} := (π^+_0 )^{−1} ∘ (π_0 ∘ ρ)^+ .

Here π^+_0 denotes the extension of π_0 to the algebra C^∗(A^+_e ). Equation (4.11) is obviously fulfilled. �

4.2 A General Construction Scheme

In Section 4.2.1, we establish sufficient conditions for the existence of kink sectors. We use a general construction scheme which can also be applied if any two vacuum sectors are not related by a symmetry. Hence the results of the subsequent analysis go beyond those which have been presented in [31, 32].

We shall describe in Section 4.2.2 in which manner a multiple application of our construction scheme leads to states which can be interpreted as multi-kinks.

4.2.1 An Existence Criterion

We consider a Haag-Kastler net A of W*-algebras which possesses at least two inequivalent vacuum states.

Notation: We denote by A ⊗ A the net which is given by the twofold W*-tensor product of A, i.e.:

A ⊗ A : O - (A ⊗ A)(O) := A(O) ⊗ A(O) (4.12)

Theorem 4.2.1 : If there exists an interpolating automorphism β ∈ Aut(α_F , A ⊗ A), then for each pair of vacuum sectors e_1, e_2 ∈ sec_0(A) there exists a kink state ω ∈ S(e1, e2). Proof. It is obvious that the flip automorphism α_F , which is given by exchanging the tensor factors, is a symmetry of A ⊗ A. Let ω_1, ω_2 ∈ S_0(A) be vacuum states and let β ∈ Aut(α_F , A ⊗ A) be an α_F -interpolating automorphism. We denote by (H_j , π_j, Ω_j ) the GNS-triple of ω_j (j = 1, 2).

According to Proposition 4.1.7, π_β := π_1 ⊗ π_2 ∘ β|_C∗_(A_{)⊗}1 is a positive energy representation. Using the Theorem of Reeh and Schlieder, we conclude that π_β(C^∗(A, O_{LL} ∪ O_{RR}))Ω_1 ⊗ Ω_2 = π_1(C^∗(A, O_{LL}))Ω_1 ⊗ π_2(C^∗(A, O_{RR}))Ω_2 is dense in H_1 ⊗ H_2. Thus the representation π_β is cyclic and therefore unitarily equivalent to the GNS-representation of the state ω = ω_1 ⊗ ω_2 ∘ β|_C∗_(A_{)⊗}1 . (4.13) We derive from the properties of β the relations:

π_β|_C∗_(A_{,OLL)} ∼= π_1 ⊗ 1_{H2} |_C∗_(A_{,OLL)} ∼=_{quasi} π_1|_C∗_(A_{,OLL)} π_β|_C∗_(A_{,ORR)} ∼= 1_{H1} ⊗ π_2|_C∗_(A_{,OLL)} ∼=_{quasi} π_2|_C∗_(A_{,ORR)} where the symbol ∼=_{quasi} means quasi equivalent. Using the fact that for each wedge region W the von Neumann algebras A_{πj} (W ), j = 1, 2, are type III factors [21], we conclude by using standard arguments:

π_β|_C∗_(A_{,OLL)} ∼= π_1|_C∗_(A_{,OLL)} and π_β|_C∗_(A_{,ORR)} ∼= π_2|_C∗_(A_{,ORR)} . This implies that ω, given by equation (4.13), is a kink state which interpolates the vacua e_1 = [ω_1] and e_2 = [ω_2]. �

4.2.2 Multi-Kink States

Motivated by the result of the previous section, we introduce the notion of the interpolating product which turns out to be of practical advantage for the discussion of multi-kink states. Definiton 4.2.2 :

(1) Let β ∈ Aut(α_F , A ⊗ A) be an interpolating automorphism. We shall call the homomorphism Δ := β|_C∗_(A_{)⊗}1 : C^∗(A) - C^∗(A ⊗ A) (4.14) the interpolating co-product with respect to β.

(2) Let ω_1, ω_2 ∈ S(A) be locally normal states. The state μ_β(ω_1 ⊗ ω_2) := ω_1 ⊗ ω_2 ∘ Δ (4.15) is called the β-interpolating product of ω_1 and ω_2. Analogously, we define the β-interpolating product of two representations π_1, π_2.

Observation: We easily observe, that the sector [μ_β(ω_1 ⊗ ω_2)] depends only on the sectors [ω_1], [ω_2] and the interpolating sector [β] ∈ sec(α_F , A ⊗ A). Hence we obtain a well defined map

μ : sec(α_F , A ⊗ A) × sec(A) × sec(A) - sec(A) (4.16) which is given by (ι, θ_1, θ_2) - μ_ι(θ_1 ⊗ θ_2) := [μ_β(ω_1 ⊗ ω_2)] (4.17) with θ_j = [ω_j] and ι = [β].

Furthermore, we conclude from Proposition 4.1.4 that μ_β(π_1 ⊗ π_2) is translationally covariant if both, π_1 and π_2, are translationally covariant.

According to the proofs of Proposition 4.1.3 and Theorem 4.2.1, we easily derive the following generalization:

Corollary 4.2.3 : Let ω ∈ S(e_1, e_2) and ω̂ ∈ S(ê_1, ê_2) be kink states and let β be an α_F -interpolating automorphism. Then the β-interpolating product μ_β(ω ⊗ ω̂) (4.18) is a kink state in S(e_1, ê_2). In particular, let e_1, · · · , e_3 be vacuum sectors and let ι_1, ι_2 be α_F -interpolating sectors. Then μ_{ι1} (e_1 ⊗ μ_{ι2} (e_2 ⊗ e_3)) (4.19) is a kink sector in sec(e_1, e_3).

Since the right vacuum (source) of μ_{ι1} (e_1 ⊗ e_2) and the left vacuum (range) of μ_{ι2} (e_2 ⊗ e_3) coincide, i.e.

s(μ_{ι1} (e_1 ⊗ e_2)) = r(μ_{ι2} (e_2 ⊗ e_3)) = e_2 , (4.20) we can build the fusion (see Section 3.2.1):

μ_{ι1} (e_1 ⊗ e_2)μ_{ι2} (e_2 ⊗ e_3) ∈ sec(e_1, e_3) . (4.21) We shall prove that the kink sector, which is given by equation (4.19), is nothing else but the product sector (equation (4.21)).

Theorem 4.2.4 : Let e_1, · · · , e_3 be vacuum sectors and let ι_1, ι_2 be α_F -interpolating sectors. Then μ_{ι1} (e_1 ⊗ μ_{ι2} (e_2 ⊗ e_3)) = μ_{ι1} (e_1 ⊗ e_2)μ_{ι2} (e_2 ⊗ e_3) . (4.22) Let us establish another useful result, before we turn to the proof of Theorem 4.2.4.

Lemma 4.2.5 : Let e_1, e_2, e_3 ∈ sec_0(A) be vacuum sectors, let ρ ∈ Δ(1, e_2, e_3) be a kink homomorphism and let β ∈ Aut(α_F , A ⊗ A) be an interpolating automorphism. If the interpolation region supp_I(β) is contained in the space-like complement of supp(ρ), then (id^+_{e1} ⊗ ρ) ∘ β = β_{(e1⊗e2,e2⊗e1)} ∘ (ρ ⊗ id^+_{e1} ) .

Here β_{(e1⊗e2 ,e2⊗e1)} is the extension of β which is given due to Proposition 4.1.8.

Proof. Since supp_I(β) and supp(ρ) are space-like separated, we can choose a right wedge region W ∈ W_+ such that

β|_C∗_(A_⊗ A_{,W )} = α_F |_C∗_(A_⊗ A_{,W )} and ρ|_C∗_(A_{,W} ′_) = id_C∗_(A_{,W} ′_) . Let O be a double cone. Using the translation covariance of ρ and β, there are unitary intertwiners γ_ρ ∈ C^∗(A^+_{e2} ) and γ_β ∈ C^∗(A ⊗ A) such that the homomorphisms ρ̂ := Ad(γ^∗_ρ ) ∘ ρ and β̂ := Ad(γ^∗_β) ∘ β have the localizing properties:

β̂|_{C∗(}A_⊗ A_{,ORR)} = α_F |_{C∗(}A_⊗ A_{,ORR)} and ρ̂|_{C∗(}A_{,OLL)} = id_{C∗(}A_{,OLL)} . This implies for each a ∈ (A ⊗ A)(O):

(id^+_{e1} ⊗ ρ) ∘ β(a) = Ad(1 ⊗ γ_ρ) ∘ (id^+_{e1} ⊗ ρ̂) ∘ β(a) = Ad(1 ⊗ γ_ρ) ∘ β(a) = Ad((1 ⊗ γ_ρ)γ_β) ∘ β̂(a) = Ad((1 ⊗ γ_ρ)γ_β)(α_F (a)) Keeping in mind that γ_β intertwines also the extensions β_{(e1⊗e2,e2⊗e1)} and β̂_{(e1⊗e2,e2⊗e1)} (Proposition 4.1.8), we obtain on the other hand:

β_{(e1⊗e2,e2⊗e1)} ∘ (ρ ⊗ id^+_{e1} )(a) = Ad(γ_β) ∘ β̂_{(e1⊗e2,e2⊗e1)} ∘ (ρ ⊗ id^+_{e1} )(a) = Ad(γ_β) ∘ (id^+_{e1} ⊗ ρ)(α_F (a)) = Ad(γ_β(1 ⊗ γ_ρ))(α_F (a)) .

If the double cone O is large enough, i.e. O_{RR} ⊂ W and O ⊃ supp_I(β), then γ_ρ is contained in A_{e2} (W ) and γ_β is contained in C^∗(A ⊗ A, W^′). Thus 1 ⊗ γ_ρ and γ_β commute. Since O can be chosen arbitrarily large, the result follows. �

Proof of Theorem 4.2.4: Let β be an interpolating automorphism and let {π_j; j = 1, 2, 3} be vacuum representations, such that [β] = ι_1 and [π_j] = e_j. We choose a kink homomorphism ρ ∈ Δ(1, e_2, e_3) with [ρ] = μ_{ι2} (e_2 ⊗ e_3) and supp(ρ) ⊂ supp_I(β)^′. We conclude from Lemma 4.2.5:

(π_1 ⊗ (π^+_2 ∘ ρ)) ∘ β = (π_1 ⊗ π_2)^+ ∘ β_{(e1⊗e2,e2⊗e1)} ∘ (ρ ⊗ id^+_{e1} ) Let μ_β(π_1 ⊗ π_2)^+ be the extension of the kink representation μ_β(π_1 ⊗ π_2) to the algebra C^∗(A^+_{e2} ), then we obtain:

(π_1 ⊗ (π^+_2 ∘ ρ)) ∘ β|_C∗_(A_{)⊗}1 = μ_β(π_1 ⊗ π_2)^+ ∘ ρ|_C∗_(A_) . Finally, we get:

μ_{ι1} (e_1 ⊗ μ_{ι2} (e_2 ⊗ e_3)) = [μ_β(π_1 ⊗ π_2)^+ ∘ ρ|_C∗_(A_)]

= μ_{ι1} (e_1 ⊗ e_2)μ_{ι2} (e_2 ⊗ e_3) . � According to Theorem 4.2.4, multiple products of kink sectors can be computed in a very convenient manner. To illustrate this, we choose a family of interpolating automorphisms β_1, · · · , β_n ∈ Aut(α_F , A ⊗ A) and vacuum states ω_1, · · · , ω_{n+1} ∈ S_0(A) such that supp_I(β_j) ⊂ supp_I(β_{j+1})_{LL}, i.e. the double cone supp_I(β_j) is placed in the left space-like complement of supp_I(β_{j+1}). We conclude from Theorem 4.2.4 that the product sector

θ̂ := [μ_{β1} (ω_1 ⊗ ω_2)][μ_{β2} (ω_2 ⊗ ω_3)] · · · [μ_{βn} (ω_n ⊗ ω_{n+1})] can be represented by the state ω̂ := μ_{β1} (ω_1 ⊗ μ_{β2} (ω_2 ⊗ · · · μ_{βn} (ω_n ⊗ ω_{n+1}) · · · )) which describes a configuration of n space-like separated kinks. To justify this interpretation, we shall prove the corollary below. Corollary 4.2.6 : Let ω̂ be the product state, defined above. Then ∀a ∈ A(supp_I(β_j)_{RR} ∩ supp_I(β_{j+1})_{LL}) : ω̂(a) = ω_j(a) . (4.23)

Proof. We express ω̂ in terms of the interpolating co-products {Δ_j = β_j|_C∗_(A_{)⊗1}; j = 1, · · · , n}:

ω̂ = (ω_1 ⊗ · · · ⊗ ω_{n+1}) ∘ (id^{⊗n−1} ⊗ Δ_n) ∘ · · · ∘ (id ⊗ Δ_2) ∘ Δ_1 (4.24)

Let a be an observable which is localized in supp_I(β_j)_{RR} ∩ supp_I(β_{j+1})_{LL}, then we obtain:

(id^{⊗n−1} ⊗ Δ_n) ∘ · · · ∘ (id ⊗ Δ_2) ∘ Δ_1(a)

= (id^{⊗n−1} ⊗ Δ_n) ∘ · · · ∘ (id ⊗ Δ_2)(1 ⊗ a)

= (id^{⊗n−1} ⊗ Δ_n) ∘ · · · ∘ (id^{⊗j−1} ⊗ Δ_j)(1^{⊗(j−1)} ⊗ a)

= (id^{⊗n−1} ⊗ Δ_n) ∘ · · · ∘ (id^{⊗j} ⊗ Δ_{j+1})(1^{⊗(j−1)} ⊗ a ⊗ 1)

= 1^{⊗(j−1)} ⊗ a ⊗ 1^{⊗(n−j−1)} . Hence we have:

ω̂(a) = ω_j(a) . (4.25) � 4.3 Construction of Kink States via Universal Localizing Maps

In the previous section, the existence of an interpolating automorphisms is the crucial condition in order to construct kink states (Theorem 4.2.1). But how can we conclude whether the set of interpolating automorphisms is empty or not? It seems to be very difficult to decide this question by only assuming the Haag-Kastler axioms for the net A.

In order to formulate additional conditions for the net A we give a brief discussion of standard split inclusions in Section 4.3.1. Assuming the conditions, formulated in Section 4.3.1, we prove in Section 4.3.2 the existence of interpolating automorphisms which implies the main result of this section: For each pair of vacuum states there exists an interpolating kink state (Corollary 4.3.7).

4.3.1 Standard Split Inclusions and Universal Localizing Map

We now describe a concept, invented by S. Doplicher and R. Longo [20], which will play a crucial role for our subsequent analysis.

We consider a pair of W*-algebras A, B which are faithfully represented on a separable Hilbert space H.

Definiton 4.3.1 :

(a) If A is a sub-algebra of B, i.e. A ⊂ B, we call the pair (A, B) of W*- algebras a W*-inclusion. A vector ψ ∈ H is called a standard vector for the inclusion (A, B) if ψ is cyclic and separating for A, B and A^′ ∧ B.

(b) A W*-inclusion (A, B) is called split if there exists a type I factor N such that A ⊂ N ⊂ B. If ψ ∈ H is a standard vector for (A, B), the triple (A, B, ψ) is called a standard split inclusion.

Remark: We note that the group U(H) of unitary operators on H acts on the set of all standard split inclusions Λ = (A, B, ψ). Indeed, let u ∈ U(H) be a unitary operator, then uΛ := (uAu^∗, uBu^∗, uψ) is also a standard split inclusion.

Proposition 4.3.2 : Let Λ = (A, B, ψ) be a standard split inclusion. Then the following statements hold:

(1) There exists a unitary operator w_Λ : H⊗H → H such that the W*-isomorphism Ψ_Λ := Ad(w_Λ) satisfies the relation:

Ψ_Λ(b^′ ⊗ a) = b^′a for each b^′ ∈ B^′ and for each a ∈ A

(2) There exists a canonical type I factor N_Λ between A and B, which is given by A ⊂ Ψ_Λ(1_H ⊗ B(H)) = N_Λ ⊂ B .

(3) Let u be a unitary operator in U(H). Then

Ψ_{uΛ} = Ad(u) ∘ Ψ_Λ ∘ Ad(u^∗ ⊗ u^∗) .

Proof. The proof is standard and can be obtained from [20, 9]. For reasons of convenience, we cite the main steps of it here.

(1) Since Λ is a split inclusion, there is a (canonical) product vector ϕ_Λ ∈ H, such that ⟨ϕ_Λ, b^′aϕ_Λ⟩ = ⟨ψ, b^′ψ⟩ · ⟨ψ, aψ⟩ for each b^′ ∈ B^′ and for each a ∈ A and ϕ_Λ is cyclic for B^′ ∨ A. Hence w_Λ(b^′aϕ_Λ) := b^′ψ ⊗ aψ defines a unitary operator with the desired property.

(2) We conclude from the construction of w_Λ: A = Ψ_Λ(1_H ⊗ A) = w_Λ(1_H ⊗ A)w^∗_Λ

B^′ = Ψ_Λ(B^′ ⊗ 1_H) = w_Λ(B^′ ⊗ 1_H)w^∗_Λ and therefore A ⊂ Ψ_Λ(1_H ⊗ B(H)) ⊂ B .

(3) By a straight forward computation, we obtain uw_Λ(u^∗ ⊗ u^∗) = w_{uΛ} which implies the result. � Notation: We shall call the W*-isomorphism Ψ_Λ, which is given above, the universal localizing map of the standard split inclusion Λ.

Let A be a translationally covariant Haag-Kastler net. Each pair (ω, O) which

consists of a state ω and a double cone O, can be identified with a W*-inclusion: (ω, O) - (A_π(O_{RR}), A_π(O_R)) where π is the GNS-representation of ω.^1

1Alternatively, we can also choose the inclusion (Aß(OLL), Aß(OL)). For our purpose, it is sufficient to consider one of both possibilities.

Definiton 4.3.3 : Let ω ∈ S(A) be a state and O be a double cone. We denote by (H, π, Ω) the GNS-triple of ω. We shall call the pair (ω, O) a standard split inclusion if Λ := (A_π(O_{RR}), A_π(O_R), Ω) is a standard split inclusion. Furthermore, we write Ψ_{(ω,O)} for the universal localizing map of the inclusion Λ.

An application of Proposition 4.3.2 gives:

Corollary 4.3.4 : Let ω ∈ S(A) be a translationally covariant state and let O be a double cone. If Λ = (ω, O) is a standard split inclusion, then the statements below hold.

(1) ∀x ∈ R^2: Λ(x) := (ω ∘ α_x, O + x) is a standard split inclusion. (2) Let U be the implementation of the translation group in the GNS-representation π of ω. Then the universal localizing map Ψ_{(ω,O)} is translationally covariant:

Ψ_{Λ(x)} = Ad(U(x)) ∘ Ψ_Λ ∘ Ad(U(−x) ⊗ U(−x)) .

Proposition 4.3.5 : Let ω, ω_1, ω_2 ∈ S_0(A) be vacuum states. Then the statements, listed below, are true.

(1) Let O ⊂ Ô be an inclusion of double cones. If Λ = (ω, O) is a standard split inclusion, then Λ̂ = (ω, Ô) is a standard split inclusion.

(2) If Λ_1 = (ω_1, O_1) and Λ_2 = (ω_2, O_2) are standard split inclusions, then the tensor product Λ_1 ⊗ Λ_2 := (ω_1 ⊗ ω_2, O_1 ∪ O_2) is a standard split inclusion.

Proof. Let (H, π, Ω) and (H_j, π_j, Ω_j) be the GNS-triples of ω and ω_j ; j = 1, 2 respectively.

(1) Using the Reeh-Schlieder property of the GNS-vector Ω, we conclude that for each double cone O, Ω is a standard vector for the inclusion (Aπ(ORR), Aπ(OR)) . If the inclusion (A_π(O_{RR}), A_π(O_R)) is split, then the inclusion (A_π(Ô_{RR}), A_π(Ô_R)) is split for O ⊂ Ô. Thus Λ̂ is a standard split inclusion which implies (1).

(2) By (1), it is sufficient to prove (2) for the case O_1 = O_2. If Λ_1 = (ω_1, O) and Λ_2 = (ω_2, O) are standard split inclusions, then we conclude from [20, capter 9] that the tensor product Λ_1 ⊗ Λ_2 = (ω_1 ⊗ ω_2, O) is also a standard split inclusion which implies (2). Note that the relation

(Aπ_1 ⊗ Aπ_2 )(W ) = Aπ_1 (W ) ⊗ Aπ_2 (W ) holds for each wedge region W . � 4.3.2 Construction of Interpolating Automorphisms and Kink States

The results of the previous section can be used to formulate conditions for the existence of interpolating kink states. First, we shall prove the following result:

Theorem 4.3.6 : Let χ ∈ Sym(A) be a symmetry, let ω ∈ S_0(A) be a vacuum state and let O be a double cone such that:

(a) The vacuum ω is χ-invariant: ω ∘ χ = ω.

(b) The pair Λ = (ω, O) is a standard split inclusion.

Then there exists a canonical χ-interpolating automorphism χ^Λ ∈ Aut(χ, A) which depends on the inclusion Λ.

Before we prepare the proof, we want to discuss some consequences and applications of Theorem 4.3.6.

