arXiv:0807.0567v1 [hep-th] 3 Jul 2008

DESY 08–090 ISSN 0418-9833 July 2008

Towards all-order Laurent expansion of generalized hypergeometric functions around rational values of parameters

Mikhail Yu. Kalmykov^∗, Bernd A. Kniehl

II. Institut für Theoretische Physik, Universität Hamburg, Luruper Chaussee 149, 22761 Hamburg, Germany

Abstract

We prove the following theorems: 1) The Laurent expansions in ε of the Gauss hypergeometric functions_2F_1(I_1 + aε, I_2 + bε; I_3 +^p_q + cε; z),_2F_1(I_1 +^p_q + aε, I_2 + p q + bε; I_3 +^p_q + cε; z) and_2F_1(I_1 +^p_q + aε, I_2 + bε; I_3 +^p_q + cε; z), where I_1, I_2, I_3, p, q are arbitrary integers, a, b, c are arbitrary numbers and ε is an infinitesimal parameter, are expressible in terms of multiple polylogarithms of q-roots of unity with coefficients that are ratios of polynomials; 2) The Laurent expansion of the Gauss hypergeometric function_2F_1(I_1 +^p_q + aε, I_2 + bε; I_3 + cε; z) is expressible in terms of multiple polylogarithms of q-roots of unity times powers of logarithm with coefficients that are ratios of polynomials; 3) The multiple inverse rational sums ∑_∞ j=1 Γ(j) Γ ( 1+j−^p_q ) z^j j^c Sa^1 (j − 1) · · · Sa^p (j − 1) and the multiple rational sums ∑_∞ j=1 Γ ( j+^p_q ) Γ(1+j) z^j j^c Sa^1 (j − 1) · · · Sa^p (j − 1), where Sa(j) = ∑_j k=1 1 k^a is a harmonic series

and c is an arbitrary integer, are expressible in terms of multiple polylogarithms; 4) The generalized hypergeometric functions_pF_{p−1}( ⃗A+⃗aε; ⃗B +⃗bε,^p_q +B_{p−1}; z) and pF_{p−1}( ⃗A+⃗aε,^p_q +A_p; ⃗B +⃗bε; z) are expressible in terms of multiple polylogarithms with coefficients that are ratios of polynomials.

PACS numbers: 02.30.Gp, 02.30.Lt, 12.20.Ds, 12.38.Bx Keywords: Gauss hypergeometric functions, generalized hypergeometric functions, Laurent expansion about rational values of parameters, multiple polylogarithms, multiloop calculations, two-loop sunset

∗On leave of absence from Joint Institute for Nuclear Research, 141980 Dubna (Moscow Region), Russia.

1 Introduction: Feynman diagrams and special functions

High-precision theoretical predictions for physics at the LHC and the ILC demand the inclusion of higher-order radiative corrections. The results of perturbative calculation are expressible in terms of Feynman integrals [1]. However, in order to obtain physical results, it is necessary to construct the Laurent expansions of Feynman diagrams about the integer value of the space-time dimension [2] (typically d = 4−2ε). For the parametrization of the coefficients of such ε expansions, a lot of new functions have been introduced by physicists during the last few years [3,4,5,6]. Some of these new functions are also generated in a different branch of mathematics [7,8,9,10]. At present, it is unclear if there is some limitation on the types of functions generated by Feynman diagrams or if the “zoo” of new functions is an artifact of the techniques used. In particular, the statement that the results of such calculations can be written in terms of a restricted set of special functions will allow one to use a restricted set of programs for the numerical evaluation of physical results. Another application is related to the evaluation of so-called single-scale diagrams, where an explicit prediction of possible transcendental constants can be done [11].

The strategy of such a kind of analysis is well know in the theory of special functions and the analytical theory of differential equations [12]. As is well known, any Feynman diagram satisfies a system of linear differential or difference equations with polynomial coefficients [13,14,15,16,17]. In modern mathematical language, such a system can be associated with the Gelfand-Karpanov-Zelevinskii functions or D-modules [18]. So, any question regarding the zoo of special functions generated by the ε expansion of Feynman diagrams could be reduced to the problem of constructing Laurent expansions of D-modules (hypergeometric functions [19]) about certain values of their parameters. Unfortunately, a unique hypergeometric representation of Feynman diagrams besides the so-called α representation [1] does not exist. Using the latter representation, it has been shown recently that, for single-scale diagrams, i.e. diagrams where all kinematic variables are proportional to each other so that one of them can be factored out, all coefficients of the ε expansion can be understood, up to some normalisation factor, as periods in the Kontsevich-Zagier formulation [20]. Another useful representation, which is closely related to the corresponding property of generalized hypergeometric functions, is the Mellin-Barnes representation of Feynman diagrams [21]. Using the Mellin-Barnes representation, it is possible to write the result in each order of ε in terms of multiple sums, which sometimes can be expressed in terms of special functions [22]. Since the power of a propagator is integer in covariant gauge and any (irreducible) numerator is expressible in terms of an integral of the same topology with a shifted power, which is again integer [14,15], it is enough to only consider hypergeometric functions of several variables with integer values of parameters. (In general, the number of variables is equal to the number of kinematic invariants minus one.) Fortunately, when some of the kinematic invariants are proportional (or equal) to each other, the number of variables in the proper hypergeometric series can be reduced. But the price of this reduction is the appearance of rational values of parameters. All known exactly solvable cases [23,24,25,26,27] have confirmed this observation. Typically, only integer and half-integer values of parameters are generated, and only recently inverse cubic values have been discovered [27].

Recently, there has been essential progress in understanding what type of functions are generated by the ε expansion of hypergeometric functions. Besides the pioneering construction of the ε expansions of hypergeometric functions [28] using harmonic series [29] or so-called multiple (inverse) binomial sums [30,31,32], there are now a few independent techniques for the construction of analytical coefficients in the ε expansions of hypergeometric functions about integer and half-integer values of parameters and the summing of multiple series [32,33,34,35,36,37,38,39,40,41]. However, the extension of these results to the case of rational values of parameters is still a mystery. There is just one publication [36] devoted to the analysis of ε expansions of hypergeometric functions about a special configuration of rational parameters, the so-called, “zero-balance” case. Specifically, two types of sums have been analyzed in Ref. [36], namely in Eqs. (51) and (62). To our knowledge, they correspond to the sums covered by our Theorems A and B below, respectively, in the case c ≥ 1.

The aim of the present paper is to derive an algorithm for the construction of all-order ε expansions of generalized hypergeometric functions_pF_{p−1} and multiple (inverse) rational sums. The present consideration is based on appropriate extensions of the generatingfunction approach [32,42,39] and the differential-equation technique [37,38,40] to the case of rational values of parameters.

In particular, we will prove the following theorems:

• Theorem I:

The all-order ε expansions of the Gauss hypergeometric functions

2F_1 (I_1 + aε, I_2 + bε; I_3 +^p_q + cε; z) , (1a) 2F_1 (I_1 +^p_q + aε, I_2 + bε; I_3 + cε; z) , (1b) 2F_1 (I_1 +^p_q + aε, I_2 + bε; I_3 +^p_q + cε; z) , (1c) 2F_1 (I_1 +^p_q + aε, I_2 +^p_q + bε; I_3 +^p_q + cε; z) , (1d)

where {I_k} are integers, a, b, c are arbitrary numbers, and ε is an arbitrarily small parameter, are expressible in terms of multiple polylogarithms (or multiple polylogarithms times powers of logarithm) with coefficients that are ratios of polynomials with complex coefficients.

• Theorem A

The multiple inverse rational sums ∞∑ j=1 Γ(j)Γ ( 1 −^p_q ) Γ ( 1 + j −^p_q ) z^j j^c S_{a1} (j − 1) · · · S_{ap} (j − 1) , (2)

where S_a(j) is a harmonic series, defined as S_a(j) = ∑_j k=1 1 k^a , and c is any integer,

are expressible in terms of multiple polylogarithms with (i) complex coefficients if c ≥

1; and (ii) with coefficients that are ratios of polynomials with complex coefficients if c ≤ 0.

• Theorem B

The multiple rational sums ∞∑ j=1 Γ ( j +^p_q ) Γ(1 + j)Γ ( 1 +^p_q ) z^j j^c S_{a1} (j − 1) · · · S_{ap} (j − 1) , (3)

where S_a(j) is a harmonic series, defined as S_a(j) = ∑_j k=1 1 k^a , and c is any integer,

are expressible in terms of multiple polylogarithms times powers of logarithm with (i) complex coefficients if c ≥ 1; and (ii) with coefficients that are ratios of polynomials with complex coefficients if c ≤ 0.

• Theorem C

The all-order ε expansion of the generalized hypergeometric functions pF_{p−1} ( ⃗A+⃗aε,^p_q +I_2; ⃗B+⃗bε; z ) , (4a) pF_{p−1} ( ⃗A+⃗aε; ⃗B+⃗bε,^p_q +I_1; z ) , (4b)

where ⃗A, ⃗B are lists of integers and I_1, I_2 are integers, are expressible in terms of multiple polylogarithms (or multiple polylogarithms times powers of logarithms) with coefficients that are ratios of polynomials with complex coefficients.

This paper is organized as follows. In Section 2, we will prove Theorem I. In Section 3, we will present an analysis of multiple (inverse) rational sums and prove Theorem A and Theorem B. In Section 4, the results of Theorem A and Theorem B will be applied to hypergeometric functions to prove Theorem C. In Section 5, we will demonstrate that, for physically interesting kinematics, the two-loop sunset diagrams are expressible in terms of generalized hypergeometric functions with quarter values of parameters. Appendices A and B contain some basic information about multiple polylogarithms, which are a particular class of hyperlogarithms, and the iterative solution of systems of differential equations.

2 Gauss hypergeometric function: notations

The Gauss hypergeometric function [43] ω(z) ≡_2F_1(a, b; c; z) can be defined as the solution of a second-order differential equation of Fuchsian class [12] with three regular singular points at z = 0, 1, ∞, as d dz ( z d dz + c − 1 ) ω(z) = ( z d dz + a ) ( z d dz + b ) ω(z) , (5) and admits the series representation about z = 0,

2F_1(a, b; c; z) = ∞∑ k=0 (a)_k(b)_k (c)_k z^k k! , (6)

where (a)_k = Γ(a + k)/Γ(a) is the Pochhammer symbol. It is the only solution analytic at z = 0 and with value 1 there.

It is well known that, between any three Gauss hypergeometric functions with the same argument z and parameters a, b, c differing by integers, there is an algebraic relation with polynomial coefficients [44], namely

P_1(a, b, c, z)_2F_1(a + m_1, b + n_1; c + k_1; z) + P_2(a, b, c, z)_2F_1(a + m_2, b + n_2; c + k_2; z) +P_3(a, b, c, z)_2F_1(a + m_3, b + n_3; c + k_3; z) = 0 , (7)

where m_j, n_j , k_j ∈ Z (j = 1, 2, 3). Taking m_3 = n_3 = k_3 = 0 and m_2 = n_2 = k_2 = 1, we obtain, for example, by using the algorithm described in Ref. [45],

P (a, b, c, z)_2F_1(a + m_1, b + n_1; c + k_1; z) = [ Q_1(a, b, c, z) d dz + Q_2(a, b, c, z) ] 2F_1(a, b; c; z) , (8) where a, b, c, are any fixed numbers and P, Q_1, Q_2 are polynomial in the parameters a, b, c and the argument z. We call the functions of r.h.s. of Eq. (8) basis functions and their first derivatives. Consequently, in order to prove Theorem A, all-order ε expansions have to be constructed for basis hypergeometric functions.

2.1 Differential equation approach for construction of ε expansion

2.1.1 Gauss hypergeometric functions

Let us consider as the basis the Gauss hypergeometric function with the following set of parameters: ω(z) =_2F_1(^{p1}_{q1} + a_1ε,^{p2}_{q2} + a_2ε; 1 −^{p3}_{q3} + cε; z) . It is the solution of the differential equation ( z d dz + p_1 q_1

+ a_1ε ) ( z d dz + p_2 q_2

+ a_2ε ) ω(z) = d dz ( z d dz − p_3 q_3 + cε ) ω(z) , (9)

with boundary conditions ω(0) = 1 and z^d_{dz} ω(z) | |_{z=0} = 0. Due to the analyticity of the Gauss hypergeometric function with respect to its parameters, Eq. (9) is valid in each order of ε, i.e. it holds for every coefficient function ω_k(z) in the expansion ω(z) = ∞∑ k=0 ω_k(z)ε^k. (10)

The boundary conditions for the coefficient functions are ω_k(z) = 0 (k < 0) , (11a) ω_k(0) = 0 (k ≥ 1) , (11b) z^d_{dz} ω_k(z) | |_{z=0} = 0& (k ≥ 0) . (11c)

Equation (9) can be rewritten in terms of the coefficients functions ω_k as [ (1 − z) d dz − ( p_1 q_1 + p_2 q_2 ) − 1 z p_3 q_3 ] z d dz ω_k − p_1p_2 q_1q_2 ω_k = ( a_1 +a_2 − c z ) z d dz ω_{k−1} + ( a_1 p_2 q_2

+a_2 p_1 q_1 ) ω_{k−1} +a_1a_2ω_{k−2} . (12)

The main idea of the approach developed in Refs. [38,40] is to find a new parametrization, through change of variable z → ξ(z), and to define new functions ρ_k(ξ), related to the first derivative of the original functions ω_k(ξ), as

ρ_k(ξ) = ∑ j Γ_{kj}(ξ) d dξ ω_j(ξ) , so that Eq. (12) can be rewritten as a system of linear differential equations of first order with rational coefficients, as d dξ ω_k(ξ) = ρ_k(ξ) ∑ j A_j ξ − α_j , (13a) d dξ ρ_k(ξ) = ρ_{k−1}(ξ) ∑ j B_j ξ − β_j + ω_{k−1}(ξ) ∑ j C_j ξ − γ_j + ω_{k−2}(ξ) ∑ j D_j ξ − σ_j , (13b)

where A_j , B_j, C_j, D_j, α_j , β_j, γ_j, σ_j ∈ C (j = 1, 2, · · · ). Then, the iterative solution of this system can be constructed as explained in Appendix B. Under the condition ω_0(z) = 1 (ρ_0(z) = 0) this solution is expressible in terms of hyperlogarithms (see Appendix A) depending on the parameters α_j , β_j, γ_j, σ_j , possibly times powers of logarithm. For example, the first iteration of Eq. (13b) produces

ρ_1(ξ) = ∑ j C_j [G_1(γ_j; ξ(z)) − G_1(γ_j; ξ(0))] (γ_j ≠ 0) , (14a)

ω_1(ξ) = ∑ k,j A_jC_k {[G_{1,1}(α_j , γ_k; ξ(z)) − G_{1,1}(α_j, γ_k; ξ(0))] (14b)

− [G_1(α_j ; ξ(z))G_1(γ_k; ξ(0)) − G_1(α_j; ξ(0))G_1(γ_k; ξ(0))]} (γ_k, α_j ≠ 0) . The main problem is to find a general algorithm for constructing this parametrization.

We are not able to proof that we found a solution of this problem for all possible values of the parameters. But for some special set of parameters, the solution is found.

This algorithm can be applied to construct the all-order ε expansion of an arbitrary system of differential equations of the first order, in particular to the generalized hypergeometric function, as was done in Ref. [40].

