arXiv:0904.3729v1 [hep-ph] 23 Apr 2009

DESY 09–054

Functional equations for one-loop master integrals for heavy-quark production and Bhabha scattering

Bernd A. Kniehl and Oleg V. Tarasov^1 II. Institut für Theoretische Physik, Universität Hamburg, Luruper Chaussee 149, 22761 Hamburg, Germany

Abstract

The method for obtaining functional equations, recently proposed by one of the authors [1], is applied to one-loop box integrals needed in calculations of radiative corrections to heavy-quark production and Bhabha scattering. We present relationships between these integrals with different arguments and box integrals with all propagators being massless. It turns out that functional equations are rather useful for finding imaginary parts and performing analytic continuations of Feynman integrals. For the box master integral needed in Bhabha scattering, a new representation in terms of hypergeometric functions admitting one-fold integral representation is derived. The hypergeometric representation of a master integral for heavy-quark production follows from the functional equation.

PACS numbers: 02.30.Gp, 02.30.Ks, 12.20.Ds, 12.38.Bx Keywords: Feynman integrals, functional equations, Appell hypergeometric function, Bhabha scattering

1On leave of absence from Joint Institute for Nuclear Research, 141980 Dubna (Moscow Region) Russia.

1 Introduction

The production of heavy quarks at hadron colliders has become a very important field of research. The very large production rates for both top and bottom quarks at the CERN Large Hadron Collider (LHC) will allow for studies of heavy quarks with high precision. The full next-to-leading-order (NLO) radiative corrections to the hadroproduction of heavy flavors was completed in Ref. [2]. The theoretical NLO predictions suffer from the usual uncertainty resulting from the freedom in the choice of renormalization and factorization scales of perturbative QCD. To reduce such uncertainties, next-to-next-to-leading order (NNLO) calculations are needed. The computation of NNLO corrections is complicated due to great technical difficulties, mainly related to the evaluation of two-loop Feynman integrals. To overcome such difficulties, it is of great importance to develop new methods and approaches for calculating Feynman integrals. The main complications of these calculations are related to the fact that the integrals depend on several kinematical variables. As was noted in Ref. [3], the most appropriate methods for calculating such integrals may be those based on a different kind of recurrence relations. Such methods can be based on the solution of recurrence relations with respect to the exponent of a propagator in the integral [4] or on the solution of dimensional recurrences [5, 6].

A significant simplification of the computation of Feynman integrals depending on several kinematical variables may be achieved by using a new type of relationships between Feynman integrals through functional equations with respect to kinematical variables as proposed in Ref. [1]. As was shown in Ref. [1], Feynman integrals with several kinematical variables can be expressed in terms of integrals with a lesser number of variables, which significantly simplifies their evaluation.

It is the purpose of the present paper to apply the general method for finding functional equations [1] to integrals required in calculations of radiative corrections to important physical processes and to use those relations for the analytic computation of these integrals.

Our paper is organized as follows. In Section 2, we give definitions and notations. In Section 3, we present functional equations for the on-shell master integrals from heavy-quark production and Bhabha scattering. In Section 4, a new hypergeometric representation in terms of the Appell functions F_1 and F_3 and the Gauss hypergeometric function_2F_1 for the one-loop box integral from Bhabha scattering is presented. In Section 5, we describe how to use functional equations to find imaginary parts of the considered integrals. New analytic results for the imaginary parts are presented. Using dispersion relations, we write also one-fold integral representations for real parts of integrals. In Section 6, we present functional equations for master integrals from heavy-quark production with one quark leg off shell.

2 Definitions and notations

As was shown in Ref. [1], functional equations for one-loop integrals corresponding to diagrams with four external legs can be derived, for example, from the following equation obtained in

Refs. [5, 7]:

G_4 j^+I^{(d+2)}_5 (m^2_1, m^2, m^2_3, m^2_4, m^2_5; {s_{kr}}) − (∂_j Δ_5)I^{(d)}_5 (m^2_1, m^2, m^2_3, m^2_4, m^2_5; {s_{kr}})

= (∂_j ∂_1Δ_5) I^{(d)}_4 (m^2, m^2_3, m^2_4, m^2_5; s_{23}, s_{34}, s_{45}, s_{25}; s_{35}, s_{24})

+ (∂_j ∂_2Δ_5) I^{(d)}_4 (m^2_1, m^2_3, m^2_4, m^2_5; s_{13}, s_{34}, s_{45}, s_{15}; s_{35}, s_{14})

+ (∂_j ∂_3Δ_5) I^{(d)}_4 (m^2_1, m^2, m^2_4, m^2_5; s_{12}, s_{24}, s_{45}, s_{15}; s_{25}, s_{14})

+ (∂_j ∂_4Δ_5) I^{(d)}_4 (m^2_1, m^2, m^2_3, m^2_5; s_{12}, s_{23}, s_{35}, s_{15}; s_{25}, s_{13})

+ (∂_j ∂_5Δ_5) I^{(d)}_4 (m^2_1, m^2, m^2_3, m^2_4; s_{12}, s_{23}, s_{34}, s_{14}; s_{24}, s_{13}), (1)

where the operator j^+ shifts the indices ν_j→ν_j + 1, G_4 is the Gram determinant, and Δ_5 is the modified Cayley determinant, defined as

