hep-th/9711118 17 Nov 1997

DESY 97–197 ISSN 0418 - 9833 October 1997 hep-th/9711118

INTEGRABILITY, COORDINATE SYSTEMS, AND SEPARATION OF VARIABLES IN PATH INTEGRALS

Christian Grosche

II. Institut für Theoretische Physik Universität Hamburg, Luruper Chaussee 149 22761 Hamburg, Germany

Contribution to the Proceedings of the VIII. International Conference on Symmetry Methods in Physics, July 28, 1997 – August 2, 1997, Dubna, Russia.

ABSTRACT

In this contribution I summarize the achievements of separation of variables in integrable quantum systems from the point of view of path integrals. This includes the free motion on homogeneous spaces, and motion subject to a potential force, and I would like to propose systematic investigations of parametric coordinate systems on homogeneous spaces.

The problem of separation of variables in physical systems has been studied for a long time. First, the question arises, is a system separable, i.e., is it integrable (which is not the same)? Many efforts have been put into the investigation to construct separable systems. For the usual physical systems this means to consider potential or magnetic forces, breaking the homogeneity of the free motion, which still allow complete separation of variables in some coordinate system. In three-dimensional space this means that there must be at least three functionally independent constants of motion, representing the separation constants. If there are less than three constants of motion, in a quantum system they are called observables, the physical system is not entirely separable, a property which leads usually to some sort of chaoticity, e.g.[16].

If there are more than three observables in a systems, such a system is called superintegrable. Generally, in d dimensions a system is called maximally superintegrable if there are 2d − 1 constants of motion. The best known examples are the isotropic oscillator and the Coulomb potential in spaces of constant curvature, respectively. This property has the consequence that separability in more that one coordinate system is possible. For instance, in three dimensions the oscillator has five constants of motion and is separable in eight (out of eleven) coordinate systems, and the Coulomb potential has also five constants of motion (including the famous Pauli-Lenz-Runge vector) and is separable in four coordinate systems.

Whereas for a particular physical system one is most concerned with separability, in homogeneous spaces one wants to know the total number of separable coordinate systems for the free Schrödinger (Helmholtz-) equation, or equivalently, how many inequivalent sets of commuting observables can be constructed.

Obviously, these two topics attracted a considerable amount of attention. For the most important two- and three-dimensional spaces of constant curvature, i.e., Euclidean space, the sphere and the hyperboloid, this question was settled by Olevskiĭ [28] in a classical article. Fischer et al. [6] studied spherical functions for generalized rotation groups. Later on, Kalnins and Miller studied in a series of articles higher dimensional spaces, for instance in [21] the O(2, 2) hyperboloid, in [22] fourdimensional flat space (Euclidean and Minkowski space); systematically, these studied have been summarized by Kalnins [17] who gave an account how to construct separable coordinate systems in spaces of constant curvature in higher dimensions.

Concerning potential problems, Eisenhardt [5] investigated the kind of potentials where the Schrödinger equation is soluble, and Smorodinski, Winternitz et al. [26] started a systematic study of integrable potentials in three-dimensional Euclidean space.

From the point of view of path integrals one has to deal with two difficulties: First, the problem is question must be separated, second, expansion formulas must be found in order to complete the path integration. Whereas it is straightforward to formulate a separation formula for separable coordinate systems [8, 9, 14], the finding of expansion formulas is quite another matter. By an expansion formula we mean, for instance, the expansion of plane waves into circular waves according to

e^{z cos ψ} = ∑ ν∈ZZ e^{iνψ}I_ν(z) , (1)

which (and its higher dimensional generalization) lies at the very basis for path integrals in polar coordinates [15, 30]. Fortunately, more expansion formulas have been found and have given rise to set up a set of Path Integral Identities which may be called Basis Path Integrals. They are

1. The Gaussian Path Integral. This includes the path integral for the harmonic oscillator, as well as for the general quadratic Lagrangian.

2. The Besselian Path Integral. This is the path integral for the (generalized) radial harmonic oscillator.

3. The Legendrian Path Integrals. These two path integrals correspond to the path integral solution of the Pöschl-Teller, respectively modified Pöschl-Teller potential, respectively the Rosen-Morse oscillator [2, 7, 25].

