arXiv:0705.0283v2 [hep-lat] 25 Oct 2007

DESY 07-057
SFB/CPP-07-16

Lattice renormalisation of O(a) improved heavy-light operators

Benoît Blossier^a

a DESY, Platanenallee 6, D-15738 Zeuthen, Germany.

Abstract

The analytical expressions and the numerical values of the renormalisation constants of O(a) improved static-light currents are given at one-loop order of perturbation theory in the framework of Heavy Quark Effective Theory: the static quark is described by the HYP action and the light quark is described either with the Clover or the Neuberger action. These factors are relevant to extract from a lattice computation the decay constants f_B, f_{BS} and the set of bag parameters B_i associated with B − B mixing phenomenology in the Standard Model and beyond.

PACS: 12.38.Gc (Lattice QCD calculations), 12.39.Hg (Heavy quark effective theory), 13.20.He (Leptonic/semileptonic decays of bottom mesons).

1 Introduction

The extraction of important quantities like V_{ub} or |V_{ts}/V_{td}| needs the non perturbative calculation of the hadronic form factors that encode the long-distance physics. For example the B meson decay constant f_B has to be precisely known to determine the exclusive V_{ub} from B → τν̄ [1]. The detection of physics beyond the Standard Model in the B_s, B_s system is hopeless if the theoretical uncertainty on the bag parameter B_{Bs} associated with the B_s − B_s mixing amplitude in the Standard Model is not reduced [2]. The most satisfying approach to compute such form factors is lattice QCD, as it is only based on first principles of quantum field theory. However, discretisation effects induce important systematic errors if am_Q ≥ 1, where a is the lattice spacing and m_Q is the heavy quark mass. The extrapolation to the continuum limit of physical quantities involving such heavy quarks is difficult, unless the calculation is done on a very fine lattice (e.g. a ∼ 0.02 fm), which is not possible for the moment because of the too high cost in computation time, or employing the Relativistic Heavy Quark action [3] with properly tuned parameters [4] (see [5] for a recent application of this approach). A way around this problem is the use of Heavy Quark Effective Theory (HQET) [6] in which all degrees of freedom of O(m_Q) are integrated in

Wilson coefficients, where m_Q ≫ Λ_{QCD}. This approach is attractive because the continuum limit exists and results are independent of regularisation. A strategy to renormalise non perturbatively the theory has been proposed and tested for a simple case [7]. A drawback of the standard Eichten-Hill action [8] is the rapid growth of the statistical noise on the correlation functions C(x_0) at x_0 ∼ 1 fm, making difficult the extraction of hadronic quantities. A method to reduce UV fluctuations is the use of HYP links [9] to build the Wilson line of the static propagator; it has been found that this strategy improves significantly the signal/noise ratio [10]. In this paper we give the analytical expressions and the numerical results of the renormalisation constants of static-light bilinear and fourfermion operators at one-loop of perturbation theory when the static quark is described by the HYP action and the light quark is described by the O(a) improved Clover action or the Neuberger action [11]; in the latter case the extraction of the bag parameters B_i is much safer theoretically because there is no mixing among dimension 6 four-fermion operators of different chirality. This work is an extension to smeared static quark actions of similar computations done with the Eichten-Hill action and with the Clover [12, 13] and Neuberger actions [14] respectively. The first of these two new results might be used by the authors of [15] to give the final number of the N_f = 2 P wave static-light decay constant computed with the HYP action. The paper is organised as follows: in Section 2 we will present results obtained by using the tree-level improved static-light operators and in Section 3 we will give renormalisation constants of four-fermion operators, leaving the presentation of the numerical result of the bag parameter B_{Bs} to a future paper.

2 Tree level improved static-light current

A well known approach to reduce the cut-off dependence of matrix elements computed on the lattice is to improve the Wilson light quark action by adding an O(a) term which is irrelevant in the continuum limit, for example the Sheikholeslami-Wohlert Clover one [16]. One needs also to improve the inserted operators: in the literature, authors defined rotated fields ψ^′ ≡ ( 1 − a^r_2 D̸ ) ψ [17]. We will choose r = 1 for the rest of the paper. In principle one could also rotate the static field but it has been shown that it is not necessary in the computation of O(a) improved on shell matrix elements at tree level [18]. A tree-level, the improved bilinear static-light operator will then read

O^I_Γ ≡ h̄Γψ^′ = h̄Γψ − a 2 h̄Γ D̸ψ , (1) where Γ is any Dirac matrix and we choose the symmetric definition of the covariant derivative D_μψ(x) =^{Uμ(x)ψ(x+μ̂)−U †(x−μ̂)ψ(x−μ̂)} 2a . The static quark action reads

S^{HQET} = ∑ n h^†(n) [ h(n) − V^{†,HYP}_4 (n − ^4)h(n − ^4) ] + a δm h^†(n)h(n), (2) where V_4 is a HYP-smeared link in time direction and δm is a counter-term introduced to cancel the linear divergent part of the static quark self-energy [8]. The light quark action reads static quark propagator a(1 − e^{−ip4a} + ϵ)^{−1} vertex V^a_{μ,hhg}(p, p^′) −ig_0T^ah_{4μ}e^{−i(p4+p′4) a}2 vertex V^{ab}_{μν,hhgg}(p, p^′) −^1_2 ag^2_0 h_{4μ}h_{4ν} {T^a, T^b}e^{−i(p4 +p′4) a}2 light quark propagator a ( iγ · p̄ + am +^1_2p̂^2 )_{−1} vertex V^a_{μ,qqg}(p, p^′) −igT^a(γ_μ cos a(p + p^′)_μ − i sin a(p + p^′)_μ) vertex V^{ab}_{μν,qqgg}(p, p^′)^{iag20 δμν}_2 { T^a, T^b } (γ_μ sin a(p + p^′)_μ + i cos a(p + p^′)_μ) improved vertex V^I_{μ,qqg} −g_0T^{a r}_2 [∑ ν σ_{μν} (sin a(p − p^′)_ν cos^a_2 (p − p^′)_μ ] static-light bilinear current O_{Γ1} Γ_1 improved static-light bilinear current O^I_{Γ1,qq} −^i_2 Γ_1 Γ̸ improved static-light bilinear current O^I_{Γ1,qqg} −^{a ig0 r}_2 Γ_1γ_μ cos a(p + p^′)_μ gluon propagator in the Feynman gauge a^2δ_{μν} δ^{ab}(2W + a^2λ^2)^{−1}