The statement of Theorem 4.2.1 tells us that the existence of an α_F -interpolating automorphism β ∈ Aut(α_F , A ⊗ A) of the twofold theory A ⊗ A is a sufficient condition for the existence of interpolating kink states. We conclude from Theorem 4.3.6:

Corollary 4.3.7 : If there exists a vacuum state ω_0 ∈ S_0(A) such that Λ = (ω_0, O) is a standard split inclusion for a double cone O, then for each pair of vacuum states ω_1, ω_2 ∈ S_0(A) there exists a kink state ω ∈ S(ω_1, ω_2) .

Proof. Let us suppose that Λ = (ω_0, O) is a standard split inclusion. Since the state ω_0 ⊗ ω_0 is α_F -invariant and Λ ⊗ Λ is a standard split inclusion (Proposition 4.3.5), the conditions (a) and (b) of Theorem 4.3.6 are fulfilled. Hence there is a canonical α_F -interpolating automorphism

β^Λ = α^{Λ⊗Λ}_F ∈ Aut(α_F , A ⊗ A)

associated with Λ. Finally, we conclude from Theorem 4.2.1 that the interpolating product

μ_βΛ (ω_1 ⊗ ω_2) ∈ S(ω_1, ω_2)

is a kink state for each pair of vacuum states ω_1, ω_2 ∈ S_0(A). �

Preparation of the proof of Theorem 4.3.6: We assume that ω is a χ-invariant vacuum state and that there is a double cone O such that Λ = (ω, O) is a standard split inclusion. First, we shall show that the pair (χ, Λ) induces an automorphism χ^Λ of the C*-algebra C^∗(A).

Observation: Since ω is χ-invariant, there is a unitary operator u which implements χ in the GNS-representation π of ω, i.e.:

π ∘ χ = Ad(u) ∘ π (4.26)

Let Ψ_Λ be the universal localizing map which corresponds to the standard split inclusion Λ = (ω, O), then

u_Λ := Ψ_Λ(1_H ⊗ u) (4.27)

is a unitary operator which is contained in A_π(O_R). Moreover, we have for each a ∈ C^∗(A, O_{RR}) and for each a^′ ∈ C^∗(A, O_{LL}):

u_Λπ(a) = π(χ(a))u_Λ and u_Λπ(a^′) = π(a^′)u_Λ . (4.28)

Lemma 4.3.8 : Let u_Λ be the unitary operator, given above. If the double cone Ô contains O, then Ad(u_Λ)(A(Ô)) ⊂ A_π(Ô) .

Proof. We choose an operator b ∈ C^∗(A, Ô_{RR}) and we obtain by using equation (4.28):

u_Λπ(a)u^∗_Λπ(b) = u_Λπ(aχ(b))u^∗_Λ = u_Λπ(χ(b)a)u^∗_Λ = π(b)u_Λπ(a)u^∗_Λ This implies that the operator u_Λπ(a)u^∗_Λ is contained in A_π(Ô_{RR})^′ = A_π(Ô_L). On the other hand, u_Λπ(a)u^∗_Λ is also contained in A_π(Ô_R). By using Haag duality for the net A_π, we finally conclude that u_Λπ(a)u^∗_Λ ∈ A_π(Ô_R) ∧ A_π(Ô_L) = A_π(O) which completes the proof. � Observation: According to Lemma 4.3.8, the automorphism Ad(u_Λ) maps local algebras into local algebras. Since π is a faithful representation of C^∗(A), it follows that χ^Λ : a - π^{−1}(u_Λπ(a)u^∗_Λ) is a well defined automorphism of C^∗(A).

Lemma 4.3.9 : Let χ^Λ be the automorphism, given above. Then there exists a strongly continuous map γ_Λ : R^2 → C^∗(A) with the properties: (1) Ad(γ_Λ(x)) = α_x ∘ χ^Λ ∘ α_{−x} ∘ (χ^Λ)^{−1} . (4.29) (2) The operators γ_Λ(x) fulfill the cocycle condition: γ_Λ(x + y) = α_x(γ_Λ(y))γ_Λ(x) . (4.30) Proof. The translation covariance of the universal localizing map implies u_{Λ(x)} = U(x)u_ΛU(−x), where U implements the translations in the vacuum representation π. This implies for O_{RR} ⊃ O_{RR} + x and a ∈ C^∗(A, O_{RR} + x): π(χ(a)) = u_Λπ(a)u^∗_Λ = u_{Λ(x)}π(a)u^∗_{Λ(x)} .

Hence u_{Λ(x)}u^∗_Λ is contained in A_π(O_L+x). On the other hand u_{Λ(x)}u^∗_Λ is contained

in Aπ(OR) and we obtain by using Haag duality:

u_{Λ(x)}u^∗_Λ ∈ A_π(O_R ∩ (O_L + x)) .

For the case O_{RR} ⊂ O_{RR} + x, we obtain analogously: u_{Λ(x)}u^∗_Λ ∈ A_π((O_R + x) ∩ O_L) .

Writing x ∈ R^2 as a sum of space-like vectors x = x_1 + x_2, x_1 ∈ W_+ and x_2 ∈ W_−, we conclude that for each x the operator u_{Λ(x)}u^∗_Λ is contained in A_π(O_x), where O_x is a sufficiently large double cone. For each x we define the unitary operator γ_Λ(x) := π^{−1}(u_{Λ(x)}u^∗_Λ) ∈ A(O_x) . (4.31) This implies the relation

α_x ∘ χ^Λ ∘ α_{−x} ∘ (χ^Λ)^{−1} = π^{−1} ∘ Ad(u_{Λ(x)}u^∗_Λ) ∘ π = Ad(γ_Λ(x)) . It remains to be proven that γ_Λ fulfills the cocycle condition: γ_Λ(x + y) = π^{−1}(u_{Λ(x+y)}u^∗_Λ)

= π^{−1}(u_{Λ(x+y)}u^∗_{Λ(x)}u_{Λ(x)}u^∗_Λ)

= π^{−1}(U(x)u_{Λ(y)}u^∗_ΛU(−x)u_{Λ(x)}u^∗_Λ)

= π^{−1}(U(x)u_{Λ(y)}u^∗_ΛU(−x))π^{−1}(u_{Λ(x)}u^∗_Λ)

= α_x(γ_Λ(y))γ_Λ(x) which completes the proof. �

Proof of Theorem 4.3.6. According to Lemma 4.3.8 and Lemma 4.3.9, we conclude that χ^Λ is a χ-interpolating automorphism whose interpolation region is localized in O, i.e.

χ^Λ|_C∗_(A_{,ORR)} = χ|_C∗_(A_{,ORR)} and χ^Λ|_C∗_(A_{,OLL)} = id_C∗_(A_{,OLL)} . �

4.4 Miscellaneous Results

In the present section, we investigate the question how large the class of kink sectors is which can be obtained via our construction scheme. Furthermore, assuming that the constructed kink representations contain massive one-particle representations, we establish a lower bound for the corresponding kink masses.

4.4.1 A Completeness Theorem for Simple Kink Sectors

According to Theorem 4.2.1, a kink sector can be constructed if a pair of vacuum sectors and an α_F -interpolating automorphism is given. But how large is the set of kink sectors which can be obtained in such a way? We shall see that this set contains, for instance, simple kink sectors (see Definition 4.4.2 below).

First, let us establish a preliminary result. We consider a standard split inclusion Λ = (A, B, Ω) on a Hilbert space H and denote by Ψ_{Λ⊗Λ} the universal localizing map with respect to the inclusion Λ ⊗ Λ. Moreover, let u_F be the unitary operator, acting on H ⊗ H by exchanging the factors in the tensor product, i.e.: u_F : ψ_1 ⊗ ψ_2 - ψ_2 ⊗ ψ_1 .

The unitary operator θ_Λ := Ψ_{Λ⊗Λ}(1 ⊗ u_F ) (4.32) is contained in B ⊗ B and implements the flip on A ⊗ A.

Lemma 4.4.1 : Let θ_Λ be the unitary operator, given by equation (4.32). Then B^′ ⊗ A ⊂ θ_Λ(B(H) ⊗ 1)θ_Λ ⊂ A^′ ⊗ B .

Proof. If c ∈ B(H), a ∈ A and b^′ ∈ B^′, then we have

θ_Λ(c ⊗ 1)θ_Λ (a ⊗ b^′) = θ_Λ(c ⊗ ab^′)θ_Λ = (a ⊗ b^′) θ_Λ(c ⊗ 1)θ_Λ which implies:

θ_Λ(B(H) ⊗ 1)θ_Λ ⊂ A^′ ⊗ B .

On the other hand, we obtain analogously: θ_Λ(1 ⊗ B(H))θ_Λ ⊂ B ⊗ A^′

This finally gives:

B^′ ⊗ A ⊂ [θ_Λ(1 ⊗ B(H))θ_Λ]^′ = θ_Λ(B(H) ⊗ 1)θ_Λ . � Definiton 4.4.2 : We shall call a kink sector θ ∈ sec(e_1, e_2) simple if wedge duality holds in a kink representation π which belongs to θ.

Theorem 4.4.3 : Let ω ∈ S(e_1, e_2) be a kink state which belongs to a simple sector. If Λ = (ω, O) is a standard split inclusion for a double cone O, then there exists an α_F -interpolating sector ι ∈ sec(α_F , A ⊗ A) such that the interpolating product μ_ι(e_1 ⊗ e_2) is a countably infinite multiple of [ω].

Proof. Let (H, π, Ω) be the GNS triple of ω and define A := A_π(O_{RR}) and B :=

Aπ(OR). According to Lemma 4.4.1, we obtain:

θ_Λ(π(a) ⊗ 1)θ_Λ ∈ A_π(O_L) ⊗ A_π(O_R) .

Since duality holds in the representation π, we conclude that β := (π ⊗ π)^{−1} ∘ Ad(θ_Λ) ∘ (π ⊗ π) is a well defined α_F -interpolating automorphism (compare also Theorem 4.3.6). We can choose unitary operators v_1 and v_2, such that Ad(v_1) ∘ π|_C∗_(A_{,OL)} = π_1|_C∗_(A_{,OL)} and Ad(v_2) ∘ π|_C∗_(A_{,OR)} = π_2|_C∗_(A_{,OR)} and we obtain by a straight forward computation: Ad(θ_Λ(v^∗_1 ⊗ v^∗_2)) ∘ μ_β(π_1 ⊗ π_2) = π ⊗ 1_H . �

4.4.2 A Lower Bound Estimate for the Kink Mass

In order to discuss the mass of kink (soliton) states, we consider theories, given by a Haag-Kastler net A, which possess massive vacuum states. Furthermore, we assume the existence of at least one α_F -interpolating automorphism β ∈ Aut(α_F , A ⊗ A).

We briefly give the definition of massive vacuum and massive one-particle states here (see also Figure 4.1 for illustration).

Let ω be a translationally covariant state and denote by U an implementation of the translation group in the GNS-representation of ω.

(1) The state ω is called a massive vacuum state if the spectrum of (the generator of) U consists of {0} and a subset of C_μ := {p ∈ R^2 : p^2 > μ^2; p_0 ≥ 0} where μ > 0 is a positive real number, called the mass gap of ω. We denote the set of all massive vacuum states with mass gap μ by S_0(μ).

(2) If the spectrum of (the generator of) U consists of the mass shell H_m := {p ∈ R^2 : p^2 = m^2; p_0 ≥ 0} and a subset of C_{μ+m}, then we call ω a massive one-particle state with mass m > 0.

μ m

Figure 4.1: The left picture shows the spectrum of a massive vacuum state and the picture on the right side shows the spectrum of a massive one-particle state.

It has been shown [10, 23, 70], that for each massive one-particle state ω (in two space-time dimensions), there exist two massive vacuum states ω_1, ω_2, such that ω interpolates ω_1 ∈ S_0(μ_1) and ω_2 ∈ S_0(μ_2).

Conversely, if two inequivalent massive vacuum states ω_1 ∈ S_0(μ_1) and ω_2 ∈

S0(μ2) are given, then there exists a kink state ω which interpolates ω1 and ω2,

namely

ω = μ_β(ω_1 ⊗ ω_2) .

We denote by S(π) the spectrum of U_π(x), where U_π is a strongly continuous representation of the translation group which implements α_x in the GNS-representation π of ω. Note that, if the vacuum states ω_1 and ω_2 are inequivalent, then it follows that 0 /∈ S(π).

From Proposition 4.1.7, we conclude that S(π) is a subset of the closed forward light cone which does not contain the point k = 0. Hence we have S(π) ⊂ 1 2 (S(π_1) + S(π_2)) (4.33)

and obtain the estimate:

inf(S(π)) ≥ 1 2 min(μ_1, μ_2) . (4.34)

Here the infimum inf(S(π)) is defined as the the infimum of the spectrum of the mass operator M = (P_μP^μ)^{1/2}, where P is the generator of the translation group U_π.

Finally, we conclude that, if the kink sector [μ_β(ω_1 ⊗ ω_2)] contains a massive one-particle sector, then its corresponding mass m fulfills the lower bound estimate: m ≥ 1 2 min(μ_1, μ_2) .

Kink States in Quantum Field Theory Models 5

5.1 Interpolating Automorphisms in Quantum Field Theory Models

As we can see from the discussion of Chapter 4, interpolating automorphisms are a key tool in order to construct kink states. In this section we establish sufficient conditions for the existence of interpolating automorphisms for a concrete quantum field theory model.

5.1.1 Preliminary Results

Let us consider a net of Cauchy data M which is represented on a separable Hilbert space H_0 (see Section 2.1). According Proposition 2.1.2, a translationally covariant Haag-Kastler net, which we shall denote by A_α, can be constructed from a given net of Cauchy data M and a dynamics α ∈ dyn(M).

Definiton 5.1.1 : We denote by G(M) the group of unitary operators u ∈ B(H_0) whose adjoint actions χ_u := Ad(u) commute with the spatial translations, i.e.: χ_u ∘ αx = αx ∘ χ_u . Let α ∈ dyn(M) be a dynamics of the net M. Then we define the following subgroup of G(M):

G(α, M) := {u ∈ G(M)|χ_u ∘ α_t = α_t ∘ χ_u for each t ∈ R.}

Remark: Each operator u ∈ G(α, M) induces a symmetry of the Haag-Kastler

net Aα.

We make the following assumptions for the net of Cauchy data M:

Assumption:

(a) The net M fulfills duality, i.e.

M(I)^′ = M(ILL) ∨ M(IRR) (5.1)

(b) There exists a dynamics α_0 and a normalized vector Ω_0 in H_0, such that ω_0 = ⟨Ω_0, (·)Ω_0⟩ is a vacuum state with respect to the dynamics α_0.

(c) For each bounded interval I, the inclusion (M(IRR), M(IR)) is split.

According to our assumption, we conclude form the Theorem of Reeh and Schlieder that Ω_0 is a standard vector for the inclusion (M(I_{RR}), M(I_R)) which implies that Λ(I) := (M(I_{RR}), M(I_R), Ω_0) (5.2) is a standard split inclusion for each interval I. We denote by Ψ_I the universal localizing map of the inclusion Λ(I).

Remark: We shall make a few remarks on the assumptions given above.

(i) The results, which we shall establish in the following, remain to be correct if the net of Cauchy data fulfills twisted duality instead of duality [62, 78].

(ii) For the application of our analysis to quantum field theory models, like P (ϕ)_2- or Yukawa_2 models, we can choose as Cauchy data tensor products of the time-zero algebras of the massive free Bose or Fermi field. The time-zero algebras of the massive free Bose field fulfill the assumptions (a) [63] and (b) and we shall proof in Appendix A (compare also [8]) that (c) is also fulfilled. Replacing duality by twisted duality, the assumptions (a) to (c) hold for the massive free Fermi field, too [78].

(iii) The state ω_0 plays the role of a free massive vacuum state, called the bare vacuum.

Proposition 5.1.2 : Let u ∈ G(M) be an operator and let I be a bounded interval. Then there exists a canonical automorphism χ^I_u with the properties:

(1) The relations

χ^I_u|_C∗_(M_{,ILL)} = id_C∗_(M_{,ILL)} and χ^I_u|_C∗_(M_{,IRR)} = χ_u|_C∗_(M_{,IRR)} (5.3) hold.

(2) There exists a strongly continuous map γ^1_{(u,I)} : Σ → C^∗(M) such that: (i) Ad(γ^1_{(u,I)}(x)) = αx ∘ χ^I_u ∘ α_−x ∘ (χ^I_u)^{−1} .

(ii) The cocycle condition is fulfilled: γ^1_{(u,I)}(x + y) = αx(γ^1_{(u,I)}(y))γ^1_{(u,I)}(x) .

Proof.

(1) In the same manner as in the proof of Lemma 4.3.8, we show that Ad(Ψ_I (1 ⊗ u))(M(Î)) ⊂ M(Î) if the interval Î contains I. This implies that χ^I_u := Ad(Ψ_I (1 ⊗ u)) is a well defined automorphism of C^∗(M). By using the properties of the universal localizing map Ψ_I, we conclude that χ^I_u fulfills equation (5.3).

(2) Using the proof of Lemma 4.3.9, we conclude that the statement (2) holds where γ^1_{(u,I)}(x) is given by:

γ^1_{(u,I)}(x) = Ψ_{I+}x(1 ⊗ u)Ψ_I (1 ⊗ u^∗) . �

5.1.2 A Non-Local Extension of the Net of Cauchy Data

The automorphisms χ^I_u, which have been constructed in the previous section, seem to be good candidates for χ_u-interpolating automorphisms. To decide whether χ^I_u is an interpolating automorphism, we have to investigate how χ^I_u is transformed under the action of a dynamics α.

Let α be a dynamics and G ⊂ G(α, M) be a finite subgroup. By using the universal localizing map Ψ_I , we obtain for each bounded interval I a unitary representation of G

U_I : G ∋ g - U_I (g) := Ψ_I (1 ⊗ g) ∈ M(I_R) .

In the previous section it has been shown that U_I (g) implements an automorphism χ^I_g which is covariant under spatial translations (Proposition 5.1.2). For a dynamics α ∈ dyn(M), we wish to construct a cocycle γ_{(g,I)} in order to show that χ^I_g is an interpolating automorphism. The formal operator

γ_{(g,I)}(t, x) := α_{(t,}x_)(U_I (g))U_I (g)^∗

seems to be a useful Ansatz since it formally implements the automorphism

α_{(t,}x_) ∘ χ^I_g ∘ α_{(−t,−}x_) ∘ (χ^I_g )^{−1} .

Unfortunately, the operators U_I (g) are not contained in C^∗(M) and the term α_{(t,}x_)(U_I (g)) has no well defined mathematical meaning. To get a well defined solution for γ_{(g,I)}, we construct an extension of the net M which contains the operators U_I (g) (compare also [62]).

Definiton 5.1.3 : Let G ⊂ G(M) be a compact sub-group. The net M o G is defined by the assignment

M o G : I → (M o G)(I) := M(I) ∨ UI (G)^{′′} .

To investigate the properties of the net M o G, we briefly explain the notion of crossed products of von Neumann algebras by compact groups. A detailed description can be found in text books, for example [7]. We also refer to [46].

(i) Let us consider a W*-algebra A, represented on a separable Hilbert space H, and a compact group G, acting by automorphisms χ_g ∈ Aut(A) on A. We denote by K(G, H) the vector space of all H-valued continuous functions on G. Consider the inner product ⟨ξ|ζ⟩ := ∫ dμ(g) ⟨ξ(g), ζ(g)⟩ where ξ and ζ are functions in K(G, H) and μ denotes the normalized Haar measure on G. We denote by L_2(G, H) the completion of K(G, H) with respect to the inner product ⟨·|·⟩.

(ii) On the Hilbert space L_2(G, H) we define representations π of A and U of G as follows: (π(a)ξ)(g) := χ^{−1}_g (a)ξ(g) , a ∈ A (U(g_1)ξ)(g) := ξ(g^{−1}_1 g) Denote by 1 the unit of G and by 1 the unit of A. Obviously, U(1) = π(1) is the identity operator on L_2(G, H). The crossed product A o G of A by G is the von Neumann algebra on L_2(G, H) which is generated by π(A) and U(G). For a compact subgroup G ⊂ G(M) and a bounded interval I, G acts by automorphisms on M(I) via the group homomorphism χ^I : G ∋ g - χ^I_g ∈ Aut(M(I)) and we can construct the crossed product M(I) o G. Proposition 5.1.4 : Let I be a bounded interval, then the map

π^I : M(I) o G ∋ a · g - a U_I (g) ∈ M(I) ∨ U_I(G)^{′′} is a faithful representation of the crossed product M(I) o G. Proof. First, we easily observe that π^I is a well defined representation of

M(I) o G. According to [46, Theorem 2.2, Corollary 2.3], we conclude that the

crossed product M(I) o G is isomorphic to the von Neumann algebra M(I) ∨ U_I(G)^{′′} and π^I is a W*-isomorphism. �

Definiton 5.1.5 : A one parameter automorphism group α, which satisfies the conditions, listed below, is called a G-dynamics of the extended net M o G.

(a) α is a dynamics of the net M o G (Definition 2.1.1). (b) The automorphisms α_t commute with the automorphisms χ_g, i.e.

α_t ∘ χ_g = χ_g ∘ α_t ; for each t ∈ R and for each g ∈ G. The set of all G-dynamics of M o G is denoted by dyn_G(M o G). Proposition 5.1.6 : Let α ∈ dyn_G(Mo G) be a G-dynamics and I be a bounded interval. Then the operator γ^0_{(g,I)}(t) := α_t(U_I (g))U_I (g)^∗ is contained in M(I_{|t|}) where I_{|t|} denotes the enlarged interval I + (−|t|, |t|) and the operator γ_{(g,I)}(t, x) := α_{(t,}x_)(U_I (g))U_I (g)^∗ fulfills the cocycle condition of Definition 4.1.2.