2.1.2 One lower parameter is a rational number

Let us consider the particular case that the basis function is of the form

ω(z) =_2F_1 ( a_1ε, a_2ε; 1 − p q + cε; z ) , (15)

where we assume that p, q > 0 and p < q. The differential equation (9) takes the form [ (1 − z) d dz − 1 z p q ] z d dz ω_k(z) = ( a_1 + a_2 − c z ) z d dz ω_{k−1}(z) + a_1a_2ω_{k−2}(z) , (16)

with the boundary condition

ω_0(z) = 1 . (17)

Let us introduce a new variable ξ,^1 ξ = ( z z − 1 )_{1/q} , (18)

so that z = − ξ^q 1 − ξ^q , 1 − z = 1 1 − ξ^q , 1 − z z = − 1 ξ^q , z d dz = 1 q (1 − ξ^q)ξ d dξ , (1 − z) d dz − p q 1 z = − 1 q ( 1 − ξ^q ξ^q ) ( ξ d dξ − p ) . (19)

We introduce new functions ρ_k(ξ) via the differential equation z d dz ω_k(z) | | | |_{z=−ξq /(1−ξq )} ≡ 1 q (1 − ξ^q)ξ d dξ ω_k(ξ) = ξ^pρ_k(ξ) . (20)

The boundary conditions for the new coefficient functions are

ρ_k(0) = 0 (k ≥ 0) . (21)

Equation (16) can be rewritten in terms of new coefficients functions ω_k(ξ) and ρ_k(ξ) as a system of two first-order differential equations, as 1 q d dξ ω_k(ξ) = ξ^{p−1} 1 − ξ^q ρ_k(ξ) , (22a) − 1 q d dξ ρ_k(ξ) = [ (a_1 + a_2) ξ^{q−1} 1 − ξ^q + c ξ ] ρ_{k−1}(ξ) + a_1a_2 ξ^{q−p−1} 1 − ξ^q ω_{k−2}(ξ) . (22b)

1The proposition to use the variable ξ for the evaluation of multiple inverse rational sums was made in Ref. [36]. For the particular value q = 2, the variable ξ is equivalent to the variable y =^{1−ξ}_{1+ξ} considered in Ref. [32], due to the invariance of the Remiddi-Vermaseren functions [3] with respect to the transformation z →^{1−z}_{1+z} . For q = 2, the variable ξ was also applied to the parametrization of Remiddi-Vermaseren functions in Ref. [46].

Now, we are in a position to proof the following result. Lemma I:

The all-order ε expansion of the Gauss hypergeometric function_2F_1 ( a_1ε, a_2ε; 1−^p_q + cε; z ) is expressible in terms of multiple polylogarithms with arguments that are powers of q-roots of unity and the variable ξ defined by Eq. (18). This may be written symbolically as

2F_1 ( a_1ε, a_2ε; 1− p q +cε; z ) = 1+a_1a_2 ∞∑ j=2 ε^j ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q ∑_r i=1 s_i = j v_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) .

(23)

where ⃗s = {s_1, · · · , s_m} is a multi-index and v_{⃗J,⃗s} are numerical coefficients (v_{⃗J,⃗s} ∈ C ). In particular, the following statement is valid: Corollary I:

The analytical coefficient of ε^k in the expansion of_2F_1 ( a_1ε, a_2ε; 1 −^p_q + cε; z ) includes only multiple polylogarithms of weight k with numerical coefficients. Proof:

Firstly, it is necessary to show that the system of equations (22) can be rewritten in the form of Eq. (13b). This follows from the standard decomposition relation

1 − ξ^q = q∏ j=1 ( 1 − λ^j_qξ ) , (24)

where we have introduced the primitive q-root of unity,

λ_q = exp ( i 2π q ) . (25)

Using the decomposition^2 q x^{q−r−1} 1 − x^q = − q∑ j=1 λ^{jr}_q x −^1_{λjq} , (26)

2 For completeness, we present a few particular cases: q x^{q−1} 1 − x^q = − q∑ j=1 1 x −^1_{λjq} , q x^{p−1} 1 − x^q = − q∑ j=1 λ^{−jp}_q x −^1_{λjq} , q x^{q−p−1} 1 − x^q = − q∑ j=1 λ^{jp}_q x −^1_{λjq} .

where 0 ≤ r ≤ q − 1, the system of equations (22) can be rewritten for an arbitrary value of p (0 ≤ p ≤ q − 1) in the desired form (13b), as d dξ ω_k(ξ) = − q∑ j=1 λ^{−jp}_q ξ −^1_{λjq} ρ_k(ξ) , (27a) d dξ ρ_k(ξ) = [ (a_1 +a_2) q∑ j=1 1 ξ−^1_{λjq} − cq ξ ] ρ_{k−1}(ξ)+a_1a_2 q∑ j=1 λ^{jp}_q ξ −^1_{λjq} ω_{k−2}(ξ) . (27b)

The solution of system (27) has the form

ω_k(ξ) = − q∑ j=1 λ^{−jp}_q ∫_ξ 0 dt t −^1_{λjq} ρ_k(t) , (28a)

ρ_k(ξ) = [ (a_1 +a_2) q∑ j=1 ∫_ξ 0 dt t−^1_{λjq} −cq ∫_ξ 0 dt t ] ρ_{k−1}(t)+a_1a_2 q∑ j=1 λ^{jp}_q ∫_ξ 0 dt t −^1_{λjq} ω_{k−2}(t) . (28b)

The first coefficients of the ε expansion are zero,

ω_1(ξ) = ρ_1(ξ) = 0 . (29)

The first nontrivial terms correspond to k = 2,^3

ρ_2(ξ) a_1a_2 = = q∑ j_1=1

λ^{j1p}_q ln ( 1−λ^{j1}_q ξ ) = − q∑ j_1=1

λ^{j1p}_q Li_1 ( λ^{j1}_q ξ ) , (30a)

ω_2(ξ) a_1a_2 = − q∑ j_1,i_1=1 λ^{(j1−i1)p} q Li_{1,1} ( λ^{j1−i1}_q , λ^{i1}_q ξ ) . (30b)

3This is equivalent to the following representation for the hypergeometric function: z q − p^2 F_1 ( 1, 1; 2− p q ; z ) = ( z z − 1 ) p_q ∫ ( z_{z−1} )^1_q 0 t^{q−p−1} t^q − 1 dt , where z ≠ 1.

Higher-order terms can be generated by iteration:

ρ_3(ξ)

a_1a_2

= (a_1 +a_2) q∑ j_1,j_2=1

λ^{j1p}_q Li_{1,1} ( λ^{j1−j2}_q , λ^{j2}_q ξ ) + cq q∑ j_1=1

λ^{j1p}_q Li_2 ( λ^{j1}_q ξ ) , (31a)

ω_3(ξ)

a_1a_2

= (a_1 +a_2) q∑ j_1,j_2,i_1=1 λ^{(j1−i1)p} q Li_{1,1,1} ( λ^{j1−j2}_q , λ^{j2−i1}_q , λ^{i1}_q ξ )

+cq q∑ j_1,i_1=1 λ^{(j1−i1)p} q Li_{1,2} ( λ^{j1−i1}_q , λ^{i1}_q ξ ) , (31b)

ρ_4(ξ)

a_1a_2 = − q∑ j_1,j_2,j_3=1 λ^{j1p}_q [ (a_1 +a_2)^2Li_{1,1,1} ( λ^{j1−j2}_q , λ^{j2−j3}_q , λ^{j3}_q ξ ) + c^2q^2Li_3 ( λ^{j1}_q ξ )]

−cq(a_1 +a_2) q∑ j_1,j_2=1 λ^{j1p}_q { Li_{1,2} ( λ^{j1−j2}_q , λ^{j2}_q ξ ) + Li_{2,1} ( λ^{j1−j2}_q , λ^{j2}_q ξ ) }

+a_1a_2 q∑ j_1,j_2,i_1=1 λ^{(j1+j2−i1)p} q Li_{1,1,1} ( λ^{j1−i1}_q , λ^{i1−j2}_q , λ^{j2}_q ξ ) . (31c)

Let us apply the mathematical induction. Let us assume that Lemma I is valid up to

order j, so that

ω_j (ξ) = ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q ∑_r i=1 s_i = j v_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) , (32a)

ρ_j (ξ) = ∑ ⃗k,⃗l 1 ≤ {l_a} ≤ q ∑_m i=1 k_i =j−1 u_{⃗l,⃗k}Li_{⃗k} ( λ^{l1−l2}_q , λ^{l2−l3}_q , · · · , λ^{lm−1−lm}_q , λ^{lm}_q ξ ) . (32b)

Substituting these expressions in Eq. (28b), we obtain

ρ_{j+1}(ξ) = −(a_1 + a_2) q∑ a=1 ∑ ⃗l, ⃗k 1 ≤ {l_a} ≤ q ∑_m i=1 k_i =j−1 u_{⃗l,⃗k}Li_{1,⃗k} ( λ^{l1−l2}_q , · · · , λ^{lm−1−lm} q , λ^{jm−ja}_q , λ^{ja}_q ξ )

− cq ∑ ⃗l, ⃗k 1 ≤ {l_a} ≤ q ∑_m i=1 k_i =j−1 u_{⃗l,⃗k}Li_{1+k1,k2,···} ( λ^{l1−l2}_q , · · · , λ^{lm−1−lm} q , λ^{jm}_q ξ )

− a_1a_2 q∑ a=1 λ^{ap}_q ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q ∑_r i=1 s_i =j−1 v_{⃗J,⃗s}Li_{1,⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr−ja}_q , λ^{ja}_q ξ )

≡ ∑ ⃗J, ⃗k̃ 1 ≤ {l_a} ≤ q ∑_m i=1 k_i =j ṽ_{⃗J,⃗k̃}Li_{⃗k̃} ( λ^{l1−l2}_q , λ^{l2−l3}_q , · · · , λ^{lm−1−lm}_q , λ^{jm}_q ξ ) , (33)

and the next iteration produces

ω_{j+1}(ξ) = − q∑ a=1 λ^{−ap}_q ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q ∑_r i=1 k̃_i =j ṽ_{⃗J,⃗k̃}Li_{1,⃗k̃} ( λ^{j1−j2}_q , · · · , λ^{jr−ja}_q , λ^{ja}_q ξ )

= ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q ∑_r i=1 s̃_i =j+1 u_{⃗J,⃗s̃}Li_{1,⃗s̃} ( λ^{j1−j2}_q , · · · , λ^{jr−jr+1}_q , λ^{jr+1}_q ξ ) . (34)

In this way, Lemma I is seen to be valid also at order j + 1. Consequently, Lemma I is valid at arbitrary order. Remark I:

There is another possible parametrization of Eq. (22). It is possible to consider the variable ξ̃ = 1/ξ instead of the variable ξ, so that z = 1 1 − ξ̃^q . (35)

In terms of the new variable, Eq. (22) takes the form 1 q d dξ̃ ω̃_k(ξ̃) = ξ̃q−p−1 1 − ξ̃^q ρ̃_k(ξ̃) , (36a) − 1 q d dξ̃ ρ̃_k(ξ̃) = [ (a_1 + a_2) ξ̃q−1 1 − ξ̃^q + a_1 + a_2 − c ξ̃ ] ρ̃_{k−1}(ξ̃) + a_1a_2 ξ̃p−1 1 − ξ̃^q ω̃_{k−2}(ξ̃) . (36b)

The result of Lemma I does not change under such a reparametrization. Remark II:

In the region 0 < z < 1, the variable ξ is purely imaginary. It is then possible to introduce a new variable, y = (1 − ξ)/(1 + ξ), which parameterizes the complex unit circle, so that y = exp(iθ). The trigonometric parametrization can be derived by putting z = tan^q(θ/2)/[1 + tan^q(θ/2)], and, for q = 2, it coincides with the parametrization of Ref. [32]. In this region, the multiple polylogarithms can be split into real and imaginary parts as in the case of the classical polylogarithms [47]. A few particular values of multiple polylogarithms, for q = 2, 6 and z = 1/4 (θ = π/3), were evaluated in Refs. [32,34,48,49].

2.1.3 One upper parameter is a rational number

Let us analyze a Gauss hypergeometric function where one of the upper parameters is a rational number, ω(z) =_2F_1 ( p q + a_1ε, a_2ε; 1 + cε; z ) . (37)

Using the algebraic relation between Gauss hypergeometric functions of arguments z and 1 − 1/z, 2F_1 ( a, b c | | | z ) = 1 z^a Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b)^2

F_1 ( a, 1 + a − c 1 + a + b − c | | | 1 − 1 z )

+ z^{a−c}(1−z)^{c−a−b} Γ(c)Γ(a + b − c) Γ(a)Γ(b)^2

F_1 ( c−a, 1−a 1+c−a−b | | | 1− 1 z ) , (38)

and putting a = a_2ε , b = p q + a_1ε , c = 1 + cε , we obtain

2F_1 (_p q + a_1ε, a_2ε 1+cε | | | z ) = 1 z^{a2 ε} Γ(1 + cε)Γ ( 1 −^p_q + (c − a_1 − a_2)ε ) Γ(1 + (c − a_2)ε)Γ ( 1 −^p_q + (c − a_1)ε

)_2F_1 ( (a_2 − c)ε, a_2ε p q +(a_1 + a_2 − c)ε | | | | 1 − 1 z )

+ (1 − z)^{1−p/q+(c−a1−a2)ε}z^{(a2 −c)ε} (c − a_2)ε

Γ(1 + cε)Γ (_p q + (a_1 + a_2 − c)ε ) Γ(1 + a_2ε)Γ (_p q + a_1ε )

× z d dz^2 F_1 ( (c − a_2)ε, −a_2ε 1−^p_q +(c − a_1 − a_2)ε | | | 1 − 1 z ) . (39)

According to Lemma I, the Gauss hypergeometric functions on the r.h.s. of Eq. (39) are expressible in terms of multiple polylogarithms with arguments being powers of q-roots of unity and the variable τ defined as

τ = ξ|_{z→1−} 1_z = (1 − z)^{1q} . (40)

In terms of this variable, we have z^{aε} = q∏ j=1 (1 − λ^j_qτ)^{aε} , (1 − z)^{bε} = τ^{bqε} . (41)

The ε expansion of the first factor only produces powers of the logarithms ln(1 − λ^j_qτ), whereas the ε expansion of the second factor generates powers of ln(τ). In this way, we obtain Lemma II:

The all-order ε expansion of the Gauss hypergeometric function_2F_1 (_p q +a_1ε, a_2ε; 1+cε; z ) is expressible in terms of multiple polylogarithms times powers of ln τ, where the variable τ is defined by Eq. (40), whereby the arguments of the multiple polylogarithms are powers of q-roots of unity times τ. Remark III For a_1 = 0, all powers of logarithms are factorized, so that the result is expressible just in terms of multiple polylogarithms.

2.1.4 One upper and one lower parameter are equal rational numbers (zerobalance case)

In a similar manner, we can study the so-called zero-balance case [36]. Using the transformation z → −z/(1 − z),

2F_1 ( a, b c | | | z ) = 1 (1 − z)^{a 2}

F_1 ( a, c − b c | | | − z 1 − z ) , (42) and putting a = a_1ε, b = 1− p q +a_2ε, c = 1− p q + cε , we obtain

2F_1 ( 1−^p_q + a_2ε, a_1ε 1−^p_q +cε | | | z ) = (1 − z)^{−a1 ε}_2F_1 ( a_1ε, (c−a_2)ε 1−^p_q +cε | | | − z 1 − z ) . (43)

According to Lemma I, the Gauss hypergeometric function on the r.h.s. of Eq. (43) is expressible in terms of multiple polylogarithms with arguments being powers of q-roots of unity and the variable η defined as

η = ξ|_{z→−} z_{1−z} = z^{1q} , (44)

in agreement with Ref. [36]. In terms of this variable, we have

(1 − z)^{bε} → Π^q_{j=1}(1 − λ^j_qη)^{bε} .

In this way, we obtain Lemma III:

The all-order ε expansion of the Gauss hypergeometric function_2F_1 ( 1−^p_q + a_1ε, a_2ε; 1−^p_q + cε; z ) is expressible in terms of multiple polylogarithms with arguments being powers of q-roots of unity times the variable η defined by Eq. (44).