Table 1: Feynman rules.

S^{Clover} = S^W − a^4c_{SW} ∑ n,μ,ν [ ig a 4 ψ̄(n)σ_{μν} P_{μν} ψ(n) ] , (3)

where P_{μν} is the discretised strength tensor. The Sheikholeslami-Wohlert coefficient c_{SW} can be fixed at its tree level value c^{tree}_{SW} = 1 to be consistent with a one-loop calculation in perturbation theory. We collect in Table 1 the Feynman rules which are used. We follow the notations of [20] - [23] in the rest of the paper and we summarise them in Appendix A. Note that p^′ and p are the in-going and out-going fermion momenta, respectively. We also introduce an infrared regulator λ for the gluon propagator. We symmetrize the vertex V^{ab}_{μν,hhgg} by introducing the anti-commutator of SU(3) generators, normalized by a factor^1_2 . At one loop of perturbation theory, a bare matrix element regularised and renormalised in a continuum scheme - for example in the Dimension Regularisation (DR) and in the MS scheme - is written generically in terms of its tree level part ⟨O(p, μ)⟩DR^,MS = [ 1 + αMS_s (μ) 4π ( γ ln ( μ^2 p^2 ) + C_{DR} )] ⟨O(p)⟩^{tree} , (4)

where γ is the O(g^2) coefficient of the anomalous dimension of the operator. The same bare matrix element regularised on the lattice reads ⟨O(p, a)⟩^{lat} = [ 1 + α_{s0}(a) 4π ( γ ln(a^2p^2) + C_{lat} ) ] ⟨O(p)⟩^{tree} + O(a) . (5)

At this level of perturbation theory one can identify αMS_s (μ) with the bare coupling α_{s0}(a). One can then write that

⟨O⟩DR^,MS = [ 1 − α_{s0}(a) 4π ( γ ln a^2μ^2 + C_{lat} − C_{DR} )] ⟨O⟩^{lat} + O(a) ≡ Z(aμ)⟨O⟩^{lat} + O(a) . (6)

The matching constant between the matrix element renormalised at the scale μ = a^{−1} in the continuum and the bare matrix element regularised on the lattice is then given by C_{lat} − C_{DR}. In the following we will be concerned with the static-light currents and discuss C_{lat}.

Let us consider the bare hadronic matrix element regularised on the lattice ⟨H_2|O^I_Γ|H_1⟩^{lat} where H_1 contains the light quark q and H_2 contains the static quark h. It is computed from the ratio

R(t, t_1, t_2) = Z_1Z_2 C^{(3)}_{J1,OIΓ,J2} (p, p^′, t, t_1, t_2) C^{(2)}_{J1} (⃗p, t_1)C^{(2)}_{J2} (⃗p^′, t_2 − t)

where

C^{(2)}_{Ji} (⃗p, t) = ∑ ⃗x e^{i⃗p·⃗x}⟨J_i(t, ⃗x)J^†_i (0)⟩ is a 2-point correlation function, J_i is an interpolating field of the hadron state H_i containing either the static quark field h or the light quark field q, C^{(3)}_{J1,OΓ,J2} (⃗p, ⃗p^′, t, t_1, t_2) = ∑ ⃗x,⃗y e^{i(⃗p·⃗x−⃗p′·⃗y)}⟨J_2(t_2, ⃗y)O^I_Γ(t)J^†_1 (t_1, ⃗x)⟩

is a 3-point correlation function in which the operator O^I_Γ is inserted at time t. Eventually Z_i = ⟨H^{(0)}_i |J^†_i |0⟩, where H^{(0)}_i is the hadron ground state containing either the static quark h or the light quark q. As usual we determine ⟨H^{(0)}_2 |O^I_Γ|H^{(0)}_1 ⟩^{lat} in the interval of t where R(t, t_1, t_2) is constant (i.e. ground states are safely isolated). As the spectator quark does not play any role in the renormalisation of O^I_Γ, one may relate ⟨H^{(0)}_2 |O^I_Γ|H^{(0)}_1 ⟩^{lat} to ⟨h̄(p^′)|O^I_Γ|q(p)⟩^{lat}. That is why it is justified to compute the matching constants between the currents renormalised in a continuum scheme and the bare currents regularised on the lattice by considering the matrix elements of quarks^1, which are the only states appropriate to do perturbative calculations. We stress that the mass counter-term δm is cancelled in R: thus we will not consider it in our one loop computations. At this order of perturbation theory, ⟨h̄(p^′)|O^I_Γ|q(p)⟩^{lat} is given by

⟨h̄(p^′)|O^I_Γ|q(p)⟩^{lat} = √ Z_{2h} √ Z_{2l} { 1 + α_s 4π C_F [ − ln(a^2λ^2) + d_1 + n − (l + m)