Proof. For a ∈ C^∗(M, I_{|t|,RR}), the operator α_{−t}(a) is contained in C^∗(M, I_{RR}) which implies a α_t(U_I (g))U_I (g)^∗ = α_t(α_{−t}(a)U_I(g))U_I (g)^∗

= α_t(U_I (g)χ_gα_{−t}(a))U_I (g)^∗

= α_t(U_I (g)α_{−t}χ_g(a))U_I (g)^∗

= α_t(U_I (g))χ_g(a)U_I(g)^∗

= α_t(U_I (g))U_I (g)^∗ a and we conclude: α_t(U_I (g))U_I (g)^∗ ∈ C^∗(M, I_{|t|,RR})^′ = M(I_{|t|,L}) By a similar argument, α_t(U_I (g))U_I (g)^∗ is contained in M(I_{|t|,R}) and we conclude from duality that it is contained in M(I_{|t|}). The cocycle condition for γ_{(g,I)} is obviously fulfilled and the proposition follows. �

5.1.3 A Criterion for the Existence of Interpolating Automorphisms

Definiton 5.1.7 : Let α ∈ dyn(M) be a dynamics and G ⊂ G(M) be a compact subgroup. We shall call α G-extendible if there exists a G-dynamics α̂ of the extended net M o G, such that α̂_t|_C∗_(M_) = α_t for each t ∈ R.

We are now prepared to formulate a criterion for the existence of interpolating automorphisms.

Theorem 5.1.8 : If α ∈ dyn(M) is a G-extendible dynamics, then the automorphism χ^I_g , which can be constructed by Proposition 5.1.2, is a χ_g-interpolating automorphism of A_α.

Proof. As postulated, there exists an extension α̂ ∈ dyn_G(M o G) of α. We show that for each g ∈ G the operator γ^0_{(g,I)}(t) := α̂_t(U_I (g))U_I (g)^∗ implements the automorphism α_t ∘ χ^I_g ∘ α_{−t} ∘ (χ^I_g )^{−1} on C^∗(M). Indeed, we have for each a ∈ C^∗(M):

Ad(γ^0_{(g,I)}(t))a = α̂_t(U_I (g))U_I (g)^∗ a U_I (g)α̂_t(U_I (g))^∗

= α̂_t(U_I (g)) (χ^I_g )^{−1}(a) α̂_t(U_I (g))^∗ = α̂_t ( U_I (g)α_{−t} ( (χ^I_g )^{−1}(a) ) U_I (g)^∗ )

= α_t ( U_I (g)α_{−t} ( (χ^I_g )^{−1}(a) ) U_I (g)^∗ )

= α_t ∘ χ^I_g ∘ α_{−t} ∘ (χ^I_g )^{−1}(a)

Finally we conclude from Proposition 5.1.6 that χ^I_g is a χ_g-interpolating automorphism. �

The dynamics α of P (ϕ)_2- and Yukawa_2 models are locally implementable by unitary operators. More precisely, for each bounded interval I and for each positive number τ > 0, there exists a unitary operator u(I, τ |t) with the properties:

(1) If |t_1|, |t_2|, |t_1 + t_2| < τ , then we have u(I, τ |t_1 + t_2) = u(I, τ |t_1)u(I, τ |t_2) . (2) For |t| < τ , the operator u(I, τ |t) implements α_t on M(I), i.e.: α_t(a) = u(I, τ |t) a u(I, τ |t)^∗ ; for each a ∈ M(I). (5.4) Let G ⊂ G(α, M) be a compact sub-group. In order to show that α is G-extendible, it is sufficient to prove that the operators u(I_1, τ |t)U_I(g)u(I_1, τ |t)^∗ , which are the obvious candidates for α̂(U_I (g)), are independent of I_1 for I_1 ⊃ I and |t| ≤ τ . Lemma 5.1.9 : If for each I ⊂ I_1, for each τ < τ_1 and for each g ∈ G the equation u(I, τ |t)U_I(g)u(I, τ |t)^∗ = u(I_1, τ_1|t)U_I (g)u(I_1, τ_1|t)^∗ (5.5) holds, then the dynamics α is G-extendible. Here u(I, τ |t) are unitary operators which fulfill equation (5.4).

Proof. Let (I_n, τ_n)_{n∈N} be a sequence, such that lim_n I_n = R and lim_n τ_n = ∞. We conclude from our assumption (equation (5.5)) that the uniform limit α̂_t(a) := lim_{n→∞} Ad(u(I_n, τ_n|t))(a) exists. Thus α̂ : t - α̂_t is a well defined one-parameter automorphism group, extending the dynamics α. It remains to be proven that α̂ has propagation speed ps(α̂) ≤ 1. Since α̂ is an extension of α and ps(α) ≤ 1, we conclude for each a ∈ C^∗(M, I_{|t|,RR}) and for each b ∈ C^∗(M, I_{|t|,LL}): ab α̂_t(U_I (g)) = α̂_t(α_{−t}(a)α_{−t}(b)U_I (g)) = α̂_t(U_I (g)α_{−t}χ_g(a)α_{−t}(b)) = α̂_t(U_I (g)) χ_g(a)b Thus the operator α̂_t(U_I (g)) is contained in M(I_{|t|,R}) and implements χ_g on

M(I|t|,RR). This finally implies: α̂_t(U_I (g))U_{I|t|} (g)^∗ ∈ M(I_{|t|}) and the lemma follows. �

5.1.4 A Criterion for the Existence of Interpolating Kink States

Let us consider the twofold W*-tensor product of the net of Cauchy data, i.e.:

M ⊗ M : I - M(I) ⊗ M(I)

Observation:

(i) If the net M fulfills the conditions (a) to (c) of Section 5.1.1, then the net

M ⊗ M fulfills them, too.

(ii) Let α ∈ dyn(M) be a dynamics of M, then α^{⊗2} is a dynamics of M ⊗ M.

Note that the flip operator u_F , which is given by

u_F : H_0 ⊗ H_0 - H_0 ⊗ H_0 ; ψ_1 ⊗ ψ_2 - ψ_2 ⊗ ψ_1 is contained in G(α^{⊗2}, M ⊗ M). Hence u_F induces an embedding of Z_2 into G(α^{⊗2}, M ⊗ M).

(iii) According to Section 5.1.2, we can construct a non-local extension

M̂ := (M ⊗ M) o Z2

of the twofold net M ⊗ M. Let Ψ_I be the universal localizing map of the standard split inclusion

Λ(I) ⊗ Λ(I) = (M(I_{RR})^{⊗ 2}, M(I_R)^{⊗ 2}, Ω_0 ⊗ Ω_0) and define θ_I := Ψ_I(1 ⊗ u_F ). Then the algebra M̂(I) is simply given by

M̂(I) = ((M ⊗ M) o Z2)(I) = (M(I) ⊗ M(I)) ∨ {θI}^{′′} .

(iv) By Proposition 5.1.2, there exists a canonical automorphism β^I := Ad(θ_I ) , (5.6) associated with the pair (u_F , I).

Notation: Let α be a dynamics of M. In the sequel, we shall call α extendible if α^{⊗2} is Z_2-extendible.

Theorem 5.1.10 : Let α ∈ dyn(M) be an extendible dynamics, then for each pair of vacuum states ω_1, ω_2 ∈ S_0(A_α), the state ω = μ_βI (ω_1 ⊗ ω_2) is a kink state.

Proof. We conclude from an application of Theorem 5.1.8 that β^I (equation (5.6)) is an α_F -interpolatingautomorphism and the statement follows from Theorem 4.2.1. � 5.2 Application to Quantum Field Theory Models

We show that a sufficient condition for the existence of interpolating automorphisms, i.e. the extendibility of the dynamics, is satisfied for the P (ϕ)_2, the Yukawa_2 and special types of Wess-Zumino models.

5.2.1 Kink States in P (ϕ)_2-Models

We shall show that the dynamics of P (ϕ)_2-models are extendible. As described in Section 2.2 the dynamics of a P (ϕ)_2-model consists of two parts.

(1) The first part is given by the free dynamics α_0, with propagation speed ps(α_0) = 1, α_{0,t}(a) = e^{iH0t}ae^{−iH0t} where (H_0, D(H_0)) is the free Hamiltonian which is a self-adjoint operator on the domain D(H_0) ⊂ H_0.

(2) The second part is a dynamics α_1 with propagation speed ps(α_1) = 0, i.e. α_{1,t} maps each local algebra M(I) onto itself. The interaction part of the full Hamiltonian is given by a Wick polynomial of the time-zero field ϕ:

H_1(I) = H_1(χ_I ) = ∫ dx : P (ϕ(x)) : χ_I(x)

where χ_I is a smooth test function which is one on I and zero on the complement of a slightly lager region Î ⊃ I. The unitary operator exp(itH_1(I)) implements the dynamics α_1 locally, i.e. for each a ∈ M(I) we have: α_{1,t}(a) := e^{iH1(I)t}ae^{−iH1(I)t} . Definiton 5.2.1 : An operator valued distribution v : S(R) → L(H_0) is called an ultra local interaction, if the following conditions are fulfilled:

(1) For each real valued test function f ∈ S(R), v(f) is self-adjoint and has a common core with H_0.

(2) Let f ∈ S(R) be a real valued test function with support in a bounded interval I, then the spectral projections of v(f) are contained in M(I).

(3) For each pair of test functions f_1, f_2 ∈ S(R), the spectral projections of v(f_1) commute with the spectral projections of v(f_2).

Remark: It has been proven in [37], that the Wick polynomials of the time zero fields are ultra local interactions. Furthermore, each ultra local interaction v induces a dynamics α^v ∈ dyn(M) with propagation speed ps(α^v) = 0. Let I be a bounded interval and let χ_I ∈ S(R) be a positive test function with χ_I(x) = 1 for each x ∈ I. Indeed, by an application of J. Glimm’s and A. Jaffe’s analysis [37], we conclude that the automorphisms

α^v_t : M(I) - M(I) ; a - Ad( exp(itv(χ_I)) )a define a dynamics with zero propagation speed. In the sequel, we shall call a dynamics α^v ultra local if it is induced by an ultra local interaction v.

In order to prove that a dynamics α, which is given by the Trotter product α = α_0 × α^v of a free and an ultra local dynamics, is extendible, we show that each part of the dynamics can be extended separately.

Since the free part of the dynamics can be extended to the algebra B(H_0) of all bounded operators on the Fock space H_0, it is obvious that α_0 is extendible. Thus it remains to be proven the following:

Lemma 5.2.2 : Each ultra local dynamics α^v ∈ dyn(M) is extendible. Proof. Let us consider any ultra local interaction v. For each test function f ∈ S(R), we introduce the unitary operator u(f|t) := e^{itv(f )} ⊗ e^{itv(f )} . Let I be a bounded interval and denote by I_ϵ, ϵ > 0, the enlarged interval I + (−ϵ, ϵ). We choose test functions χ^{(I,ϵ)} ∈ S(R) such that χ^{(I,ϵ)}(x) = { 1 x ∈ I 0 x ∈ I^c_ϵ = I_ϵ\R . For an interval Î ⊃ I_ϵ, the region Î_ϵ\I_ϵ consists of two connected components (Î_ϵ\I_ϵ)_± and there exist test functions χ^± ∈ S(R) with supp(χ^−) ⊂ (Î_ϵ\I_ϵ)_− ⊂ I_{LL} supp(χ^+) ⊂ (Î_ϵ\I_ϵ)_+ ⊂ I_{RR} χ^{(Î,ϵ)} − χ^{(I,ϵ)} = χ^+ + χ^− .

Let us write u(I, ϵ|t) := u(χ^{(I,ϵ)}|t) and u_±(t) := u(χ^±|t).

Since we have [u(f_1|t), u(f_2|t)] = 0 for any pair of test functions f_1, f_2 ∈ S(R), we obtain for each ϵ > 0 and for I_ϵ ⊂ Î: u(Î, ϵ|t) = u(I, ϵ|t)u_−(t)u_+(t) (5.7) If we make use of the fact that u_+(t) is α_F -invariant and localized in I_{RR}, we conclude that θ_I and u_±(t) commute. Thus we obtain Ad(u(Î, ϵ|t))θ_I = Ad(u(I, ϵ|t))θ_I (5.8) which depends only of the localization interval I since ϵ > 0 can be chosen arbitrarily small. According to Lemma 5.1.9, the automorphisms α̂^v_t : M̂(I) ∋ a - Ad(u(I, ϵ|t))a ∈ M̂(I) define a dynamics of M̂ whose restriction to M ⊗ M is α^v ⊗ α^v. Thus α^v is extendible. �

If α̂_0 denotes the natural extension of the free dynamics α^{⊗2}_0 to M̂ and let α̂^v be the extension of the ultra local dynamics α^v ⊗α^v then, by using the Trotter product, we conclude that the dynamics α̂ := α̂_0 × α̂^v is an extension of the dynamics (α_0 × α^v)^{⊗2} to M̂. This leads to the following result:

Proposition 5.2.3 : Each dynamics of a P (ϕ)_2-model is extendible. Proof. The statement follows from Lemma 5.2.2 and from the fact that each dynamics of a P (ϕ)_2-model is a Trotter product of the free dynamics α_0 and an ultra local dynamics α_1. �

The existence of interpolating kink states in P (ϕ)_2-models is an immediate consequence of Proposition 5.2.3.

Corollary 5.2.4 : Let α ∈ dyn(M) be a dynamics of a P (ϕ)_2-model. Then for each pair of vacuum states ω_1, ω_2 ∈ S_0(α, M) there exists an interpolating kink state ω ∈ S(ω_1, ω_2).

Proof. By Proposition 5.2.3 each dynamics of a P (ϕ)_2-model is extendible and we can apply Theorem 5.1.8 which implies the result. �

5.2.2 The Dynamics of the Yukawa_2 Model

Since the dynamics of a Yukawa_2-like model can not be written as a Trotter product which consists of a free and an ultra local dynamics, it is a bit more complicated to show that these dynamics are extendible. We briefly summarize here the construction of the Yukawa_2 dynamics which has been carried out by J. Glimm and A. Jaffe [37]. We also refer to the work of R. Schrader [74, 75].

Let Ms and Ma be the nets of Cauchy data for the free Bose and Fermi field,

represented on the Fock spaces H_s and H_a respectively. The Cauchy data of the Yukawa_2 model are given by the W*-tensor product M := M_s ⊗ M_a of the nets

Ms and Ma. Moreover, we set H0 := Hs ⊗ Ha.

Step 1: In the first step, a Hamiltonian, which is regularized by an UV-cutoff c_0 > 0 and an IR-cutoff c_1 > 1, c_0 << c_1, is constructed. For this purpose, one chooses test functions δ_{c0} , χ_{c1} ∈ S(R) with the properties: (a) supp(δ_{c0} ) ⊂ (−c_0, c_0) and ∫ dx δ_{c0} (x) = 1 (b) supp(χ_{c1} ) ⊂ (−c_1 − 1, c_1 + 1) and χ_{c1} (x) = 1 for each x ∈ (−c_1, c_1).

The UV-regularized fields are given by

ϕ(c_0, x) := (ϕ ∗ δ_{c0} )(x) and ψ(c_0, x) := (ψ ∗ δ_{c0} )(x) (5.9)

where ϕ is a massive free Bose field and ψ a free Dirac spinor field at t = 0. The fields, defined by equation (5.9), act on H_0 via the operators

Φ(c_0, x) := ϕ(c_0, x) ⊗ 1_{Ha} and Ψ(c_0, x) := 1_{Hs} ⊗ ψ(c_0, x) .

The regularized Hamiltonian H(c_0, c_1) can be written as a sum of three parts:

(1) The free Hamiltonian H_0 which is given by H_0 = H_{0,s} ⊗ 1_{Ha} + 1_{Hs} ⊗ H_{0,a} where H_{0,s} and H_{0,a} are the free Hamilton operators of the Bose and the Fermi field respectively.

(2) The regularized Yukawa interaction term:

H_Y (c_0, c_1) = ∫ dx χ_{c1} (x) Φ(c_0, x) : Ψ̄(c_0, x)Ψ(c_0, x) :

(3) The counterterms: H_C (c_0, c_1) = N∑ n=0 z_n(c_0) ∫ dx χ_{c1} (x) : Φ(x)^n :

where z_n(c_0) are suitable renormalization constants.

The following statement has been established by J.Glimm and A.Jaffe [37, 39]: Theorem 5.2.5 : The counterterms H_C (c_0, c_1) can be chosen in such a way that (1) the cutoff Hamiltonian H(c_0, c_1) = (H_0 + H_Y (c_0, c_1) + H_C (c_0, c_1))^{∗∗} is a positive and self adjoint operator with domain D(H_0).

(2) The uniform limit R(c_1, ζ) = lim_{c0→0}(H(c_0, c_1) − ζ)^{−1} is the resolvent of a self adjoint operator H(c_1).

(3) H(c_1) is the limit of H(c_0, c_1) in the strong graph topology. Notation: In the sequel, we shall use the following notation:

u(c_0, c_1, t) := exp(itH(c_0, c_1)) and u(c_1, t) := exp(itH(c_1)) .

Remark: The aim is to show that H(c_1) induces a dynamics of M, given locally by the equation

α_t|M_{(I)} = Ad( u(c_1, t) ) for I_{|t|} := I + (−|t|, |t|) ⊂ (−c_1, c_1).

However, in comparison to the P (ϕ)_2-models, there are some more technical difficulties which have to be overcome.

(i) The Hamiltonian H(c_1) is only defined as a limit of the Hamiltonians H(c_0, c_1) and it has no mathematical meaning when written as a sum

H_0 + H_Y (c_1) + H_C (c_1) .

Thus the construction scheme for a dynamics, as it has been used for P (ϕ)_2- models, does not apply.

(ii) On the other hand, one might try to apply P (ϕ)_2-like methods to the Hamiltonian H(c_0, c_1), for which the UV-cutoff is not removed. For this purpose, one wishes to write H(c_0, c_1) as a sum H(c_0, c_1) = H_1(c_0, c_1) + H_2(c_0, c_1) where H_1(c_0, c_1) induces a dynamics α_1 with propagation speed ps(α_1) ≤ 1 and H_2(c_0, c_1) induces a dynamics α_2 with propagation speed ps(α_2) = 0. The difficulty with writing such a decomposition for H(c_0, c_1) arises from the fact that the Yukawa interaction term H_Y (c_0, c_1) induces an automorphism group with infinite propagation speed.

Step 2: In the next step, one introduces test functions χ_{(I,s,c0)} (see Figure 5.1), depending on a bounded interval I, a real number s > 0 and the UV-cutoff c_0, fulfilling the conditions supp(χ_{(I,s,c0)}) ⊂ I_{2c0+|s|+ϵ}\I_{|s|−ϵ} and

χ_{(I,s,c0)}(x) = 1 if x ∈ I_{2c0+|s|}\I_{|s|}. (5.10)

Here ϵ << c_0 is any sufficiently small positive number. The Hamiltonian H(c_0, c_1) is replaced by the operator

H(I, s, c_0, c_1) := H_0 + H_C (c_0, c_1) + H_Y (I, s, c_0, c_1) (5.11)

I

1

|s| |s| 2c_0 2c_0

Figure 5.1: The figure shows the graph of the function χ_{(I,s,c0)}.

depending additionally on I and s, where H_Y (I, s, c_0, c_1) is given by H_Y (I, s, c_0, c_1) := ∫ dx Φ(c_0, x) : Ψ̄(c_0, x)Ψ(c_0, x) : ( χ_{c1} (x) − χ_{(I,s,c0)}(x) ) .

In order to construct from these data a c_1-independent approximation of the dynamics which maps M(I) onto M(I_{|t|}), one defines the unitary operators w(I, c_0, c_1, t) := n∏ j=1 exp ( i t n H( I, (n − j)n^{−1}t, c_0, c_1 ) )

where n is equal to the integral part of |c^{−1}_0 t|. The lemma, given below, has been established in [37].

Lemma 5.2.6 : [37, Lemma 9.1.2] The adjoint action of w(I, c_0, c_1, t) induces an automorphism α^{(I,c0 )}_t := Ad(w(I, c_0, c_1, t)) : M(I) - M(I_{|t|}) which is independent of c_1.

Step 3: For technical reasons, to control convergence as c_0 tends to zero, the length of time propagation is scaled, and one defines for λ ∈ [0, 1] the c_1-independent automorphism α^{(I,c0,λ)} t := Ad(w(I, c_0, c_1, λ, t)) : M(I) - M(I_{|t|}) where w(I, c_0, c_1, λ, t) is given by w(I, c_0, c_1, λ, t) := n∏ j=1 exp ( i λ · t n H(I, (n − j)n^{−1}t, c_0, c_1) ) . The final approximation is given by averaging over λ: α^{(I,c0 ,ℓ)} t (a) := ∫ dλ f_ℓ(λ) α^{(I,c0 ,λ)}_t (a) where f_ℓ is a positive continuous function such that ∫ dλ f_ℓ(λ) = 1 and supp(f_ℓ) ⊂ [1 − ℓ, 1], ℓ ≤ 1.

