arXiv:hep-ph/0409036 v1 3 Sep 2004

Two-loop helicity amplitudes for fermion-fermion scattering

A. De Freitas^{a∗} Z. Bern^{b†},

aDeutsches Elektronen Synchrotron, DESY, D-15738 Zeuthen, Germany

bDepartment of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA

We discuss the calculation of two-loop helicity amplitudes for quark-quark scattering in QCD and four-gluino scattering in N = 1 supersymmetric Yang-Mills theory. We study the dependence of the results on different variants of dimensional regularization. In particular, we consider the ’t Hooft-Veltman and four-dimensional helicity (FDH) schemes. We also discuss ambiguities in continuing the Dirac algebra to D dimensions. For the four-gluino case, once the infrared divergent part of the amplitude is subtracted, the finite remainder is free of these ambiguities.

The level of precision that will be achieved in experiments at the LHC poses a challenge for theorists to match. In principle, new physics (or hints of it) may be found in small discrepancies between theoretical predictions and experimental results and it is therefore important that the theoretical predictions be robust. As one component of this, it would be helpful to know the cross section for the production of hadronic jets through next-to-next-to-leading order (NNLO) in the QCD coupling. There are a number of improvements to be expected from such calculations, for example, reducing the renormalization and factorization scale uncertainties in production rates. It should also allow a better understanding of energy flows within jets, as a jet may consist of up to to three partons at NNLO. It also allows for better matching between partonlevel and hadron-level jet algorithms. Very importantly, it is also the first order where honest assessments of theoretical uncertainties can be made. See, for example, ref. [1] for further discussions.

There has been great progress in the past few years in the calculation of two-loop matrix elements, especially for 2 → 2 scattering processes [2]-[16]. This progress has been possible

∗Presenter. Alexander von Humboldt fellow. †Research supported by the US Department of Energy under grant DE-FG03-91ER40662.

thanks to new developments in loop integration [17]-[23] and in understanding the infrared divergences of the theory [24]-[26]. In particular, in a series of papers the Durham group calculated the interference of the two-loop amplitudes with the tree level ones, summed over all external color and helicity states, for all 2 → 2 parton processes [5]-[9].

Two-loop amplitudes have also been calculated keeping full information on the color and helicity states of the external particles [10]-[16]. This additional information is not needed for the main phenomenological application, namely, NNLO jet production in collisions of unpolarized hadrons. However, experiments at RHIC involve the scattering of polarized protons, for which the helicity amplitudes are directly relevant. Other advantages of having the amplitudes in a helicity basis include the study of a number of formal properties of scattering amplitudes, such as supersymmetry Ward identities [27]-[28], collinear and high energy behavior [29]-[32], and the link between color decomposed QCD amplitudes, twistor space and topological string theories, recently uncovered by Witten [33].

We present here a summary of our calculation for quark-quark scattering amplitudes in QCD, as well as four-gluino scattering in N = 1 super- Yang-Mills theory [34]. Our results for the twoloop quark-quark helicity amplitudes agree with

Glover’s results [16] (after correction of minor errors).

The three QCD processes considered here are,

q(p_1, λ_1) + q̄(p_2, λ_2) → Q̄(p_3, λ_3) + Q(p_4, λ_4), (1) q(p_1, λ_1) + Q̄(p_2, λ_2) → q(p_3, λ_3) + Q̄(p_4, λ_4), (2) q(p_1, λ_1) + Q(p_2, λ_2) → q(p_3, λ_3) + Q(p_4, λ_4). (3)

For the four-gluino case we consider

g̃(p_1, λ_1) + g̃(p_2, λ_2) → g̃(p_3, λ_3) + g̃(p_4, λ_4), (4)

where we use a “standard” (not all outgoing) convention for the external momentum (p_i) and helicity labeling (λ_i).