+G(d_2 + h − q − 2d^I ) ]} ⟨h̄(p^′)|O_Γ|q(p)⟩^{tree} ≡ Z_{lat}⟨h̄(p^′)|O_Γ|q(p)⟩^{tree} , (7)

where

γ_0Γγ_0 = GΓ, √ Z_{2h} = 1+ α_s 4π C_F ( e 2 − ln(a^2λ^2) ) , √ Z_{2h} = 1+ α_s 4π C_F ( f + f^I + ln(a^2λ^2) 2 ) ; 1The renormalisation constants computed in the MOM scheme are actually extracted numerically on the lattice by considering such matrix elements [19].

d_1 + (d_2 − d^I )G, hG, n − (q + d^I )G and −(l + m) are contributions given by the 1PI vertex diagrams shown in Figure 1 and Z_{2h,l} come from the quark self energies. Finally the expression of C_{lat} reads

C_{lat} = e + f + f^I 2 + d_1 + n − (l + m) + G(d_2 + h − q − 2d^I ). (8)

We have collected the numerical values of the various constants in Table 2 for the HYP parameter sets α_i = 0 (corresponding to standard Eichten-Hill action), α_1 = 1.0, α_2 = α_3 = 0 (corresponding to APE blocking [24]), α_1 = 0.75, α_2 = 0.6, α_3 = 0.3 (HYP1) and α_1 = 1.0, α_2 = 1.0, α_3 = 0.5 (HYP2); their analytical expression is written in Appendix B, while we have collected C_{lat} in terms of α_i for axial and scalar static-light currents in Table 3. For the first set of α_i our results agree with [12, 13].

We note that the one loop corrections for the set HYP2 are very small compared to the set α_i = 0, confirming the observation that UV fluctuations are strongly suppressed by this action [10], which improves highly the signal/noise ratio. It is particularly impressive on the constant e related to the static field renormalisation. In that case the tadpole contribution is much smaller for HYP2 than for Eichten-Hill (5.96 vs. 12.23) and the ”sunset” contribution is negative instead of positive (-9.58 vs. 12.25). Another interesting property of the HYP2 action is that the contribution coming from the chiral symmetry breaking term of the light quark action is reduced compared to what is found with the other static quark actions, in particular HYP1, as indicated in the last row of Table 3. The main consequence is that the ratio Z_V /Z_A between the matching constants of the vector and axial static-light currents is closer to 1. Of course this feature is only true at one-loop of perturbation theory and can change at the non-perturbative level.

3 B_s − B_s mixing with overlap fermions

In this part we present the results of the computation of the renormalisation constants of static-light four-fermion operators with the light quark described by the Neuberger action.

α_i 0 APE HYP1 HYP2 e 24.48 3.17 2.52 -3.62 d_1 5.46 4.98 4.99 4.72 d_2 -7.22 -3.33 -3.70 -1.87 d^I -4.14 -2.79 -2.80 -1.99 h -9.98 -3.40 -4.43 -1.95 n 0.73 -2.33 -1.80 -2.88 q -2.02 -0.61 -0.78 -0.19 f 13.35 f^I -3.63 l -3.42 m 7.35

Table 2: Numerical values of contributions to the correction at one loop of perturbation theory of the O(a) improved static-light current regularised on the lattice to its tree level expression; f, f^I , l and m are extracted from [18] whereas e was computed in [25].

(a) (b) (c) (d)

Figure 1: Diagrams giving the 1 loop correction to the O(a) improved static-light current with the O(a) improved light quark action.

The bag parameter B_{Bs} associated with the B_s − B_s mixing amplitude in the Standard Model is defined by B_{Bs} = ⟨B_s|(b̄s)_{V −A}(b̄s)_{V −A}|B_s⟩ ⟨B_s|(b̄s)_{V −A}(b̄s)_{V −A}|B_s⟩_{VSA} , ⟨B_s|(b̄s)_{V −A}(b̄s)_{V −A}|B_s⟩_{VSA} = ⟨B_s|(b̄s)_{V −A}|0⟩⟨0|(b̄s)_{V −A}|B_s⟩ . (9) We have to introduce in addition to the operator O_1 ≡ (b̄s)_{V −A}(b̄s)_{V −A} the following operators of the supersymmetric basis: O_2 = (b̄s)_{S−P} (b̄s)_{S−P} , O_3 = (b̄s)_{V −A} (b̄s)_{V +A} , O_4 = (b̄s)_{S−P} (b̄s)_{S+P} . (10) Then we define as usual the bag parameters B_{i=1,...,4} in terms of the Vacuum Saturation Approximation matrix elements by ⟨B_s|O_i|B_s⟩(μ) = ⟨B_s|O_i|B_s⟩_{VSA}B_i(μ) . We define the HQET operators ~O_{i=1,...,4} by ~O_1 ≡ ~O_{V V +AA} = (h̄^{(+)}s)_{V −A} (h̄^{(−)}s)_{V −A} , ~O_2 ≡ ~O_{SS+P P} = (h̄^{(+)}s)_{S−P} (h̄^{(−)}s)_{S−P} , ~O_3 ≡ ~O_{V V −AA} = (h̄^{(+)}s)_{V −A} (h̄^{(−)}s)_{V +A} , ~O_4 ≡ ~O_{SS−P P} = (h̄^{(+)}s)_{S−P} (h̄^{(−)}s)_{S+P} , (11)

α_i 0 APE HYP1 HYP2 C^A_{lat} 26.26 5.71 7.13 0.61 C^S_{lat} 12.46 4.46 3.63 1.31 χ -6.90 -0.54 -1.75 0.35

Table 3: Lattice contribution to the matching constant between the axial(scalar) staticlight current regularised on the lattice and its counterpart renormalised in the continuum. We indicated the contribution χ ≡ d_2 + h − q − 2d^I coming from the chiral symmetry breaking term of the light quark action.

and their associated bag parameter ~B_i, i = 1, 2, 3, 4.