Finally, J. Glimm and A. Jaffe have established the result:

Theorem 5.2.7 : [37, Theorem 9.1.3] There exists a function c : ℓ → c_ℓ with lim_{ℓ→0} c_ℓ = 0 such that α^Y_t (a) := w − lim_{ℓ→0} α^{(I,cℓ,ℓ)}_t (a) = u(c_1, t) a u(c_1, t)^∗ (5.12) for each a ∈ M(I) and for each sufficiently large c_1.

5.2.3 Kink States in Models with Yukawa_2 Interaction

We shall use an analogous strategy as above (step 1- step 3) in order to show that the dynamics α^Y , which is given due to Theorem 5.2.7 is extendible. Theorem 5.2.8 : The dynamics α^Y of the Yukawa_2 model is extendible.

Let us prepare the proof. First, we give a few comments on the notation to be used.

Notation:

(a) In the sequel, we write ŵ(· · · ) = w(· · · )^{⊗2} and û(· · · ) = u(· · · )^{⊗2} for the corresponding quantities of the twofold theory. As in step 3 above, we also define the automorphism α̂^{(I,c0,λ)} t := Ad(ŵ(I, c_0, c_1, λ, t)) and the average α̂^{(I,c0,ℓ)} t (a) = ∫ dλ f_ℓ(λ) α̂^{(I,c0,λ)}_t (a) .

(b) Let ω_0 be the vacuum state with respect to the free dynamics which is induced by H_0. We denote by Ψ_I the universal localizing map of the standard split inclusion Λ(I) ⊗ Λ(I) and we define θ_I := Ψ_I (1 ⊗ u_F ).

Lemma 5.2.9 : The adjoint action of ŵ(I, c_0, c_1, t) induces an automorphism α̂^{(I,c0)}_t : M̂(I) - M̂(I_{|t|}) which is independent of c_1.

Proof. By Lemma 5.2.6, it is sufficient to prove that Ad(ŵ(I, c_0, c_1, t))θ_I is c_1-independent. Indeed, following the arguments in the proof of Proposition 5.2.3, we conclude that

θ^′_I := exp(iτ H(I, s, c_0, c_1))^{⊗2} θ_I exp(−iτ H(I, s, c_0, c_1))^{⊗2} is c_1-independent for |τ | ≤ c_0 and that θ^′_I is contained in M̂(I_{|s|+|τ|}). Composing n such maps, we obtain the lemma. �

In complete analogy to Theorem 5.2.7 we have: Lemma 5.2.10 :

α̂^Y (a) := w − lim_{ℓ→0} α̂^{(I,cℓ,ℓ)}_t (a) = û(c_1, t) a û(c_1, t)^∗ For each a ∈ M̂(I) and for each sufficiently large c_1.

Proof. By Theorem 5.2.7, we conclude that the lemma holds for each a ∈ M(I) ⊗ M(I). Hence it remains to be proven that w − lim_{ℓ→0} α̂^{(I,cℓ,ℓ)}_t (θ_I ) = û(c_1, t) θ_I û(c_1, t)^∗ .

The Corollary 9.1.9 of [37] states: w − lim_{ℓ→0} ∫ dλ ( ŵ(I, c_ℓ, c_1, λ, t) − û(c_ℓ, c_1, λt) )f_ℓ(λ) = 0 .

We define

θ_I (ℓ, t) := α̂^{(I,cℓ,ℓ)}_t (θ_I) and θ̄_I(ℓ, t) := ∫ dλ f_ℓ(λ) Ad( û(c_ℓ, c_1, λt) )θ_I .

The Schwarz’s inequality implies for each ψ ∈ H_0 ⊗ H_0: |⟨ψ, θ_I(ℓ, t) − θ̄_I(ℓ, t)ψ⟩| ≤ 2||ψ|| · ( ∫ dλ f_ℓ(λ) ||( ŵ(I, c_ℓ, c_1, λ, t) − û(c_ℓ, c_1, λt) )ψ||^2 )_1/_2

Since ||(v − u)ψ||^2 = 2 · Re(⟨(v − u)ψ, uψ⟩), we obtain: |⟨ψ, θ_I(ℓ, t) − θ̄_I(ℓ, t)ψ⟩| ≤ 4||ψ|| · ( ∫ dλ f_ℓ(λ) Re ⟨ (ŵ(I, c_ℓ, c_1, λ, t) − û(c_ℓ, c_1, λt) )ψ, û(c_ℓ, c_1, λt)ψ ⟩)_1/_2

In order to conclude the proof we establish the following sublemma:

Sublemma: Let u_ℓ : λ → u_ℓ(λ) and w_ℓ : λ → w_ℓ(λ), ℓ > 0, be strongly continuous functions with values in the group of unitary operators on H_0 such that w − lim_{ℓ→0} ∫ dλ f_ℓ(λ) (w_ℓ(λ) − u_ℓ(λ)) = 0 (5.13) and s − lim_{ℓ→0} u_ℓ(1) = u .

Then we have

lim_{ℓ→0} | | | ∫ dλ f_ℓ(λ) ⟨ (w_ℓ(λ) − u_ℓ(λ))ψ, u_ℓ(λ)ψ⟩ | | |= 0 . Proof of Sublemma. Since u_ℓ is strongly continuous and f_ℓ has support in [1−ℓ, 1] we conclude that for each ϵ > 0 there is a number l > 0 such that for each ℓ < l we have: | | | ∫ dλ f_ℓ(λ) ⟨ (w_ℓ(λ) − u_ℓ(λ))ψ, (u_ℓ(λ) − u_ℓ(1))ψ⟩ | | | < ϵ 4 and | | | | ∫ dλ f_ℓ(λ) ⟨ (w_ℓ(λ) − u_ℓ(λ))ψ, (u_ℓ(1) − u)ψ⟩ | | | | < ϵ 4 which implies: | | | | ∫ dλ f_ℓ(λ) ⟨ (w_ℓ(λ) − u_ℓ(λ))ψ, (u_ℓ(λ) − u)ψ⟩ | | | | < ϵ 2 . According to equation (5.13), we obtain on the other hand: | | | | ∫ dλ f_ℓ(λ) ⟨ (w_ℓ(λ) − u_ℓ(λ))ψ, uψ⟩ | | | | < ϵ 2 . This implies finally the desired result: | | | | ∫ dλ f_ℓ(λ) ⟨ (w_ℓ(λ) − u_ℓ(λ))ψ, u_ℓ(λ)ψ⟩ | | | | < ϵ . � An application of the sublemma gives: lim_{ℓ→0} |⟨ψ, θ_I(ℓ, t) − θ̄_I(ℓ, t)ψ⟩| = 0 which proves the lemma. �

Proof of Theorem 5.2.8: We conclude from Lemma 5.2.10 and Lemma 5.1.9 that the automorphism group α̂^Y is a dynamics of the extended netM̂ whose restriction

to M ⊗ M is α^Y ⊗ α^Y . Thus α^Y is extendible. �

Remark: According to [75], each dynamics α^{Y +P} of a quantum field theory model with Yukawa_2 plus P (ϕ)_2 boson self-interaction is extendible.

Finally, we conclude from Theorem 5.2.8:

Corollary 5.2.11 : Let α^{Y +P} be a dynamics of a quantum field theory model with Yukawa_2 plus P (ϕ)_2 boson self-interaction. For each pair ω_1, ω_2 of vacuum states with respect to α^{Y +P} , there exists a kink state ω in S([ω_1], [ω_2]).

5.2.4 Wess-Zumino Models

One interesting class of quantum field theory models which possess more than one vacuum sector are the N = 2 Wess-Zumino models in two-dimensional spacetime. Their properties have been studied in several papers [47, 50, 51, 48, 49] and we summarize the main results which are established there in order to setup our subsequent analysis.

The field content of these models with a finite volume cutoff c > 0 consists of one complex Bose field ϕ_c and one Dirac spinor field ψ_c, acting as operator valued distributions on the Fock spaces

H_a(c) := ∞⨁ n=0 L_2(T_c, C^2 )^{⊗a}

H_s(c) := ∞⨁ n=0 L_2(T_c, C )^{⊗s}

where a, s stands for symmetrization or anti-symmetrization of the tensor product and L_2(T_c, C^k ) (k = 1, 2) denotes the Hilbert space of C^k -valued and square integrable functions, living on the circle T_c of length c. The net of Cauchy data for the finite volume theory is given by Mc : (−c, c) ⊃ I - Mc(I) = Mc,s(I) ⊗ Mc,a(I) where the nets M_{c,s} and M_{c,a} are defined by the assignments: Mc,s : (−c, c) ⊃ I - Mc,s(I) :=^{e^{i(ϕc(f1)+πc(f2)) |} supp(fj) ⊂ I^{}′′} Mc,a : (−c, c) ⊃ I - Mc,a(I) :=^{ψc(f1),^¯ψc(f2)^| supp(fj) ⊂ I^{}′′} where π_c is the canonically conjugate of ϕ_c.

Let M := Mc=∞ be the net of Cauchy data in the infinite volume limit, then

the map

ι_c : ( ϕ(f_{11}) π(f_{12}) ψ(f_{21}) ψ̄(f_{22}) ) -^{( ϕc(f11) πc(f12)} ψ_c(f_{21}) ψ̄_c(f_{22}) ) ; supp(f_{ij}) ⊂ (−c, c)

is a W*-isomorphism which identifies the nets M and M_c for those regions I which are contained in (−c, c).

The interaction part of the formal Hamiltonian consists of two parts.

(a) A P (ϕ)_2-like part: H_P (v, c) = ∫ Tc dx : |v^′(Φ_c)|^2 : − : |Φ_c|^2 :

(b) A Yukawa_2-like part:

H_Y (v, c) := ∫ Tc dx : Ψ̄_c ( v^{′′}(Φ_c) − 1 0 0 v^{′′}(Φ_c)^∗ − 1 ) Ψ_c :

where v is a polynomial of degree deg(v) = n, called superpotential, and the fields Φ_c and Ψ_c are given by Φ_c := ϕ_c ⊗ 1_{Ha(c)} and Ψ_c := 1_{Hs(c)} ⊗ ψ_c .

According to the results of [47, 49, 50, 51], it has been shown that, there is a self-adjoint Fredholm operator Q(v, c), called supersymmetry generator, on H_0(c) := H_s(c) ⊗ H_a(c). The Fredholm index of Q(v, c)

ind(Q(v, c)) = dim ker(Q(v, c)) − dim coker(Q(v, c)) has been computed in [50]. The result is |ind(Q(v, c))| = deg(v) − 1 .

The space H_0(c) may be decomposed H_0(c) = H_+(c)⊕H_−(c) into the eigenspaces of the fermion parity operator Γ := (−1)^{Na} , where N_a is the fermion number operator. With respect to this decomposition, the operator Q(v, c) has the form Q(v, c) = ( 0 Q_+(v, c) Q_−(v, c) 0 ) . The full Hamiltonian of the finite volume model is given by H(v, c) = Q(v, c)^2 which implies:

dim ker(H(v, c)) = |dim ker(Q_+(v, c)) − dim ker(Q_−(v, c))| = deg(v) − 1 The Hamiltonian H(v, c) induces a dynamics α^{(v,c)} of the finite volume model and we conclude from the results of [47]:

Theorem 5.2.12 : [47, Theorem 1] There exists at least deg(v)−1 vacuum sectors with respect to the dynamics α^v := α^{(v,c=∞)} of the model in the infinite volume limit.

5.2.5 Kink States in Wess-Zumino Models

In order to prove the existence of kink sectors, we now apply the results which have been established in Section 5.2.1 and Section 5.2.3 to N = 2 Wess-Zumino Models.

The case deg(v) = 3: Let us have a closer look at the simplest non-trivial case deg(v) = 3. We let v^′(z) = λ_2z^2 + λ_1z + λ_0 .

As in the previous sections (equation (5.9)), we introduce the UV-regularized fields:

Φ(c_0, x) := (Φ ∗ δ_{c0} )(x) and Ψ(c_0, x) := (Ψ ∗ δ_{c0} )(x) where δ_{c0} is a smooth test function with support in (−c_0, c_0). We obtain for the P (ϕ)_2-like part of the regularized interaction Hamiltonian H_P (v; c_0, c_1) = ∫ dx χ_{c1} (x) (: |λ_2Φ(c_0, x)^2 + λ_1Φ(c_0, x) + λ_0|^2 : − : |Φ(c_0, x)|^2 :)

and for the Yukawa_2-like part: H_Y (v; c_0, c_1) = ∫ dx χ_{c1} (x) [

: Ψ̄(c_0, x) ( 2λ_2Φ(c_0, x) + λ_1 − 1 0 0 2λ̄_2Φ(c_0, x)^∗ + λ̄_1 − 1 ) Ψ(c_0, x) : ]

Using the same techniques as in Section 5.2.1 and Section 5.2.3, we obtain the corollary (see also Corollary 5.2.11):

Corollary 5.2.13 : Let v be a superpotential of degree deg(v) = 3. Then the following statements are true:

(1) The dynamics α^v ∈ dyn(M) of the model in the infinite volume limit is extendible.

(2) There exists two different vacuum sectors e_1, e_2 ∈ sec_0(α^v, M) and two different kink sectors θ ∈ sec(e_1, e_2), θ̄ ∈ sec(e_2, e_1).

The case deg(v) > 3: We close this section by discussing the remaining case.

In order to show the extendibility of α^v ∈ dyn(M), we can try to proceed in the same manner as for the case deg(v) = 3. According to Section 5.2.3 (Step 2 and Step 3), we construct an approximation M(I) ⊗ M(I) ∋ a - α̂^{(v;I,c0,ℓ)}_t (a) :=^∫ dλ fℓ(λ) α̂^{(v;I,c0,λ)}_t (a) of the dynamics α^v ⊗ α^v of the twofold theory. Provided that the corresponding result of Lemma 5.2.9 is true for the case deg(v) > 3 also, the linear maps α̂^{(v;I,c0,ℓ)}_t can be extended to the algebra M̂(I).

For the generalization of Theorem 5.2.8, it seems that the most difficult part is to show that there exists a function c : ℓ → c_ℓ with lim_{ℓ→0} c_ℓ = 0 such that

α^v_t (a) := w − lim_{ℓ→0} α^{(v;I,cℓ,ℓ)}_t (a) . (5.14)

The regularized Yukawa-like part of the Hamilton density contains terms of the form

: Ψ^{(i)}(c_0, x)Ψ^{(j)}(c_0, x) : : Φ(c_0, x)^k : ; i, j ∈ {0, 1}, i ≠ j and k ≤ deg(v) − 2,

where Ψ^{(j)} denotes the j-component of the Dirac spinor field Ψ. Since there are contributions with k > 1, the proof of Theorem 5.2.7 does not directly apply.

Provided that for each superpotential v the dynamics α^v is extendible, we conclude that for each pair of vacuum sectors e_1, e_2 ∈ sec_0(α^v, M) there exists a kink state ω ∈ S(e_1, e_2). Then the model possesses at least deg(v)(deg(v) − 1) different non-trivial kink sectors.

110 Kink States in Quantum Field Theory Models

Collision Theory for Kinks and Solitons 6

6.1 Technical Preliminaries

This section is destined to introduce technical notions which are needed for the construction and analysis of kink fields. In order to investigate multi-kink representations and statistics relations, we briefly repeat the notion of one-kink sectors and introduce a method to compose kink representations which generalizes the composition of kink homomorphisms, given in Section 3.2.1.

6.1.1 One-Kink Sectors

The properties of massive one-particle sectors are closely related to the properties of kinks. As already mentioned in Section 4.4.2, for each massive one-particle state ω, there are vacuum sectors e_1, e_2 ∈ sec_0(A) such that ω is a kink state which interpolates e_1 and e_2 [10, 22, 71].

Notation: In the sequel, we shall call a state (sector) one-kink state (sector) if it is a pure massive one-particle state (irreducible massive one-particle sector). The corresponding kink homomorphisms are called one-kink homomorphisms and we shall denote by Δ_1(q, e_1, e_2) the set of all one-kink homomorphisms which interpolate the vacua e_1, e_2 ∈ sec_0(A) and have orientation q.

6.1.2 From One-Kink Homomorphisms to Multi-Kink Representations

Definiton 6.1.1 :

(a) Let n ∈ N be a natural number. We shall write n for the set {1, · · · , n}. We call a subset u ⊂ n connected if it is of the form u = {k, k + 1, k + 2, · · · , k + l} . (b) Let P_l(n) be the set of all partitions κ of n into l connected non-empty subsets κ = (κ(1) · · · κ(l)) .

(c) Let e = (e_{−m}, · · · , e_0, · · · , e_n), n, m ∈ N ,be a family of n + m + 1 vacuum sectors. We denote by T (n, m, e) the set of all families of one-kink homomorphisms ρ := (ρ_j, ρ^i)^{i∈m}_{j∈n} such that and ρ_j ∈ Δ_1(1, e_{j−1}, e_j) and ρ^i ∈ Δ_1(−1, e_{−i}, e_{−i+1}).

Definiton 6.1.2 : Let ρ ∈ T (n, m, e) be a family of one-kink homomorphisms. We define for each pair of partitions κ = (κ_+, κ_−) ∈ P_l(n) × P_l(m) a representation ρ_κ in the following way:

(1) We parameterize the partitions κ_k, k = ±: κ_k = ({1, · · · , κ_k(1)}, {κ_k(1) + 1, · · · , κ_k(2)}, · · ·

· · · , {κ_k(l − 1) + 1, · · · , κ_k(l)}) (6.1)

(2) The representation ρ_κ is defined by

ρ_κ := ( · · · ((( π_{e0} ∘ ρ_1 · · · ρ_{κ+(1)}| )− ρ^1 · · · ρ^{κ−(1)}| )_+

ρ_{κ+(1)+1} · · · ρ_{κ+(2)}| )−

· · · ρ_{κ+(l−1)+1} · · · ρ_{κ+(l)}| )− ρ^{κ−(l−1)+1} · · · ρ^{κ−(l)}|

6.1 Technical Preliminaries 113 where the vertical bar | denotes the restriction to the algebra C^∗(A) and the symbol^± denotes the extension to the algebra C^∗(A^±_e ) where e is a suitable vacuum sector.

(3) We denote by Δ(e, f; e_0) the set of all kink representations ρ_κ which correspond to a family ρ ∈ T (n, m, e) with e_{−m} = e, e_n = f, and partitions κ = (κ_+, κ_−) ∈ P_l(n) × P_l(m).

Example: In order to illustrate the definitions above, we compute ρ_κ for a simple example. Consider a family ρ = (ρ_1, ρ_2, ρ^1, ρ^2) ∈ T (2, 2; e_{−2}, e_{−1}, e_0, e_1, e_2) of kink homomorphisms and a pair of partitions κ = (κ_+, κ_−) κ_+ = κ_− = ({1}, {2}) ∈ P_2(2) .

The representation π^−_1 := (π_{e0} ∘ ρ_1|)^− maps C^∗(A^−_{e0} ) into B(H_{e0} ) and π_2 := π^−_1 ∘ ρ^1| is a well defined kink representation whose left vacuum is e_{−1} and whose right vacuum is e_1. Thus the representation π^+_2 maps C^∗(A^+_{e1} ) into B(H_{e0} ) and we obtain a further kink representation: π_3 := π^+_2 ∘ ρ_2| .

Since the left vacuum of π_3 is e_{−1}, the representation π^−_3 maps C^∗(A^−_{e−1} ) into B(H_{e0} ) and we obtain finally: ρ_κ = π^−_3 ∘ ρ^2| .

Remark:

(i) We easily verify that for a family ρ ∈ T (n, m; e) of kink representations and for a pair of partitions κ, the sector [ρ_κ] is contained in sec(e_{−m}, e_n). The representation ρ_κ describes the creation of n + m kink charges out of the vacuum e_0. The partitions κ = (κ_+, κ_−) describe the order in which the n + m kink charges are created and we shall call a pair κ = (κ_+, κ_−) an arrangement.

(ii) The set T (n, 0, e) contains only families of one-kink homomorphisms with orientation q = 1 and T (0, m, e) contains only families of one-kink homomorphisms with orientation q = −1. For a family of kink homomorphisms ρ ∈ T (n, 0, e) there is only one possibility to build a product representation, namely π^+_{e0} ∘ ρ_1 · · · ρ_n| . (6.2) The same holds for a family of kink homomorphisms σ ∈ T (0, m, e). Here we obtain the representation:

π^−_{e0} ∘ σ^1 · · · σ^m| . (6.3) We shall call a kink representation oriented if it is of the form (6.2) or (6.3).

(iii) Let τ ∈ Δ(e, f; g) be a kink representation. Then τ can be composed with oriented kink representations σ ∈ Δ(e_1, e; e) and ρ ∈ Δ(f, f_1; f): τ^#ρ := τ^+ ∘ (π^+_f )^{−1} ∘ ρ| ∈ Δ(e, f_1; g)

τ^#σ := τ^− ∘ (π^−_e )^{−1} ∘ σ| ∈ Δ(e_1, f; g) .

(iv) Each kink representation τ ∈ Δ(e, f; g) is a finite composition of oriented kink representations ρ_j ∈ Δ(f_{j−1}, f_j ; f_{j−1}) and σ_j ∈ Δ(e_j, e_{j−1}; e_{j−1}), j ∈ n, with e_0 = f_0 = g, e_n = e and f_n = f:

τ = ρ_1^#σ_1^#ρ_2^#σ_2 · · · ρ_n^#σ_n . (6.4) (v) To each representation of the form ρ_κ, a finite Z_2-valued sequence can be associated, namely:

ρ_κ - (+_1 · · · +_{κ+(1)}, −_1 · · · −_{κ−(1)}, +_{κ+(1)+1} · · · +_{κ+(2)}, · · · · · · +_{κ+(l−1)+1} · · · +_{κ+(l)}, −_{κ−(l−1)+1} · · · −_{κ−(l)}) .