In [8] I have tried to summarize the possibilities of achieving path integral solutions in homogeneous spaces according to the lines of the Basic Path Integrals, the results are listed in table 1. As it turned out, the above listed Basic Path Integrals are far from complete in doing the job. I could find several other expansion formulas and path integral identities connected with elliptic and spheroidal coordinates. These expansion formulas were used together with interbases expansion relations according to |k >= ∫ dEl Cl_,k|l > . (2)

Here |k > stands for a basis of eigenfunctions of the relevant Hamiltonian in the coordinate space representation k, and ∫ dEl is the spectral-expansion with respect to the coordinate space representation l with coefficients Cl_,k which can be discrete, continuous or both. For example, in two-dimensional Euclidean space we consider the expansion for an arbitrary α (h = pd/2, with d the parameter in the elliptic coordinate system (μ, ν), and p the momentum, [27, p.185]) exp [ ip(x cos α + y sin α) ] = 2 ∞∑ n=0 i^nce_n(α; h^2)Mc^{(1)}_n (μ; h)ce_n(ν; h^2) +2 ∞∑ n=1 i^{−n}se_n(α; h^2)Ms^{(1)}_{−n}(μ; h)se_n(ν; h^2) . (3)

ce_n, se_n, Mc^{(1)}_n , Ms^{(1)}_n are periodic and non-periodic Mathieu functions, which are even and odd, respectively. Equation (3) represents the expansion of plane waves into elliptical waves, similarly as the expansion (1) into circular waves.

The corresponding attempt to review path integrals for separable potentials were performed in [11]–[14]. However, there the emphasize was concentrated on superintegrable systems in spaces of constant curvature, i.e., in two- and three-dimensional

Table 1: Path Integration on Homogeneous Spaces

Homogeneous Space Number of Number of Systems in which Coordinate Systems Path Integration is possible Two-Dimensional Pseudo-Euclidean Space 10 10 Three-Dimensional Pseudo-Euclidean Space 54 32 Four-Dimensional Pseudo-Euclidean Space 261 182 Two-Dimensional Euclidean Space 4 4 Three-Dimensional Euclidean Space 11 9 Four-Dimensional Euclidean Space 42 35 Two-Dimensional Sphere 2 2 Three-Dimensional Sphere 6 5 Two-Dimensional Pseudosphere 9 9 Three-Dimensional Pseudosphere 34 24 O(2, 2)-Hyperboloid 72 33

Euclidean space and on the two- and three-dimensional sphere and hyperboloid. Finally, in [9] a Table of Path Integrals will be accomplished which attempts to summarize the achievements of solving Feynman path integrals in general, i.e., this will include not only the numerous applications of the Basic Path Integrals, like general quadratic Lagrangians with electric and magnetic fields, Coulomb potentials, monopole systems and path integral formulations for group spaces, but will also contain path integral formulations for boundary conditions, point interactions, coherent states, fermions, supersymmetric quantum mechanics, and some field theory formulæ, respectively the generating functionals.

All the known solutions of the Basic Path Integrals are related to the quantum motion on the SU(2)–sphere and SU(1, 1)–hyperboloid, respectively their symmetry group [20]. The quantum motion can have a discrete, or a continuous spectrum, or both, and the relevant spectrum we need emerging from the spectrum of the group manifold SU(1, 1) is of the form (by m I denote the mass of a test particle, p > 0 is its momentum) E_{σ,j0} = − ~^2 2m [j^2_0 + σ(σ + 2)] , j_0 = 0, σ = −1 + ip , j_0 = 2n (n ∈ IN), σ = −1 , (4) for the continuous, respectively discrete spectrum. In this respect most of the usual solvable problems, free motion and potential problems, are covered within this scheme, including the four Basic Path Integrals.

Looking at the number of coordinate system representations on the SU(1, 1)– hyperboloid, respectively the O(2, 2)–hyperboloid [21] one realizes that all the known solutions in terms of cartesian, spherical or parabolic coordinates come from just a few special coordinate space representations of the corresponding matrix elements of the group. This means that the power of the majority of the remaining coordinate space representations has not been exploited yet, with the exceptions of elliptic and spheroidal coordinates in flat space [8], and elliptic and elliptic–cylindrical coordinates on the sphere [10]. The main difficulty one encounters in the investigation of the more complicated, i.e., parametric coordinate systems, is that very little seems to be known about the corresponding theory of special functions in terms of these coordinates. These special functions are usually defined by means of recurrence relations. These recurrence relations usually cannot be resolved in terms of well-defined power series as it is the case for the (confluent) hypergeometric functions.