2.1.5 All three parameters are equal and non-integer

In order to derive the ε expansion for a Gauss hypergeometric function with three rational numbers, the following relation can be applied:

2F_1 ( a, b c | | | z ) = (1 − z)^{c−a−b}_2F_1 ( c − a, c − b c | | | z ) . (45)

Putting a = 1− p q +aε , b = 1− p q +bε , c = 1− p q +cε , we obtain

2F_1 ( 1−^p_q + aε, 1−^p_q + bε 1−^p_q + cε | | | | z ) = 1 (1 − z)^{1−p/q−(c−a−b)ε 2} F_1 ( (c − a)ε, (c − b)ε 1−^p_q + cε | | | | z ) . (46)

The r.h.s. of Eq. (46) is expressible just in terms of multiple polylogarithms. In this way, we obtain Lemma IV:

The all-order ε expansion of the Gauss hypergeometric function_2F_1 ( 1−^p_q +a_1ε, 1−^p_q +a_2ε; 1−^p_q +cε; z ) is expressible in terms of multiple polylogarithms with arguments being powers of q-roots of unity times the variable ξ defined by Eq. (18).

2.2 The Laurent ε expansion of Gauss hypergeometric functions with rational values of parameters around z = 1

Let us construct the iterative solution of the differential equation (5) in the neighbourhood of the point z = 1. In accordance with the standard procedure [12,19], we introduce a new variable, Z = 1 − z, so that the the differential equation becomes Z(1 − Z) d^2ω(Z) dZ^2 −[c − (a+b+ 1)(1 − Z)] dω(Z) dZ − abω(Z) = 0 (47)

and one of its solution is ω(Z) =_2F_1(a; b; 1 + a + b − c; Z). Setting

a = a_1ε , b = a_2ε , c = 1 − p q + cε , we rewrite Eq. (47) as d dZ ( Z d dZ − ( 1 − p q ) +(a_1 +a_2 −c)ε ) ω(Z) = ( Z d dZ +a_1ε ) ( Z d dZ +a_2ε ) ω(Z) . (48)

Since the difference 1 − p/q can be written symbolically as r/q, where r ≤ q − 1, Eq. (48) is equivalent to Eq. (16) with appropriate changes of variable and parameters, (z, c, p) ←→ (Z, a_1 + a_2 − c, q − p) , (49) so that we can use the results of Section 2.1.2 with appropriate change of notations.

In particular, the solutions of the differential equations for the functions ρ_i(Q) and ω_i(Q) can be written as

ω_k(Q) = q ∫_Q 0 t^{q−p−1} 1 − t^q ρ_k(t) , (50a) ρ_k(Q) = −q ∫_Q 0 [ (a_1 +a_2) t^{q−1} 1 − t^q + a_1 +a_2 −c t ] ρ_{k−1}(t) − qa_1a_2 ∫_Q 0 t^{p−1} 1 − t^q ω_{k−2}(t) , (50b)

where the new variable Q is defined as Q = ( Z Z − 1 ) 1_q ≡ 1 ξ , (51)

and ξ is defined by Eq. (18).

There is an explicit relation between the solution of the differential equation (5) in the neighbourhoods of the points z = 0 and z = 1 [19], which we write in the following form

2F_1 ( a, b c z ) = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b)^2

F_1 ( a, b a+b−c+1 1−z )

+(1 − z)^{c−a−b}z^{1−c} Γ(c)Γ(a + b − c) Γ(a)Γ(b)^2

F_1 ( 1−a, 1−b c−a−b+1 1−z ) . (52)

For a = a_1ε , b = a_2ε , c = 1 − p q + cε , z = 1 − z , we have

2F_1 ( a_1ε, a_2ε 1 −^p_q +cε 1 − z )

= Γ ( 1 −^p_q +cε ) Γ ( 1 −^p_q +(c − a_1 − a_2)ε ) Γ ( 1 −^p_q +(c − a_1)ε ) Γ ( 1 −^p_q +(c − a_2)ε

)_2F_1 ( a_1ε, a_2ε p q +(a_1 +a_2 −c)ε z )

−(1−z) p q −cεz− p q+(c−a^1−a^2)ε Γ ( 1−^p_q +cε ) Γ (_p q +(a_1 +a_2 −c)ε ) Γ (1+a_1ε) Γ (1+a_2ε) × ( z d dz ) 2F_1 ( −a_1ε, −a_2ε 1−^p_q +(c−a_1 −a_2)ε z ) . (53)

The all-order ε expansion for the hypergeometric functions entering the r.h.s. of this relation is constructed in Section 2.1.2, the l.h.s. is done in this section. Consequently, both sides of relation (53) are expressible in terms of multiple polylogarithms depending on powers of q-roots of unity and the arguments ξ (r.h.s.) and^1_ξ (l.h.s.). The equality of the l.h.s. and r.h.s. of Eq. (53) in each order of ε generates algebraic relations between multiple polylogarithms.

A similar approach was applied in Refs. [37,50] to the connection problem of the formal Knizhnik-Zamolodchikov equation in order to derive linear relations between special values of multiple polylogarithms.

In the region 0 < z < 1, the variable ξ is purely imaginary. It can then be rewritten in terms of the new variable y = (1−ξ)/(1+ξ), where y = exp(iθ). In such a parametrization, relation (53) is equivalent to algebraic relations between colour zeta values. The algebraic relations between particular values of multiple polylogarithms of lower depth and weight and particular values of q, specifying the root of unity, were analysed for q = 2 and z = 1/4 in Refs. [32,34,49] and for q = 6 and z = 1/4 in Ref. [48].

3 Multiple (inverse) rational sums

It is well know that there are three different ways to describe hypergeometric functions:

(i) as an integral of the Euler or Mellin-Barnes type,

(ii) by a series whose coefficients satisfy certain recurrence relations,

(iii) as a solution of a system of differential or difference equations (holonomic approach).

For functions of a single variable, all of these representations are equivalent, but some properties of the function may be more evident in one representation than in another.

In Section 2.1, the third approach, the iterative solution of differential equations, was used to construct the all-order ε expansion of a Gauss hypergeometric function. Now, we wish to analyze the series generated by the ε expansion of a generalized hypergeometric function with one rational parameter. This was properly analyzed for the zero-balance case in Ref. [36] and for q = 2 in Ref. [39].

3.1 Gauss hypergeometric function as generating function of multiple (inverse) rational sums

The starting point of our consideration is the Taylor expansion of the Γ function. The proper expression may be extracted from Refs. [19,36] and reads ln Γ(k+1+^p_q +j+z) Γ(k+1+^p_q +j)

= zΨ ( k+1+j+ p q ) + ∞∑ m=2 (−z)^m m ∞∑ r=0 1 ( r+k+1+^p_q +j )_m

= ln

Γ(k+1+^p_q +z) Γ(k+1+^p_q ) − ∞∑ m=1 (−z)^m m j∑ r=1 1 ( r+k+^p_q )_m (54a)

= ln Γ ( 1+^p_q +z ) Γ ( 1+^p_q ) − ∞∑ m=1 (−z)^m m j+k∑ r=1 1 ( r+^p_q )_m , (54b)

where Ψ is the psi-function, Ψ(z) =^d_{dz} ln Γ(z), k is an arbitrary non-negative integer, k ≥ 0, and we have used the two auxiliary expressions

Ψ^{(m)}(z) ≡ ( d dz )_m Ψ(z) = (−1)^{m+1}Γ(m + 1) ∞∑ p=0 1 (z + p)^{m+1} ,

Ψ(1 + z + n) − Ψ(1 + z) = n∑ k=1 1 k + z . In particular, for p = 0, we have ln Γ(1 + j + z) Γ(1 + z)

= ln Γ(1 + j) − ∞∑ m=1 (−z)^m m S_m(j) , (55)

where S_a(j) is the harmonic sum defined as S_a(j) = ∑_j k=1 1 k^a . Based on previous experi-

ence [32,34,45], we choose ω(z) =_2F_1(1+a_1ε, 1+a_2ε; 2−^p_q + cε; z) as the basis function, appearing on the r.h.s. of Eq.(8). Using representation (6) and expression (54) for each Γ function, we write the ε expansion of our basis function as a multiple series, as^4

2F_1 ( 1+a_1ε, 1+a_2ε 2−^p_q + cε z ) = 1 z ( 1− p q +cε )_∞∑ j=1 z^j Γ(j)Γ ( 1−^p_q ) Γ ( 1−^p_q +j

) Δ , (56)

4The expansions of Γ functions about rational values of their parameters may be rewritten in terms of multiple Z and S sums (for details, see Ref. [36]).

where

Δ = exp [_∞ ∑ k=1 (−ε)^k k ( −A_kS_k(j − 1) + c^kS^{[q−p,q]}_k (j − 1) ) ] , (57)

with A_k = a^k_1 + a^k_2 . Here,

S^{[p,q]}_k (j) = j∑ r=1 1 ( r +^p_q

)_k , (58)

denotes the generalized multiple harmonic sum, which satisfies

S^{[p,q]}_k (j + 1) = S^{[p,q]}_k (j) + 1 ( 1 + j +^p_q

)_k . (59)

The harmonic sum S_a(j) is a special case of S^{[p,q]}_k (j), for p = 0,

S_k(j) ≡ S^{[0,q]}_k (j) .

In particular, the first few coefficients of the ε expansion read: ∞∑ j=1 z^j Γ ( 1−^p_q ) Γ(j) Γ ( 1+j−^p_q ) exp [_∞ ∑ k=1 (−ε)^k k ( −A_kS_k(j − 1)+c^kS^{[q−p,q]}_k (j − 1) ) ]

= ∞∑ j=1 z^j Γ ( 1−^p_q ) Γ(j) Γ ( 1+j−^p_q ) { 1 + ε [ A_1S_1(j−1) − cS^{[q−p,q]}_1 (j − 1) ]

+ 1 2 ε^2 [ A^2_1S^2_1 (j−1) − A_2S_2(j−1) − 2cA_1S_1(j−1)S^{[q−p,q]}_1 (j − 1)

+c^2 ( [ S^{[q−p,q]} 1 (j − 1)

]_2 + S^{[q−p,q]} 2 (j − 1) )] + O(ε^3) } . (60)

From the relation d dz^2 F_1(a, b; c; z) = ab c^2

F_1(a + 1, b + 1; c + 1; z) , (61)

it follows that ∞∑ j=1 z^j Γ ( 1 −^p_q ) Γ(j) Γ ( 1 −^p_q + j

) exp [_∞ ∑ k=1 (−ε)^k k ( −A_kS_k(j − 1) + c^kS^{[q−p,q]}_k (j − 1) ) ]| | | | z=−^{ξq}_{1−ξq} = ξ^p ∞∑ k=0 [ ρ_{k+2}(ξ) a_1a_2 ] ε^k , (62) where ξ and ρ_k(ξ) are defined by Eqs. (18) and (20), respectively. The algorithms for the analytical evaluation of ρ_k(ξ) were presented in Section 2.1.2. The equality of the l.h.s. and r.h.s. of Eq. (62) in each order of ε allows one to express the combination of generalized multiple rational sums in terms of multiple polylogarithms. Using Eq. (31), we obtain ∞∑ j=1 z^j Γ ( 1 −^p_q ) Γ(j) Γ ( 1 −^p_q + j ) = −ξ^p q∑ j_1=1

λ^{j1p}_q Li_1 ( λ^{j1}_q ξ ) , (63a)

∞∑ j=1 z^j Γ ( 1−^p_q ) Γ(j) Γ ( 1+j−^p_q ) S_1(j−1) = ξ^p q∑ j_1,j_2=1

λ^{j1p}_q Li_{1,1} ( λ^{j1−j2}_q , λ^{j2}_q ξ ) , (63b)

∞∑ j=1 z^j Γ ( 1−^p_q ) Γ(j) Γ ( 1+j−^p_q ) S^{[q−p,q]} 1 (j−1) = −ξ^pq q∑ j_1=1

λ^{j1p}_q Li_2 ( λ^{j1}_q ξ ) , (63c)

∞∑ j=1 z^j Γ ( 1−^p_q ) Γ(j) Γ ( 1+j−^p_q ) ( [ S^{[q−p,q]} 1 (j − 1)

]_2 + S^{[q−p,q]} 2 (j − 1) ) =

−2q^2ξ^p q∑ j_1=1

λ^{j1p}_q Li_3 ( λ^{j1}_q ξ ) , (63d) ∞∑ j=1 z^j Γ ( 1−^p_q ) Γ(j) Γ ( 1+j−^p_q ) S_1(j−1)S^{[q−p,q]}_1 (j − 1) =

qξ^p q∑ j_1,j_2=1 λ^{j1p}_q { Li_{1,2} ( λ^{j1−j2}_q , ξλ^{j2}_q ) +Li_{2,1} ( λ^{j1−j2}_q , ξλ^{j2}_q ) } , (63e) ∞∑ j=1 z^j Γ ( 1−^p_q ) Γ(j) Γ ( 1+j−^p_q ) S^2_1 (j−1) =

−ξ^p q∑ j_1,j_2,i_1=1 λ^{j1p}_q { 2Li_{1,1,1} ( λ^{j1−j2}_q , λ^{j2−j3}_q , ξλ^{j3}_q ) − λ^{(j2−i1)p} q Li_{1,1,1} ( λ^{j1−i1}_q , λ^{i1−j2}_q , ξλ^{j2}_q ) } , (63f) ∞∑ j=1 z^j Γ ( 1−^p_q ) Γ(j) Γ ( 1+j−^p_q ) S_2(j−1) = ξ^p q∑ j_1,j_2,j_3=1 λ^{(j1+j2−j3)p} q Li_{1,1,1} ( λ^{j1−j3}_q , λ^{j3−j2}_q , ξλ^{j2}_q ) , (63g) where ξ is defined by Eq. (18). Symbolically, Eq. (62) may be written as ∑ ⃗a v_{⃗a} ∞∑ j=1 z^j j^c Γ ( 1 −^p_q ) Γ(j) Γ ( 1 −^p_q + j

) S^{[p,q]}_{a1} (j) S^{[p,q]}_{a2} (j) . . . S^{[p,q]}_{ap} (j) | | | | z=z(ξ) = ∑ ⃗J, ⃗k 1 ≤ {j_m} ≤ q ∑_r i=1 k_i = 1+c+a_1 +a_2 +. . .+a_p u_{⃗J,⃗k}Li_{⃗k} ( λ^{j1−j2}_q , · · · , ξλ^{jr}_q ) , (64)

where ⃗k is a multi-index, ⃗k = {k_1, · · · , k_r}, v_{⃗k} are rational numbers and u_{⃗k} are complex numbers (u_{⃗k} ∈ C ). Unfortunately, we cannot treat all multiple inverse rational sums using the all-order ε expansion of Gauss hypergeometric functions, but just certain linear combinations (see the discussion in Ref. [32]). However, for the evaluation of the others another technique can be used.

3.2 Multiple inverse rational sums of arbitrary depth and weight

There is an important subclass of multiple inverse rational sums, which are defined as

Σ^{[p,q]}_{a1 ,··· ,ak; −;c;−}(z) ≡ ∞∑ j=1 z^j j^c Γ(j)Γ ( 1−^p_q ) Γ ( 1−^p_q +j

) S_{a1} (j − 1)S_{a2} (j − 1) · · · S_{ak} (j − 1) , (65)

where a_1, · · · , a_k, c are arbitrary positive integers. The number w = c + 1 + a_1 + · · · + a_k is called the weight and d = k the depth of the sums. For the analysis of these sums, the generating function approach [32,39,42,51] can be applied.