The amplitudes are calculated using dimensional regularization. We use the following prescription when a trace of the Minkowski metric is encountered,

η^μ_μ ≡ D_s ≡ 4 − 2ϵ δ_R . (5)

In this way, we have a continuous set of schemes labeled by δ_R. Setting δ_R = 1 corresponds to the ’t Hooft-Veltman scheme [35], while setting δ_R = 0 corresponds to the FDH scheme [36,28]. The FDH scheme has improved supersymmetry properties by virtue of fixing the number of internal gluon states to two.

We evaluate the amplitudes using the spinor helicity formalism [37]. In this formalism, the amplitudes will be proportional to helicitydependent phase-containing factors written in terms of spinor inner products. These spinor inner products are defined as ⟨ij⟩ = ⟨i^−|j^+⟩ and [ij] = ⟨i^+|j^−⟩, where |i^±⟩ are massless Weyl spinors of momentum p_i, labeled with the sign of the helicity.

The L-loop amplitudes are color decomposed as, M^{(L)} = S × 3∑ c=1 Tr^{[c]} × M^{(L),[c]} , (6)

where S is the spinor factor mentioned above. For example, for process (1), with λ_1 = λ_4 = + and λ_2 = λ_3 = −, we have S = i⟨31⟩/⟨42⟩. The factors for other helicity configurations and for process (4) are similar. The quantities M^{(L),[c]} depend only on the Mandelstam variables s = (p_1 + p_2)^2, t = (p_1 − p_4)^2, and u = (p_1 − p_3)^2.

For the quark process (1) the color basis is

Tr^{[1]} = δ^{i4}_{ī1} δ^{i2}_{ī3} , Tr^{[2]} = δ^{i2}_{ī1} δ^{i4}_{ī3} . (7)

The color bases for processes (2) and (3) are similar. For the four-gluino case the color decomposition is the same as for the four-gluon case, and is given in terms of traces of color matrices (or products of them). Using the notation tr(T^{ai} T^{aj} T^{ak} T^{al} ) = tr_{ijkl} we can write

Tr^{[1]} = tr_{1234}, Tr^{[2]} = tr_{1243}, Tr^{[3]} = tr_{1423} Tr^{[4]} = tr_{1324}, Tr^{[5]} = tr_{1342}, Tr^{[6]} = tr_{1432}, Tr^{[7]} = tr_{12}tr_{34}, Tr^{[8]} = tr_{13}tr_{24}, Tr^{[9]} = tr_{14}tr_{23}. (8)

The two-loop Feynman diagrams were generated using QGRAF [38]. A MAPLE program was then used to evaluate each diagram. Some of the diagrams were also evaluated using FORM [39] as a cross-check.

When the interference method is used, i.e., when one calculates the two-loop amplitudes interfered with the tree-level ones, summed over helicities and colors, one can use standard trace techniques to put the integrand into a form containing only dot products of momenta. Integral reduction algorithms then give the loop integrals in terms of a minimal set of master integrals. In our case we want to keep full information over helicity and color states. In order to put the integrals into a form suitable for applying the general reduction algorithms, we multiply and divide by appropriate spinor inner products constructed from the external momenta. These spinor inner products effectively play the role of the treelevel amplitudes in the interference method, except that in this method the helicity information is maintained when converting the spinor strings into traces over γ matrices.

An important way of checking the correctness of the calculation is by comparing the infrared divergence of the renormalized amplitudes with the ones predicted by Catani’s formula for twoloop n-point amplitudes [24],

|M^{(2)}_n ⟩ = I^{(1)} |M^{(1)}_n ⟩ + I^{(2)} |M^{(0)}_n ⟩ + |M^{(2)fin}_n ⟩ , (9) where the “ket” notation |M^{(L)}_n ⟩ indicates that the L-loop amplitude is treated as a vector in color space. The components of this vector are given by the M^{(L),[c]}_h of eq. (6). The divergences of M^{(1)}_n are encoded in the color operator I^{(1)}, while those of M^{(2)}_n also involve the schemedependent operator I^{(2)}. Catani’s formula (9) not only allows us to check the results, but also to organize them in terms of finite and divergent parts. Proofs of Catani’s formulas have appeared in refs. [25,26].