The extraction of B_{Bs} from our lattice simulation needs the following steps: (1) B̃^{lat}_i (a) are matched onto the continuum MS(NDR) scheme at NLO in perturbation theory at the renormalization scale μ = 1/a [14], (2) B̃_i are evolved from μ = 1/a to μ = m_b by using the HQET anomalous dimension matrix, known to 2-loop accuracy in perturbation theory [27, 26], (3) B̃_i(μ = m_b) are finally matched onto their QCD counterpart, B_i(m_b), in the MS(NDR) scheme at NLO [26].

The matching scales are such that neither ln(aμ) in step (1) nor ln(μ/m_b) in step (3) correct strongly the matching constants. In the following we will concentrate on step (1). The total lattice fermionic action is S = S^{HQET} + S^N_L where

S^{HQET}

H = a^3 ∑ n { h̄^+(n) [ h^+(n) − V^{†,HYP}_4 (n − ^4)h^+(n − ^4) ]

−h̄^−(n) [ V^{HYP}_4 (n)h^−(n + ^4) − h^−(n) ] + δm [¯ h^+(n)h^+(n) + h̄^−(n)h^+(n) ]} , S^N_L = a^3 ∑ n ψ̄(n)D_N (m_0) ψ(n) , D_N (m_0) = ( 1 − 1 2ρ am_0 ) D_N + am_0 , (12)

D_N = ρ a ( 1 + X √ X^†X ) , X = D_W − ρ a , 0 < ρ < 2 . The static quark (antiquark) field satisfies the equation of motion

γ_0h^±(x) = ±h^±(x).

The HQET action is invariant under the finite Heavy Quark Symmetry (HQS) transformations h̄^{(±)}(x)^{HQS(i)}−→ −1 2 ϵ^{ijk}h̄^{(±)}(x)γ_jγ_k (i = 1, 2, 3) , (13)

and the overlap action is invariant under the infinitesimal chiral transformation [28] ψ → [ 1 + iϵγ^5 ( 1 − a 2 D_N )] ψ, ψ̄ → ψ̄ [ 1 + iϵ ( 1 − a 2 D_N ) γ^5 ] . (14)

The matching between the operators regularised on the lattice and their counterpart of the continuum needs normally 16 matching constants, as ~O_1 and ~O_2 can mix with ~O_3 and ~O_4: ~O^{MS}_i (μ) = Z_{ij}(aμ) ~O_j(a), i = 1, ..., 4, j = 1, ..., 4 . However, thanks to Heavy Quark Symmetry, these constants are not all independent. Here we give the details of the proof, as it was not fully presented in [14] or [29] (it was independently presented and generalised in [30]). Under the HQS transformation (13), one has ~O_{SS+P P} ≡ − ~O_{(V V +AA)0} , ~O_{V V +AA}^{HQS(i)}−→ ~O_{V V +AA}, ~O_{SS+P P}^{HQS(i)}−→ − ~O_{(V V +AA)i} ,

~O_{V V −AA}^{HQS(i)}−→ j≠i∑

j=1,3 ~O_{(V V −AA)j} − ( ~O_{(V V −AA)i} + ~O_{(V V −AA)0} ) ≡ ( ~O_{V V −AA})_⊥ − ( ~O_{V V −AA})_‖ ,

~O_{SS−P P} ≡ − ~O_{(V V −AA)0} , ~O_{SS−P P}^{HQS(i)}−→ ~O_{(V V −AA)i} . The different constraints are the followings: ⟨ ~O_{V V +AA}(μ)⟩ = Z_{11}⟨ ~O_{V V +AA}(a)⟩ + Z_{12}⟨ ~O_{SS+P P} (a)⟩ + Z_{13}⟨ ~O_{V V −AA}(a)⟩ + Z_{14}⟨ ~O_{SS−P P} (a)⟩ , ⟨ ~O_{V V +AA}(μ)⟩ = Z_{11}⟨ ~O_{V V +AA}(a)⟩ − Z_{12}⟨ ~O_{(V V +AA)i} (a)⟩ + Z_{13}(⟨ ~O_{V V −AA}(a)⟩_⊥ − ⟨ ~O_{V V −AA}(a)⟩_‖) + Z_{14}⟨ ~O_{(V V −AA)i} (a)⟩ (HQS(i)) , ∑ i=1,3 ⟨ ~O_{V V +AA}(μ)⟩ ≡ 3⟨ ~O_{V V +AA}(μ)⟩ = (3Z_{11} − Z_{12})⟨ ~O_{V V +AA}(a)⟩ − Z_{12}⟨ ~O_{SS+P P} (a)⟩ + (Z_{13} + Z_{14})⟨ ~O_{V V −AA}(a)⟩ + (Z_{14} + 4Z_{13})⟨ ~O_{SS−P P} (a)⟩ , implying that Z_{12} = 0, Z_{14} = 2Z_{13} . (15)