Let us rewrite the multiple sum (65) in the form Σ^{[p,q]}_{⃗a;−;c;−}(z) = ∑_∞ j=1 z^j η_{⃗a;−;c;−}(j) , where ⃗a ≡ (a_1, . . . , a_p) denotes the collective list of indices and η_{⃗a;−;c;−}(j) is the coefficient of z^j . In order to find the differential equation for generating functions of multiple sums, it is necessary to find a recurrence relation for the coefficients η^{[p,q]}_{⃗a;−;c;−}(j) with respect to the summation index j. Using the explicit form of η^{[p,q]}_{⃗a;−;c;−}(j), the recurrence relation for the coefficients can be written in the form [ j + 1 − p q ] (j + 1)^cη^{[p,q]}_{⃗a;−;c;−}(j + 1) = j^{c+1}η^{[p,q]}_{⃗a;−;c;−}(j) + r^{[p,q]}_{⃗a;−} (j) , (66)

where the “remainder” r_{⃗a;−}(j) is given by Γ ( 1+j−^p_q ) Γ(j)Γ ( 1−^p_q ) r^{[p,q]}_{⃗a;−} (j) = j × {_k ∏ r=1 [ S_{ar} (j − 1)+ 1 j^{ar} ] − k∏ r=1 S_{ar} (j − 1) } . (67)

Multiplying both sides of Eq. (66) by z^j , summing over j = 1, 2, 3, . . ., and using the fact that any extra power of j corresponds to the derivative z(d/dz) leads to the following differential equation for the generating functions Σ^{[p,q]}_{⃗a;−;c;−}(z): [( 1 z −1 ) z d dz − 1 z p q ] ( z d dz )_c Σ^{[p,q]}_{⃗a;−;c;−}(z) = δ_{⃗a,0} + R^{[p,q]}_{⃗a;−} (z) , (68) where the non-homogeneous term R^{[p,q]}_{⃗a;−} (z) ≡ ∑_∞ j=1 z^j r^{[p,q]}_{⃗a;−} (j) is again expressible in terms of sums of the same type, Σ^{[p,q]}_{b1,··· ,bp; −;m;−}(z), but with smaller depth, and δ_{a,b} is the Kronecker δ symbol. The boundary conditions for any of these sums and their derivatives are ( z d dz )_j Σ_{⃗a;⃗b;c1;c2} (0) = 0 (j = 0, 1, 2, . . .). (69)

Let us consider the differential equation (68) in terms of the variable ξ defined by Eq.(18). The notation Σ^{[p,q]}_{⃗a;⃗b;c;−}(ξ) will be used for a sum defined by Eq. (65), where the variable z is rewritten in terms of the variable ξ: Σ^{[p,q]}_{⃗a;⃗b;c1;c2} (ξ) ≡ Σ^{[p,q]}_{⃗a;⃗b;c1;c2} (z(ξ)) ≡ Σ^{[p,q]}_{⃗a;⃗b;c1;c2} (z) | | |_{z=z(ξ)} . (70)

In terms of the variable ξ, Eq. (68) may be split into the sum of two equations, ( 1 q (1 − ξ^q)ξ d dξ )_c Σ^{[p,q]}_{⃗a;−;c;−}(ξ)=ξ^pσ^{[p,q]}_{⃗a;−} (ξ) , (71a) − 1 q 1 − ξ^q ξ^{q−p−1} d dξ σ^{[p,q]}_{⃗a;−} (ξ)=δ_{⃗a,0} +R^{[p,q]}_{⃗a;−} (ξ) . (71b) From Eq. (71a), it is easy to obtain ( 1 q (1 − ξ^q)ξ d dξ )_{c−j} Σ^{[p,q]}_{⃗a;−;c;−}(ξ) = Σ^{[p,q]}_{⃗a;−;j}(ξ) , (72) or in equivalent form, ( 1 q (1 − ξ^q)ξ d dξ )_{c−j−1} Σ^{[p,q]}_{⃗a;−;c;−}(ξ) = q ∫_ξ 0 dt (1 − t^q)t Σ^{[p,q]}_{⃗a;−;j}(t) , j ≥ 1 . (73) From this representation, we immediately obtain the following lemma, which is a generalisation of a statement given in Ref. [45]: Lemma A If, for some integer j, the series Σ^{[p,q]}_{⃗a;−;j}(ξ) is expressible in terms of hyperlogarithms with complex coefficients, then this also holds for the sums Σ^{[p,q]}_{⃗a;−;j+i}(ξ) with positive integers i.

In order to prove Theorem A for multiple inverse rational sums, we prove an auxiliary proposition:

Proposition A For c = 0, the inverse rational sums are expressible in terms of multiple polylogarithms of arguments being powers of q-roots of unity and the variable ξ, defined by Eq. (18), with complex coefficients c_{r,⃗s} times a factor ξ^p,as Σ^{[p,q]}_{a1,··· ,ap; −;0;−}(z) | | z=z(ξ) = ξ^p ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q c_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) ,

(74) where the weights of the l.h.s. and the r.h.s. are equal, i.e. s_1 + · · · + s_r = 1 + a_1 + · · · + a_p.

Substituting expression (74) in the r.h.s. of Eq. (72), setting c = 1, and performing a trivial splitting of the denominator, we obtain Σ^{[p,q]}_{⃗a;−;1;−}(z) | | z=z(ξ) = ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q q∑ j=1 λ^{−jp}_q ∫_ξ 0 1 t −^1_{λjq} Li_{⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · λ^{jr−1−jr}_q , λ^{jr}_q t )

= ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q λ^{−jp}_q c_{⃗J,⃗s}Li_{1,⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · , λ^{jr−1−jr}_q , λ^{jr−jr+1}_q , λ^{jr+1}_q ξ ) .

(75)

In accordance with Lemma A, we have Corollary A:

For c ≥ 1, the inverse rational sums are expressible in terms of multiple polylogarithms of arguments being powers of q-roots of unity and the variable ξ, defined by Eq. (18), with complex coefficients d_{⃗J,⃗s}, as Σ^{[p,q]}_{a1 ,··· ,ap; −;c;−}(z) | |_{z=z(ξ)} = ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q d_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) (c ≥ 1) ,

(76) where the weights of the l.h.s. and the r.h.s. are equal, i.e. s_1 +· · ·+s_r = 1+c+a_1 +· · ·+a_p. The strategy of the proof of these results is similar to the one adopted in Ref. [39]. We reproduce it here for completeness with appropriate modifications. In Eq. (68), it is necessary to distinguish two cases: (i) R^{[p,q]}_{⃗a} (z) = 0, δ_{⃗a,0} = 1, the so-called depth-0 sums, and (ii) R^{[p,q]}_{⃗a} (z) ≠ 0, δ_{⃗a,0} = 0.

Let us first consider the multiple inverse rational sums of depth 0,

Σ^{[p,q]}_{−;−;c;−}(ξ) = ∞∑ j=1 z^j j^c Γ(j)Γ ( 1−^p_q ) Γ ( 1+j−^p_q ) . (77)

In this case, the system of equations (71) has the form ( 1 q (1 − ξ^q)ξ d dξ )_c Σ^{[p,q]}_{−;−;c;−}(ξ) = ξ^pσ^{[p,q]}_{−;−}(ξ) , (78a) d dξ σ^{[p,q]}_{−;−}(ξ) = q∑ j=1 λ^{jp}_q 1 ξ −^1_{λjq} . (78b)

We immediately obtain σ^{[p,q]}_{−;−}(ξ) = − q∑ j=1 λ^{jp}_q Li_1 ( λ^j_qξ ) , (79) and Σ^{[p,q]}_{−;−;0;−}(ξ) = −ξ^p q∑ j=1 λ^{jp}_q Li_1 ( λ^j_qξ ) , (80)

which agrees with Proposition A, and also with Eq. (63a). Iteration of the last equation produces Σ^{[p,q]}_{−;−;1;−}(ξ)=− q∑ k,j_1=1 λ^{(k−j1)p} j Li_{1,1} ( λ^{k−j1}_q , λ^{j1}_q ξ ) . (81)

In accordance with Lemma A, all the next iterations produce results in terms of multiple polylogarithms with complex coefficients. For example, Σ^{[p,q]}_{−;−;2;−}(ξ)=−q q∑ k,j_1=1 λ^{(k−j1)p} q Li_{2,1} ( λ^{k−j1}_q , λ^{j1}_q ξ )

− q∑ k,j_1,j_2=1 λ^{(k−j1)p} q Li_{1,1,1} ( λ^{k−j1}_q , λ^{j1−j2}_q , λ^{j2}_q ξ ) . (82)

Let us analyze the sums of depth 1,

Σ^{[p,q]}_{a1 ;−;c;−}(ξ) = ∞∑ j=1 z^j j^c Γ(j)Γ ( 1−^p_q ) Γ ( 1+j−^p_q ) S_{a1} (j − 1) ≡ ∞∑ j=1 z^j j^c Γ(j)Γ ( 1−^p_q ) Γ ( j−^p_q ) j−1∑ i=1 1 i^{a1} .

The coefficients of the non-homogeneous part are expressible in terms of multiple inverse rational sum of depth 0, and Eq. (71) takes the form ( ξ d dξ )_c Σ^{[p,q]}_{a1 ;−;c;−}(ξ) = ξ^pσ^{[p,q]}_{a1;−}(ξ) , (83a) d dξ σ^{[p,q]}_{a1;−}(ξ) = −q ξ^{q−p−1} 1 − ξ^q Σ^{[p,q]}_{−;−;a1−1;−}(ξ) . (83b)

For c = 0, the system of equations (83) takes the simplest form,

Σ^{[p,q]}_{a1;−;0;−}(ξ) = ξ^pσ^{[p,q]}_{a1;−}(ξ) , (84a) d dξ σ^{[p,q]}_{a1;−}(ξ) = −q ξ^{q−p−1} 1 − ξ^q Σ^{[p,q]}_{−;−;a1−1;−}(ξ) . (84b)

Let us first consider the case a_1 = 1. Using Eq. (80), we obtain

σ_{1;0}(ξ) = q∑ j_1,j_2=1

λ^{j1p}_q Li_{1,1} ( λ^{j1−j2}_q , λ^{j2}_q ξ ) , (85)

and the result for Σ^{[p,q]}_{1;−;0;−}(ξ) agrees with Proposition A and reproduces the result of Eq. (63b). For a_1 ≥ 2, the r.h.s. of Eq. (84b) is expressible in terms of multiple polylogarithms with complex coefficients, so that σ^{[p,q]}_{a1 ;−}(ξ) is also expressible in terms of multiple polylogarithms with complex coefficients.^5 Substituting these results in Eq. (84a), we obtain results in accordance with Corollary A. For c ≥ 1, the desired results follows from Lemma A.

Let us apply mathematical induction. Let us assume that Proposition A is valid for multiple inverse rational sums of depth k,

Σ^{[p,q]}_{a1,··· ,ak;−;0;−}(z) ≡ ∞∑ j=1 z^j Γ(j)Γ ( 1−^p_q ) Γ ( 1+j−^p_q ) S_{a1} (j − 1) · · · S_{ak} (j − 1) | | | | |_{z=z(ξ)} = ξ^p ∑ ⃗s,1≤{j_m}≤q c_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) , (86)

where ⃗s = {s_1, · · · , s_r}, and s_1 + · · · s_r = 1 + a_1 + · · · + a_k. Then for c ≥ 1, Corollary A also holds for multiple inverse rational sums of depth k,

Σ^{[p,q]}_{a1,··· ,ak ;−;c;−}(z) ≡ ∞∑ j=1 z^j j^c Γ(j)Γ ( 1−^p_q ) Γ ( 1+j−^p_q ) S_{a1} (j − 1) · · · S_{ak} (j − 1) | | | | |_{z=z(ξ)} = ∑ ⃗s,1≤{j_m}≤q d_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) . (87)

5In particular, Eq. (63g) may be reproduced easily.

For the sum of depth k+1, the coefficients of the non-homogeneous part may be expressed as linear combinations of sums of depth j (j = 0, · · · , k) with integer coefficients and all possible symmetric distributions of the original indices over the terms of the new sums, as [ 1 q (1 − ξ^q)ξ d dξ ]_c Σ^{[p,q]}_{a1 ,··· ,ak+1;−;c;−}(ξ)=ξ^pσ^{[p,q]}_{a1,··· ,ak+1;−}(ξ) , (88a) d dξ σ^{[p,q]}_{a1,··· ,ak+1;−}(ξ)=−q ξ^{q−p−1} 1 − ξ^q ∞∑ j=1 z^j Γ(1+j)Γ ( 1−^p_q ) Γ ( 1+j−^p_q )

× k∑ p=0 ∑ (i_1,··· ,i_{k+1}) 1 p!(k+1−p)! S_{i1} (j−1) · · · S_{ip} (j−1) j^{ip+1+···ik+1} , (88b)

where the sum over the indices (i_1, · · · i_{k+1}) is to be taken over all permutations of the list (a_1, · · · , a_{k+1}). If i_{p+1} + · · · i_{k+1} ≥ 2, the r.h.s. of Eq. (88b) is expressible in terms of multiple polylogarithms of weight k with complex coefficients; see Eq. (87). As a result of integrating this equation, σ^{(1)}_{a1,··· ,ak+1;−}(ξ) is also expressible in terms of harmonic polylogarithms of weight k + 1 with complex coefficients.

If i_{p+1} + · · · i_{k+1} = 1, the r.h.s. of Eq. (88b) is expressible in terms of multiple polylogarithms of weight k with a common factor ξ^p; see Eq. (86). The result of integrating this equation is again expressible in terms of multiple polylogarithms of weight k + 1 with complex coefficients, as σ^{(1)}_{a1 ,··· ,ak+1;−}(ξ) = ∑ ⃗s,1≤{j_m}≤q q∑ j=1 ∫_ξ 0 dt 1 t−^1_{λjq} d_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) . (89)

For c = 0, direct substitution of the previous results into Eq. (88a) shows that Proposition A is valid for weight k + 1. In this way, Proposition A is proven for all weights. Then, for c ≥ 2, Corollary A is also true for multiple inverse rational sums of depth k+1.