6.2 Quasi-Statistics, Kink Fields and Cluster Properties

In order to prove the existence of multi-kink collision states and to analyze their properties, we discuss in this section the statistics properties of kinks and develop an adequate field bundle formalism. Furthermore, we establish some useful cluster properties for correlation functions of kink fields.

6.2.1 Quasi-Statistics

In the DHR case [18, 19], the notion of statistics is related to the exchange of the order of factors in a product of charged DHR endomorphisms. If we consider DHR endomorphisms (ρ_1, · · · , ρ_n), then for each permutation p ∈ S_n there exists a unitary intertwiner ϵ_p(ρ_1, · · · , ρ_n), called statistics operator, which intertwines the product representations ρ_1 · · · ρ_n and ρ_{p(1)} · · · ρ_{p(n)}.

In case of kink representations the situation is more complicated which is due to the fact that kink representations can not arbitrarily be composed. Let us consider one-kink homomorphisms ρ_1 ∈ Δ(1, e^{′′}, e) and ρ_2 ∈ Δ(1, e, e^′). Then the product ρ_1ρ_2 is well defined, but for e^{′′} ≠ e^′ the expression ρ_2ρ_1 has no mathematical meaning. On the other hand, we shall see that for a representation τ ∈ Δ(e_1, e_2; e_0) and oriented representations ρ ∈ Δ(e_2, e^′_2; e_2), σ ∈ Δ(e^′_1, e_1; e_1), the representations τ^#ρ^#σ and τ^#σ^#ρ (see equation (6.4)) are unitarily equivalent.

These facts lead to the notion of quasi-statistics where the word quasi emphasizes the fact that the exchange of two one-kink representations within a product only makes sense if their orientations are different. In comparison to the DHR and BF situation, we are faced with substituting the permutation group by the set of pairs G(n, m) := P (n, m) × P (n, m) . This can be justified by the following statement:

Theorem 6.2.1 : Let ρ ∈ T (n, m, e) be a family of one-kink homomorphisms. For each pair of arrangements (κ, κ̂) ∈ G(n, m), there exists a unitary operator ϵ_{(κ,κ̂)}(ρ), called quasi-statistics operator, which intertwines the representations ρ_κ and ρ_{κ̂}:

ρ_κ(a) ϵ_{(κ,κ̂)}(ρ) = ϵ_{(κ,κ̂)}(ρ) ρ_{κ̂}(a) ∀a ∈ C^∗(A). (6.5)

The intertwiner ϵ_{(κ,κ̂)}(ρ) is defined in terms of auxiliary kink homomorphisms an charge transporters, but does not depend on their choice.

Proof. The proof of the theorem is rather technical and therefore placed in Appendix B.2. � Remark: To illustrate the statement of Theorem 6.2.1, we compare it with the DHR situation. Given a family ρ = (ρ_1, · · · , ρ_n) of DHR endomorphisms and an element of the permutation group p ∈ S_n. We define ρ_p := ρ_{p(1)} · · · ρ_{p(n)} .

By using the statistics operator ϵ_p(ρ_1 · · · ρ_n), we obtain: ρ_p = Ad(ϵ_p(ρ)) ∘ ρ_{id} = Ad(ϵ_p(ρ)ϵ_q(ρ)^∗) ∘ ρ_q We conclude that, in the DHR case, the analogue of the quasi-statistics relation (6.5) is given by ρ_p = Ad(ϵ_{(p,q)}(ρ)) ∘ ρ_q where ϵ_{(p,q)}(ρ) = ϵ_p(ρ)ϵ_q(ρ)^∗ is a product of ordinary statistics operators.

6.2.2 Kink Field Operators

Each kink representation τ ∈ Δ(e_1, e_2; e_0) is a representation of the observable algebra C^∗(A) on the Hilbert space H_{e0} . To each pair ψ := {τ, ψ_τ } ∈ Δ(e_1, e_2; e_0) × H_{e0} , a state ω_ψ can be associated, i.e.: ω_ψ(a) := ||ψ_τ ||^{−2} · ⟨ψ_τ , τ (a)ψ_τ⟩ . Thus each pair ψ := {τ, ψ_τ } represents a state in the sector [τ ]. Instead of ψ := {τ, ψ_τ } we can choose another pair ψ̂ = {τ̂, ψ_{τ̂} } which also induces ω_ψ. Let u be a unitary operator which intertwines τ and τ̂ . Then the vectors uψ := {τ̂ , uψ_τ} and ψ induce the same state.

The idea is to describe a kink field by a map ψ = {τ, ψ_τ } - ψ̂ = {τ^#ρ, ψ̂_τ #_ρ} .

We shall introduce here an appropriate field bundle formalism for kinks which generalizes the field bundle formalism used for the treatment of DHR and BF sectors [18, 19, 10].

Definiton 6.2.2 : The state bundle is defined by H := ⋃ e_0,e_1,e_2

Δ(e_1, e_2; e_0) × H_{e0}

where the union is taken over all vacuum sectors e_0, e_1, e_2. Let τ ∈ Δ(e_1, e_2; e_0) be a kink representation, then we denote by H_τ := {τ } × H_{e0} the fiber space over τ .

We have to distinguish different types of actions on H.

The action of observables on H: Given an operator a ∈ C^∗(A) and a vector ψ = {τ, ψ_τ } ∈ H. Then a acts on ψ as follows: aψ := {τ, τ (a)ψ_τ} . The action of the translation group: Since each kink representation τ is translationally covariant we define a representation of the translation group on the bundle H, namely x -_{U(x) : ψ} -_{U(x)ψ := {τ, Uτ (x)ψτ }} where U_τ implements the translation group in the representation τ . The action of intertwiners: Each operator v, which intertwines kink representations τ and τ̂ , induces a linear map between the fiber spaces H_τ and H_{τ̂} . v : ψ ∈ H_τ - vψ = {τ̂ , vψ_τ } ∈ H_{τ̂} . We shall denote the set of all these maps by (τ̂ |τ ).

The action of kink fields: Let ρ ∈ Δ_1(q, e_1, e_2) be a one-kink homomorphism. Then the vector space of one-kink fields F (q, ρ) with respect to ρ is given by F (1, ρ) := {ρ} × C^∗(A^+_{e1} )

F (−1, ρ) := {ρ} × C^∗(A^−_{e2} ) Given two one-kink fields a ∈ F (1, ρ), ρ ∈ Δ_1(1, e_1, ê_1), and b ∈ F (−1, σ), σ ∈ Δ_1(−1, ê_2, e_2). Then their action is defined on H(e_1, e_2; e_0) := Δ(e_1, e_2; e_0) × H_{e0} ⊂ H in the following way: aψ = (ρ, a){τ, ψ_τ } := {τ^+ρ, τ^+(a)ψ_τ } bψ = (σ, b){τ, ψ_τ} := {τ^−σ, τ^−(b)ψ_τ } Indeed, the action of one-kink fields can be interpreted as the creation of an additional kink charge.

Remark: Let ρ̂, ρ ∈ Δ_1(q, e_1, e_2) be one-kink homomorphisms. Then each intertwiner v ∈ (ρ̂|ρ) induces a linear map from F (q, ρ) to F (q, ρ̂), i.e.

v : a = (ρ, a) ∈ F (q, ρ) - va := (ρ̂, va) ∈ F (q, ρ̂) (6.6)

To compute correlation functions of kink fields, we are interested in vectors ψ ∈ H which can be obtained by a multiple application of one-kink fields to a vacuum vector Ω_e = {π_e, Ω_e}. It can be seen from the definition of one-kink fields that their action is not defined on each fiber of H. This makes the situation more complicated as in the DHR and BF case [18, 19, 10]. For this purpose, we introduce special families of one-kink fields.

Definiton 6.2.3 : Let ρ ∈ T (n, m, e) be a family of one-kink homomorphisms. We denote by F (n, m, ρ) the vector space F (n, m, ρ) := ( ⨂ j∈n F (1, ρ_j) ) ⊗ ( ⨂ i∈m F (−1, ρ^i) )

and we shall call the elements of F (n, m, ρ) multi-kink fields.

Proposition 6.2.4 : Let ρ ∈ T (n, m, e) be a family of one-kink homomorphisms. Then for each arrangement κ ∈ P (n, m) there exists a canonical linear map which maps F (n, m, ρ) into H_{ρκ} .

F (n, m, ρ) - H_{ρκ} ; a - a_κΩ_{e0} .

Proof. Let a ∈ F (n, m, ρ) be of the form a := ( ⨂ j∈n a_j ) ⊗ ( ⨂ i∈m a^i ) . Then the prescription

a_κΩ_{e0} := a^m · · · a^{κ−(l)+1}a_n · · · a_{κ+(l)+1} · · · a^{κ−(1)} · · · a^1a_{κ+(1)} · · · a_1Ω_{e0} defines a linear function which maps F (n, m, ρ) into H_{ρκ} where the arrangement κ = (κ_+, κ_−) is parameterized by equation (6.1). �

In order to discuss quasi-statistics for kink fields we need an additional definition.

Definiton 6.2.5 : Given two families of one-kink homomorphisms ρ, ρ̂ ∈ T (n, m, e). Then we define the vector space of intertwiner (ρ̂|ρ) := ( ⨂ j∈n (ρ̂_j|ρ_j) ) ⊗ ( ⨂ i∈m (ρ̂^i|ρ^i) ) . We shall say that the elements of (ρ̂|ρ) intertwine the families ρ and ρ̂.

Remark: Note that, according to equation (6.6), each intertwiner v ∈ (ρ̂|ρ) can be canonically identified with a linear map v : F (n, m, ρ) - F (n, m, ρ̂) . Proposition 6.2.6 : For each arrangement κ ∈ P (n, m), there exists a canonical linear embedding v ∈ (ρ̂|ρ)^⊂ - v_κ ∈ (ρ̂_κ|ρ_κ) such that the following relation is fulfilled for each a ∈ F (n, m, ρ): (va)_κΩ_{e0} = v_κ · a_κΩ_{e0}

Proof. The proof of the proposition is given in Appendix B.1. �

In order to formulate the conditions for quasi-statistics relation, we introduce a local structure on the space of multi-kink fields. (Compare also [18, 19, 10] for this notion.)

Definiton 6.2.7 : Given a wedge region W and a one-kink homomorphism ρ ∈ Δ_1(q, e_1, e_2). We shall say that a one-kink field a = (ρ, a) ∈ F (q, ρ) is localized in W if there exists a kink homomorphism ρ̂ ∈ Δ_1(q, e_1, e_2) and a unitary intertwiner u ∈ (ρ̂, ρ) such that:

(a) ρ̂ is localized in W .

(b) The operator ua is localized in W .

The localization region of a one-kink field does not depend on the choice of the intertwiner u and it is covariantly transformed under space-time translations:

Proposition 6.2.8 : Let a = (ρ, a) ∈ F (q, ρ) be a one-kink field which is localized in W . Then the following statements hold:

(1) For each unitary intertwiner v ∈ (ρ_1|ρ) for which ρ_1 is localized in W , the operator va is localized in W .

(2) For each x ∈ R^2, a(x) := U(x) ∘ a ∘ U(−x) is a one kink field which is localized in W + x.

Proof.

(1) Let us consider a one-kink field a = (ρ, a) which is localized in W . By definition, there exists a unitary intertwiner u ∈ (ρ̂|ρ) such that ρ̂ and ua are localized in W . If v ∈ (ρ_1|ρ) is a unitary intertwiner such that ρ_1 is also localized in W , then va is localized in W since uv^∗ ∈ (ρ̂|ρ^′) is localized in W .

(2) Let γ_ρ be a cocycle of charge transporters of ρ. Then we obtain: a(x) = (ρ, γ_ρ(x)^∗α_x(a)) .

If u ∈ (ρ̂|ρ) is a unitary intertwiner such that ρ̂ and ua are localized in W , then the operator w = α_x(u)γ_ρ(x)^∗ is a unitary intertwiner in (α_x ∘ ρ̂ ∘ α_{−x}|ρ). Since α_x ∘ ρ̂ ∘ α_{−x} and α_x(ua) are localized in W + x, the statement (2) follows. � We introduce a further technical definition:

Definiton 6.2.9 :

(1) We denote by F (q, ρ; W ) the linear subspace of all one-kink fields which are localized in W .

(2) Let W = (W_j, W^i)^{i∈m}_{j∈n} be a family of wedge regions where the W_j ’s are right wedge regions and the W^i’s are left wedge regions. We define F (n, m, ρ; W ) := ( ⨂ j∈n F (1, ρ_j; W_j) ) ⊗ ( ⨂ i∈m F (−1, ρ^i; W^i) )

and we shall say that the multi-kinkfields in a ∈ F (n, m, ρ; W ) are localized in W .

We are now prepared to formulate the quasi-statistics relations for kink fields. Theorem 6.2.10 : Let a ∈ F (n, m, ρ; W ) be a multi-kink field. If W_j and W^i are space-like separated for each pair (j, i), then for each pair (κ, κ̂) ∈ G(n, m) the equation a_κΩ_{e0} = ϵ_{(κ,κ̂)}(ρ) a_{κ̂}Ω_{e0} holds.

Proof. (Compare also [18, 19, 10]) We shall show in Appendix B.2 that there exists a unitary intertwiner u ∈ (ρ, ρ̂) such that

(ua)_κΩ_{e0} = (ua)_{κ̂}Ω_{e0}

for each pair (κ, κ̂) ∈ G(n, m). This is due to the localization property of a. Thus we obtain from Proposition 6.2.4:

a_κΩ_{e0} = u^∗_κu_{κ̂} a_{κ̂}Ω_{e0} .

In Appendix B.2, the quasi-statistics operator is defined by

u^∗_κu_{κ̂} := ϵ_{(κ,κ̂)}(ρ)

and is shown to be independent of the choice of the intertwiner u. �

6.2.3 Cluster Properties for Kink Fields

In order to prove the existence of kink collision states, we shall study the cluster property of products of one-kink fields.

In the first step, we shall establish cluster properties for the simplest case, namely for products of two one-kink fields. We consider one-kink homomorphisms (ρ_1, ρ^1) ∈ T (1, 1; e_{−1}, e_0, e_1) and wedge regions W_1, W^1, W_1 ⊂ (W^1)^′ with space-like distance

τ_0 := sup{|t| | W_1 + (t, 0) ⊂ (W^1)^′} .

Then we have:

Lemma 6.2.11 : Let a_1 ∈ F (1, ρ_1, W_1) and a^1 ∈ F (−1, ρ^1, W^1) be one-kink fields. Denote by μ_0 the value of the mass gap in sp(U_{e0} ). Then there exists a constant K > 0, depending only on ||a_1|| and ||a^1||, such that the estimate | | | | ||a_1a^1Ω_{e0} ||^2 − ||a_1Ω_{e0} ||^2||a^1Ω_{e0} ||^2 | | | | ≤ K e^{−μ0τ0} holds.

Proof. The lemma follows directly from a result which has been established by K.Fredenhagen [25]. Compare also [28]. �

For establishing cluster properties for arbitrary products of kink fields, it seems to be necessary to assume stronger localizing properties for kink homomorphisms and kink fields.

The definition, given below, and the following proposition are formulated only for kink homomorphisms with orientation q = 1. Since the case q = −1 can simply be discussed in the same manner, we omit it here.

Definiton 6.2.12 : Given a kink homomorphism ρ ∈ Δ(1, e_1, e_2), we shall say that the interpolation region of ρ is contained in the double cone O, if the following conditions are fulfilled.

(a) The homomorphism ρ is localized in O_R, i.e. supp(ρ) ⊂ O_R.

(b) There exists a symmetry χ_ρ ∈ Sym(A) such that:

ρ|_C∗_(A_{,ORR)} = χ_ρ|_C∗_(A_{,ORR)} .

Remark: Note that kink homomorphisms, which are induced by interpolating automorphisms fulfill the conditions (a) and (b).

Proposition 6.2.13 : Let ρ_1, ρ_2 ∈ Δ(1, e_1, e_2) be kink homomorphisms whose interpolation regions are contained in O_1 and O_2 respectively. If χ_{ρ1} = χ_{ρ2} , then each intertwiner v ∈ (ρ_1|ρ_2) is contained in A(O_{12}) where O_{12} denotes the smallest double cone which contains the union O_1 ∪ O_2.

Proof. It is sufficient to prove the proposition for q = 1. The case q = −1 can be treated analogously. We obtain for each observable a which is localized in (O_{12})_{LL}:

vρ_1(a) = va = ρ_2(a)v = av .

We define χ := χ_{ρ1} = χ_{ρ2} , and we obtain for each observable b which is localized in (O_{12})_{RR}:

vρ_1(b) = vχ(b) = ρ_2(b)v = χ(b)v .

Since χ is a symmetry, we conclude by using Haag duality:

v ∈ Ae_1 ((O12)LL)^′ ∧ Ae_1 ((O12)RR))^′ = Ae_1 ((O12)R) ∧ Ae_1 ((O12)L)) = A(O12)

which completes the proof. � Definiton 6.2.14 : Given a one-kink field a = (ρ, a). We shall say that the interpolation region of a is contained in the double cone O if there exists a unitary intertwiner u ∈ (ρ̂, ρ) such that:

(a) The interpolation region of ρ̂ is contained in O. (b) The operator ua is localized in O.

We shall see later that this localization property is sufficient for controlling the clustering of correlation functions of multi-kink fields. Remark:

(i) Note that such one-kink fields exist. Let us choose a one-kink homomorphism ρ with interpolation region in O and an operator a ∈ A(O), then the interpolation region of a = (ρ, a) is contained in O. In particular, each onekink field a whose interpolation region is contained in O is localized in O_R, for q = 1, and O_L, for q = −1.

(ii) In complete analogy to the proof of Proposition 6.2.8, it can be verified that the interpolation region of the translated one-kink field a(x) is contained in O + x if the interpolation region of a is contained in O.

In order to formulate the main result of this section, we consider the subspace F (n, m; ρ, O) ⊂ F (n, m; ρ) which is spanned by multi-kink fields of the form a = ( ⨂ j∈n a_j ) ⊗ ( ⨂ i∈m a^i ) ∈ F (n, m; ρ) (6.7)

such that the interpolation region of a_j is contained in a double cone O_j and the interpolation region of a^i is contained in a double cone O^i.

Notation: We write for the vacuum vectors Ω_{j−1} = Ω_{ej−1} and Ω^{i−1} = Ω_{e−i+1} and for the implementations of the translation group in the corresponding vacuum representations:

U_{j−1}(x) = U_{ej−1} (x) and U^{i−1}(x) = U_{e−i+1} (x) .

The value of the mass gap in sp(U_j ) and sp(U^i) is denoted by μ_j and μ^i respectively. We also define the space-like distance (see Figure 6.1): τ_0 = τ^0 := sup{|t| | (O^1)_R ⊃ (O_1)_{RR} + (t, 0)} τ_j := sup{|t| | (O_j)_R ⊃ (O_{j+1})_{RR} + (t, 0)} τ^i := sup{|t| | (O^{i+1})_R ⊃ (O^i)_{RR} + (t, 0)} .

Moreover, we introduce a partial ordering ≺ on the set of double cones. We write O ≺ Ô if O_L ⊂ Ô_{LL}.

t

O^2

O^1 O_1 O_2

τ_1 τ_0 τ^1

Figure 6.1: This figure shows the positions of the double cones O = (O_j, O^i) for i, j ∈ {1, 2}.

= id O χ_{ρ1} ρ_1 ρ_1

Figure 6.2: The figure above illustrates how the kink homomorphism ρ_1 changes the localization region of local operators. This property encodes that the energy density of the kink is strictly localized in O_1.

Proposition 6.2.15 : Let a ∈ F (n, m, ρ, O) be a multi-kink field which is a tensor product as given by equation (6.7). If the double cones O = (O_j, O^i) are placed in such a way that O^m ≺ O^{m−1} ≺ · · · ≺ O_1 ≺ · · · ≺ O_n . Then there exists a constant K > 0, depending only on ||a_j|| and ||a^i||, such that for each arrangement κ ∈ P (n, m) the following estimate holds: | | | | ||a_κΩ_0||^2 − n∏ j=1 ||a_jΩ_{j−1}||^2 m∏ i=1 ||a^iΩ^{i−1}||^2 | | | |

≤ K ( n−_1∑ j=0 e^{−μjτj} + m−1∑ i=0 e^{−μiτ i} + e^{−μ0τ0} )

Proof. From Theorem 6.2.10, we conclude that

||a_κΩ_0||^2 = ||a^m · · · a^1a_n · · · a_1Ω_0|| .

Since a^m, · · · , a^1 are localized in (O^1)_L and a_n, · · · , a_1 are localized in (O_1)_R, an straight forward generalization of Lemma 6.2.11 gives: | | | | ||b^1b_1Ω_0||^2 − ||b_1Ω_0||^2||b^1Ω_0||^2 | | | | ≤ K e^{−μ0τ0} (6.8) where b_1 and b^1 are given by

b_1 := a_n ∘ · · · ∘ a_1 and b^1 = a^m ∘ · · · ∘ a^1

and K > max_{i,j}(||a_j ||, ||a^i||)^{2(n+m)} is a sufficiently large constant.