⟨ ~O_{SS+P P} (μ)⟩ = Z_{21}⟨ ~O_{V V +AA}(a)⟩ + Z_{22}⟨ ~O_{SS+P P} (a)⟩ + Z_{23}⟨ ~O_{V V −AA}(a)⟩ + Z_{24}⟨ ~O_{SS−P P} (a)⟩ , −⟨ ~O_{(V V +AA)i} (μ)⟩ = Z_{21}⟨ ~O_{V V +AA}(a)⟩ − Z_{22}⟨ ~O_{(V V +AA)i} (a)⟩ + Z_{23}(⟨ ~O_{V V −AA}(a)⟩_⊥ − ⟨ ~O_{V V −AA}(a)⟩_‖) + Z_{24}⟨ ~O_{(V V −AA)i} (a)⟩ (HQS(i)) , − ∑ i=1,3 ~O_{(V V +AA)i} (μ) ± ~O_{(V V +AA)0} (μ) ≡ −⟨ ~O_{SS+P P} (μ)⟩ − ⟨ ~O_{V V +AA}(μ)⟩ = (3Z_{21} − Z_{22})⟨ ~O_{V V +AA}(a)⟩ − Z_{22}⟨ ~O_{SS+P P} (a)⟩ + (Z_{23} + Z_{24})⟨ ~O_{V V −AA}(a)⟩ + (Z_{24} + 4Z_{23})⟨ ~O_{SS−P P} (a)⟩ = −(Z_{11} + Z_{21})⟨ ~O_{V V +AA}(a)⟩ − Z_{22}⟨ ~O_{SS+P P} (a)⟩ − [(Z_{13} + Z_{23})⟨ ~O_{V V −AA}(a)⟩ + (Z_{14} + Z_{24})⟨ ~O_{SS−P P} (a)⟩] , giving the constraints

Z_{21} =

Z_{22} − Z_{11} 4 , Z_{24} = −(Z_{13} + 2Z_{23}) . (16) ⟨ ~O_{V V −AA}(μ)⟩ = Z_{31}⟨ ~O_{V V +AA}(a)⟩ + Z_{32}⟨ ~O_{SS+P P} (a)⟩ + Z_{33}⟨ ~O_{V V −AA}(a)⟩ + Z_{34}⟨ ~O_{SS−P P} (a)⟩ , ⟨ ~O_{SS−P P} (μ)⟩ = Z_{41}⟨ ~O_{V V +AA}(a)⟩ + Z_{42}⟨ ~O_{SS+P P} (a)⟩ + Z_{43}⟨ ~O_{V V −AA}(a)⟩ + Z_{44}⟨ ~O_{SS−P P} (a)⟩ , ⟨ ~O_{(V V −AA)i} (μ)⟩ = Z_{41}⟨ ~O_{V V +AA}(a)⟩ − Z_{42}⟨ ~O_{(V V +AA)i} (a)⟩ + Z_{43}(⟨ ~O_{V V −AA}(a)⟩_⊥ − ⟨ ~O_{V V −AA}(a)⟩_‖) + Z_{44}⟨ ~O_{(V V −AA)i} (a)⟩ (HQS(i)) ,

∑ i=1,3 ~O_{(V V −AA)i} (μ) ± ~O_{(V V −AA)0} (μ) ≡ ⟨ ~O_{SS−P P} (μ)⟩ + ⟨ ~O_{V V −AA}(μ)⟩ = (3Z_{41} − Z_{42})⟨ ~O_{V V +AA}(a)⟩ − Z_{42}⟨ ~O_{SS+P P} (a)⟩ + (Z_{43} + Z_{44})⟨ ~O_{V V −AA}(a)⟩ + (Z_{44} + 4Z_{43})⟨ ~O_{SS−P P} (a)⟩ = (Z_{31} + Z_{41})⟨ ~O_{V V +AA}(a)⟩ + (Z_{32} + Z_{42}⟨ ~O_{SS+P P} (a)⟩ + (Z_{33} + Z_{43})⟨ ~O_{V V −AA}(a)⟩ + (Z_{34} + Z_{44})⟨ ~O_{SS−P P} (a)⟩ .

One obtains eventually the constraints

Z_{44} = Z_{33}, Z_{42} = −

Z_{32} 2 , Z_{41} =

2Z_{31} − Z_{32} 4 , Z_{43} =

Z_{34} 4 . (17)

The renormalisation matrix has the following structure:

Z = Z_{11} 0 Z_{13} 2Z_{13}

Z_{22}−Z_{11}

4 Z_{22} Z_{23} −(Z_{13} + 2Z_{23}) Z_{31} Z_{32} Z_{33} Z_{34}

2Z_{31}−Z_{32}

4 −^{Z32}_2^{Z34}_4 Z_{33} . (18)

Further constraints are obtained thanks to the invariance of the overlap action under the finite chiral transformation ψ → iγ^5 ( 1 − a 2 D_N ) ψ, ψ̄ → iψ̄ ( 1 − a 2 D_N ) γ^5 .

Under such a transformation one has ~O_{V V +AA} → − ~O_{V V +AA}, ~O_{SS+P P} → − ~O_{SS+P P} , ~O_{V V −AA} → + ~O_{V V −AA}, ~O_{SS−P P} → + ~O_{SS−P P} . The final result is then Z = Z_{11} 0 0 0

Z_{22}−Z_{11}

4 Z_{22} 0 0 0 0 Z_{33} Z_{34} 0 0^{Z34}_4 Z_{33} . (19) There is no mixing of left-left four-fermion static-light operators regularised on the lattice with dimension 6 operators of different chirality, reducing significantly the systematic error coming from such a spurious mixing when the light quark is described by the Wilson-Clover action: indeed the matching of those operators with their counterpart renormalised in the continuum MS scheme does not need any subtraction. We recall that the overlap propagator without mass reads^2

S^{ab}_{overlap}(k) = δ^{ab} a 2ρ ( −i Γ̸ ω + b + 1 ) , b(k) = W (k) − ρ , ω(k) = a (√ X^†X ) 0 (k) , (20)

2We invite the reader to have a look in Appendix A in which the notations used in those equations are made more precise.