Applying the differential operator z^d_{dz} ≡ −^1_q (1 − ξ^q)ξ^d_{dξ} repeatedly l times to the sum Σ^{[p,q]}_{a1 ,··· ,ap; −;c;−}(z), we can derive results for a similar sum with c < 0. Thus, Theorem A is proven for multiple inverse rational sums. Remark IV For the particular value q = 2 (p = 1), the multiple inverse rational sums (62) are reduced to multiple inverse binomial sums, which were studied in Refs. [30,32,39], Σ^{[1,2]}_{a1 ,··· ,ap; −;c;−}(z) = ∞∑ j=1 z^j j^c Γ (_1 2 ) Γ(j) Γ ( j+^1_2 ) S_{a1} (j−1) · · · S_{ap} (j−1)

= ∞∑ j=1 (4z)^j j^{c+1} 1 (_{2j} j )S_{a1} (j−1) · · · S_{ap} (j−1) . (90)

In order to convert the results of Eqs. (63) and Theorem A to the form presented in Refs. [32,39], respectively, is it necessary to consider the new variable y = 1 − ξ 1 + ξ . In particular,

Σ^{[1,2]}_{−;−;0;−}(z) = ξ ln 1 − ξ 1 + ξ

, (91)

Σ^{[1,2]}_{−;−;1;−}(z) = −Li_{1,1} (1, ξ) − Li_{1,1} (1, −ξ) + Li_{1,1} (−1, ξ) + Li_{1,1} (−1, −ξ) . (92) For practical applications, the following relations are useful:

Li_{1,1} (x, y) = − ∫_y 0 dt 1 − z ln(1 − xt) , (93)

Li_{1,1} (1, z) = 1 2 ln^2(1 − z) , (94)

Li_{1,1} (−1, z) = ln(2) ln(1 − z) − Li_2 ( 1 − x 2 ) + Li_2 ( 1 2 ) . (95)

Remark V Let us modify the multiple inverse rational sums of Eq. (65) by introducing an additional parameter d, as Σ^{[p,q]}_{a1,··· ,ak; −;c;−}(d, z) ≡ ∞∑ j=1 z^j j^c Γ(j)Γ ( d−^p_q ) Γ ( d+j−^p_q ) S_{a1} (j − 1)S_{a2} (j − 1) · · · S_{ak} (j − 1) . (96)

Equation (66) is changed to become [ j + d − p q ] (j + 1)^cη^{[p,q]}_{⃗a;−;c;−}(j + 1) = j^{c+1}η^{[p,q]}_{⃗a;−;c;−}(j) + r^{[p,q]}_{⃗a;−} (j) , (97)

and we have [( 1 z −1 ) z d dz + 1 z ( d−1− p q )] ( z d dz )_c Σ^{[p,q]}_{⃗a;−;c;−}(d, z) = δ_{⃗a,0} + R^{[p,q]}_{⃗a;−} (d, z) . (98) In terms of the variable ξ, Eq. (98) is split into two pieces, [ 1 q (1 − ξ^q)ξ d dξ ]_c Σ^{[p,q]}_{−;⃗a;−c;}(d, ξ)=ξ^{p−q(d−1)}σ^{[p,q]}_{−;⃗a} (ξ) , (99a) − 1 q 1 − ξ^q ξ^{qd−p−1} d dξ σ^{[p,q]}_{−;⃗a} (ξ)=δ_{⃗a,0} +R^{[p,q]}_{−;⃗a} (ξ) . (99b) For the analysis of this system, the previous technique can be applied directly after using the decomposition q x^{qd−p−1} 1 − x^q = − q∑ j=1 λ^{jp}_q x −^1_{λjq} , where d is an integer and qd ≥ p + 1.

3.3 Multiple rational sums of arbitrary depth and weight

Another important class of multiple sums are the so-called multiple rational sums, defined as Υ^{[p,q]}_{a1,··· ,ak; −;c;−}(z) ≡ ∞∑ j=1 z^j j^c Γ ( j+^p_q ) Γ(j + 1)Γ ( 1+^p_q

)S_{a1} (j − 1)S_{a2} (j − 1) · · · S_{ak} (j − 1) ,(100)

where a_1, · · · , a_k, c are arbitrary positive integers. The quantum numbers, depth and weight, are defined as in the case of multiple inverse rational sums, namely the weight as w = c + 1 + a_1 + · · · + a_k and the depth as d = k. In this case, the proper recurrence relation is

(j + 1)^{c+1}η^{[p,q]}_{⃗a;−;c;−}(j + 1) = ( j + p q ) j^cη^{[p,q]}_{⃗a;−;c;−}(j) + ( j + p q ) r^{[p,q]}_{⃗a;−} (j) , (101)

where the “remainder” r_{⃗a;−}(j) is given by

Γ(j+1)Γ ( 1+^p_q ) Γ ( j+^p_q ) r^{[p,q]}_{⃗a;−} (j) = {_p ∏ r=1 [ S_{ar} (j − 1)+ 1 j^{ar} ] − p∏ r=1 S_{ar} (j − 1) } . (102)

The differential equations for the generating functions Υ^{[p,q]}_{⃗a;−;c;−}(z) is [( 1 z − 1 ) z d dz − p q ] ( z d dz )_c Υ^{[p,q]}_{⃗a;−;c;−}(z) = δ_{⃗a,0} + ( z d dz + p q ) ∑ ⃗s,j d_{⃗s,j}Υ^{[p,q]}_{⃗s;−;j;−}(z) , (103) where the non-homogeneous term ∑_∞ j=1 z^j r^{[p,q]}_{⃗a;−} (j) is again expressible in terms of sums of the same type, but with smaller depth. Symbolically, we write it as ∞∑ j=1 z^j r^{[p,q]}_{⃗a;−} (j) = ∑ ⃗s,k d_{⃗s,k}Υ^{[p,q]}_{⃗s;−;k;−}(τ) , (104) where d_{⃗s,k} are complex coefficients and ∑ j a_j = k + ∑ i s_i . Introducing the variable τ defined in Eq. (40), so that

z = 1 − τ^q , z d dz = − 1 q ( 1 − τ^q τ^q ) τ d dτ , [ (1 − z) d dz − p q ] = − 1 q ( τ d dτ + p ) ,(105)

we obtain [ − 1 q (1 − τ^q) τ^q τ d dτ ]_c Υ^{[p,q]}_{⃗a;−;c;−}(τ)=τ^{−p}σ^{[p,q]}_{⃗a;−} (τ) , (106a) − 1 q τ^{1−p} d dτ σ^{[p,q]}_{⃗a;−} (τ)=δ_{⃗a,0} − 1 q ( 1 − τ^q τ^q τ d dτ −p ) ∑ ⃗s,j d_{⃗s,j}Υ^{[p,q]}_{⃗s;−;j;−}(τ) .(106b)

The point z = 0 transforms to the point τ = 1, so that the boundary conditions for these sums are Υ_{⃗a;−;c1;−}(1) = 0 . (107) From Eq. (106a), it is easy to obtain [ − 1 q (1 − τ^q) τ^q τ d dτ ]_{c−j} Υ^{[p,q]}_{⃗a;−;c;−}(τ) = Υ^{[p,q]}_{⃗a;−;j;−}(τ) , (108) or in equivalent form, [ − 1 q (1 − τ^q) τ^q τ d dτ ]_{c−j−1} Υ^{[p,q]}_{⃗a;−;c;−}(τ) = −q ∫_τ 1 dt t^{q−1} 1 − t^q Υ^{[p,q]}_{⃗a;−;j;−}(t) (j ≥ 1) . (109)

We wish to point out that the point τ = 1 is a regular point of multiple rational sums.

From representation (109), we immediately obtain the following lemma, which is a generalization of the statement given in Ref. [45]: Lemma B If for some integer j, the series Υ^{[p,q]}_{⃗a;−;j}(τ) is expressible in terms of hyperlogarithms with complex coefficients, then this also holds for the sums Υ^{[p,q]}_{⃗a;−;j+i}(τ) for positive integers i. Let us return to Eq. (106b) and rewrite it in the form − 1 q τ^{1−p} d dτ σ^{[p,q]}_{⃗a;−} (τ) ==δ_{⃗a,0} + ∑ ⃗s,j d_{⃗s;−;j} [ p q Υ^{[p,q]}_{⃗s;−;j}(τ) + Υ^{[p,q]}_{⃗s;−;j−1}(τ) ] , (110)

where d_{⃗s;−;j} is a set of constants. Integrating it by parts, we find σ^{[p,q]}_{⃗a;−} (τ) = q p δ_{⃗a,0}(1 − τ^p) + ∑ ⃗s,j d_{⃗s;−;j} [ −τ^pΥ^{[p,q]}_{⃗s;−;j}(τ) − q ∫_τ 1 dt t^{p−1} 1 − t^q Υ^{[p,q]}_{⃗s;−;j−1}(t) ] . (111)

Substituting this expression in the r.h.s. of Eq. (106a), we obtain [ − 1 q (1 − τ^q) τ^q τ d dτ ]_c Υ^{[p,q]}_{⃗a;−;c;−}(τ) = − q p δ_{⃗a,0}(1 − τ^{−p}) − ∑ ⃗s,j d_{⃗s;−;j} [ Υ^{[p,q]}_{⃗s;−;j}(τ) + qτ^{−p} ∫_τ 1 dt t^{p−1} 1 − t^q Υ^{[p,q]}_{⃗s;−;j−1}(t) ] . (112)

In order to prove Theorem B for rational sums, we first prove the following auxiliary proposition:

Proposition B For c = 0, the inverse rational sums are expressible in terms of multiple polylogarithms of arguments being powers of q-roots of unity times the variable τ, defined by Eq. (40), with complex coefficients c_{r,⃗s} and d_{r,⃗s} times a factor τ^{−p}, as Υ^{[p,q]}_{a1,··· ,ap; −;0;−}(z) | | |_{z=z(τ )} = ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q

( c_{⃗J,⃗s,k} + d_{⃗J,⃗s,k}τ^{−p} ) ln^k τ [ Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q τ ) − Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q ) ] ,

(113)

where the weights of the l.h.s. and the r.h.s. are equal, i.e. s_1 + · · ·+ s_r + k = a_1 + · · ·+ a_p.

Substituting expression (113) in the r.h.s. of Eq. (109), setting c = 1, and performing a trivial splitting of the denominator, we obtain Υ^{[p,q]}_{⃗a;−;1;−}(z) | | |_{z=z(τ )} = ∑ ⃗J, ⃗s, k 1 ≤ {j_m} ≤ q q∑ j=1 ( c_{⃗J,⃗s} + d_{⃗J,⃗s}λ^{jp}_q ) ∫ τ 1 dt t −^1_{λjq} ln^k t [ Li_{⃗s} ( λ^{j1−j2}_q , · · · λ^{jr}_q t ) − Li_{⃗s} ( λ^{j1−j2}_q , · · · λ^{jr}_q ) ]

= − ∑ ⃗J, ⃗s, k 1 ≤ {j_m} ≤ q d̃_{⃗J,⃗s} ln^k τ [ Li_{1,⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr+1}_q τ ) − Li_{1,⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr+1}_q ) ] .

(114)

In accordance with Lemma B, we have Corollary B:

For c ≥ 1, the multiple rational sums are expressible in terms of multiple polylogarithms of arguments being powers of q-roots of unity and the variable τ, defined by Eq. (40), with complex coefficients d_{⃗s}, as Υ^{[p,q]}_{a1,··· ,ap; −;c;−}(z) | | z=z(ξ) = (115) ∑ ⃗J, ⃗s, k 1 ≤ {j_m} ≤ q d_{⃗J,⃗s,k} ln^k τ [ Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q τ ) − Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q ) ] (c ≥ 1) ,

where the weights of the l.h.s. and the r.h.s. are equal, i.e. s_1 +· · ·+s_r +k = c+a_1 +· · ·+a_p.

In order to prove Theorem B for multiple inverse rational sums, it is sufficient to proof Lemma B. The strategy of proof of these results is similar to the one adopted in Ref. [39]. We reproduce it here for completeness with appropriate modifications.

In Eq. (106), it is necessary to distinguish two cases: (i) R^{[p,q]}_{⃗a} (z) = 0, δ_{⃗a,0} = 1, the

so-called depth 0 sums, and (ii) R^{[p,q]}_{⃗a} (z) ≠ 0, δ_{⃗a,0} = 0 .

Let us consider the multiple inverse rational sums of depth 0, Υ^{[p,q]}_{−;−;c;−}(τ) = ∞∑ j=1 z^j j^c Γ ( j+^p_q ) Γ(j + 1)Γ ( 1+^p_q ) | | | | | z=z(τ ) . (116)

In this case, the system of equations (106) has the form ( − 1 q (1 − τ^q) τ^q τ d dτ )_c Υ^{[p,q]}_{−;−;−;c;}(τ) = τ^{−p}σ^{[p,q]}_{−;−}(τ) , (117a) d dτ σ^{[p,q]}_{−;−}(τ) = −qτ^{p−1} . (117b)

We immediately obtain σ^{[p,q]}_{−;−}(τ) = q p (1 − τ^p) (118) and Υ^{[p,q]}_{−;−;0;−}(τ) = − q p ( 1 − τ^{−p} ) . (119)

Iteration of the last equation produces^6

Υ^{[p,q]}_{−;−;1;−}(τ)= q p q−1∑ j=1 (1 − λ^{jp}_q ) [ Li_1 ( λ^j_qτ ) − Li_1 ( λ^j_q )]

≡ q p q∑ j=1 (1 − λ^{jp}_q ) [ Li_1 ( λ^j_qτ ) − Li_1 ( λ^j_q )] , (120)

where the last term of the sum, for j = q, is identically equal to zero.

The next iteration yields Υ^{[p,q]}_{−;−;2;−}(τ)=− q p q−1∑ j_1,j_2=1

(1 − λ^{j1p}_q ) [ Li_{1,1} ( λ^{j1−j2}_q , λ^{j2}_q τ ) −Li_{1,1} ( λ^{j1−j2}_q , λ^{j2}_q )]

+ q p q−1∑ j_1,j_2=1

(1−λ^{j1p}_q )Li_1 ( λ^{j1}_q ) [ Li_1 ( λ^{j2}_q τ ) −Li_1 ( λ^{j2}_q ) ]

+ q p q−1∑ j_1=1

(1−λ^{j1p}_q ) [ Li_{1,1} ( τ, λ^{j1}_q ) −Li_{1,1} ( 1, λ^{j1}_q ) +Li_2 ( λ^{j1}_q τ ) −Li_2 ( λ^{j1}_q )] , (121)

6We wish to mention that_{q−1} ∑ j=1 ln(1 − λ^j_q ) = ln q .

where we have used the identity [9]

Li_m (x) Li_n (y) = Li_{m,n} (x, y) + Li_{n,m} (y, x) + Li_{m+n} (xy) . (122)

In accordance with Lemma B, all the following iterations produce results in terms of multiple polylogarithms with complex coefficients.

Let us now analyze the multiple inverse rational sums of depth 1,

Υ^{[p,q]}_{a1;−;c;−}(τ) = ∞∑ j=1 z^j j^c Γ ( j+^p_q ) Γ(1 + j)Γ ( 1+^p_q )S_{a1} (j − 1) ≡ ∞∑ j=1 z^j j^c Γ ( j+^p_q ) Γ(1 + j)Γ ( 1+^p_q ) j−1∑ i=1 1 i^{a1} . The coefficients of the non-homogeneous part are expressible in terms of multiple rational sums of depth 0, and Eq. (106) takes the form ( − 1 q (1 − τ^q) τ^q τ d dτ )_c Υ^{[p,q]}_{a1;−;c;−}(τ) = τ^{−p}σ^{[p,q]}_{a1;−}(τ) , (123a) σ^{[p,q]}_{a1 ;−}(τ) = −τ^pΥ^{[p,q]}_{−;−;a1;−}(τ) − q ∫_τ 1 dt t^{p−1} 1 − t^q Σ^{[p,q]}_{−;−;a1−1}(t) . (123b)

For c = 0, the system of equations (123) read Υ^{[p,q]}_{a1;−;0;−}(τ) = −Υ^{[p,q]}_{−;−;a1;−}(τ) − qτ^{−p} ∫_τ 1 dt t^{p−1} 1 − t^q Σ^{[p,q]}_{−;−;a1−1}(t) . (124)

Let us first consider the case a_1 = 1. Using Eqs. (119) and (120), we obtain

Υ^{[p,q]}_{1;−;0;−}(τ) = − q p q−1∑ j=1 [ (1−λ^{jp}_q )+τ^{−p}(1−λ^{−jp}_q ) ] [ Li_1 ( λ^j_qτ ) −Li_1 ( λ^j_q )] − q^2 p τ^{−p} ln τ , (125)

in agreement with Proposition B. For a_1 ≥ 2, the r.h.s. of Eq. (124) is expressible in terms of multiple polylogarithms with complex coefficients, so that this also holds for Υ^{[p,q]}_{a1;−}(τ), in agreement with Corollary B. For c ≥ 1, the desired result follows from Lemma B.