Concerning path integrals, one is interested in expansion theorems like (1) or (3). The former corresponds to an expansion connecting two solutions of the Schrödinger equation which contains no free parameter, the second connecting two solutions of the Schrödinger equation which contains one parameter, which defines the semi-axis of the ellipse. Usually, such expansion theorems can be obtained by considering the overlap functions between the wave-functions of two coordinate systems, i.e., one considers an interbases expansion theorem (2). A considerable effort has been done to investigate such interbases expansion for potential problems connecting the well-known spherical and parabolic coordinate systems, e.g. [19] (for a more comprehensive bibliography, e.g. [8, 14]), because the corresponding solutions of the Schrödinger equation take on a well-known form. The difficulties arise if one considers the relevant expansions of say spherical coordinates, and a parametric coordinate system, say, spheroidal coordinates. Here it is often necessary to construct the solutions of the Schrödinger equation in terms of the parametric coordinate systems by means of the interbases expansion coefficients from an already known solution. In this procedure one uses the corresponding observables of the parametric coordinate system, and this approach guarantees at the same time that the so constructed solutions are properly normalized; e.g., the result of [10], where this issue was addressed for the spherical and cylindrical coordinate systems on the sphere S^{(3)} to construct the solution of the Schrödinger equation of the two one-parametric ellipso-cylindrical coordinate systems.

The question of taking into account two-parametric coordinate systems is even more difficult, and in comparison to one-parametric systems even less is known. For instance, the investigations of the harmonic oscillator in ellipsoidal coordinates [18], and the quantum motion on the three-dimensional sphere in terms of ellipsoidal coordinates [1].

The notion of the so-called “hidden symmetry” or “dynamical symmetry” in an ordinary potential problem stems from the following observation: One considers the quantum motion on a group manifold, say on the two-dimensional hyperboloid Λ^{(2)}: u^2 = u^2_0 − u^2_1 − u^2 = 1. There exists nine coordinate systems on Λ^{(2)} which separates the Schrödinger, respectively the Helmholtz equation. Choosing one coordinate system, say the spherical coordinate system, and separating off the circular variable φ ∈ [0, 2π) one is left with the Schrödinger equation for the potential problem V (τ ) = ~^22m(l^2 − 1/4)/ sinh^2 τ , τ > 0, (l ∈ ZZ). Taking hyperbolic coordinates, and separating off the continuous variable τ_2 ∈ IR one is left with the Schrödinger equation for the potential V (τ_1) = ~^22m(k^2 −1/4)/ cosh^2 τ_2, τ_2 ∈ IR, (k ∈ IR). Taking horicyclic coordinates and separating off the continuous variable x ∈ IR one is left with the Schrödinger equation for the Liouville potential V (τ ) = ~^22m(k^2 − 1/4)e^{2ϱ}, ϱ ∈ IR, (k ∈ IR). Therefore we see that the dynamical symmetry “hidden” in a wellknown potential problem corresponds in each case to the same quantum motion on the hyperboloid, however realized in different coordinate space representations, and the symmetry is the rotational symmetry of the hyperboloid Λ^{(2)} ⊂ SO(2, 1)/O(2). Similar, the Pöschl-Teller potential is related to the quantum motion on SU(2), and the modified Pöschl-Teller potential is related to SU(1, 1). Actually, every path integral which is solvable can be reformulated in terms of a quadratic–form– Hamiltonian, respectively Lagrangian, i.e., by means of a “hidden” or “dynamical” symmetry.^1 This is the essence of the Duistermaat-Heckman Theorem [3]. In these coordinate system representations for generalized rotation groups (no free parameters) one obtains after separating off the “trivial” motion of subgroups coordinates one dimensional potential problems.