(a) (b) (c) (d)

Figure 2: Diagrams giving the one loop correction to a static-light four-fermion operator.

where X_0 is the free part of the Wilson kernel with a negative mass −^ρ_a , and the quarkquark-gluon vertex is defined by [31]

V^{a,overlap} μ,qqg (p, p ′) = −ig_0T^a ρ ω(p) + ω(p^′) [ γ^μc_μ − is_μ + a^2 ω(p)ω(p^′) X_0(p^′) ( γ^μc_μ + is_μ ) X_0(p) ] . (21) The renormalisation constants of dimension 6 static-light four-fermion operators are given at one loop of perturbation theory by the diagrams of Figure 2. Following the notations of [14], the matching constants are defined by

Z^{MS}_{11} = 1 + α^{MS}_s 4π [ 7 3 + d_s 3 − 10d_1 3 − c 3 − 4e 3 − 4f 3 + 2d_ξ 3 + 4 ln(a^2μ^2) ] , Z^{MS}_{21} = α^{MS}_s 4π [ − 5 36 − d_s 36 − 2d_v 9 + d_1 2 + c 4 − d_ξ 6 − 2 3 ln(a^2μ^2) ] , Z^{MS}_{22} = 1 + α^{MS}_s 4π [ 16 9 + 2d_s 9 − 8d_v 9 − 4d_1 3 + 2c 3 − 4e 3 − 4f 3 + 4 3 ln(a^2μ^2) ] , Z^{MS}_{33} = 1 + α^{MS}_s 4π [ 41 12 − d_v 6 − 7d_1 3 + c 6 − 4e 3 − 4f 3 + 7d_ξ 6 + 7 2 ln(a^2μ^2) ] , Z^{MS}_{34} = α^{MS}_s 4π [ 1 2 − d_v + 2d_1 + c − d_ξ − 3 ln(a^2μ^2) ] , Z^{MS}_{43} = α^{MS}_s 4π [ 1 8 − d_v 4 + d_1 2 + c 4 − d_ξ 4 − 3 4 ln(a^2μ^2) ] , Z^{MS}_{44} = 1 + α^{MS}_s 4π [ 41 12 − d_v 6 − 7d_1 3 + c 6 − 4e 3 − 4f 3 + 7d_ξ 6 + 7 2 ln(a^2μ^2) ] ,

where c and d_1 correspond to diagrams 2(a) and 2(b) respectively. The matching constant of the axial static-light current is defined by

Z^{MS}_A = 1 + α_s 12π^2 [ 5 4 − e + f 2 − d_1 + 3 2 ln(a^2μ^2) ] . (22)

We have collected the numerical values of c and d_1 in Table 4 and we have given their analytical expression in Appendix C. We agree with the authors of [14] for the analytical expression of d_1(α_i = 0) [32] and for its numerical value. f(ρ), d_s(ρ) and d_v(ρ), involving only light quark legs and computed in [33], are included in the same table for ρ = 1.4 and 1.6 that we chose to perform the lattice simulation, and d_ξ = −4.792010. We obtain for ρ = 1.4 and the set HYP1

Z^{MS}_{11} (1/a) = 1 +^{αMSs (1/a)}_{4π} × 20.0579 , Z^{MS}_{22} (1/a) = 1 +^{αMSs (1/a)}_{4π} × 19.6915 , Z^{MS}_A (1/a) = 1 +^{αMSs (1/a)}_{4π} × 11.2557 .

(23)

Here we would like to make two remarks.

The first one is that the bag parameters ~B^{MS}(μ)_i are matched to ~B(1/a)_i with^{Zij}_{Z2A} : in the ratio the quark self-energies cancel, reducing the corrections.

The second remark concerns the numerical value of the renormalisation constants: one needs to define the expansion parameter α_s in terms of the lattice coupling, in order to improve as much as possible the perturbative computation. We decided in our analysis to use the constant α^V (3.41/a), that is related to the average plaquette ⟨1/3Tr(U_□)⟩ [34], and the ratio Λ_{MS}/Λ_V , to compute α^{MS}_s (1/a) at two loops of perturbation theory. An alternative approach could have been to choose the scale μ = q^∗ between 1/a and π/a, as done in [12], and include the spreading in the systematic error as done in [27]. Of course in that case the logarithmic terms appearing in (6) must be taken into account.

4 Conclusion

In this paper we have calculated the one loop corrections at O(a) of static-light currents h̄Γq and four-fermion operators (h̄Γq) (h̄Γq) in lattice HQET with a hypercubic blocking of the Wilson line which defines the static quark propagator. It determines the renormalization of

ρ 1.4 1.6 f(ρ) -17.47 -13.24 d_s(ρ) 2.55 3.06 d_v(ρ) 0.056 0.068 d_1(ρ, α_i = 0) 0.648 0.707 d_1(ρ, APE) 0.320 0.346 d_1(ρ, HYP1) 0.285 0.306 d_1(ρ, HYP2) 0.032 0.026 α_i 0 APE HYP1 HYP2 c 4.53 -3.63 -3.24 -7.82

Table 4: Numerical values of c, d_1(ρ), f(ρ), d_s(ρ) and d_v(ρ) defined in the text.

the operators which are used to compute in the static limit of HQET the decay constant f_B and the bag parameters B_i associated with the B_s − B_s mixing amplitude in the Standard Model and beyond.

In particular we have given values of the renormalisation constants of the static-light fourfermion operators when the light quark is described by the overlap action, which is an elegant way to restore on the lattice the chiral symmetry of the continuum but is highly demanding in computation time, so that a non perturbative renormalisation procedure, like the Schrödinger functional scheme [35], is not underway yet. However a further step could be to compute in this scheme – i.e. non perturbatively – the matching constants of static-light bilinear currents when the light quark is described in the bulk by the Neuberger operator [36].