Let us apply mathematical induction and assume that Proposition B is valid for multiple inverse rational sums of depth k, Υ^{[p,q]}_{a1,··· ,ak ;−;0;−}(z) ≡ ∞∑ j=1 z^j Γ ( j+^p_q ) Γ(1 + j)Γ ( 1+^p_q )S_{a1} (j − 1) · · · S_{ak} (j − 1) | | | | |_{z=z(τ )} = ∑ ⃗J, ⃗s, k 1 ≤ {j_m} ≤ q

( c_{⃗J,⃗s,k} + d_{⃗J,⃗s,k}τ^{−p} ) ln^k τ [ Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q τ ) − Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q ) ] ,

(126) where ⃗s = {s_1, · · · , s_r} and s_1 + · · · s_r + k = a_1 + · · · + a_k. Then, for c ≥ 1, Corollary B also holds for multiple rational sums of depth k,

Υ^{[p,q]}_{a1,··· ,ak;−;c;−}(z) ≡ ∞∑ j=1 z^j j^c Γ ( j+^p_q ) Γ(1 + j)Γ ( 1+^p_q )S_{a1} (j − 1) · · · S_{ak} (j − 1) | | | | | z=z(τ ) = ∑ ⃗J, ⃗s, k 1 ≤ {j_m} ≤ q d̃_{⃗J,⃗s,k} ln^k τ [ Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q τ ) − Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q ) ] .

(127)

For sums of depth k + 1, the coefficients of the non-homogeneous part are expressed as linear combination of sums of depth j (j = 0, . . . , k), with complex coefficients and all possible distributions of the original indices over the terms of the new sums. Using relation (111), we obtain [ − 1 q (1 − τ^q) τ^q τ d dτ ]_c Υ^{[p,q]}_{a1,··· ,ak+1;−;c;−}(τ) = ∑ ⃗s,J [ c_{⃗s;−;J} Υ^{[p,q]}_{⃗s;−;J} (τ) + qτ^{−p}d_{⃗s;−;J} ∫_τ 1 dt t^{p−1} 1 − t^q Υ^{[p,q]}_{⃗s;−;J−1}(t) ] . (128)

Let us set c = 0 and consider the two cases: (i) J = 1 and (ii) J ≥ 2. For J = 1, the first term on the r.h.s. of Eq. (128) is expressible in terms of multiple polylogarithms. The last term on the r.h.s. of Eq. (128) has the structure of Eq. (126), so that, upon integration, it will again be expressible in terms of multiple polylogarithms of weight k + 1. Due to the common factor τ^{−p}, the result agrees with Proposition B. For J ≥ 2, both terms on the r.h.s. of Eq. (128) are expressible in terms of harmonic polylogarithms of weight k + 1, as [ − 1 q (1 − τ^q) τ^q τ d dτ ]_{c−1} Υ^{[p,q]}_{a1,··· ,ak+1;−;c;−}(τ) = ∑ ⃗s,J q∑ j=1 [ c_{⃗s;−;J} ∫_τ 1 dt t −^1_{λjq} Υ^{[p,q]}_{⃗s;−;J} (t) + d_{⃗s;−;J} ∫_τ 1 dt λ^{jp}_q t −^1_{λjq} q ∫_{t1} 1 dt_1 t^{p−1}_1 1 − t^q_1

Υ^{[p,q]}_{⃗s;−;J−1}(t_1) ] . (129)

In this way, Proposition B is found to be valid for weight k + 1. Consequently, Proposition B is proven for all weights. Therefore, for c ≥ 1, Corollary B is also valid for the multiple binomial sums of weight k + 1.

Applying the differential operator z^d_{dz} ≡ −^1_q^{1−τ q}_{τ q}^d_{dτ} repeatedly l times to the sum Υ^{[p,q]}_{a1,··· ,ar ; −;c}(z), we can derive results for a similar sum with c < 0. Thus, Theorem B is proven for multiple rational sums. Remark VI For the particular value q = 2 (p = 1), the multiple rational sums are reduced to multiple binomial sums, which were studied in Refs. [31,32,39], as Υ^{[1,2]}_{a1,··· ,ap; −;c;−}(z) = ∞∑ j=1 z^j j^c Γ ( j+^1_2 ) Γ (_3 2 ) Γ (j+1) S_{a1} (j−1) · · · S_{ap} (j−1)

= 2 ∞∑ j=1 ( 2j j ) ( z 4 )_j 1 j^c 1 (_{2j} j )S_{a1} (j−1) · · · S_{ap} (j−1) . (130)

In order to convert the results of Eq. (63) and Theorem A to the form presented in Refs. [31,32,39], is it necessary to introduce the new variable χ as τ = 1 − χ 1 + χ . 4 All-order Laurent expansion of generalized hypergeometric functions with one rational parameter

In this section, we turn our attention to the proof of Theorem C. It is well known that any function_pF_{p−1}(⃗a + ⃗m;⃗b +⃗k; z) is expressible in terms of p other functions of the same type, as [52,53] R_{p+1}(⃗a,⃗b, z)_pF_{p−1}(⃗a + ⃗m;⃗b + ⃗k; z) = p∑ k=1 R_k(⃗a,⃗b, z)_pF_{p−1}(⃗a + ⃗e_k;⃗b + ⃗E_k; z) , (131)

where ⃗m, ⃗k, ⃗e_k, and ⃗E_k are lists of integers and R_k are polynomials in the parameters ⃗a ,⃗b, and z. Systematic methods for solving this problem were elaborated in Refs. [52,53]. For generalized hypergeometric functions of Theorem C, let us choose as the basis functions, appearing on the r.h.s. of Eq. (131), arbitrary p functions from the following set:

• for Eq. (4b), r^2 functions of the type rF_{r−1} ( 1+^p_q , {1 + a_iε}^{r−L−1}, {2 + d_iε}^L {1 + e_iε}^{r−Q−1}, {2 + c_iε}^Q z ) ,

• for Eq. (4a), r^2 − 1 functions of the type rF_{r−1} ( {1 + a_iε}^{r−L}, {2 + d_iε}^L 2 −^p_q , {1 + e_iε}^{r−Q−2}, {2 + c_iε}^Q z ) .

In the framework of the approach developed in Refs. [30,31,32,34,42], the study of the ε expansion of basis hypergeometric functions was reduced to the study of multiple (inverse) rational sums. It is easy to obtain the following representations: rF_{r−1} ( {1 + a_iε}^K , {2 + d_iε}^L 2−^p_q + bε, {1 + e_iε}^R, {2 + c_iε}^Q z ) = 1 z ( 1− p q +bε ) Π^Q_{s=1}(1 + c_sε) Π^L_{i=1}(1 + d_iε) ∞∑ j=1 Γ(j)Γ ( 1−^p_q ) Γ ( 1+j−^p_q ) z^j j^{K−R−2} Δ , (132a)

rF_{r−1} ( 1+^p_q +fε, {1+a_iε}^K , {2+d_iε}^L {1+e_iε}^R, {2+c_iε}^Q z ) = 1 z Π^Q_{s=1}(1+c_sε) Π^L_{i=1}(1+d_iε) ∞∑ j=1 Γ ( j+^p_q ) Γ(1+j)Γ ( 1+^p_q ) z^j j^{K−R−1} Δ , (132b)

where the superscripts K, L, R, Q indicate the lengths of the parameter lists,

Δ = exp {_∞ ∑ k=1 (−ε)^k k [ w_kj^{−k} + S_k(n − 1)t_k + b^kS^{[p,q]}_k (j) − f^kS^{[p,q]}_k (j − 1) ]} , (133)

S_a(n) = ∑_n j=1 1/j^a is a harmonic sum, and the constants are defined as A_k ≡ ∑ a^k_i , C_k ≡ ∑ c^k_i , D_k ≡ ∑ d^k_i , E_k ≡ ∑ e^k_i , t_k ≡ C_k + E_k − A_k − D_k, w_k ≡ C_k − D_k ,

where the summations extend over all possible values of the parameters in Eq. (132). In this way, for b = f = 0, the ε expansions of the basis functions in Eq. (132) are seen to be expressible in terms of multiple (inverse) rational sums, which were studied in Section 3. But all these are expressible in terms of multiple polylogarithms. In this way, Theorem C is proven.

5 Two-loop sunset with two equal masses M, a third mass m, and external momentum q^2 = −m^2

The aim of this section is to find a hypergeometric representation for the two-loop sunsettype diagrams with the special kinematic configuration considered in Ref. [54]. The integral under investigation is

J^{(−)}_{122} (α, σ_1, σ_2, m^2, M^2) = ∫ ∫ d^nk_1d^nk_2 [k^2_1 −M^2]^{σ1} [(k_1 −k_2 −q)^2 −M^2]^{σ2} [k^2 −m^2]^α | | |_{q2=−m2} .(134)

It is well know that, for arbitrary values of masses and momentum and powers of propagators, this integral is expressible in terms of Lauricella functions [25]. The hypergeometric representation of the master integral with three equal masses and an arbitrary value of momentum was derived by Tarasov [27] in terms of Gauss hypergeometric functions and Appell functions F_2. We now demonstrate, that for q^2 = −m^2, the master integrals are expressible in terms of generalized hypergeometric functions with quarter values of parameters.

Using the Mellin-Barnes representation [21], we obtain

J^{(−)}_{122} (α, σ_1, σ_2, m^2, M^2) =

(−1)^{σ1+σ2+α+1}(M^2)^{n/2−σ1−σ2} (m^2)^{n/2−α} Γ(σ_1)Γ(σ_2)Γ(α)Γ (_n 2 ) 1 2πi ∫_{+i∞} −i∞ du ( m^2 M^2 )_u Γ (σ_1 +u) Γ (σ_2 +u) Γ ( σ_1 +σ_2 −^n_2 +u ) Γ (_n 2 +u ) Γ(σ_1 +σ_2 +2u) Γ(−u)Γ ( α− n 2 −u ) 2F_1 ( α−^n_2 −u, −u n 2 − 1 ) . (135)

The Gauss hypergeometric function in this expression is of the form

2F_1 ( a, b a−b+α − 1 ) , where, by definition, α is a positive integer. Using the contiguous relations for Gauss hypergeometric functions [44,45], it is possible to express this hypergeometric function in terms of a linear combination of any two functions with parameters different by integers from the original ones. For our analysis, it is sufficient that the proper set of master integrals are expressible in terms of integrals with α = 1 [55]. Closing the contour of integration at infinity in the right half-plane and summing over the residiues of Γ(−u) and Γ(1 − n/2 − u), we obtain the sum of two hypergeometric series. Using the Kummer relation [56,57],

2F_1 ( a, b 1+a−b − 1 ) = Γ(1 + a − b)Γ ( 1 +^a_2 ) Γ(1 + a)Γ ( 1 +^a_2 − b ) , where the hypergeometric series on the l.h.s. is defined if a − b, which is n/2 − 1 in our case, is not a negative integer, and substituting it in our series, we obtain a one-fold series representation which contains only products of Γ functions. In contrast to the previously studied cases [21], these series contain gamma functions of the type Γ(a + k/2), where k is the index of summation and a is some number. To convert a series of this type into series of the generalized-hypergeometric-function type, we split the summation in one over the even and one over the odd values of the index, so that ∞∑ k=0 f(k)h ( k 2 ) z^k = ∞∑ j=0 [ f(2j)h(j) + zf(2j + 1)h ( j + 1 2 )] (z^2)^j , (136) where h and f are arbitrary functions.^7 Returning to our series, we like to mention that, after splitting the summation into even and odd parts, the term 1/Γ (_{1−k} 2 ) , which comes from the residiues of Γ(−u), only contributes to the even part. Finally, we obtain

J^{(−)}_{122} (1, σ_1, σ_2, m^2, M^2) =

(−1)^{σ1+σ2} (M^2)^{n/2−σ1−σ2} (m^2)^{n/2−1} Γ(σ_1)Γ(σ_2) [ Γ ( 1−^n_2 ) Γ(σ_1)Γ(σ_2)Γ ( σ_1 +σ_2 −^n_2 ) Γ(σ_1 +σ_2)

6F_5 (_{σ1} 2 ,^{σ1+1}_2 ,^{σ2}_2 ,^{σ2+1}_2 ,^{2σ1+2σ2−n}_4 ,^{2σ1+2σ2 +2−n}_4 n 2 ,^{σ1+σ2}_4 ,^{σ1+σ2+1}_4 ,^{σ1+σ2+2}_4 ,^{σ1+σ2+3}_4 − m^4 4M^4 )

+ ( m^2 M^2 )_{(2−n)/2} Γ ( 1+σ_1 −^n_2 ) Γ ( 1+σ_2 −^n_2 ) Γ (1+σ_1 +σ_2 −n) Γ (_n 2 −1 ) Γ (_n 2 ) Γ(σ_1 +σ_2 +2−n)

7F_6 ( 1,^{2+2σ1−n}_4 ,^{2+2σ2−n}_4 ,^{4+2σ1 −n}_4 ,^{4+2σ2 −n}_4 ,^{σ1+σ2+1−n}_2 ,^{σ1+σ2+2−n}_2 2+n 4 ,^{6−n}_4 ,^{σ1+σ2+2−n}_4 ,^{σ1+σ2+3−n}_4 ,^{σ1+σ2+4−n}_4 ,^{σ1+σ2+5−n}_4 − m^4 4M^4 )

+ 8 n(4 − n) ( m^2 M^2 )_{(4−n)/2} Γ ( 2+σ_1 −^n_2 ) Γ ( 2+σ_2 −^n_2 ) Γ (σ_1 +σ_2 +2−n) Γ(σ_1 +σ_2 +4−n)

7F_6 ( 1,^{2σ1+4−n}_4 ,^{2σ2+4−n}_4 ,^{2σ1 +6−n}_4 ,^{2σ2+6−n}_4 ,^{σ1+σ2+2−n}_2 ,^{σ1+σ2+3−n}_2 4+n 4 ,^{8−n}_4 ,^{σ1+σ2+4−n}_4 ,^{σ1+σ2+5−n}_4 ,^{σ1+σ2+6−n}_4 ,^{σ1+σ2+7−n}_4 − m^4 4M^4 )] . (138)

Closing the contour of integration at infinity in the left half-plane and summing over the residiues of the Γ functions, we obtain hypergeometric series in terms of the variable M^2/m^2. The same results can be derived from the general formula for the analytical continuation of the generalized hypergeometric function.