On the other hand, one-parametric coordinate system produce after separating off the subgroup coordinate two-dimensional potentials. For instance, in the prolatespheroidal systems in IR^3 one obtains after separating off the circular variable φ ∈ [0, 2π) the potential ([8], l ∈ ZZ, k ∈ IR, μ > 0, ν ∈ (0, π), d > 0) V (μ, ν) = ~^2 2m k^2d^2(sinh^2 μ + sin^2 ν) + (l^2 −^1_4 )

~^2 2md^2 ( 1 sinh^2 μ + 1 sin^2 ν ) , (5)

and similarly for oblate spheroidal coordinates. Therefore it is a general feature that pure subgroup coordinates (like spherical coordinates) generate by means of the separation procedure one-dimensional potential problems with the corresponding

1In the case of the Coulomb problem, this is the O(4)-group for the discrete spectrum and the O(3, 1)-group for the continuous spectrum.

“hidden symmetry” of the motion on the group space, generic one-parametric coordinate systems generate two-dimensional potential problems with the corresponding “hidden symmetry” of the motion on the group space, etc.^2 The couplings in the potentials which emerge and may have originally taken on only rational values, can be analytically continued to any number, provided the problem at hand remains well-defined.^3 The structure of the coordinate systems on the O(2, 2) hyperboloid is thus as follows:

1. O(2, 2) ⊃ E(1, 1): 10 coordinate systems.

2. O(2, 2) ⊃ O(2, 1): 9 coordinate systems.

3. O(2, 2) ⊃ O(1, 2): 9 coordinate systems.

4. 19 semi–split coordinate systems which are one-parametric.

5. 22 non–split coordinate systems which are two-parametric.

6. 3 non–orthogonal coordinate systems.

The majority of all coordinate systems come from non-subgroup coordinate systems about next to nothing is known, let alone harmonic analysis in terms of the corresponding eigenfunctions representations in terms of the bound states wave–functions and the scattering solutions.

As an instructive example, let us consider the prolate-spheroidal coordinate system in four-dimensional Euclidean space, where we separate off the circular variables and perform a space-time transformation [8, 9, 15, 24]

μ(t^{00})=μ^{00} ∫ μ(t^0)=μ^0 Dμ(t) ν(t^{00} )=ν^{00} ∫ ν(t^0)=ν^0 Dν(t) d^4 4 (sinh^2 μ + sin^2 ν) sinh 2μ sin 2ν ∏ i=1,2 φ_i(t^{00})=φ^{00}_i ∫ φ_i(t^0)=φ^0_i Dφ_i(t)

× exp { i ~ ∫ t00 t^0 [ m 2 d^2 ( (sinh^2 μ + sin^2 ν)(μ̇^2 + ν̇^2) + sinh^2 μ sin^2 νφ̇^2_1 + cosh^2 μ cos^2 νφ̇^2 )

+ ~^2 2md^2(sinh^2 μ + sin^2 ν) ( 1 sin^2 ν cos^2 ν + 1 sinh^2 μ cosh^2 μ )] dt }

= ( d2 4 sinh 2μ^′ sinh 2μ^{′′} sin 2ν^′ sin 2ν^′ sin 2ν^{′′}

)_{−1}/_2

2Note that parabolic coordinates are non-parametric generic coordinates which generate a twodimensional radial harmonic oscillator potential, of which the path integral is of the Besselian type, and therefore leads to already known results. The range of known special functions, for instance the Bessel and Whittaker functions, the Legendre and hypergeometric functions, or the spheroidal functions allows only a sufficient number of indices to cover the two and three-dimensional wavefunctions.

3For instance, in Besselian and Legendrian Path Integrals the angular momentum number l may become purely imaginary, or complex with ¡(l) > �1/2.