Acknowledgment

I gratefully acknowledge helpful discussions with D. Bećirević, N. Garron, A. Le Yaouanc, C. Michael, A. Shindler and R. Sommer. This work is supported in part by the EU Contract No. MRTN-CT-2006-035482 (“FLAVIAnet”) and by the Deutsche Forschungsgemeinschaft in the SFB/TR 09.

A Notations

We give here the notations that appear in the main part of the paper and below in the analytical expressions of matching constants. ∫ k ≡ ∫_π −π d^4k (2π)^4 , ∫ ⃗k ≡ ∫_π −π d^3k (2π)^3 , U_μ(n) = e^{iag0Aaμ(n)T a} = 1 + iag_0A^a_μ(n)T^a − a^2g^2_0 2! A^a_μ(n)A^b_μ(n)T^aT^b + O(g^3_0 ),

U^{HYP}_μ (n) = e^{iag0Baμ(n)T a} = 1 + iag_0B^a_μ(n)T^a − a^2g^2 2! B^a_μ(n)B^b_μ(n)T^aT^b + O(g^3_0),

A^a_μ(n) = ∫ p e^{ip(n+ a2 )}A^a_μ(p), B^a_μ(n) = ∫ p e^{ip(n+ a2 )}B^a_μ(p),

F^2 = 4∑ i=1 F^2_i , ⃗F^2 = 3∑ i=1 F^2_i

Γ_λ = sin ak_λ, c_μ = cos ( a(p + p^′)_μ 2 ) , s_μ = sin ( a(p + p^′)_μ 2 ) , M_μ = cos ( k_μ 2 ) , N_μ = sin ( k_μ 2 ) , W = 2N^2,

E^2 = ⃗N^2 + a^2λ^2 4 , E^2_1 =

( ⃗N^2)^2 +^{⃗Γ2}_4 1 + 2 ⃗N^2 .

B^{(1)}_μ (k) = ∑ ν h_{μν} (k)A_ν (k), h_{μν} (k) = δ_{μν} D_μ(k) + (1 − δ_{μν} )G_{μν} (k),

D_μ(k) = 1 − c_1 ∑ ρ≠μ N^2_ρ + c_2 ∑ ρ<σ,ρ,σ≠μ N^2_ρ N^2_σ − c_3N^2_ρ N^2_σ N^2_τ ,

G_{μν} (k) = N_μN_ν ( c_1 − c_2

N^2_ρ + N^2_σ 2 + c_3

N^2_ρ N^2_σ 3 ) ≡ N_μN_ν A^′_ν , c_1 = (2/3)α_1[1 + α_2(1 + α_3)], c_2 = (4/3)α_1α_2(1 + 2α_3), c_3 = 8α_1α_2α_3.

B Matching constants of O(a) improved operators

Here we give the analytical expressions of the constants d_1, d_2, d^I , n, h and q.

d_1(α_i) = ln(a^2λ^2) + (4π)^2 { 1 16 ∫ ⃗k 1 1 + 2 ⃗N^2 1 √ 1 + E^2_1 1 E_1 ( D_4 + 3∑ j=1 A^′_j N^2_j )

+ 1 16 ∫ ⃗k 1 1 + 2 ⃗N^2 1 E^2_1 − E^2 [ D_4 (√ 1 + E^2 E − √ 1 + E^2_1 E_1 )

+ 3∑ j=1 A^′_j N^2_j M^2_j ( 1 E √ 1 + E^2 − 1 E_1 √ 1 + E^2_1 )]} , (24)

d_2(α_i) = − 1 16 ∫ ⃗k D_4 1 + 2 ⃗N^2 1 E^2_1 , d^I = − ∫ ⃗k D_4 64 ⃗Γ2 1 + 2 ⃗N^2 1 ⃗N 2E2_1 , (25)

n = ∫ ⃗k 1 16 1 1 + 2 ⃗N^2 [ D_4 √ 1 + E^2_1 E_1 + ∑ j A^′_jN^2_j M^2_j E_1 √ 1 + E^2_1 + D_4 + ∑ j A^′_j N^2_j 4(E^2_1 − ⃗N^2) ( 4 ⃗N^2(1 + ⃗N^2) − ⃗Γ^2 √ ⃗N 2 √ 1 + ⃗N^2 − 4E^2_1 (1 + E^2_1 ) − ⃗Γ^2 E_1 √ 1 + E^2_1 )] , (26)

h = − ∫ ⃗k 1 16 D_4 ⃗N 2 , q = − ∫ ⃗k 1 64 D_4⃗Γ^2 1 + 2 ⃗N^2 1 E^2_1

. (27)

C Static-light vertex with the overlap action

Here we give the analytical expressions of c and d_1(ρ):

c(α_i) = 2 ln(a^2λ^2) + (4π)^2 ∫ ⃗k D^2_4 − E^2

∑_3

i=1 N^2_i A^{′2}_i 4E^3 1 √ 1 + E^2

, (28) d_1(ρ) − ln(a^2λ^2) − d_ξ = −(4π)^2 ∫ k ∑ j h_{4j} 2iN_4 + ϵM_4 1 2W + a^2λ^2 −i Γ̸ + ω + b 2ρ(ω + b) ρ ω + ρ [ γ_jM_j − iN_j − i Γ̸ + b ω (γ_jM_j + iN_j ) ]

= (4π)^2 ∫ k 1 2W + a^2λ^2 1 ω + b 1 ω + ρ [ D_4 ( M^2_4 + ω + b 2 )

+ ∑ j A^′_j N^2_j ( M^2_j + ω + b 2 )] . (29)

References

[1] K. Ikado et al., Phys. Rev. Lett. 97, 251802 (2006) [arXiv:hep-ex/0604018].