The first and the last hypergeometric functions in Eq. (138) may be reduced by the Takayama-Zeilberger [52,53] algorithm to the basis function

4F_3 ( 1+a_1ε, 1+a_2ε,^3_2 + c_1ε,^3_2 + c_2ε 2+dε, 2−^1_4 + b_1ε, 2−^3_4 + b_2ε z ) (139)

and its derivatives. The second hypergeometric function in Eq. (138) belongs to the class

4F_3 ( 1+a_1ε, 1+a_2ε, 1+a_3ε,^3_2 + cε 3 2 + dε, 2−^1_4 + b_1ε, 2−^3_4 + b_2ε z ) . (140)

7 In particular, for the hypergeometric function, we have [56,58] pF_q ( a_1, · · · , a_p b_1, · · · , b_q z ) =_{2p}F_{2q+1} (_{a1} 2 ,^{a1 +1}_2 , · · · ,^{ap}_2 ,^{ap+1}_2 1 2 ,^{b1}_2 ,^{b1+1}_2 , · · · ,^{bq}_2 ,^{bq +1}_2 4^{p−q−1}z^2 )

+z Π^p_{i=1}a_i Π^q_{j=1}b_j^{2p}

F_{2q+1}

(_{a1+1} 2 ,^{a1+2}_2 , · · · ,^{ap+1}_2 ,^{ap+2}_2 3 2 ,^{b1 +1}_2 ,^{b1 +2}_2 , · · · ,^{bq +1}_2 ,^{bq +2}_2 4^{p−q−1}z^2 ) . (137)

The ε expansions of the hypergeometric functions appearing in Eq. (138) are expressible in terms of elliptic integrals, which have been found in Ref. [54], and their generalizations, which are beyond our consideration (see the discussion in Ref. [45]). Three masterintegrals in n = 4 − 2ε dimensions, where ε is a parameter of dimension regularization [2], correspond to σ_1 = σ_2 = 1, σ_1 = 1, σ_2, σ_1 = σ_2 = 2. We obtain from Eq. (138)

J^{(−)}_{122} (1, 1, 1, m^2, M^2) = −(M^2)^{−ε}(m^2)^{1−ε}

Γ^2(1 + ε) ε^2(1 − ε) [ 4F_3 ( 1,^1_2 ,^ε_2 ,^1_2 +^ε_2 2 − ε,^3_4 ,^5_4 − m^4 4M^4 )

+ ( M^2 m^2 )_{1−ε} 1 (1 − 2ε)^4

F_3 ( 1, −^1_2 +^ε_2 ,^ε_2 , ε 3 2 −^ε_2 ,^1_4 +^ε_2 ,^3_4 +^ε_2 − m^4 4M^4 )

− ( M^2 m^2 )_{−ε} (1 − ε) (2 − ε)(1 + 2ε)^4

F_3 ( 1,^1_2 +^ε_2 ,^1_2 + ε, ε 2 −^ε_2 ,^3_4 +^ε_2 ,^5_4 +^ε_2 − m^4 4M^4 )] , (141a)

J^{(−)}_{122} (1, 1, 2, m^2, M^2) = 1 2 (M^2)^{−1−ε}(m^2)^{1−ε}

Γ^2(1 + ε) ε(1 − ε) [ 4F_3 ( 1,^1_2 , 1+^ε_2 ,^1_2 +^ε_2 2 − ε,^3_4 ,^5_4 − m^4 4M^4 )

− ( M^2 m^2 )_{1−ε} 1 ε^4

F_3 ( 1,^1_2 +ε,^ε_2 , ε 3 2 −^ε_2 ,^1_4 +^ε_2 ,^3_4 +^ε_2 − m^4 4M^4 )

−2 ( M^2 m^2 )_{−ε} (1 − ε) (2 − ε)(1 + 2ε)^4

F_3 ( 1,^1_2 +^ε_2 ,^1_2 + ε, 1+ε 2 −^ε_2 ,^3_4 +^ε_2 ,^5_4 +^ε_2 − m^4 4M^4 )] , (141b)

J^{(−)}_{122} (1, 2, 2, m^2, M^2) = −(M^2)^{−2−ε}(m^2)^{1−ε}Γ^2(1 + ε)

(1+ε) ε(1 − ε) [ 1 6^4

F_3 ( 1,^3_2 , 1+^ε_2 ,^3_2 +^ε_2 2 − ε,^5_4 ,^7_4 − m^4 4M^4 )

− ( M^2 m^2 )_{1−ε} ε (1 + ε)(1 + 2ε)^4

F_3 ( 1,^1_2 +ε, 1+^ε_2 , 1+ε 3 2 −^ε_2 ,^3_4 +^ε_2 ,^5_4 +^ε_2 − m^4 4M^4 )

− ( M^2 m^2 )_{−ε} (1 − ε) (2 − ε)(3 + 2ε)^4

F_3 ( 1,^3_2 +^ε_2 ,^3_2 + ε, 1+ε 2 −^ε_2 ,^5_4 +^ε_2 ,^7_4 +^ε_2 − m^4 4M^4 )] . (141c)

To cross-check our results, we evaluate the first few coefficients of the expansion of the original diagram in the large-mass limit [59] using our program packages [60] and compare it with the proper ε expansion following from the hypergeometric representation (141). In the latter case, using the relation pF_{p−1} ( {a_i} {b_j } z ) = 1 + z

Π^p_{i=1}a_i Π^{p−1}_{j=1}b_j^p F_{p−1} ( 1, {1 + a_i} 2, {1 + b_j } z ) , (142) all hypergeometric functions are reduced to one of the two “basic” ones,

4F_3 ( k_1 +1+a_1ε, k_2 +1+a_2ε, r_1 +^1_2 + c_1ε, r_2 +^1_2 + c_2ε

k_3 +2+dε, r_3+1+^3_4 + b_1ε, r_4 +1+^1_4 + b_2ε z )

4F_3 ( k_1 +1+a_1ε, k_2 +1+a_2ε, k_3 +1+a_3ε, r_1 +^1_2 +c_1ε

r_2 +^1_2 +c_2ε, r_3 +1+^3_4 +b_1ε, r_4 +1+^1_4 +b_2ε z ) , (143)

where {k_a} are non-negative integers and {r_k} are integers. Their ε expansions can be

easily constructed with the help of Eq. (54a) and read

4F_3 ( k_1 +1+a_1ε, k_2 +1+a_2ε, r_1 +^1_2 + c_1ε, r_2 +^1_2 + c_2ε

k_3 +2+dε, r_3+1+^3_4 + b_1ε, r_4 +1+^1_4 + b_2ε z )

= 1 z Γ(k_3 +2)Γ ( r_3 +1+^3_4 ) Γ ( r_4 +1+^1_4 ) Γ(k_1 +1)Γ(k_2 +1)Γ ( r_1 +^1_2 ) Γ ( r_2 +^1_2 )

× ∞∑ j=1 z^j Γ(k_1 +j)Γ(k_2 +j)Γ ( r_1 −^1_2 +j ) Γ ( r_2 −^1_2 +j ) Γ(k_3 +1+j)Γ(j)Γ ( r_3 +^3_4 +j ) Γ ( r_4 +^1_4 +j

) exp [_∞ ∑ m=1 (−ε)^m m × ( d^mS^{[1+k3,1]} m (j−1) − a^m_1 S^{[k1,1]}_m (j−1) − a^m_2 S^{[k2,1]}_m (j−1)

+b^m_1 S^{[4r3+3,4]} m (j−1) + b^m_2 S^{[4r4+1,4]}_m (j−1) − c^m_1 S^{[2r1−1,2]}_m (j−1) − c^m_2 S^{[2r2−1,2]}_m (j−1) )] , 4F_3 ( k_1 +1+a_1ε, k_2 +1+a_2ε, k_3 +1+a_3ε, r_1 +^1_2 +c_1ε

r_2 +^1_2 +c_2ε, r_3 +1+^3_4 +b_1ε, r_4 +1+^1_4 +b_2ε z )

= 1 z Γ ( r_2 +^1_2 ) Γ ( r_3 +2−^1_4 ) Γ ( r_4 +2−^3_4 ) Γ(k_1 +1)Γ(k_2 +1)Γ(k_3 +1)Γ ( r_1 +^1_2 )

× ∞∑ j=1 z^j Γ(k_1 +j)Γ(k_2 +j)Γ(k_3 +j)Γ ( r_1 −^1_2 +j ) Γ(j)Γ ( r_2 −^1_2 +j ) Γ ( r_3 +^3_4 +j ) Γ ( r_4 +^1_4 +j

) exp [_∞ ∑ m=1 (−ε)^m m × ( −a^m_1 S^{[k1,1]}_m (j−1) − a^m_2 S^{[k2,1]}_m (j−1) − a^m_3 S^{[k3,1]}_m (j−1)

+b^m_1 S^{[4r3+3,4]} m (j−1) + b^m_2 S^{[4r4+1,4]}_m (j−1) − c^m_1 S^{[2r1−1,2]}_m (j−1) + c^m_2 S^{[2r2−1,2]}_m (j−1) )] , (144)

where S^{[a,b]}_c (j) is defined by Eq. (58). Both kinds of expansions, the large-mass and hy-

pergeometric one, yield the same results, which also agree with Eqs. (16)–(18) of Ref. [54].

6 Discussion and Conclusion

The proof of Theorems I includes two steps: (i) the algebraic reduction of Gauss hy-

pergeometric functions of the type in Theorem I to basic functions and (ii) the iterative algorithms for calculating the analytical coefficients of the ε expansions of the latter. Step (i) is well known [44,45], and, in step (ii), the algorithm is constructed for rational values of the parameters [see Eqs. (28), (39), (43) and (46)]. This allows us to calculate the coefficients directly, without reference to multiple sums. It is interesting to note that the Laurent expansions of the Gauss hypergeometric functions with one rational upper parameter are expressible in terms of multiple polylogarithms times powers of a logarithm, as shown in Section 2.1.3. We presented in Eq. (53) an algebraic relation between Gauss hypergeometric functions which allows us to find linear relations between special values of multiple polylogarithms.

We constructed an iterative solution for multiple (inverse) rational sums defined by Eqs. (65) and (100). It was shown that, by appropriate change of variables, defined by Eqs. (18) and (40), the multiple (inverse) rational sums may be converted into multiple polylogarithms (see Theorem A and Theorem B). Symbolically, this may be expressed as ∞∑ j=1 z^j Γ(j)Γ ( 1−^p_q ) Γ ( 1+j−^p_q ) S_{a1} (j − 1)S_{a2} (j − 1) · · · S_{ak} (j − 1) | | | | |_{z=z(ξ)} = ξ^p ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q ∑_r k=1 s_k = 1+a_1 +· · ·+a_p c_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) , (145)

∞∑ j=1 z^j j^c Γ(j)Γ ( 1−^p_q ) Γ ( 1+j−^p_q ) S_{a1} (j − 1)S_{a2} (j − 1) · · · S_{ak} (j − 1) | | | | | z=z(ξ) = ∑ ⃗J, ⃗s 1 ≤ {j_m} ≤ q ∑_r k=1 s_k = 1+c+a_1 +· · ·+a_p c̃_{⃗J,⃗s}Li_{⃗s} ( λ^{j1−j2}_q , λ^{j2−j3}_q , · · · , λ^{jr−1−jr}_q , λ^{jr}_q ξ ) (c ≥ 1) ,(146)

∞∑ j=1 z^j Γ ( j+^p_q ) Γ(j + 1)Γ ( 1+^p_q

)S_{a1} (j − 1)S_{a2} (j − 1) · · · S_{ak} (j − 1) | | | | |_{z=z(τ )} = ∑ ⃗J, ⃗s, k ( c_{⃗J,⃗s,k} +d_{⃗J,⃗s,k}τ^{−p} ) ln^k τ [ Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q τ ) −Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q ) ] , (147)

∞∑ j=1 z^j j^c Γ ( j+^p_q ) Γ(j + 1)Γ ( 1+^p_q

)S_{a1} (j − 1)S_{a2} (j − 1) · · · S_{ak} (j − 1) | | | | |_{z=z(τ )} = ∑ ⃗J, ⃗s, k d̃_{⃗J,⃗s,k} ln^k τ [ Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q τ ) − Li_{⃗s} ( λ^{j1−j2}_q , · · · , λ^{jr}_q ) ] (c ≥ 1) , (148)

where {c_{⃗J,⃗s}, c̃_{⃗J,⃗s}, d_{p,⃗s}, d̃_{p,⃗s}} ∈ C are numerical coefficients, the weight of the l.h.s. equals the weight of the r.h.s., and

S_a(j − 1) = j−1∑ i=1 1 i^a , is a harmonic series.

Unfortunately, one of the unsolved problems is the completeness of the representation in Eqs. (146) and (148). In other words, is it possible to express all multiple polylogarithms in terms of multiple (inverse) harmonic sums? If not, what kind of sums must be added to obtain a complete basis? Another problem beyond our present considerations is to find the algebraic relations between the sums.

Using the results of Theorem A and Theorem B, we proved Theorem C about the all-order ε expansion of a special class of hypergeometric functions. The proof includes two steps: (i) the algebraic reduction of generalized hypergeometric functions of the type specified in Theorem C to basic functions and (ii) the algorithms for calculating the analytical coefficients of the ε expansions of the basic hypergeometric functions. The implementation of step (i), the reduction algorithm, is based on general considerations made in Refs. [52,53]. In step (ii), the algorithm is based on the series representation of the basis hypergeometric functions defined by Eq. (132). The coefficients of the ε expansions are expressible in terms of multiple (inverse) rational sums, to which Theorem A and Theorem B apply.

Finally, we demonstrated, in Section 5, that Feynman diagrams produce hypergeometric functions with quarter values of parameters.

Acknowledgements

This work was supported in part by BMBF Grant No. 05 HT6GUA.

A Hyperlogarithms and multiple polylogarithms

For completeness, we present a definition of multiple polylogarithms and some relations that are useful for our considerations. We are guided by the analyses presented in Refs. [9,10,61,62].

The starting point of our consideration is the integral I(a_k, a_{k−1} · · · , a_1; z) = ∫_z 0 dt_k t_k − a_k ∫_{tk} 0 dt_{k−1} t_{k−1} − a_{k−1} · · · ∫_{t2} 0 dt_1 t_1 − a_1 = ∫_z 0 dt t − a_k I(a_{k−1} · · · , a_1; t) , (149)

where we assume that all a_k ≠ 0. In early considerations by Kummer, Poincare, and Lappo-Danilevky [7,8], this integral was called hyperlogarithm. It was treated as an analytical function in the single variable z, the upper limit of integration. Goncharov [9] analyzed it as multivalued analytical function of a_1, · · · , a_k, z. One of the properties of hyperlogarithms is the scaling invariance, I(a_1, · · · , a_k; z) = I (a_1 z , · · · , a_k z ; 1 ) . (150)

A special case of this integral is the following one: G_{mk ,mk−1,··· ,m1} (a_k, · · · , a_1; z) ≡ I( 0, · · · , 0 m_k−1 times , a_k, 0, · · · , 0 m_{k−1}−1 times , a_{k−1}, · · · , 0, · · · , 0 m_1−1 times

, a_1; z)

= (−1)^k ∞∑ j_1=1 · · · ∞∑ j_k=1 1 j^{m1}_1 ( z a_1 )_{j1} 1 (j_1 +j_2)^{m2} ( z a_2 )_{j2} · · · 1 (j_1 +j_2 +· · ·+j_k)^{mk} ( z a_k )_{jk} , (151)

where all a_k ≠ 0. The last sum can be rewritten as ∞∑ j_1=1 · · · ∞∑ j_k=1 1 j^{m1}_1 ( z a_1 )_{j1} 1 (j_1 +j_2)^{m2} ( z a_2 )_{j2}

· · · 1 (j_1 +j_2 +· · ·+j_{k−1})^{mk−1} ( z a_{k−1} )_{jk−1} 1 (j_1 +j_2 +· · ·+j_k)^{mk} ( z a_k )_{jk}

= ∞∑ j_1=1 · · · ∞∑ j_k=1 1 j^{m1}_1 ( a_2 a_1 )_{j1} 1 (j_1 +j_2)^{m2} ( a_3 a_2 )_{j1+j2}

· · · 1 (j_1 +· · ·+j_{k−1})^{mk−1} ( a_k a_{k−1} )_{j1+j2+···+jk−1} 1 (j_1 +· · ·+j_k)^{mk} ( z a_k )_{j1+j2+···+jk}

= ∞∑ n_k>n_{k−1}>···n_1>0 1 n^{m1}_1 ( a_2 a_1 )_{n1} 1 n^{m2}_2 ( a_3 a_2 )_{n2} · · · 1 n^{mk}_k ( z a_k )_{nk} . (152)

By definition, the multiple polylogarithm is [9] Li_{k1,k2,··· ,kn} (x_1, x_2, · · · , x_n) = ∞∑ m_n>m_{n−1}>···m_2>m_1>0 x^{m1}_1 m^{k1}_1 x^{m2}_2 m^{k2}_2 · · · x^{mn}_n m^{kn}_n , (153)

with weight k = k_1 + k_2 + · · · + k_n and depth n. From relations (151), (152), and (153), we have G_{mn,mn−1,··· ,m2,m1} (x_n, x_{n−1}, · · · , x_2, x_1; z) = (−1)^nLi_{m1,m2,··· ,mn} ( x_2 x_1 , x_3 x_2 , · · · , z x_n ) . (154)

The inverse relation is Li_{k1,k2,··· ,kn} (y_1, y_2, · · · , y_n) = (−1)^nG_{kn,kn−1,··· ,k2,k1} ( 1 y_n , 1 y_ny_{n−1} , · · · , 1 y_1 · · · y_n ; 1 ) . (155)

In particular, we have

G_1(a; z) = ∫_z 0 dt t − a = − ∞∑ j=1 z^j ja^j = ln ( 1 − z a ) = −Li_1 (z a ) ,

G_k(a; z) = ∫_z 0 dt_k t_k ∫_{tk} 0 dt_{k−1} t_{k−1} · · · ∫_{t2} 0 dt_1 t_1 − a = − ∞∑ j=1 z^j j^ka^j = −Li_k (z a ) ,

G_{1,1}(a_2, a_1; z) = ∫_z 0 dt_1 t_1 − a_2 ∫_{t1} 0 dt_2 t_2 − a_1 = ∞∑ j_1=1 ∞∑ j_2=1 1 j_1 ( z a_1 )_{j1} 1 (j_1 +j_2) ( z a_2 )_{j2} = Li_{1,1} ( a_2 a_1 , z a_2 ) . (156)

The multiple polylogarithms form two Hopf algebras, the so-called shuffle and stuffle ones. The first one is related to the integral representation, the second one to the series.