× ∑ m1_;2∈ZZ

e^{im1(φ001 −φ01)+im2(φ002 −φ02)} 4π^2 ∫ IR dE 2πi e^{−iET/~} ∫_∞ 0 ds^{′′}

× μ(t^{00})=μ^{00} ∫ μ(t^0)=μ^0 Dμ(t) ν(t^{00})=ν^{00} ∫ ν(t^0)=ν^0 Dν(t) exp { i ~ ∫ s00 0 [m 2 (μ̇^2 + ν̇^2) + Ed^2(sinh^2 μ + sin^2 ν)

− ~^2 2m ( m^2_1 −^1_4 sin^2 ν + m^2 −^1_4 cos^2 ν + m^2_1 −^1_4 sinh^2 μ − m^2 −^1_4 cosh^2 μ )] ds } . (6)

It is obvious that the corresponding path integral solution in terms of the wavefunction expansion is clearly a generalization of the three-dimensional case. Whereas in three dimensions the spheroidal wavefunctions yield for d = 0 Legendre functions, the spheroidal wavefunctions in four dimensions have (modified) Pöschl-Teller wavefunctions as their degenerations. I did not find explicit representations of the corresponding wavefunctions in the literature. However, we can propose heuristically such wavefunctions by taking into account the theory of [27]. Looking at the prolate spheroidal coordinate system, we see that in the limit d → 0 the spherical system must emerge with the cylindrical coordinate system on S^{(3)} as the proper subsystem. Therefore it follows that the wavefunctions in the variable ν must be generalization of the Pöschl-Teller wavefunctions Φ^{(α,β)}_n (z), and the wavefunctions in the variable μ must be again generalizations of modified Bessel functions I_ν(z). The proper quantum numbers which must be taken into account are l ∈ IN_0 and m_1, m_2 ∈ ZZ. Hence we propose spheroidal wavefunctions ps^{(m1,m2)}_l (cos ν; p^2d^2) and S^{(m1,m2),(1)} l (cosh μ; pd) together with the following limiting correspondence (γ = pd)

ps^{(m1,m2)} l (cos ν; γ^2)^{γ→0}≃ (sin ν)^{|m1|}(cos ν)^{|m1|}P^{(m1,m2)}_l (cos 2ν) , (7) S^{(m1,m2),(1)} l (cosh μ; γ)^{γ→0}≃ 2π pr J_{l+1}(pr) . (8)

We propose consequently the interbasis expansion (up to phase factors and redefinition of functions) exp [ ipd(sinh μ sin ϑ sin ν cos α + cosh μ cos ϑ cos ν cos β) ]

= ∞∑ l=0 ∑ m1,m2∈ZZ 2(|m_1|! + |m_2|! + 2l + 1) l!Γ(|m_1| + |m_2| + l + 1) Γ(|m_1| + l + 1)Γ(|m_2| + l + 1) ×e^{im1α+im2β}S^{(m1,m2),(1)} l (cosh μ; γ)ps^{(m1,m2)}_l (cos ϑ; γ^2)ps^{(m1,m2)}_l (cos ν; γ^2) . (9)

By means of this expansion the path integration can be done with the conjectural result of the path integral (6) K(μ^{′′}, μ^′, ν^{′′}, ν^′, φ^{′′}_1, φ^′_1, φ^{′′}_2, φ^′_2; T ) = ∞∑ l=0 ∑ m1,m2∈ZZ e^{im1(φ001 −φ01)+im2(φ002 −φ02)}

4π^2

×2(|m_1|! + |m_2|! + 2l + 1) l!Γ(|m_1| + |m_2| + l + 1) Γ(|m_1| + l + 1)Γ(|m_2| + l + 1)

× 2 π ∫_∞ 0 p^3dp S^{(m1,m2),(1)} l (cosh μ^{′′}; pd)S^{(m1,m2),(1) ∗} l (cosh μ^′; pd) ×ps^{(m1,m2) ∗} l (cos ν^′; p^2d^2)ps^{(m1,m2)}_l (cos ν^{′′}; p^2d^2)e^{−i~p2T/2m} . (10)

A proper definition of these functions is involved. For instance, the function ps^{(m1,m2)}_μ (z; γ^2) must be expanded in terms of (1 − z^2)^{|m1|/2}(z)^{|m1|}P^{(m1,m2)}_μ (2z^2 − 1) with expansion coefficients a^{m1,m2}_{μ,κ} (γ^2), κ ∈ ZZ. These coefficients then satisfy some recurrence relations which characterize the spheroidal functions. The case of oblate spheroidal coordinates is similar. A detailed study of these mathematical issues is beyond the scope of this overview and is not discussed here any further, c.f. [14]. Of course, similar considerations can also be made for path integral formulations in four-dimensional pseudo-Euclidean space.