Keeping in mind, how kink fields act on the state bundle H, we conclude that ||b_1Ω_0||^2 can be written as

||b_1Ω_0||^2 = ω_0(a^∗_1ρ_1(b^∗b)a_1)

where b is localized in (O_2)_R. The interpolation region of ρ_1 is contained in O_1 and hence ρ_1(b^∗b) is also localized in (O_2)_R (see Figure 6.2). Since a_1 is localized in (O_1)_L, we conclude from [25] and the fact that ω_0(ρ_1(b^∗b)) = ω_1(b^∗b):

|ω_0(a^∗_1ρ_1(b^∗b)a_1) − ω_1(b^∗b)ω_0(a^∗a)| ≤ K e^{−μ0τ0}

Let b_2 := a_n ∘ · · · ∘ a_2. Then we have ||b_2Ω_1||^2 = ω_1(b^∗b) and we obtain the estimate: | | | ||b_1Ω_0||^2 − ||b_2Ω_1||^2||a_1Ω_0||^2 | | | ≤ K e^{−μ0τ0} (6.9) In a similar way, we derive: | | | | ||b_2Ω_1||^2 − ||b_3Ω_2||^2||a_2Ω_1||^2 | | | | ≤ K e^{−μ1τ1} (6.10)

with b_3 = a_n ∘ · · · ∘ a_3. Inserting equation (6.10) into equation (6.9) gives: | | | ||b_1Ω_0||^2 − ||b_3Ω_2||^2||a_2Ω_1||^2||a_1Ω_0||^2 | | | (6.11) ≤ K ( e^{−μ0τ0} + e^{−μ1τ1} )

By induction it follows: | | | ||b_1Ω_0||^2 − n∏ j=1 ||a_jΩ_{j−1}||^2 | | | ≤ K n∑ j=1 e^{−μj−1τj−1} (6.12) Analogously we obtain: | | | ||b^1Ω_0||^2 − m∏ i=1 ||a^iΩ^{i−1}||^2 | | | ≤ K n∑ i=1 e^{−μi−1τ i−1} (6.13) Finally, the proposition follows by inserting equation (6.12) and (6.13) into equation (6.8). �

6.3 The Structure of Scattering States

In this section we introduce one-kink creation operators. We apply the results of the previous Section 6.2 to products of one-kink creation operators in order to prove the existence of the Haag-Ruelle collision states. We also refer to [44, 68, 18, 19, 10]. The cluster property for kink fields is one of the crucial facts to carry through our subsequent analysis.

6.3.1 Creation Operators for Massive One-Kink States

To describe a stable one-particle state, we use one-kink fields a = (ρ, a), such that the vector ψ = {ρ, aΩ_e} has spectral support on the mass shell H_m, i.e. it is an eigenstate of the mass operator:

P_μP^μψ = m^2ψ

Indeed, there are such fields. If we choose a energy-momentum distribution f ∈

S(R^2) such that supp(f) ∩ sp(Uρ) ⊂ Hm, then the one-kink field

a(f) = ∫ dx f(x) a(x) has the desired property.

Since f has compact support in momentum space, the field operator a(f) is only an almost local operator, i.e. the kink field a(f) can be approximated in norm by fields which are localized in wedge regions.

We shall show that for a momentum distribution f ∈ S(R^2) and a one-kink field a the operator a(f) can be approximated in norm by one-kink fields with bounded interpolation region.

Proposition 6.3.1 : Let f ∈ S(R^2) be a momentum distribution and a ∈ F (q, ρ) a one-kink field whose interpolation region is contained in O. Then for each ϵ > 0 there exists a compact region G ⊂ R^2 such that

||a(f) − a_G(f)|| < ϵ (6.14)

where the interpolation region of the field operator

a_G(f) := ∫ G dx f(x) a(x) (6.15)

is contained in a bounded double cone.

Proof. It is sufficient to prove the proposition for kink fields with orientation q = 1. The case q = −1 can be treated in the same manner. To establish equation (6.14), we consider the following inequality: ||a(f) − a_G(f)|| = | | | | | | | | ∫ R^2\G dx f(x) a(x) | | | | | | | | ≤ ∫ R^2\G dx |f(x)| ||a|| Since f is of fast decrease, equation (6.14) follows.

It remains to be proven that the kink field a_G(f) has a bounded interpolation region. We choose a = (ρ, a) such that ρ has interpolation region in O and a is contained in A(O). The translated one-kink field operator

a(x) = (ρ, γ_ρ(x)^∗α_x(a))

has interpolation region in O + x. We choose a point x_G ∈ R^2 such that

ρ_G := Ad(γ_ρ(x_G)) ∘ ρ

is localized in the right space-like complement of

O_G := ⋁ x∈G O + x . Here γ_ρ is a cocycle of charge transporters of ρ. By Proposition 6.2.13, the operator γ_ρ(x_G)γ_ρ(x)^∗ ∈ (ρ_G|α_x ∘ ρ ∘ α_{−x}) is localized in O_G and we conclude:

γ_ρ(x_G) ∫ G dx f(x) a(x) = ( ρ_G, ∫ G dx f(x) γ_ρ(x_G)γ_ρ(x)^∗α_x(a) ) . Since the operator ∫ G dx f(x) γ_ρ(x_G)γ_ρ(x)^∗α_x(a)

is contained in A(O_G) and ρ_G has kink region in O_G, the proposition follows. �

The one-kink field a(f) ∈ F (q, ρ) describes the creation of a kink with energymomentum distribution f. We are interested in those momentum distributions which describes the free propagation of a massive particle. For this purpose, we assign to each one-kink homomorphism ρ ∈ Δ_1(q, e_1, e_2) a linear subspace L_ρ ⊂ S(R^2) of energy-momentum distributions which is given by the condition:

(a) The support supp(f̃) is compact and supp(f̃) ∩ sp(U_ρ) ⊂ H_{mρ} where m_ρ is the value of the mass which corresponds to the one-kink homomorphism ρ.

The velocity support v_r(f), r > 0, of an energy-momentum distribution f ∈ L_ρ is given by

v_r(f) := {v_ρ(p)|p ∈ B(r) + k for some k ∈ supp(f̃).} where v_ρ(p_0, p_1) = p_1 · (p^2_1 + m^2_ρ)^{1/2} is the velocity with respect to p in the Lorenz frame which is given by the x^0-coordinate and B(r) is the closed ball with radius r and center k = 0.

Given a one kink field a ∈ F (q, ρ) and an energy-momentum distribution f ∈ L_ρ. We define the time-depending field operator a(f, t) := a(D_tf) where the operator D_t is given by the kernel D_t(x − y) := ∫ dp e^{i(p0−wρ(p))t} e^{−i(x−y)} . If we apply a(f, t) to the corresponding vacuum Ω_e, then we obtain a vector which is independent of t and represents a stable massive particle. Indeed, we obtain by a straight forward computation a(f, t)Ω_e = 2π · {ρ, f̃(P_ρ)π_e(a)Ω_e} which is obviously independent of t. Here P_ρ denotes the generator of the translations U_ρ(x). (Compare also [10, 18, 19, 28].)

Given an energy-momentum distribution f ∈ L_ρ. We consider the compact region

G_r(f, t) := {x ∈ R^2| x^0 ∈ [t − r, t + t] and t^{−1}x^1 ∈ v_r(f).} and the one-kink field a_r(f, t) := a_{Gr (f,t)}(D_tf) By Proposition 6.3.1, we conclude that the interpolation region of a_r(f, t) is contained in a bounded double cone. It is well known [10, 18, 19, 28] that the norm of the difference of a_r(f, t) and a(f, t) is of fast decrease in t, i.e. a fast decreasing function h ∈ S(R) exists such that: ||a_r(f, t) − a(f, t)|| ≤ h(t) (6.16) Let us have a closer look to the kink-region of a_r(f, t).

Lemma 6.3.2 : Let a be a one-kink field with interpolation region in O and an energy-momentum distribution f ∈ L_ρ and define v_L := inf(v_r(f)) and v_R := sup(v_r(f)). Then the interpolation region of the one-kink field a_r(f, t) is contained in O_r(f, t) := O_L + (t, t · v_L) ∩ O_R + (t, t · v_R)

Proof. From the definition of the velocity support we obtain: O_r(f, t) = ⋁ x∈Gr(f,t) O + x We choose a charge transporter u ∈ (ρ̂, ρ) such that ρ̂ is localized in G_r(f, t)_R. Then, for each x ∈ G_r(f, t), the operator uγ_ρ(x)^∗ is contained in (ρ̂, α_x ∘ ρ ∘ α_{−x}). Therefore, the operator ∫ Gr(f,t) dx D_tf(x) uγ_ρ(x)^∗α_x(a) is localized in O_r(f, t). Since the interpolation region of ρ̂ is contained in O_r(f, t), the lemma follows. �

6.3.2 Construction of the Haag-Ruelle Collision States

We consider energy-momentum distributions f for with velocity support in I, i.e.

f ∈ L_ρ(I) := {f_1 ∈ L_ρ|v_r(f_1) ⊂ I for at least one r > 0} .

Energy-momentum distributions of multi-kink configurations are described by test functions which are contained in L(n, m, ρ, I) := ( ⨂ j∈n L_{ρj} (I_j) ) ⊗ ( ⨂ i∈m L_ρi (I^i) ) ⊂ S(R^2)^{⊗(n+m)}

where ρ is contained in T (n, m, e).

Given a multi-kink field a ∈ F (n, m, ρ) and an energy momentum distribution f ∈ L(n, m, ρ, I). Then the multi-kink fields a(f, t) are analogously defined to the one-kink case: Let f = ( ⨂ j∈n f_j ) ⊗ ( ⨂ i∈m f^i ) and a = ( ⨂ j∈n a_j ) ⊗ ( ⨂ i∈m a^i ) (6.17) then a(f, t) is given by a(f, t) = ( ⨂ j∈n a_j (f_j, t) ) ⊗ ( ⨂ i∈m a^i(f^i, t) ) . (6.18)

The operators a(f, t) describe configurations of n right-moving and m leftmoving kinks with velocities v_j ∈ I_j and v^i ∈ I^i. For each arrangement κ ∈ P (n, m), the vector

ψ(f, t) := a(f, t)_κΩ_0

represents the corresponding multi-kink state.

To obtain asymptotically stable configurations of n + m free kinks, we consider multi-kink fields a and energy-momentum distributions f which fulfill the following conditions:

(a) a ∈ F (n, m, ρ, O) such that: O^m ≺ O^{m−1} ≺ · · · ≺ O_1 ≺ · · · ≺ O_n (b) The energy-momentum distributions f ∈ L(n, m, ρ, I) is velocity orderedi.e.: I^m < I^{m−1} < · · · < I_1 < · · · < I_n . (c) The multi-kink field a and the energy-momentumdistribution f ∈ L(n, m, ρ, I) are tensor products as given by equation (6.17).

Proposition 6.3.3 : Let a be a multi-kink field a and let f be an energy-momentum distribution such that the conditions (a) to (c) are fulfilled. Then there exists a rapidly decreasing function h such that, for each arrangement κ ∈ P (n, m), the following inequality holds for each t > 0: | | | ||a(f, t)_κΩ_0||^2 − n∏ j=1 ||ψ(f_j)||^2 m∏ i=1 ||ψ(f^i)||^2 | | | ≤ h(t)

Here ψ(f_j) := a_j(f_j )Ω_{j−1} and ψ(f^i) := a(f^i)Ω^{i−1} are t-independent vectors, representing one-kink states.

Proof. Since the energy-momentum distribution f is velocity ordered we conclude from Lemma 6.3.2 that there are positive numbers T > 0 and R > 0 such that for each t > T and for each r < R the interpolation regions O_j(t) and O^i(t) of the one-kink fields a_{j,r}(f_j, t) and a^i_r(f^i, t) are placed as follows: O^m(t) ≺ O^{m−1}(t) ≺ · · · ≺ O_1(t) ≺ · · · ≺ O_n(t) Moreover, the space-like distances (compare Proposition 6.2.13) of the interpolation regions (O_j(t), O^i(t)) increase like |t| if t tends to infinity.

We conclude from equation (6.16) that there is a rapidly decreasing function h_1 such that ||a_{j,r}(f_j, t) − a_j(f_j, t)|| ≤ h_1(t) and ||a^i_r(f^i, t) − a^i(f^i, t)|| ≤ h_1(t) . Thus the proposition follows from Proposition 6.2.15. �

Corollary 6.3.4 : There exists a rapidly decreasing function h, such that | | | | | | d dt a(f, t)_κΩ_0 | | | | | | ≤ h(t) for each arrangement κ.

Proof. By using Proposition 6.3.3 and applying the Leibniz rule, we obtain the result. �

Lemma 6.3.5 : Let a ∈ F (n, m, ρ, O) be a multi-kink field and let f ∈ L(n, m, ρ, I) be a energy-momentum distribution. If the conditions (a) to (c) are fulfilled, then the following statements are true:

(1) For each arrangement κ ∈ P (n, m) the strong limits

s − lim_{t→∞} a(f, t)_κΩ_0 = ψ^{out}_κ (f) ∈ H_{ρκ}

exist.

(2) Let ψ(f_j) := a_j(f_j)Ω_{j−1} and ψ(f^i) := a(f^i)Ω^{i−1}, then the norm of ψ_κ(f) is ||ψ^{out}_κ (f)|| = n∏ j=1 ||ψ(f_j)|| m∏ i=1 ||ψ(f^i)|| .

134 Collision Theory for Kinks and Solitons

Proof.

(1) For each t_1, t_2 > 0, we obtain from Corollary 6.3.4 the estimate: | | | | | | a(f, t_1)_κΩ_0 − a(f, t_2)_κΩ_0 | | | | | | = | | | | | | ∫ t_1 t_2 dt d dt a(f, t)_κΩ_0 | | | | | | ≤ ∫ t_1 t_2 dt | | | | | | | | d dt a(f, t)_κΩ_0 | | | | | | | | ≤ ∫ t_1 t_2 h(t) Since h is rapidly decreasing, we conclude lim t_1,t_2→∞ | | | | | | | | a(f, t_1)_κΩ_0 − a(f, t_2)_κΩ_0 | | | | | | | | = 0

which implies (1).

(2) The statement (2) follows directly from Proposition 6.3.3. � Given a one-kink homomorphism ρ ∈ Δ_1(q, e_1, e_2). Then we define the one-

kink Hilbert space

H_1(ρ) := {ψ ∈ H_ρ|P_μP^μψ = m^2_ρψ} .

It is well known, that

D_ρ := {ψ = a(f)Ω_e| a ∈ F (q, ρ) and f ∈ L_ρ.}

is a dense subspace of H_1(ρ).

Let ρ ∈ T (n, m, e) be a family of one-kink homomorphisms. We consider for

each κ ∈ P (n, m) the Hilbert space

H(n, m, ρ)_κ := H_1(ρ^m) ⊗ · · · ⊗ H_1(ρ^{κ−(l)+1}) ⊗ H_1(ρ_n) ⊗ · · · H_1(ρ_{κ+(l)+1}) ⊗ · · ·

· · · ⊗ H_1(ρ^{κ−(1)}) ⊗ · · · ⊗ H_1(ρ^1) ⊗ H_1(ρ_{κ+(1)}) ⊗ · · · ⊗ H_1(ρ_1)

where the arrangement κ = (κ_+, κ_−) is parameterized by equation (6.1).

Given a pair of arrangements (κ, κ̂) ∈ G(n, m), then we denote by u_{(κ,κ̂)} : H(n, m, ρ)_{κ̂} - H(n, m, ρ)_κ the unitary operator, canonically given by exchanging the tensor factors in H(n, m, ρ)_{κ̂} in an appropriate way.

Moreover, let U_κ - U_κ(x) be the representation of the translation group on H(n, m, ρ)_{κ̂}, induced by the translations U : x - U(x) which act on the state bundle H.

The elements of H(n, m, ρ)_κ describe a configuration of n + m freely moving kinks which do not interact. We close this section by showing that the asymptotic scattering states Ψ^{out}(f) can be interpreted in the same manner. Theorem 6.3.6 : For each arrangement κ ∈ P (n, m), there are isometries Ψ^{ex}_κ : H_{ρκ} - H(n, m, ρ)_κ ex = out, in, such that the following statements hold:

(1) Let ϵ_{(κ,κ̂)}(ρ) be the quasi statistics operator with respect to (κ, κ̂) ∈ G(n, m), then one has:

u_{(κ,κ̂)} ∘ Ψ^{ex}_{κ̂} = Ψ^{ex}_κ ∘ ϵ_{(κ,κ̂)}(ρ) (2) The isometries Ψ^{ex} are translationally covariant, i.e.: U_κ(x) ∘ Ψ^{ex}_κ = Ψ^{ex}_κ ∘ U(x)

Proof. The existence of the isometries Ψ^{ex}_κ follows directly from Lemma 6.3.5.

(1) The statement (1) can be obtained by an application of the quasi-statistics theorem (Theorem 6.2.10) and an application of Proposition 6.3.3.

(2) Let f ∈ L_ρ be an energy-momentum distribution. Then one has for each a ∈ F (q, ρ): U(x)a(f)Ω_e = a(τ_xf)Ω_e where τ_xf denotes the translated test function f by x. Thus we conclude for an arrangement κ ∈ P (n, m): U(x)a(f, t)_κΩ_0 = a(τ_xf, t)_κΩ_0 and (2) follows from Proposition 6.3.3. �

136 Collision Theory for Kinks and Solitons

Conclusion and Outlook 7

7.1 Remarks on Open Problems

In Chapter 4 and Chapter 5, a construction scheme for kink sectors has been developed which can be applied to a large class of quantum field theory models. Most of the techniques which are used, except those in the proof of the extendibility of the dynamics, concern operator algebraic methods. They are model independent in the sense that they can be derived from first principles. There are still some interesting open problems and we shall make a few remarks on them here.

7.1.1 Some Further Remarks on Kink States, Induced by Interpolating Automorphisms

Let us consider a quantum field theory model (P (ϕ)_2, Y_2), possessing vacua ω_1, ω_2 which are related by a symmetry χ. According to Theorem 5.1.8, there exists a χinterpolating automorphism χ^I which induces a kink state ω = ω_1 ∘ χ^I . Note that ω is a pure state in this case.

Alternatively, we obtain a kink state ω̂ by passing to the two folded tensor product of the theory with itself first and then by restricting the α_F -interpolating automorphism β^I, whose existence follows also from Theorem 5.1.8, to the first tensor factor, i.e.:

ω̂ = ω_1 ⊗ ω_2 ∘ β_C∗_(A_{)⊗}1 .

It would be interesting to know in which way both sectors [ω] and [ω̂] are related to each other.

7.1.2 The Problem of Reducibility

The problem of reducibility arises if the vacua under consideration are not related by a symmetry since then our construction scheme leads to kink representations of the form

π = π_1 ⊗ π_2 ∘ β|_C∗_(A_{)⊗}1

where β ∈ Aut(α_F , A ⊗ A) is an interpolating automorphism and π_1, π_2 are vacuum representations. The representation π is not irreducible and whether π can be decomposed into irreducible sub-representations is still an open problem. Some of our results (Theorem 4.4.3) suggest that π is, in non exceptional cases, an infinite multiple of a finite direct sum of irreducible components.

7.2 Application to other Topics

Some of the ideas and techniques which we have used in Chapter 4 and Chapter 5 can also be applied to topics which have not been considered in the present work. In this section we shall briefly mention some examples.

7.2.1 Further Applications in 1+1-Dimensional Quantum Field Theories

We consider a net of field algebras F : O → F(O) in 1 + 1-dimensional quantum field theory with an compact internal symmetry group G, acting by automorphisms α_g on C^∗(F). Furthermore, we assume that F is faithfully and irreducibly represented by a vacuum representation on some Hilbert space H and that the inclusion

Λ(O) = (F(O_{RR}), F(O_R), Ω)

is standard split, where Ω is the vacuum vector in H. Furthermore, we denote by Ψ_O is the universal localizing map with respect to Λ(O).

The fix-point net A under the action of G does not fulfill Haag duality and we are interested in the dual net A^d. Recently, an explicit construction of the dual net

A^d has been carried out by M. Müger [62]. He applied for his purposes, similar

techniques as we have used in Chapter 4 and Chapter 5. We shall briefly sketch the main ideas. In the same manner as in Chapter 5, he constructs a non-local extension

F̂ of the net F:_^ F(O) := F(O) ∨ UO(G)^{′′}

where the representation U_O is given by

U_O(g) := Ψ_O(1 ⊗ U(g)) .

Here U is a unitary representation of G on H which implements the action of G in the vacuum representation.

The action of G on C^∗(F) can be lifted to the extension C^∗(F̂) in a natural way. Hence one can build the fix-point net Â of F̂ under the action of G. According to [62], the net Â is nothing else but the dual net. Finally, we illustrate this result by the following diagram:

F(O)^⊂ -^^F(O)

A(O)^∪ 6 ⊂ - Â_{(O) =} Ad_{(O)}^∪ 6

7.2.2 Kink Sectors in d > 1 + 1 Dimensions

It would be desirable to apply our program to quantum field theories in higher dimensions. Let us suppose a theory, given by a net of W*-algebras A, possesses two locally normal vacuum states ω_1, ω_2.