[2] See for example A. Lenz and U. Nierste, JHEP 0706, 072 (2007) [arXiv:hep-ph/0612167] and references therein.

[3] A. X. El-Khadra, A. S. Kronfeld and P. B. Mackenzie, Phys. Rev. D 55, 3933 (1997) [arXiv:hep-lat/9604004]; S. Aoki, Y. Kuramashi and S. i. Tominaga, Prog. Theor. Phys. 109, 383 (2003) [arXiv:hep-lat/0107009].

[4] N. H. Christ, M. Li and H. W. Lin, arXiv:hep-lat/0608006; H. W. Lin and N. Christ, arXiv:hep-lat/0608005.

[5] Y. Kayaba et al. [CP-PACS Collaboration], JHEP 0702, 019 (2007) [arXiv:hep-lat/0611033].

[6] M. B. Voloshin and M. A. Shifman, Yad. Fiz. 45, 743 (1987); [Sov. J. Nucl. Phys. 45, 463 (1987)]; H. D. Politzer and M. B. Wise, Phys. Lett. B 206, 681 (1988); 208, 504 (1988).

[7] J. Heitger and R. Sommer [ALPHA Collaboration], JHEP 0402, 022 (2004) [arXiv:hep-lat/0310035].

[8] E. Eichten and B. Hill, Phys. Lett. B 240, 193 (1990).

[9] A. Hasenfratz and F. Knechtli, Phys. Rev. D 64, 034504 (2001), [hep-lat/0103029];

A. Hasenfratz, R. Hoffmann and F. Knechtli, Nucl. Phys. Proc Suppl 106, 418 (2001), [hep-lat/0110168].

[10] M. Della Morte, A. Shindler and R. Sommer [ALPHA Collaboration], JHEP 0508, 51 (2005).

[11] H. Neuberger, Phys. Lett. B 417, 141 (1998); Phys. Rev. D 57, 5417 (1998); Phys.

Lett. B 427, 353 (1998).

[12] V. Gimenez and J. Reyes, Nucl. Phys. B 545, 576 (1999) [arXiv:hep-lat/9806023]. [13] M. Di Piero and C. T. Sachrajda, Nucl. Phys. B 534, 373 (1998). [14] D. Bećirević and J. Reyes, Nucl. Phys. Proc. Suppl. 129, 435 (2004). [15] G. Herdoiza, C. McNeile and C. Michael [UKQCD Collaboration], Phys. Rev. D 74, 014510 (2006) [arXiv:hep-lat/0604001].

[16] B. Sheikholeslami and R. Wohlert, Nucl. Phys. B 259, 572 (1985). [17] G. Heatlie, G. Martinelli, C. Pittori, G. C. Rossi and C. T. Sachrajda, Nucl. Phys. B 352, 266 (1991).

[18] A. Borrelli and C. Pittori, Nucl. Phys. B 385, 502 (1992). [19] G. Martinelli et al, Nucl. Phys. B 445, 81 (1995). [20] S. Capitani, Phys. Rep. 382, 113 (2003), [hep-lat/0222036]. [21] T. DeGrand, Phys. Rev. D 67, 014507 (2003), [hep-lat/0210028]. [22] W. Lee and S. Sharpe, Phys. Rev. D 68, 054510 (2003), [hep-lat/0306016]. [23] W. Lee, Phys. Rev. D 66, 114504 (2002), [hep-lat/0208032]. [24] M. Albanese et al [APE Collaboration], Phys. Lett. B 192, 163 (1987). [25] B. Blossier, A. Le Yaouanc, V. Morénas and O. Pène, Phys. Lett. B 632, 319 (2006), [hep-lat/0507024].

[26] D. J. Broadhurst and A. G. Grozin, Phys. Rev. D 52, 4082 (1995); V. Gimenez, Nucl.

Phys. B 582, 375 (1992); X. Ji and M. J. Musolf, Phys. Lett. B 409, 257 (1991). [27] D. Bećirević et al, JHEP 0204, 25 (2002), [hep-lat/0110091]. [28] M. Lüscher, Phys. Lett. B 428, 342 (1998).

[29] D. Becirevic, B. Blossier, Ph. Boucaud, A. Le Yaouanc, J. P. Leroy and O. Pene, PoS LAT2005, 218 (2006) [arXiv:hep-lat/0509165].

[30] F. Palombi, M. Papinutto, C. Pena and H. Wittig, JHEP 0608, 017 (2006) [arXiv:hep-lat/0604014].

[31] Y. Kikukawa and A. Yamada, Phys. Lett. B 448, 265 (1999). [32] D. Bećirević, private communication.

[33] C. Alexandrou et al, Nucl. Phys. B 580, 394 (2000); S. Capitani and L. Giusti, Phys.

Rev. D 62, 114506 (2000).

[34] G. P. Lepage and P. B. Mackenzie, Phys. Rev. D 48, 2250 (1993) [arXiv:hep-lat/9209022].

[35] S. Capitani, M. Lüscher, R. Sommer and H. Wittig [ALPHA Collaboration], Nucl.

Phys. B 544, 669 (1999), [hep-lat/9810063];

J. Heitger, M. Kurth and R. Sommer [ALPHA Collaboration], Nucl. Phys. B 669, 173 (2003), [hep-lat/0302019].

[36] M. Lüscher, JHEP 0605, 42 (2006), [hep-lat/0603029].