Therefore new solutions, expansion theorems, and overlap functions, i.e., interbases expansions, for parametric coordinate systems on the SU(1, 1)-, respectively the O(2, 2)-hyperboloid would provide the possibility to study in a more systematic way the following issues:

1. New special functions will provide new identities between (old and new) special functions.

2. Expansion theorems of plane waves into parametric waves. The relations between other wave-expansions then can be obtained by the corresponding overlap functions.

3. The solution of the Schrödinger equation in parametric coordinate systems in terms of parametric special functions, in flat space and spaces of (positive and negative) constant curvature alike in terms of Lamé and Heun-functions and polynomials [23, 29].

4. The investigation of old potential problems in new settings.

5. The analysis of physical systems possessing symmetry properties which can be expressed in parametric coordinates as, e.g., in the two-center problem.

6. The investigation of unfamiliar perturbations for, e.g., the Coulomb potential or the harmonic oscillator.

7. Finding new Basic Path Integrals which go beyond the standard solutions.

Exploiting the full power of the group theoretical methods, i.e., symmetry methods in the spirit of A.Yu.Smorodinsky, would therefore enlarge our knowledge and possibilities of harmonic analysis on hyperboloids, special functions, separation of variables, and, of course, of path integrals.

Acknowledegement

I would like to thank the organizers of the conference “Symmetry Methods in Physics”, in particular G.Pogosyan and G.Sandukovskaya, for the nice atmosphere and the warm hospitality during my stay in Dubna.

Financial support from the Heisenberg–Landau program is greatfully acknowledged.

References

[1] Airapetyan, R.G., Karayan, Kh.H., Pogosyan, G.S., Sissakian, A.N., Zaslavsky, D.I.:

Quantum Motion on the Three-Dimensional Sphere. Ellipsoidal Basis. JINR Communications E2–96–117, 12pp.

[2] Böhm, M., Junker, G.: Path Integration Over Compact and Noncompact Rotation Groups. J.Math.Phys. 28 (1987) 1978–1994.

[3] Duistermaat, J.J., Heckman, G.J.: On the Variation in the Cohomology of the Symplectic Form of the Reduced Phase Space. Invent.Math. 69 (1982) 259–268.

[4] Duru, I.H., Kleinert, H.: Solution of the Path Integral for the H-Atom. Phys.Lett.

B 84 (1979) 185–188. Quantum Mechanics of H-Atoms From Path Integrals. Fortschr.Phys. 30 (1982) 401–435.

[5] Eisenhart, L.P.: Enumeration of Potentials for Which One-Particle Schroedinger Equations Are Separable. Phys.Rev. 74 (1948) 87–89.

[6] Fischer, J., Niederle, J., Raczka, R.: Generalized Spherical Functions for the Noncompact Rotation Groups. J.Math.Phys. 7 (1966) 816–821.

[7] Fischer, W., Leschke, H., Müller, P.: Path Integration in Quantum Physics by Changing the Drift of the Underlying Diffusion Process: Application of Legendre Processes. Ann.Phys.(N.Y.) 227 (1993) 206–221.

[8] Grosche, C.: Path Integrals, Hyperbolic Spaces, and Selberg Trace Formulæ. World Scientific, Singapore, 1996.

[9] Grosche, C., Steiner, F.: A Table of Feynman Path Integrals. Springer, Berlin, Heidelberg, 1998.

[10] Grosche, C., Karayan, Kh., Pogosyan, G.S., Sissakian, A.N.: Quantum Motion on the Three-Dimensional Sphere: The Ellipso-Cylindrical Bases. J.Phys.A: Math.Gen. 30 (1997) 1629–1657.

[11] Grosche, C., Pogosyan, G.S., Sissakian, A.N.: Path Integral Discussion for Smorodinsky-Winternitz Potentials: I. Two- and Three-Dimensional Euclidean Space. Fortschr.Phys. 43 (1995) 453–521.

[12] Grosche, C., Pogosyan, G.S., Sissakian, A.N.: Path Integral Discussion for Smorodinsky-Winternitz Potentials: II. The Two- and Three-Dimensional Sphere. Fortschr.Phys. 43 (1995) 523–563.