As a sensible generalization of a kink states to d > 1+1, we propose to consider locally normal states ω which fulfill the interpolation condition:

ω|_C∗_(A_{,S1)} = ω_1|_C∗_(A_{,S1)} and ω|_C∗_(A_{,S}′_{2)} = ω_2|_C∗_(A_{,S}′_{2)} (7.1)

where S_1, S_2, S_1 ⊂ S_2, are space-like cones. The state ω describes the coexistence of two phases which are separated by the phase boundary ∂S := S^′_1 ∩ S_2.

Let us assume duality for space-like cones in the vacuum representations under consideration. Furthermore, we assert that the inclusion

Λ = (A_{π1} (S_1), A_{π1} (S_2), Ω_1)

is standard split. Here (H_1, π_1, Ω_1) is a GNS-triple with respect to ω_1.

Unfortunately, for d > 1 + 1 the phase boundary ∂S is not compact and therefore our construction scheme can not directly be generalized to higher dimensions.

In order to overcome this difficulties, we consider a sequence of standard split inclusions

Λ_n := (A_{π1} (O_{1n}), A_{π1} (O_{2n}), Ω_1) where O_{1n} ⊂⊂ O_{2n} are bounded double cones such that O_{jn} tends to S_j for n → ∞. As in the 1 + 1-dimensional case we pass now to the two folded tensor product of the theory with itself. Denote by Ψ_{Λn⊗Λn} the universal localizing map with respect to the inclusion Λ_n ⊗ Λ_n. Since the operators

θ_n := Ψ_{Λn⊗Λn} (1 ⊗ u_F )

are localized in a bounded region, we may define the following automorphisms of C^∗(A):

β_n := (π_1 ⊗ π_1)^{−1} ∘ β_n ∘ (π_1 ⊗ π_1) .

We obtain a sequence of states {ω_n, n ∈ N} where ω_n is given by:

ω_n := ω_1 ⊗ ω_2 ∘ β_n|_C∗_(A_{)⊗}1 .

For large n the states ω_n have almost the correct interpolation property, namely for each pair of local observables a, b where a is localized S^′_2 and b is localized in S_1, there exists a sufficiently large N such that

ω_n(a) = ω_1(a) and ω_n(b) = ω_2(b)

for each n > N. Note that each state ω_n fulfills the Borchers criterion since ω_n belongs to the vacuum sector [ω_1].

In order to obtain generalized kink states, we propose to investigate weak*- limit points of the sequence {ω_n, n ∈ N}. Note that each weak*-limit ω_ι point of the sequence {ω_n, n ∈ N} fulfills the interpolation condition (7.1). It remains to be proven that the weak*-limit points are locally normal.

Acknowledgments:

I would like to thank Prof. K. Fredenhagen for many helpful discussions, friendly atmosphere and supporting this investigation with many ideas. I am also grateful to Dr. K.H. Rehren for many hints and discussion. Thanks are also due to W. Kunhardt for carefully reading parts of the manuscript. This investigation is financially supported by the Deutsche Forschungsgemeinschaft who is also gratefully acknowledged.

142 Conclusion and Outlook

Remarks on the Split Property for Massive Free Scalar Fields A

A.1 Preliminaries:

We work here with the self-dual CCR-algebra in d spatial dimensions. Therefore, we need some technical definitions.

Definiton A.1.1 : For the vector space K = S(R^d) ⊕ S(R^d), we denote by Γ the complex conjugation in K, Γf = f̄ . Moreover, we introduce the following sesquilinear form γ on K: γ(f, g) = ( f, ( 0 −i i 0 ) g ) (A.1)

where (·, ·) denotes the ordinary scalar-product in L_2(R^d)⊕L_2(R^d). The self-dual CCR-algebra A(K, γ, Γ) is the *-algebra which is generated by the set of symbols {b(f) : f ∈ K} modulo the following relations:

(1) The map b : f ∈ K → b(f) ∈ A(K, γ, Γ) is linear.

(2) We have the following *-relation: b(f)^∗ = b(Γf).

(3) We have the commutator relation [b(f)^∗, b(g)] = γ(f, g)1.

For a region G ⊂ R^d we consider the CCR-algebra A(G) := A(K(G), γ, Γ) where K(G) is defined by K(G) := μ^{1/2}S(G) ⊕ μ^{−1/2}S(G). Here μ is the pseudo differential operator which is given by kernel

μ(x − y) := ∫ dp (p^2 + m^2)^{1/2} e^ip^(x^−y^) . (A.2)

We now define the quasi-free vacuum functional ω_0 on A(K, γ, Γ) by

ω_0(b(f)^∗b(g)) := 1/2γ(f, g) .

where the functions f, g are contained in K.

A.2 Product States:

Let us consider now two regions G_1, G_2 ⊂ R^d with non vanishing distance. In the sequel we write G := G_1 ∪ G_2 for their union.

We denote by A(G_1) ∨ A(G_2) the algebra which is given by all finite sums ∑ a_nb_n with a_n ∈ A(G_1) and b_n ∈ A(G_2). Since G_1 and G_2 have non vanishing distance we conclude that A(G_1)∨A(G_2) = A(G). We define now a product state ω on A(G) by ω( ∑ a_nb_n) := ∑ ω_0(a_n)ω_0(b_n) . (A.3)

Since ω_0 is quasi-free, ω is also a quasi-free state on A(G).

We are now interested in a criterion which give us the possibility to decide for which regions G_1, G_2 with non vanishing distance the GNS-representations with respect to the states ω and ω_0 are unitarily equivalent on A(G).

We are going to use a criterion which is proven by H. Araki. To formulate this criterion, let us consider the following two scalar products on the space K(G_1 ∪ G_2):

(1) (f, g)_0 := ω_0(b(f)^∗b(g)) + ω_0(b(Γf)^∗b(Γg))

(2) (f, g)_p := ω(b(f)^∗b(g)) + ω(b(Γf)^∗b(Γg))

Here ω is the product state, induced by ω_0. The completion of K(G) with respect to the norm || · ||_0 = (·, ·)_0 (resp. || · ||_p = (·, ·)_p) is denoted by K(G)_0 (resp. K(G)_p).

Moreover, denote by s_0 (resp. s_p) a positive operator, bounded by 1, with the property (f, s_0g)_0 = ω_0(b(f)^∗b(g)) (resp. (f, s_pg)_p = ω(b(f)^∗b(g))).

Criterion: The GNS-representations with respect to ω_0 and ω are unitarily equivalent if the following conditions hold:

(1) The values 0, 1/2 are not eigenvalues of s_0 (resp. s_p) in K(G)_0 (resp. K(G)_p).

A.3 Equivalence of Norms: 145

(2) The norms || · ||_0 and || · ||_p are equivalent on K(G).

(3) The following operators are of Hilbert-Schmidt class in K(G)_0 = K(G)_p:

(s_0 − s_p)(1 − 2s_0)^{−1} and (s_0(1 − s_0))^{1/2} − (s_p(1 − s_p))^{1/2}

The following analysis can be done in complete analogy to those of D. Buchholz [8] who has proven that ω and ω_0 are unitarily equivalent on A(G), in the case where G_1 = O_1 is a compact region and G_2 = O_2 the complement of a slightly larger compact region in R^3. The only argument in this analysis which depends on the spatial dimension is contained in the proof of condition (2) ([8, Lemma 3.2]). The necessary generalization is given in the next paragraph.

If one carries through the analysis of [8], we obtain the following criterion: Consider two regions Ĝ_j ⊃ G_j ; j = 1, 2 such that Ĝ_1 and Ĝ_2 have also non vanishing distance and let χ_{G1} , χ_{G2} be two C^∞-functions with supp(χ_{Gj} ) ⊂ Ĝ_j and χ_{Gj} (x) = 1 for x ∈ G_j . Then we obtain:

Proposition A.2.1 : The states ω and ω_0 are unitarily equivalent on A(G) if the integral-kernel

χ_{G1} (x)μ(x − y)χ_{G2} (y) (A.4)

is an element of S(R^{2d}).

A.3 Equivalence of Norms:

For convenience, we cite now the proof of [8, Lemma 3.2] by making the necessary changes to show that the result is independent of the spatial dimension.

Lemma A.3.1 : Let (G_1, G_2) be any pair of regions with non-vanishing distance, then the norms || · ||_0 and || · ||_p are equivalent on K(G_1 ∪ G_2).

Proof. Let t > 0 be the distance between G_1 and G_2. Moreover, let s, be a function in S with support in B_d(t/2) and Fourier transform ŝ, such that ŝ(p) ≥ 0 for all p ∈ R^d. A function with these properties exists and can be obtained by using the convolution theorem. Hence there are constants c > a > 0 such that c > (p^2 + m^2)^{1/2}(ŝ(p) + a) ≥ a > 0. This implies

|(p^2 + m^2)^{−1/2} − c^{−1}(ŝ(p) + a)| ≤ ac^{−1}(p^2 + m^2)^{−1/2}

|(p^2 + m^2)^{1/2} − c^{−1}(p^2 + m^2)(ŝ(p) + a)| ≤ ac^{−1}(p^2 + m^2)^{−1/2}

(A.5)

We consider now the following operators which are diagonal in momentum space: w_1(p) = c^{−1}(ŝ(p) + a) w_2(p) = c^{−1}(p^2 + m^2)(ŝ(p) + a)

(A.6)

For any element g ∈ S(G_2) one has

(w_1g)(x) = c^{−1}(s ∗ g(x) + ag(x)) (w_2g)(x) = c^{−1}(∂_α∂^α + m^2)(s ∗ g + ag)(x) , α = 1, 2, 3

(A.7)

and hence suppw_jg ∩ G_1 = ∅. Thus one gets (f, w_jg) = 0 for each f ∈ K(G_1) and each g ∈ K(G_2). Now we compute: |(f, μ^{−1}g)| = |(f, μ^{−1}g − w_1g)| ≤ ∫ dp |(p^2 + m^2)^{−1/2} − c^{−1}(ŝ(p) + a)||f̂(p)||ĝ(p)| ≤ ac^{−1} ∫ dp (p^2 + m^2)^{−1/2}|f̂(p)||ĝ(p)| ≤ ac^{−1}(f, μ^{−1}f)^{1/2}(g, μ^{−1}g)^{1/2} (A.8)

Analogously we obtain the estimate |(f, μg)| ≤ ac^{−1}(f, μf)^{1/2}(g, μg)^{1/2}. Keeping in mind that ac^{−1} < 1, the equivalence of the norms || · ||_0 and || · ||_p can be obtained by using the same arguments as in [8]. �

A.4 Application of the Criterion:

In this paragraph, we discuss the application of Proposition A.2.1 with respect to the possible cases for G_1 and G_2.

Denote by S(R^d; 0) the space of functions f such that χf ∈ S(R^d) for each test function χ ∈ S(R^d) with 0 /∈ supp(χ).

It turns out that the problem can be reduced to the following question: Let f be a function in S(R^d; 0). For which pairs of regions G_1, G_2 ⊂ R^d is the function f_{(G1,G2)} : (x, y) → χ_{G1} (x)f(x − y)χ_{G2} (y) (A.9) contained in S(R^{2d}) ?

Since f may be singular at x = 0, one has to require that G_1 and G_2 have non vanishing distance.

A.4 Application of the Criterion: 147 Definiton A.4.1 : A pair of regions G_1, G_2 ⊂ R^d with non vanishing distance is called admissible if there exists a constant k > 0 such that for each r > 0 the set G(r) := {(x_1, x_2)|x_1 ∈ G_1, x_2 ∈ G_2 ; x_1 − x_2 ∈ B_d(r)} is contained in B_{2d}(kr), where B_d(r) denotes the closed ball in R^d with radius r. Lemma A.4.2 : If (G_1, G_2) is a pair of regions in R^d which is admissible, then the function f_{(G1,G2)} is contained in S(R^{2d}).

Proof. Since the pair (G_1, G_2) is admissible, the region G(k^{−1}r) := {(x, y)|x ∈ G_1, y ∈ G_2 ; x − y ∈ B_d(k^{−1}r)} is contained in the closed ball B_{2d}(r) for a constant k > 0. This implies that for each m ∈ N one has |χ_{G1} (x)f(x − y)χ_{G2} (y)| < const. · |x − y|^{−m} ≤ const. · k^mr^{−m} ≤ const. · |(x, y)|^{−m} .

(A.10)

Hence we conclude that f_{(G1,G2)} is of fast decrease and thus contained in S(R^{2d}). � Corollary A.4.3 : If the pair of regions (G_1, G_2) is admissible, then the states ω_0 and ω are unitarily equivalent on A(G). Proof. The function f : x ∈ R^d\{0} → f(x) = ∫ dp (p^2 + m^2)^{1/2} e^ipx (A.11) is contained in S(R^d; 0). An application of Proposition A.2.1 and Lemma A.4.2 implies the result. �

Let us now discuss the cases for witch the pair (G_1, G_2) is admissible. To carry through this analysis, we have to give a few more definitions. Let e ∈ R^d be a vector of unit length and s ∈ (0, 1), then we define the convex cone C(e, s) :=

R+ · (Bd(s) + e). The complement of C(e, s) in R^d is denoted by C^′(e, s).

Lemma A.4.4 : Let s_1, s_2 ∈ (0, 1) with s_1 < s_2 and e a unit vector, then for each ϵ > 0 the pair (C(e, s_1) + ϵe, C^′(e, s_2)) is admissible.

Proof. Let us consider the set C(e, s_2)\C(e, s_1) = C(e, s_2, s_1). For s_2 > s_1, there exists a convex cone C(e^′, s_3) which is contained in C(e, s_2, s_1). Hence for each x ∈ ∂C(e, s_1) exists r > 0, such that B_d(r) + x ⊂ C(e, s_2). Moreover, we have the following relation between x and r:

|x| ≥ sin(φ_2 − φ_1)^{−1} · r (A.12)

Here φ_j = arcsin(s_j) is the opening angle of C(e, s_j). We set t := sin(φ_2 −φ_1)^{−1} and conclude for each x ∈ B_d(tr)^′ ∩ C(e, s_1)

B_d(r) ⊂ C(e, s_2) + x . (A.13)

Hence for each x ∈ B_d(tr)^′ ∩ C(e, s_1) there is no y ∈ C^′(e, s_2) such that x + y ∈ B_d(r). Since for each ϵ > 0 the set C(e, s_1)+ϵe is contained in C(e, s_1), we obtain that

G(r) := {(x, y)|x ∈ C(e, s_1) + ϵe, y ∈ C^′(e, s_2) ; x + y ∈ B_d(r)} (A.14)

is contained in B_d(tr) × C^′(e, s_2). On the other hand, for each r > 0 there exists y ∈ ∂C(e, s_2) such that B_d(r) ∩ C(e, s_1) = ∅. We have the following relation for y and r:

|y| ≥ sin(φ_2 − φ_1)^{−1} · r (A.15)

Thus with the same argument as above we conclude finally that there exists a constant k > 0, such that G(r) ⊂ B_d(tr) × B_d(tr) ⊂ B_{2d}(kr) (A.16) which implies the result. �

We see that for d > 1 the arguments in the proof of Lemma A.4.4 fails for cones with the same opening angle, i.e. the pair (C(e, s)+ϵe, C^′(e, s)) is not admissible.

On the other hand, for d = 1 the pair ((−∞, 0], [ϵ, ∞)) is indeed admissible.

A.5 The Split Property:

To discuss the split property, we briefly describe the construction of the local v.Neumann algebras for the free massive scalar field in the vacuum representation. Denote by

A.5 The Split Property: 149

(H_0, π_0, Ω_0) the GNS-triple of ω_0. We define for each f ∈ K_Γ := {g ∈ K : Γg = g}, the field operator b_0(f) := π_0(b(f)) which is essentially self-adjoint on π_0(A(K, γ, Γ))Ω_0. For a region G ⊂ R^d we denote by M(G) the v.Neumann algebra which is given by M(G) := {e^{iπ0(b(f ))} : f ∈ K_Γ(G)}^{′′}, where^{′′} denotes the double commutant in B(H_0).

Let us consider a pair of admissible regions (G_1, G_2), then by Corollary 3.1 we know that the vacuum state ω_0 and its induced product state ω are unitarily equivalent on A(G_1 ∪G_2). Hence the product state ω induces a normal state on M(G_1)∨

M(G2) which is given by a vector η ∈ H0, where η is cyclic for M(G1) ∨ M(G2).

Thus we have for a_1 ∈ M(G_1) and a_2 ∈ M(G_2)

⟨η, a_1a_2η⟩ = ⟨Ω_0, a_1Ω_0⟩ ⟨Ω_0, a_2Ω_0⟩ (A.17)

By standard arguments [8], we conclude that for a pair of admissible regions (G_1, G_2) the inclusion

M(G1)^′ ⊂ M(G2) (A.18)

is a split inclusion.

Example: We close the appendix by discussing the 1 + 1-dimensional case briefly. We consider the regions (0, ∞) and (−∞, 0). For x ∈ (0, ∞) the pair ((x, ∞), (−∞, 0)) is admissible (see Lemma A.4.4). Keeping in mind that the net of the free field I → M(I) satisfies wedge duality we obtain that the inclusion

M(x, ∞) ⊂ M(0, ∞) (A.19)

is standard split. Hence the massive free scalar field in 1 + 1 dimensions satisfies the split property for wedge regions.

150 Remarks on the Split Property for Massive Free Scalar Fields

The Proofs for Chapter 6 B

B.1 The Proof of Proposition 6.2.6

In order to compute products of one-kink fields, we introduce the following notation: Let ρ ∈ T (n, m, e) and consider a family of operators a = (a_j, a^i)^{i∈m}_{j∈n} with a_j ∈ C^∗(A^+_{ej−1} ) and a^i ∈ C^∗(A^−_{e1−i} ).

(1) From the above data, we define operators in C^∗(A^+_{e0} ) by:

a_1 × · · · × a_n := a_1ρ_1(a_2) · · · (ρ_1 · · · ρ_{n−2})(a_{n−1})(ρ_1 · · · ρ_{n−1})(a_n) (2) Analogously, we define operators in C^∗(A^−_{e0} ):

a^1 × · · · × a^m := a^1ρ^1(a^2) · · · (ρ^1 · · · ρ^{m−2})(a^{m−1})(ρ^1 · · · ρ^{m−1})(a^m) (3) Denote by 1_j and 1^i the unit in C^∗(A^+_{ej} ) and C^∗(A^−_{e−i} ) respectively. For κ ∈ P (n, m) we define:

a_κ := π^+_{e0} (a_1 × · · · × a_{κ+(1)})π^−_{e0} (a^1 × · · · × a^{κ−(1)}) · · ·

· · · π^+_{e0} (1_1 × · · · × 1_{κ+(l)} × a_{κ+(l)+1} × · · · × a_n)

π^−_{e0} (1^1 × · · · × 1^{κ−(l)} × a^{κ−(l)+1} × · · · × a^m) which is an operator in B(H_{e0} ). where κ = (κ_+, κ_−) is parameterized by equation (6.1). Furthermore, we let a^#_κ := (a^∗)_κ^∗ where we have set: a^∗ := (a^∗_j , a^{i∗})^{i∈m}_{j∈n} .

Now, let a ∈ F (n, m, ρ) be a kink field of the form a = ( ⨂ j∈n a_j ) ⊗ ( ⨂ i∈m a^i ) . Then it is not hard to prove that for each κ ∈ P (n, m) we have: a_κΩ_{e0} = {ρ_κ, a^#_κ Ω_{e0} } (B.1) In order to complete the proof of Proposition 6.2.6, we are now prepared to establish the lemma below.

Lemma B.1.1 : Let a be the kink field above and let v ∈ (ρ̂, ρ) be an intertwiner of the form v = ( ⨂ j∈n v_j ) ⊗ ( ⨂ i∈m v^i )

with v_j ∈ (ρ̂_j, ρ_j) and v^i ∈ (ρ̂^i, ρ^i). Then for each κ ∈ P (n, m) the following holds:

(va)_κΩ_{e0} = v_κa_κΩ_{e0} .

Proof. An application of equation (B.1) gives: (va)_κΩ_{e0} = {ρ̂_κ, (va)^#_κ Ω_{e0} } where the family va is given by (v_ja_j, v^ia^i)^{i∈m}_{j∈n} . Let κ = (κ_+, κ_−) be parameterized by equation (6.1). Then we have for k ≤ l: a^∗_{κn(k)+1}v^∗_{κn(k)+1} × · · · × a^∗_{κn(k+1)+1}v^∗_{κn(k+1)+1} = a^∗_j v^∗_j ρ̂_j (a^∗_{j+1}v^∗_{j+1}) · · · (ρ̂_j · · · ρ̂_{j+i−1})(a^∗_{j+i}v^∗_{j+i}) = a^∗_j ρ_j(a^∗_{j+1}) · · · (ρ_j · · · ρ_{j+i−1})(a^∗_{j+i})v^∗_j ρ̂_j (v^∗_{j+1}) · · · (ρ̂_j · · · ρ̂_{j+i−1})(v^∗_{j+i}) = (a^∗_{κn(k)+1} × · · · × a^∗_{κn(k+1)+1})(v_{κn(k)+1} × · · · × v_{κn(k+1)+1})^∗

Here we have set j = κ_+(k) + 1 and j + i = κ_+(k + 1). Analogously, we find: a^{κ−(k)+1∗}v^{κ−(k)+1∗} × · · · × a^{κ−(k+1)+1∗}v^{κ−(k+1)+1∗} = (a^{κ−(k)+1∗} × · · · × a^{κ−(k+1)+1∗})(v^{κ−(k)+1} × · · · × v^{κ−(k+1)+1})^∗ By inserting the above relation into the expression for (va)_κΩ_{e0} and v_κa_κΩ_{e0} , the lemma follows. �

B.2 The Proofs of Theorem 6.2.1 and Theorem 6.2.10

In order to prove Theorem 6.2.1 we establish some useful lemmas.