For each process and each color basis we will have a different I^{(1)} matrix. For the basis (7) we have,

I^{(1)} = e^{−ϵψ(1)} Γ(1 − ϵ) ( 1 ϵ^2 + 3 2ϵ ) × (10) ( 2C_F T −^1_N (S − U) T − U

S − U 2C_F S −^1_N (T − U)

) , where N is the number of colors, C_F = (N^2 − 1)/(2N ) and

S =

( μ^2 −s )_ϵ , T = ( μ^2 −t )_ϵ , U = ( μ^2 −u )_ϵ . The corresponding operator for qQ̄ → qQ̄ is obtained by changing S → U, T → S and U → T in eq. (10). Similarly, the operator for qQ → qQ is obtained by exchanging S and U in (10). For the gluino case we get a nine-by-nine matrix, given in eq. (2.18) of ref. [13].

The operator I^{(2)} is given by [24]

I^{(2)} = − 1 2 I^{(1)} ( I^{(1)} +

2b_0 ϵ )

+ e^{+ϵψ(1)}Γ(1 − 2ϵ) Γ(1 − ϵ) ( b_0 ϵ + K ) I^{(1)}

+ H^{(2)} , (11)

where b_0 is the first coefficient of the QCD βfunction, and the coefficient K depends on δ_R and is given by [24,13] K = [ 67 18 − π^2 6 − ( 1 6 + 4 9 ϵ ) (1 − δ_R) ] N − 10 18 N_f , (12) with N_f being the number of massless fundamental representation quarks. H^{(2)} is a universal operator of order 1/ϵ. A general expression for H^{(2)} with an arbitrary number of external legs was recently presented in [26].

The two-loop remainders, as defined by eq. (9) will have the following form

M^{(2),[c]fin} = [ Q_1 − b^2_0 ( ln ( s μ^2 ) − iπ )_2

− b_1 ( ln ( s μ^2 ) − iπ )] M^{(0),[c]} + [ −2b_0 ( ln ( s μ^2 ) − iπ )

+ Q_2 ] M^{(1),[c]fin}

+ Q_3M^{(1),[c],ϵ,δR} + P^{[c]} , (13)

where Q_1, Q_2 and Q_3 depend on the number of colors N , number of flavors N_f , and scheme label δ_R (in particular, Q_1 = Q_2 = Q_3 = 0 when δ_R = 1). The parameter μ is the renormalization scale. The M^{(1),[c]fin} are the one-loop finite remainders, and the M^{(1),[c],ϵ,δR} are the δ_R-dependent parts of the O(ϵ^1) coefficients of the one-loop amplitudes. Finally, P^{[c]} consists of powers of N and N_f multiplying functions (logarithms, polylogarithms, as well as rational functions) of the Mandelstam variables. The explicit form of these functions is given in ref. [34].

For the four-gluino case in N = 1 super-Yang- Mills theory, the two-loop finite remainders in the FDH scheme (δ_R = 0) are,

M^{(2),[c]fin} = [ −b̃^2_0 ( ln ( s μ^2 ) − iπ )_2

− b̃^2_1 ( ln ( s μ^2 ) − iπ )] M^{(0),[c]}

−2b̃_0 ( ln ( s μ^2 ) − iπ ) M^{(1),[c]fin}

+N^2A^{[c]} + B^{[c]} , (14)

for c = 1 . . . 6, and

M^{(2),[c]fin} = −2b̃_0 ( ln ( s μ^2 ) − iπ ) M^{(1),[c]fin}

+ N G^{[c]} , (15) for c = 7, 8, 9. Here b̃_0 and b̃_1 are the first two coefficients of the N = 1 super-Yang-Mills βfunction. A^{[c]}, B^{[c]} and G^{[c]} are functions of s, t and u. Again the explicit form of all these function is given in ref. [34].