[13] Grosche, C., Pogosyan, G.S., Sissakian, A.N.: Superintegrable Potentials on the Two-Dimensional Hyperboloid. Phys.Part.Nucl. 27 (1996) 244–278.

[14] Grosche, C., Pogosyan, G.S., Sissakian, A.N.: Path Integral Discussion for Smorodinsky-Winternitz Potentials: IV. The Three-Dimensional Hyperboloid. DESY Report, November 1996, 130pp., Phys.Part.Nucl., in press.

[15] Grosche, C., Steiner, F.: Path Integrals on Curved Manifolds. Zeitschr.Phys. C 36 (1987) 699–714.

[16] Gutzwiller, M.C.: Chaos in Classical and Quantum Mechanics. Springer, Berlin, Heidelberg, 1991.

[17] Kalnins, E.G.: Separation of Variables for Riemannian Spaces of Constant Curvature.

Longman Scientific & Technical, Essex, 1986.

[18] Kallies, W., Lukáč, I., Pogosyan, G.S., Sissakian, A.N.: Ellipsoidal Basis for Isotropic Oscillator. In Proceedings of the International Workshop on Symmetry Methods in Physics in ‘Memory of Professor Ya.A.Smorodinsky’, Dubna, 1993. Edited by Sissakian, A.N., Pogosyan, G.S. and S.I.Vinitsky. JINR Publications, Dubna, 1994, pp. 206–217.

[19] Kibler, M., Mardoyan, L.G., Pogosyan, G.S.: On a Generalized Kepler-Coulomb System: Interbasis Expansions. Int.J.Quantum Chem. 52 (1994) 1301–1316.

[20] Inomata, A., Junker, G.: Path Integral Realization of Dynamical Symmetries. In The Proceedings of The Second International Wigner Symposium, Goslar, 1991. Edited by H.D.Doebner, W.Scherer, F.Schroeck, Jr. World Scientific, Singapore, 1993, pp. 334– 337.

[21] Kalnins, E.G., Miller Jr., W.: The Wave Equation, O(2, 2), and Separation of Variables on Hyperboloids. Proc.Roy.Soc.Edinburgh A 79 (1977) 227–256.

[22] Kalnins, E.G., Miller Jr., W.: Lie Theory and the Wave Equation in Space-Time.

4. The Klein-Gordon Equation and the Poincaré Group. J.Math.Phys. 19 (1978) 1233–1246.

[23] Kalnins, E.G., Miller Jr., W.: Hypergeometric Expansions of Heun Polynomials.

SIAM J.Math.Anal. 22 (1991) 1450–1459.

[24] Kleinert, H.: Path Integrals in Quantum Mechanics, Statistics and Polymer Physics.

World Scientific, Singapore, 1990.

[25] Kleinert, H., Mustapic, I.: Summing the Spectral Representations of Pöschl-Teller and Rosen-Morse Fixed-Energy Amplitudes. J.Math.Phys. 33 (1992) 643–662.

[26] Makarov, A.A., Smorodinsky, J.A., Valiev, Kh., Winternitz, P.: A Systematic Search for Nonrelativistic Systems with Dynamical Symmetries. Nuovo Cimento A 52 (1967) 1061–1084.

[27] Meixner, J., Schäfke, F.W.: Mathieusche Funktionen und Sphäroidfunktionen.

Springer, Berlin, 1954.

[28] Olevski$i, M.N.: Triortogonal~nye sistemy v prostranstvah postoØnno$i krivizny, v kotoryh uravnenie Δ_2u+λu = 0 dopuskaet polnoe razdelenie peremennyh.

Mat.Sb. 27 (1950) 379–426.

[Olevskiĭ, M.N.: Triorthogonal Systems in Spaces of Constant Curvature in which the Equation Δ_2u + λu = 0 Allows the Complete Separation of Variables. Math.Sb. 27 (1950) 379–426.].

[29] Patera, J., Winternitz, P.: A New Basis for the Representations of the Rotation Group. Lamé and Heun Polynomials. J.Math.Phys. 14 (1973) 1130–1139.

[30] Peak, D., Inomata, A.: Summation Over Feynman Histories in Polar Coordinates.

J.Math.Phys. 10 (1969) 1422–1428.