Lemma B.2.1 : Let τ ∈ Δ(e_1, e_2; e) be a kink representation and let ρ ∈ Δ(e_1, ê_1; e_1), σ ∈ Δ(ê_2, e_2; e_2) be oriented kink representations such that ρ and σ are localized in space-like separated regions. Then one has:

τ^#ρ^#σ = τ^#σ^#ρ ∈ Δ(ê_1, ê_2; e)

Proof. Since ρ and σ are localized in space-like separated regions, there exist a right wedge W such that ρ is localized in W and σ is localized in W^′.

Let O be any sufficiently large double cone and let us choose oriented kink representations ρ̂ ∈ Δ(e_1, ê_1; e_1) and σ̂ ∈ Δ(ê_2, e_2; e_2) where ρ̂ ∼= ρ is localized in O_{RR} ⊂ W and σ̂ ∼= σ is localized in O_{LL} ⊂ W^′. Furthermore, there exists an oriented kink representation τ̂ ∈ Δ(e_1, e_2; e_1), τ̂ ∼= τ , which is localized in W . We choose unitary intertwiner w ∈ (τ̂ , τ ), u ∈ (ρ̂, ρ) and v ∈ (σ̂, σ). Furthermore, we define for a kink representation η ∈ Δ(e_1, e_2, e):

η^#(a) := η ∘ (π^−_{e1} )^{−1}(a) for a ∈ π^−_{e1} (C^∗(A^−_{e1} )).

η^#(b) := η ∘ (π^+_{e2} )^{−1}(b) for b ∈ π^+_{e2} (C^∗(A^+_{e2} )).

The localization properties of ρ̂, ρ and σ̂, σ imply that u is localized in W and that v is localized in W^′. Thus we obtain for each a ∈ A(O): τ^#σ^#ρ(a) = wτ̂^#(v)τ̂^#(u)τ̂(a)τ̂^#(u^∗)τ̂^#(v^∗)w^∗

= wvτ̂^#(u)τ̂(a)τ̂^#(u^∗)v^∗w^∗

= wτ̂^#(u)vτ̂(a)v^∗τ̂^#(u^∗)w^∗

= τ^#(u)τ^#(v)τ (a)τ^#(v^∗)τ^#(u^∗) On the other hand, we have:

τ^#ρ^#σ(a) = τ^#(u)τ^#(v)τ (a)τ^#(v^∗)τ^#(u^∗) which implies the result. � Lemma B.2.2 : Let τ ∈ Δ(e_1, e_2; e) be a kink representation and let ρ ∈ Δ(e_1, ê_1; e_1), σ ∈ Δ(ê_2, e_2; e_2) be oriented kink representations. Then there exists a unitary intertwiner ϵ_τ (ρ, σ) ϵ_τ (ρ, σ)τ^#ρ^#σ(a) = τ^#σ^#ρ(a)ϵ_τ (ρ, σ) which depends only on τ, ρ, σ.

Proof. We choose unitary intertwiner u ∈ (ρ̂, ρ) and v ∈ (σ̂, σ) such that ρ̂ is localized in a right wedge W and σ̂ is localized in W^′. By Lemma B.2.1 we conclude:

τ^#σ^#ρ(a) = τ^#(vσ̂^#ρ(a)v^∗)

= τ^#(v)τ^#σ̂^#ρ(a)τ^#(v^∗)

= Ad(τ^#(v)(τ^#σ̂)^#(u))τ^#σ̂^#ρ̂(a)

= Ad(τ^#(v)(τ^#σ̂)^#(u))τ^#ρ̂^#σ̂(a)

= Ad((τ^#σ)^#(u)τ^#(v)τ^#(u^∗)(τ^#ρ)^#(v^∗))τ^#ρ^#σ(a)

We define quasi-statistics operator ϵ_τ (ρ, σ) by: ϵ_τ (ρ, σ) := (τ^#σ)^#(u)τ^#(v)τ^#(u^∗)(τ^#ρ)^#(v^∗) Let us choose intertwiner u_1 ∈ (ρ_1, ρ) and v_1 ∈ (σ_1, σ) such that ρ_1 is localized in a right wedge W_1 ⊂ W and σ_1 is localized in W_2 ⊂ W^′. By substituting u → uu_1 and v → vv_1, we obtain an alternative quasi-statistics operator ϵ^′_τ (ρ, σ). In order to prove that ϵ_τ (ρ, σ) depends only on τ, ρ, σ, we establish that ϵ^′_τ (ρ, σ) = ϵ_τ (ρ, σ). Let w ∈ (τ_1, τ ) be a unitary intertwiner where τ_1 is oriented and localized in W_1.

w^∗ϵ^′_τ (ρ, σ)w = (τ_1^#σ)^#(uu_1)τ_1^#(vv_1)τ_1^#(u^∗_1u^∗)(τ_1^#ρ)^#(v^∗_1v^∗) = τ_1^#(v)(τ_1^#σ̂)^#(uu_1)v_1τ_1^#(u^∗_1)v^∗_1(τ_1^#ρ̂)^#(v^∗)τ_1^#(u^∗) = τ_1^#(v)(τ_1^#σ̂)^#(u)τ_1^#(u_1)v_1τ_1^#(u^∗_1)v^∗_1(τ_1^#ρ̂)^#(v^∗)τ_1^#(u^∗) = τ_1^#(v)(τ_1^#σ̂)^#(u)(τ_1^#ρ̂)^#(v^∗)τ_1^#(u^∗) = ϵ_{τ1}(ρ, σ) = w^∗ϵ_τ (ρ, σ)w Here we have used the fact that v_1 is localized in W^′ and that τ_1^#(u_1) is localized in W . � Proof of Theorem 6.2.1: Let ρ ∈ T (n, m, e). We define oriented kink representations:

ρ_n := π^+_{e0} ∘ ρ_1 · · · ρ_n and ρ^m := π^−_{e0} ∘ ρ^1 · · · ρ^m .

Let u ∈ (ρ̂, ρ) be a unitary intertwiner and let us choose ρ̂ in such a way that ρ̂^j is localized in W and that ρ̂^i is localized in W^′. We conclude from Lemma B.2.1: ρ̂_κ = ρ̂_n^#ρ̂^m for each κ ∈ P (n, m). By Lemma B.1.1 we obtain for each κ ∈ P (n, m): ρ_κ = Ad(u_κ) ∘ ρ̂_κ

Thus we have for each pair (κ, κ̂) ∈ G(n, m):

ρ_κ = Ad(u_κ) ∘ ρ̂_n^#ρ̂^m = Ad(u_κ) ∘ ρ̂_{κ̂} = Ad(u_κu^∗_{κ̂}) ∘ ρ_{κ̂} . Finally we define the quasi statistics operator: ϵ_{(κ,κ̂)}(ρ) := u_κu^∗_{κ̂} In the same manner as in the proof of Lemma B.2.2 it can be shown that ϵ_{(κ,κ̂)}(ρ) does not depend on the auxiliary family ρ̂. � Proof of Theorem 6.2.10: Let a ∈ F (n, m; ρ) be a multi-kink field of the form a = ( ⨂ j∈n a_j ) ⊗ ( ⨂ i∈m a^i ) . Since for each pair (j, i) the one-kink fields a_j = (ρ_j, a_j) and a^i = (ρ^i, a^i) are localized in space-like separated regions, there exists unitary intertwiners u_j ∈ (ρ̂_j , ρ_j) and u^i ∈ (ρ̂^i, ρ^i) such that u_ja_j and ρ̂_j are localized in a right wedge W and u^ia^i and ρ̂^i are localized in W^′. This implies (ua)_κ = (ua)_{κ̂} for each pair (κ, κ̂) and therefore: u_κa_κΩ_{e0} = u_{κ̂}a_{κ̂}Ω_{e0} .

Finally, Theorem 6.2.10 follows from the identity ϵ_{(κ,κ̂)}(ρ) := u_κu^∗_{κ̂} . �

Bibliography

[1] Araki, H.: Soliton Sectors of the XY-Model. Preprint from Research Institute for Mathematical Sciences, Kyoto University, Japan 1995.

[2] Araki, H. and Haag, R.: Collision Cross Sections in Terms of Local Observables., Commun. Math. Phys. 4, 77-91, (1967) [3] Borchers, H.-J.: Energy and Momentum as Observables in Quantum Filed Theory. Commun. Math. Phys. 2, 49, (1966) [4] Borchers, H.-J.: CPT-Theorem in the Theory of Local Observables, Commun. Math. Phys. 143, 315-332, (1992) [5] Borchers, H.-J.: On the Converse of the Reeh-Schlieder Theorem, Commun. Math. Phys. 10, 269-273, (1968) [6] Borchers, H.-J.: Commun. Math. Phys. 4, 315-323, (1967) [7] Bratteli, O. and Robinson, D.: Operator Algebras and Quantum Statistical Mechanics I. Berlin, Heidelberg, New York: Springer 1979 [8] Buchholz, D.: Product States for Local Algebras. Commun. Math.

Phys. 36, 287-304, (1974) [9] Buchholz, D., Doplicher, S. and Longo, R.: On Noether’s Theorem in Quantum Field Theory, Ann. Phys. 170:1, (1986) [10] Buchholz, D. and Fredenhagen K.: Locality and the Structure of Particle States. Commun. Math. Phys. 84, 1-54, (1982) [11] Buchholz, D. and Wanzenberg, R.: The Realm of the Vacuum. Commun. Math. Phys. 143, 577-589, (1992)

[12] Coester, F. and Haag, R.: Representation of States on a Field Theory with Canonical Variables. Phys. Rev. 117, 1137, (1960)

[13] Coleman, S.: Aspects of Symmetry. Cambridge University Press 1985

[14] D’Antoni, C. and Fredenhagen, K.: Charges in Spacelike Cones, Commun. Math. Phys. 94, 537-544 (1984)

[15] D’Antoni, C. and Longo, R.: Interpolation by Type I Factors and the Flip Automorphism, Jour. Func. Anal. 51, 361-371 (1983)

[16] Doplicher, S., Haag, R. and Roberts, J.E.: Fields, Observables and Gauge Transformations I. Commun. Math. Phys. 13, 1-23, (1969)

[17] Doplicher, S., Haag, R. and Roberts, J.E.: Fields, Observables and Gauge Transformations II. Commun. Math. Phys. 15, 173-200, (1969)

[18] Doplicher, S., Haag, R. and Roberts, J.E.: Local Observables and Particle Statistics I. Commun. Math. Phys. 23, 199-230, (1971)

[19] Doplicher, S., Haag, R. and Roberts, J.E.: Local Observables and Particle Statistics II. Commun. Math. Phys. 35, 49-58, (1971)

[20] Doplicher, S. and Longo R.: Standard Split Inclusions of von Neumann Algebras. Invent. math. 75, 493-536, (1984)

[21] Driessler, W.: On The Type of Local Algebras in Quantum Field Theory. Commun.Math.Phys. 53, 295, (1977)

[22] Fredenhagen, K.: Generalization of the Theory of Superselection Sectors. Published in Kastler, D.: The Algebraic Theory of Superselection Sectors ... World Scientific 1989

[23] Fredenhagen, K.: Superselection Sectors in Low Dimensional Quantum Field Theory. , DESY-92-133, Sept 1992. Published in the proceedings of 28th Karpacz Winter School of Theoretical Physics: Infinite-Dimensional Geometry in Physics, Karpacz, Poland, 17-29 Feb 1992. J. Geom. Phys. 11 (1993) 337-348

[24] Fredenhagen, K.: On the Existence of Antiparticles. Commun.

Math. Phys. 79, 141-151, (1981)

[25] Fredenhagen, K.: A Remark on the Cluster Theorem. Commun.

Math. Phys. 97, 461, (1985)

[26] Fredenhagen, K.: Product of States. DESY-92-069, May 1992.

11pp. Presented at Max Born Symp. on Theoretical Physics, Wroclaw, Poland, Sep 27-29, 1991. Published in Wroclaw Max Born Symp. ,199-210, (1991)

[27] Fredenhagen, K.: Superselection Sectors with Infinite Statistical Dimension. DESY-94-071, Apr 1994. 12pp. Presented at Taniguchi Symposium on Condensed Matter Theory, Lake Biwa, Kashikojima.

[28] Fredenhagen, K., Gaberdiel, M.R. and Rüger, S.M.: Scattering States of Plektons (Particle with Braid Group Statistics) in (2+1)- Dimensional Quantum field Theory. Commun. Math. Phys. 175, 319-336, (1996)

[29] Fredenhagen, K., Rehren, K.H. and Schroer, B.: Superselection Sectors with Braid Group Statistics and Exchange Algebras I. Commun. Math. Phys. 125, 201, (1989)

[30] Fredenhagen, K., Rehren, K.H. and Schroer, B.: Superselection Sectors with Braid Group Statistics and Exchange Algebras II. Rev. Math. Phys. Special Issue, 111-154, (1992)

[31] Fröhlich, J.: New Superselection Sectors (Soliton States) in Two Dimensional Bose Quantum Field Models. Commun. Math. Phys. 47, 269-310, (1976)

[32] Fröhlich, J.: Quantum Theory of Nonlinear Invariant Wave (Field) Equations. Erice, Sicily, Summer 1977

[33] Fröhlich, J. and Marchetti, P.A.: Soliton Quantization in Lattice Field Theories. Commun. Math. Phys. 112, 343-383, (1987)

[34] Fröhlich, J. and Marchetti, P.A.: Superselection Sectors in Quantum Field Theory Models: Kinks in ϕ^4_2 and Charged States in Lattice QED. Published in Kastler, D.: The Algebraic Theory of Superselection Sectors ... World Scientific 1989

[35] Fröhlich, J. and Seiler, E.: The Massive Thirring-Schwinger Model as the Massive Sine-Gordon Equation. Helv. Phys. Acta 49 889, (1976)

[36] Guido, D. and Longo, R.: Relativistic Invariance and Charge Conjugation in Quantum Field Theory. Commun. Math. Phys. 148, 521- 551, (1992)

[37] Glimm, J. and Jaffe, A.: Collected Papers. Vol. 1 and Vol.2: Quantum Field Therory and Statistical Mechanics. Expositions. Boston, USA: Birkhäuser (1985)

[38] Glimm, J. and Jaffe, A.: A λϕ^4 Quantum Field Theory without Cutoffs I. Phys. Rev. 176, 1945-1951, (1968)

Glimm, J. and Jaffe, A.: A λϕ^4 Quantum Field Theory without Cutoffs II. Ann. of Math. 91, 362-401, (1970)

Glimm, J. and Jaffe, A.: A λϕ^4 Quantum Field Theory without Cutoffs III. Acta Math. 125, 204-267, (1970)

Glimm, J. and Jaffe, A.: A λϕ^4 Quantum Field Theory without Cutoffs IV. J. Math. Phys. 13, 1568-1584, (1972)

[39] Glimm, J. and Jaffe, A.: The Yukawa-2 Quantum Field Theory without Cutoffs. J. Funct. Anal. 7, 323-357, (1971)

[40] Glimm, J. and Jaffe, A.: Quantum Physics, a Functional Integral Point of View. Springer, New York, Berlin, Heidelberg (1987)

[41] Glimm, J., Jaffe, A. and Spencer T.: Phase Transitions for ϕ^4_2 Quantum Fields, Commun. Math. Phys. 45, 203-216, (1975)

[42] Glimm, J., Jaffe, A. and Spencer T.: The Wightman Axioms and Particle Structure in the P (ϕ)_2 Quantum Field Model. Ann. of Math. 100, 585-632, (1974)

[43] Haag, R.: Local Quantum Physics. Berlin, Heidelberg, New York:

Springer 1992

[44] Haag, R.: Quantum Field Theory with Composite Particles and Asymptotic Conditions. Phys. Rev. 112, 669, (1958)

[45] Haag, R. and Kastler, D.: An Algebraic Approach to Quantum Field Theory. J. Math. Phys. 5, 848-861, (1964)

[46] Haga, Y.: Crossed Products of Von Neumann Algebras by Compact Groups. Tôhoku Math. Journ. 28, 511-522, (1976)

[47] Janowsky, S.A. and Weitsman, J.: The Phase Structure of the Two- Dimensional N = 2 Wess-Zumino Model. Commun. Math. Phys. 142, 25-66, (1991)

[48] Janowsky, S.A. and Weitsman, J.: A Vanishing Theorem for Supersymmetric Quantum Field Theory and Finite Size Effects in Multiphase Cluster Expansions. Commun. Math. Phys. 143, 85-97, (1991)

[49] Jaffe, A. and Lesniewski, A.: A Priori Estimates for N = 2 Wess- Zumino Models on a Cylinder. Commun. Math. Phys. 114, 553-575, (1988)

[50] Jaffe, A., Lesniewski, A. and Weitzman, J.: Index of Families of Dirac Operators on Loop Space. Commun. Math. Phys. 112, 75-88, (1987)

[51] Jaffe, A., Lesniewski, A. and Weitzman, J.: The Two-Dimensional N = 2 Wess-Zumino Model on a Cylinder. Commun. Math. Phys. 114, 147-165, (1988)

[52] Johann, A.: Sektoren und Teichenanregungen in lösbaren Spinsystemen. Diploma thesis. (1996)

[53] Jones, V.F.R.: Index for Subfactors. Inv. Math. 72, 1-25, (1983) Joos, R.: The General Theory of Quantized Fields. American Mathematical Society, Providence, Rhode Island 1965.

[54] Kastler, D.: The Algebraic Theory of Superselection Sectors. Introduction and Recent Results. World Scientific (1989)

[55] Kosaki, H. and Longo, R.: A Remark on the Minimal Index of Subfactors. Jour. Funkt. Anal. 107, 458-470, (1992)

[56] Kunhardt, W.: On the Universal Algebra of Local Translation Operators in Algebraic Quantum Field Theory. (in German). Preprint - Kunhardt, W. (1994)

[57] Longo, R.: Index of Subfactors and Statistics I. Commun. Math.

Phys. 126, 217-247, (1989)

[58] Longo, R.: Index of Subfactors and Statistics II. Commun. Math.

Phys. 130, 285-309, (1990)

[59] Longo, R.: A Duality for Hopf Algebras and for Subfactors I. Commun. Math. Phys. 159, 133-150, (1994)

[60] Longo, R.: Index Theory of Subfactors and Braid Group Statistics.

Published in Kastler, D.: The Algebraic Theory of Superselection Sectors ... World Scientific 1989

[61] Marchetti, P.A.: Particle Structure Analysis of Soliton Sectors in Massive Lattice Field Theories. Commun. Math. Phys. 117, 501- 528, (1988)

[62] Müger, M.: Quantum Double Actions on Operator Algebras and Orbifold Quantum Field Theories. DESY-96-117, June 1996.

[63] Osterwalder, K.: Commun. Math. Phys. 29, 1, (1973)

[64] Roberts, J.E.: Lectures on Algebraic Quantum Field Theory. Published in Kastler, D.: The Algebraic Theory of Superselection Sectors ... World Scientific 1989

[65] Roberts, J.E.: Local Cohomology and Superselection Structure.

Commun. Math. Phys. 51, 107-119, (1976)

[66] Roberts, J.E.: Theory of the (Statistical) Dimension, in preparation

[67] Roos, H.: Independence of Local Algebras in Quantum Field Theory. Commun. Math. Phys. 16, 238-246, (1970)

[68] Ruelle, D.: On the Asymptotic Condition in Quantum Field Theory.

Helv. Phys. Acta 35, 147, (1962)

[69] Sakai, S.: C^∗- Algebras and W^∗- Algebras. Berlin, Heidelberg, New York: Springer 1971

[70] Schlingemann, D.: Antisolitonen und Mehrsolitonzustände im Rahmen der Algebraischen Quantenfeldtheorie. Diploma thesis, Hamburg 1994

[71] Schlingemann, D.: On the Algebraic Theory of Soliton and Antisoliton Sectors. Rev. Math. Phys. 8, No 2, 301-326, (1996)

[72] Schlingemann, D.: On the Existence of Kink (Soliton) States.

DESY-95-239, Dec 1995. 21pp. To appear in Rev. Math. Phys.

[73] Schlingemann, D.: Kink States in P (ϕ)_2-Models. DESY 96-051, Apr. 1996. 37pp.

[74] Schrader, R.: A Remark on Yukawa Plus Boson Self-Interaction in Two Space-Time Dimensions. Commun. Math. Phys. 21, 164-170, (1971)

[75] Schrader, R.: A Yukawa Quantum Field Theory in Two Space-Time Dimensions without Cutoffs. Ann. Phys. 70, 412-457, (1972)

[76] Simon, B.: The P (ϕ)_2 Eucledian (Quantum) Field Theory. Princeton, NJ: Princeton University Press 1974.

[77] Streater, R.F. and Wightman, A.S.: PCT, Spin and Statistics, and All That. Addison-Wesley Publishing Co.,Inc. 1989.

[78] Summers, S.J.: Normal Product States for Fermions and Twisted Duality for CCR and CAR Type Algebras with Application to Yukawa-2 Quantum Field Model. Commun. Math. Phys. 86, 111- 141, (1982)