Integral (149) is an iterated Chen integral [63] w.r.t. the differential one-forms

ω_0 = dy y , ω_a = dy y − a , (157)

where a is any number, so that G_{mk ,mk−1,··· ,m1} (a_k, · · · , a_1; z) = ∫_z 0 ω^{mk−1}_0 ω_{ak} ω^{mk−1−1} 0 ω_{ak−1} · · · ω^{m1}_0 ω_{a1} . (158)

A special consideration is necessary when the last few arguments a_{k−j}, a_{k−j−1}, · · · , a_k in the integral I(a_1, a_k; z) in Eq. (149) are equal to zero, which is the so-called trailingzero case. It is possible to factorise such a kind of contribution into a product of a power of a logarithm and an integral of the type described in Eq. (149). An appropriate procedure was described for generalized polylogarithms of the square root of unity, the Remiddi-Vermaseren functions, in Ref. [3] and extended on the case of hyperlogarithms in Ref. [62]. These may be written in the form I( ⃗A,⃗0; z) = ∑ p, ⃗A c_{p, ⃗A} ln^p zI_{k1,k2,··· ,kn−p} ( ⃗B; z) , (159)

where the coefficients c_{p, ⃗A} are rational numbers and the components of vector ⃗B are shuffle products of the components of the original vectors ⃗A and ⃗0. In Eq. (159), the weight of the l.h.s. is equal to the weight of the r.h.s.

B Iterative solution of first-order differential equation

A system of homogeneous linear differential equations, d dt ⃗u(t) = A(t, ⃗u(t)) , where A is an n × n matrix and ⃗u is an n-dimensional vector, can be formally written via Picard’s method of approximation as

⃗u_1 = ⃗u_0 + ∫_t u_0 A(t, ⃗u_0)dt , ⃗u_2 = ⃗u_0 + ∫_t u_0 A(t, ⃗u_1(t))dt , · · · ⃗u_n = ⃗u_0 + ∫_t u_0 A(t, ⃗u_{n−1}(t))dt , (160) where ⃗u_0 = ⃗u(t_0) is an initial condition. It can be proven [8,64] that, in the region where this integral exists, the following properties are satisfied: (i) as n increases indefinitely, the sequence of functions ⃗u_n tends to a limit which is a continuous function of t; (ii) this limiting function satisfies the differential equation; (iii) the solution thus defined assumes the value ⃗u_0 when t = t_0 and is the only continuous solution which does so.

Let us introduce the set of functions,

F_p(t) = ∫_t t_0 dτA(τ)F_{p−1}(τ) , (161) and write the relations (160) as ⃗u(t) = F_0(t)u_0 + · · · + F_p(t)u_0 + · · · , (162) where F_0 is the identical transformation, F_0 = I. For A(t) = ∑ j U_j t−α_j , the iterative

solution coincides with hyperlogarithms of configuration α_j.

References

[1] N.N. Bogoliubov, D.V. Shirkov, Introduction to the Theory of Quantized Fields, A Wiley-Interscience Publication. John Wiley & Sons, 1980;

C. Itzykson, J.B. Zuber, Quantum Field Theory, New York, McGraw-Hill, 1980. [2] G. ’tHooft, M. Veltman, Nucl. Phys. B44 (1972) 189;

C.G. Bollini, J.J. Giambiagi, Nuovo Cim. 12B (1972) 20; J.F. Ashmore, Lett. Nuovo Cim. 4 (1972) 289; G.M. Cicuta, E. Montaldi, Lett. Nuovo Cim. 4 (1972) 329.

[3] E. Remiddi, J.A.M. Vermaseren, Int. J. Mod. Phys. A15 (2000) 725. [4] T. Gehrmann, E. Remiddi, Nucl. Phys. B601 (2001) 248. [5] U. Aglietti, R. Bonciani, Nucl. Phys. B698 (2004) 277.

[6] R. Bonciani, A. Ferroglia, A.A. Penin, JHEP 0802 (2008) 080.

[7] E.E. Kummer, J.reine and. Math. bf 21 (1840), 74-90, 193-225, 328-371;

H. Poincaré, Acta. Math. IV (1884) 201-312;

I.A. Lappo-Danilevsky, J.Soc. Phisico-Mathematique de Leningrade, vol II (1) (1928) 94-154.

[8] I.A. Lappo-Danilevsky, “Mémoires sur la théorie des systémes des équations différentielles linéaires”, (Chelsea, New York, 1953).

[9] A.B. Goncharov, “Polylogarithms in arithmetic and geometry”, Proceedings of the International Congress of Mathematicians, Vol. 1,2 (Zrich, 1994),374–387, Birkhuser, Basel, 1995; Math. Res. Lett. 4 (1997) 617; Math. Res. Lett. 5 (1998) 497; ”Multiple polylogarithms and mixed Tate motives”, arxiv:math.AG/0103059.

[10] J.M. Borwein, D.M. Bradley, D.J. Broadhurst, P. Lisoněk, Trans. Am. Math. Soc.

353 (2001) 907.

[11] B.J. Broadhurst, D. Kreimer, Int. J. Mod. Phys. C6 (1995) 519; Phys. Lett. B393 (1997) 403.

[12] V.V Golubev, “Lectures on the Analytic Theory of Differential Equations”, 2d ed.

Gosudarstv. Izdat. Tehn.-Teor. Lit., Moscow-Leningrad, 1950.

[13] F.V. Tkachov, Phys. Lett. B100 (1981) 65;

K.G. Chetyrkin, F.V. Tkachov, Nucl. Phys. B192 (1981) 159.

[14] A.I. Davydychev, Phys. Lett. B263 (1991) 107.

[15] O.V. Tarasov, Phys. Rev. D54 (1996) 6479.

[16] V.A. Golubeva, Teoret. Mat. Fiz. 3 (1970) 405; ibid 9 (1971) 1210; Russ. Math. Surv.

31 (1976) 139;

G. Barucchi, G. Ponzano, J. Math. Phys. 14 (1973) 396; G. Rufa, Annalen Phys. 47 (1990) 6;

M. Argeri, P. Mastrolia, Int. J. Mod. Phys. A 22 (2007) 4375.

[17] A.V. Kotikov, Phys. Lett. B254 (1991) 158; ibid B259 (1991) 314; ibid B267 (1991) 123;

E. Remiddi, Nuovo Cim. A110 (1997) 1435.

[18] I.M. Gelfand, A.V.Zelevinskii, M.M. Kapranov, Dokl. Akad. Nauk SSSR 295 (1987) 14. [19] P. Appell, J. Kampé de Fériet, Fonctions Hypergeometriques et Hyperspheriques.

Polynomes d’Hermite (Gauthier-Villars, Paris, 1926);

A. Erdelyi (Ed.), Higher Transcendental Functions, McGraw-Hill, New York, 1953;

L.J. Slater, Generalized hypergeometric functions, Cambridge University Press, Cambridge 1966.

[20] M. Kontsevich, D. Zagier, ”Periods”, Mathematics unlimited-2001 and beyond, 771- 808, Spinger, Berlin, 2001;

P. Belkale, P. Brosnan, “Periods and Igusa Zeta functions”, [arXiv:math/0302090]; S. Bloch, H. Esnault, D. Kreimer, Commun.Math.Phys. 267 (2006) 181; C. Bogner, S. Weinzierl, “Periods and Feynman integrals,” arXiv:0711.4863.

[21] E.E. Boos, A.I. Davydychev, Theor. Math. Phys. 89 (1991) 1052. [22] V.A. Smirnov, Feynman integral calculus, Berlin, Germany: Springer (2006). [23] A.I. Davydychev, J. Math. Phys. 33 (1992) 358.

[24] J. Fleischer, F. Jegerlehner, O.V. Tarasov, Nucl. Phys. B672 (2003) 303. [25] F.A. Berends, M. Buza, M. Böhm, R. Scharf, Z. Phys. C63 (1994) 227. [26] F. Jegerlehner, M.Yu. Kalmykov, Nucl. Phys. B676 (2004) 365. [27] O.V. Tarasov, Phys. Lett. B638 (2006) 195. [28] N. Gray, et al., Z. Phys. C48 (1990) 673;

D.J. Broadhurst, Z. Phys. C47 (1990) 115; Z. Phys. C54 (1992) 599; D.J. Broadhurst, N. Gray, K. Schilcher, Z. Phys. C52 (1991) 111; A.I. Davydychev, J.B. Tausk, Nucl. Phys. B397 (1993) 123; D.J. Broadhurst, J. Fleischer, O.V. Tarasov, Z. Phys. C60 (1993) 287.

[29] J. Fleischer, A.V. Kotikov, O.L. Veretin, Nucl. Phys. B547 (1999) 343. [30] J.M. Borwein, D.J. Broadhurst, J. Kamnitzer, Exper. Math. 10 (2001) 25;

M.Yu. Kalmykov, O. Veretin, Phys. Lett. B483 (2000) 315; M.Yu. Kalmykov, A. Sheplyakov, Comput. Phys. Commun. 172 (2005) 45.

[31] F. Jegerlehner, M.Yu. Kalmykov, O. Veretin, Nucl. Phys. B658 (2003) 49. [32] A.I. Davydychev, M.Yu. Kalmykov, Nucl. Phys. B699 (2004) 3. [33] A.I. Davydychev, Phys. Rev. D61 (2000) 087701;

A.I. Davydychev, M.Yu. Kalmykov, Nucl. Phys. Proc. Suppl. 89 (2000) 283. [34] A.I. Davydychev, M.Yu. Kalmykov, Nucl. Phys. B605 (2001) 266. [35] S. Moch, P. Uwer, S. Weinzierl, J. Math. Phys. 43 (2002) 3363. [36] S. Weinzierl, J. Math. Phys. 45 (2004) 2656.

[37] Shu Oi, “Representation of the Gauss hypergeometric function by multiple polylogarithms and relations of multiple zeta values,” [arXiv:math.NT/0405162].

[38] M.Yu. Kalmykov, B.F.L. Ward, S. Yost, J. High Energy Phys. (2): (2007) 040.

[39] M.Yu. Kalmykov, B.F.L. Ward, S.A. Yost, J. High Energy Phys. (10): (2007) 048.

[40] M.Yu. Kalmykov, B.F.L. Ward, S.A. Yost, J. High Energy Phys. (11): (2007) 009.

[41] T. Huber, D. Maître, Comput. Phys. Commun. 178 (2008) 755.

[42] M.Yu. Kalmykov, Nucl. Phys. Proc. Suppl. 135 (2004) 280.

[43] C.F. Gauss, Disquisitiones generales circa seriem infinitam 1+αβ̇/γx+· · · , Gesammelte Werke, vol.3, Teubner, Leipzig, 1823, pp.1866-1929.

[44] M. Yoshida, “Fuchsian differential equations”, Vieweg, 1987;

K. Iwasaki, H. Kimura, S. Shimomura, M. Yoshida, “From Gauss to Painlevé. A modern theory of special functions”. Friedr. Vieweg & Sohn, Braunschweig, 1991; T.H. Koornwinder, V.B. Kuznetsov, St. Petersburg Math. J. 6 (1995) 595; F. Beukers, Gauss’ hypergeometric function, Technical report, Utrecht University, 2002;

R. Vidūnas, J. Comput. Applied Math. 153 (2003) 507 [arXiv:math.CA/0109222].

[45] M.Yu. Kalmykov, J. High Energy Phys. (4): (2006) 056.

[46] D. Maître, “Extension of HPL to complex arguments,”[arXiv:hep-ph/0703052].

[47] L. Lewin, Polylogarithms and Associated Functions (North-Holland, Amsterdam, 1981).

[48] D.J. Broadhurst, Eur. Phys. J. C8 (1999) 311.

[49] J. Fleischer, M.Yu. Kalmykov, Phys. Lett. B470 (1999) 168;

A.I. Davydychev, M.Yu. Kalmykov, “Geometrical approach to loop calculations and the epsilon-expansion of Feynman diagrams,” [arXiv:hep-th/0203212]; M.Yu. Kalmykov, Nucl. Phys. B718 (2005) 276.

[50] T. Arakawa, M. Kaneko, J. Math. Soc. Japan 56 (2004) 967;

Jun-Ichi Okuda, Bull. London Math. Soc. 37 (2005) 230;

J. Okuda, K. Ueno, “The Sum Formula of Multiple Zeta Values and Connection Problem of the Formal Knizhnik-Zamolodchikov Equation”, [arXiv:math/0310259].

[51] H.S. Wilf, Generatingfunctionology, Academic Press, London, 1994,

http://www.math.upenn.edu/~wilf/DownldGF.html

[52] D. Zeilberger, SIAM J. Math. Anal. 11 (1980) 919.

[53] N. Takayama, Japan J. Appl. Math. 6 (1989) 147. [54] B.A. Kniehl, et al., Nucl. Phys. B738 (2006) 306.

[55] O.V. Tarasov, Nucl. Phys. B502 (1997) 455 [arXiv:hep-ph/9703319]. [56] A.P. Prudnikov, Yu.A. Brychkov, O.I. Marichev, Integrals and Series, v.3: More Special Functions, Gordon and Breach, New York, 1990.

[57] R. Vidūnas, Rocky Mountain J. Math. 32 (2002) 919. [58] R. Tremblay, B.J. Fugére, J. Math. Anal. Appl. 198 (1996) 844. [59] F.V. Tkachov, Int.J.Mod.Phys. A8 (1993) 2047;

G.B. Pivovarov, F.V. Tkachov, Int.J.Mod.Phys. A8 (1993) 2241; V.A. Smirnov, Commun. Math. Phys. 134 (1990) 109.

[60] F. Jegerlehner, M.Yu. Kalmykov, O. Veretin, Nucl. Phys. B641 (2002) 285;

J. Fleischer, M.Yu. Kalmykov, Comput. Phys. Commun. 128 (2000) 531; J. Fleischer, M.Yu. Kalmykov, A.V. Kotikov, Phys. Lett. B462 (1999) 169; B467 (1999) 310(E);

webpage: http://theor.jinr.ru/~kalmykov/onshell2/onshell2.html [61] G. Wechsung, ”Functional equations of Hyperlogarithms” in L. Lewin (ed.) Structural properties of polylogarithms, pp. 171–184 (AMS Monographs, Providence, 1991).

[62] J. Vollinga, S. Weinzierl, Comput. Phys. Commun. 167 (2005) 177. [63] K.T. Chen, Ann. of Math. 73 (1961) 110; Trans. A.M.S. 156 (1971) 359 . [64] G.Sansone, “Ordinary Differential Equations” [Russian translation], Inostrannaya Literatura, Moscow, 1954;

E.L. Ince, ”Ordinary Differential Equations”, Dover Publications, New York, 1956.