In previous papers [28,13,14] we showed that the following supersymmetry Ward identities are satisfied at two loops through O(ϵ^0) when one uses the FDH scheme:

M^{SUSY}(g^±_1 , g^−_2 , g^+_3 , g^+_4 ) = 0, (16) M^{SUSY}(g̃^+_1 , g̃^−_2 , g^+_3 , g^+_4 ) = 0, (17) M^{SUSY}(g̃^+_1 , g̃^−_2 , g^−_3 , g^+_4 ) = ⟨2 3⟩ ⟨1 3⟩ M^{SUSY}(g^+_1 , g^−_2 , g^−_3 , g^+_4 ) . (18)

With the four-gluino amplitudes, we may also check the supersymmetry identity relating the four-gluon amplitude to the four-gluino one,

M^{SUSY}(g̃^+_1 , g̃^−_2 , g̃^−_3 , g̃^+_4 ) = ⟨2 4⟩ ⟨1 3⟩ M^{SUSY}(g^+_1 , g^−_2 , g^−_3 , g^+_4 ). (19)

(Note that in ref. [13] an all outgoing definition of helicity is used for the four-gluon amplitudes, while we use the ‘standard’ one here where legs 1 and 2 are incoming.) It turns out that this last identity does not work immediately at two loops [34]. The problem is related to ambiguities arising from continuing the Dirac algebra to D dimensions. At one-loop the ambiguity is harmless because it affects only O(ϵ) terms. From the Catani formula a one-loop ambiguity at O(ϵ) leads to an ambiguity in the O(1/ϵ) terms at two loops. It is of course possible to arrange for a prescription to fix the ambiguities to restore the manifest supersymmetry Ward identities, but, in any case, these two-loop ambiguities may all be absorbed into Catani’s formula for the divergent parts, leaving well defined finite parts. As expected, in the FDH scheme the finite remainders A, B and G in eqs. (14) and (15) satisfy supersymmetry identities and agree with the corresponding functions given in ref. [13] for pure glue scattering.

The work of A.D.F. was supported by the Alexander von Humboldt Foundation. We thank Lance Dixon for key contributions at early stages of this project. We also thank Nigel Glover for communications regarding ref. [16].

REFERENCES

1. E.W.N. Glover, Nucl. Phys. Proc. Suppl. 116 3 (2003).

2. Z. Bern, J.S. Rozowsky and B. Yan, Phys.

Lett. B 401, 273 (1997). ; Z. Bern, L.J. Dixon, D.C. Dunbar, M. Perelstein and J.S. Rozowsky, Nucl. Phys. B 530, 401 (1998).

3. Z. Bern, L.J. Dixon and D.A. Kosower, JHEP 0001, 027 (2000).

4. Z. Bern, L.J. Dixon and A. Ghinculov, Phys.

Rev. D 63, 053007 (2001).

5. C. Anastasiou, E.W.N. Glover, C. Oleari and M.E. Tejeda-Yeomans, Nucl. Phys. B 601, 318 (2001) Nucl. Phys. B 601, 341 (2001).

6. C. Anastasiou, E.W.N. Glover, C. Oleari and M.E. Tejeda-Yeomans, Nucl. Phys. B 605, 486 (2001).

7. E.W.N. Glover, C. Oleari and M.E. Tejeda- Yeomans, Nucl. Phys. B 605, 467 (2001).

8. C. Anastasiou, E.W.N. Glover and M.E. Tejeda-Yeomans, Nucl. Phys. B 629, 255 (2002).

9. L.W. Garland, T. Gehrmann, E.W.N. Glover, A. Koukoutsakis and E. Remiddi, Nucl. Phys. B 627, 107 (2002).

10. L.W. Garland, T. Gehrmann, E.W.N. Glover, A. Koukoutsakis and E. Remiddi, Nucl. Phys. B 642, 227 (2002). ; S. Moch, P. Uwer and S. Weinzierl, N_f -contribution,” Acta Phys. Polon. B 33, 2921 (2002).

11. Z. Bern, A. De Freitas and L.J. Dixon, JHEP 0109, 037 (2001).

12. Z. Bern, A. De Freitas, L.J. Dixon, A. Ghinculov and H.L. Wong, JHEP 0111, 031 (2001).

13. Z. Bern, A. De Freitas and L. Dixon, JHEP 0203, 018 (2002).

14. Z. Bern, A. De Freitas and L. J. Dixon, JHEP 0306, 028 (2003) 15. E. W. N. Glover and M. E. Tejeda-Yeomans, JHEP 0306, 033 (2003).

16. E. W. N. Glover, JHEP 0404, 021 (2004). 17. F.V. Tkachov, Phys. Lett. B 100, 65 (1981);

K.G. Chetyrkin and F.V. Tkachov, Nucl. Phys. B 192, 159 (1981).

18. V.A. Smirnov, Phys. Lett. B460, 397 (1999). 19. J.B. Tausk, Phys. Lett. B469, 225 (1999). 20. T. Gehrmann and E. Remiddi, Nucl. Phys. B 580, 485 (2000).

21. C. Anastasiou, T. Gehrmann, C. Oleari, E. Remiddi and J.B. Tausk, Nucl. Phys. B580, 577 (2000).

22. V.A. Smirnov and O.L. Veretin, Nucl. Phys.

B566, 469 (2000).

23. C. Anastasiou, E.W.N. Glover and C. Oleari, Nucl. Phys. B565, 445 (2000). ; C. Anastasiou, E.W.N. Glover and C. Oleari, Nucl. Phys. B575, 416 (2000), err. ibid. B585, 763 (2000).

24. S. Catani, Phys. Lett. B427, 161 (1998). 25. G. Sterman and M.E. Tejeda-Yeomans, Phys.

Lett. B 552, 48 (2003).

26. Z. Bern, L.J. Dixon, D.A. Kosower arXiv:hep-ph/0404293.

27. M.T. Grisaru, H.N. Pendleton and P. van Nieuwenhuizen, Phys. Rev. D 15, 996 (1977); M.T. Grisaru and H.N. Pendleton, Nucl. Phys. B 124, 81 (1977); S.J. Parke and T.R. Taylor, Phys. Lett. B 157, 81 (1985), err. ibid. 174B, 465 (1985).

28. Z. Bern, A. De Freitas, L. Dixon and H.L. Wong, Phys. Rev. D 66, 085002 (2002).

29. Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, Nucl. Phys. B425, 217 (1994).

30. Z. Bern, L.J. Dixon and D.A. Kosower, Ann.

Rev. Nucl. Part. Sci. 46, 109 (1996).

31. E.A. Kuraev, L.N. Lipatov and V.S. Fadin, Sov. Phys. JETP 44, 443 (1976) [Zh. Eksp. Teor. Fiz. 71, 840 (1976)].

32. V. Del Duca and E.W.N. Glover, JHEP 0110, 035 (2001). ; A.V. Bogdan, V. Del Duca, V.S. Fadin and E.W.N. Glover, JHEP 0203, 032 (2002).

33. E. Witten, arXiv:hep-th/0312171;

F. Cachazo, P. Svrcek and E. Witten, arXiv:hep-th/0403047; arXiv:hep-th/0406177.

34. Z. Bern and A. De Freitas, to appear. 35. G. ’t Hooft and M.J.G. Veltman, Nucl. Phys.

B44, 189 (1972).

36. Z. Bern and D.A. Kosower, Nucl. Phys. B379, 451 (1992).

37. F.A. Berends, R. Kleiss, P. De Causmaecker,

R. Gastmans and T.T. Wu, Phys. Lett. B 103, 124 (1981); P. De Causmaecker, R. Gastmans, W. Troost and T.T. Wu, Phys. Lett. B 105, 215 (1981); Z. Xu, D. Zhang and L. Chang, Nucl. Phys. B 291, 392 (1987); M.L. Mangano and S.J. Parke, Phys. Rept. 200, 301 (1991).

38. P. Nogueira, J. Comput. Phys. 105, 279 (1993).

39. J.A.M. Vermaseren, arXiv:math-ph/0010025.