G_4 = −16 | | | | | p_{15}p_{15} p_{15}p_{25} p_{15}p_{35} p_{15}p_{45} p_{15}p_{25} p_{25}p_{25} p_{25}p_{35} p_{25}p_{45} p_{15}p_{35} p_{25}p_{35} p_{35}p_{35} p_{35}p_{45} p_{15}p_{45} p_{25}p_{45} p_{35}p_{45} p_{45}p_{45}

| | | | | , Δ_5 =

| | | | | |

Y_{11} Y_{12} Y_{13} Y_{14} Y_{15} Y_{12} Y_{22} Y_{23} Y_{24} Y_{25} Y_{13} Y_{23} Y_{33} Y_{34} Y_{35} Y_{14} Y_{24} Y_{34} Y_{44} Y_{45} Y_{15} Y_{25} Y_{35} Y_{45} Y_{55}

| | | | | | , (2)

Y_{ij} = m^2_i + m^2_j − s_{ij}, s_{ij} = p^2_{ij}, p_{ij} = p_i − p_j, ∂_j = ∂ ∂m^2_j . (3)

The integral I^{(d)}_5 ({m^2_j }, {s_{kr}}) corresponds to a diagram with five external legs and the integrals I^{(d)}_4 ({m^2_j }, {s_{kr}}) in Eq. (1) are defined as

I^{(d)}_4 (m^2_n, m^2_j , m^2_k, m^2_l ; s_{nj}, s_{jk}, s_{kl}, s_{nl}; s_{jl}, s_{nk}) = ∫ d^dq iπ^{d/2} 1 [(q − p_n)^2 − m^2_n][(q − p_j)^2 − m^2_j ][(q − p_k)^2 − m^2_k][(q − p_l)^2 − m^2_l ]

. (4)

The diagram corresponding to the integral I^{(d)}_4 (m^2_1, m^2, m^2_3, m^2_4; {s_{ij} }) is presented in Fig. 1.

Figure 1: Diagram corresponding to the integral I^{(d)}_4 (m^1, m^2, m^2_3, m^2_4; s_{12}, s_{23}, s_{34}, s_{14}; s_{24}, s_{13}).

In what follows, we will use the following short-hand notation for integrals needed in the calculation of the one-loop radiative corrections to the process e^+e^− → e^+e^−, the so-called Bhabha scattering [8], and heavy-quark production:

B(s, t) = I^{(d)}_4 (0, m^2, 0, m^2; m^2, m^2, m^2, m^2; s, t),

D_2(s, t) = I^{(d)}_4 (0, 0, 0, m^2; 0, 0, m^2, m^2; t, s). (5)

The diagrams corresponding to these integrals are depicted in Fig. 2.

Figure 2: Diagrams corresponding to the integrals D_2(t, s) and B(s, t). Lines with a zero internal mass m_i = 0 (for internal lines) or a zero virtuality s_{ij} = 0 (for external lines) are shown wavy. Solid lines have a non-zero internal mass or a non-zero virtuality.

3 Functional equations for the integrals B(s, t) and D_2(t, s)

In this section, we present in detail the derivation of functional equations for the scalar integrals B(s, t) and D_2(t, s). As was proposed in Ref. [1], one can obtain a functional equation for the integral I^{(d)}_4 ({m^2_j }, {s_{kr}}) by eliminating terms with I^{(d)}_5 ({m^2_j }, {s_{kr}}) from Eq. (1) through an appropriate choice of kinematical variables. The integral I^{(d)}_5 ({m^2_j }, {s_{kr}}) depends on 15 kinematical variables, while the integral I^{(d)}_4 ({m^2_j }, {s_{kr}}) depends on 10 variables. Therefore, to obtain a functional equation for the integral I^{(d)}_4 ({m^2_j }, {s_{kr}}) with all 10 kinematical variables arbitrary, we can impose conditions on some 5 variables. To eliminate terms with I^{(d)}_5 ({m^2_j }, {s_{kr}}) from Eq. (1), two equations must be fulfilled:

G_4 = 0, ∂_jΔ_5 = 0, (6)

thus fixing two kinematical variables. There are several options to use the remaining three variables. One option is to set these variables to some particular values and obtain a functional equation connecting the integral of interest with integrals which are easy to evaluate and/or integrals similar to the original one but with different kinematics. Another option to choose variables is to reduce the number of terms in the functional equation by requiring some derivatives ∂_i∂_j Δ_5 to be zero. Also, one can use some combination of these two options. The derivation of the numerous functional equations corresponding to the different options and their combinations described above was done on a computer. We describe the most useful functional equations below.

To be definite, let us assume that our integral of interest is the last integral on the right-hand side of Eq. (1). If we set in Eq. (1) m_1 = m_3 = 0, m^2 = m^2_4 = m^2, s_{12} = s_{23} = s_{34} = s_{14} = m^2, and s_{24} = s, s_{13} = t, then the last integral on the right-hand side of this equation corresponds to our integral B(s, t).

Setting m^2_5 = 0 and choosing different particular values of the remaining two kinematical variables and/or requiring some second derivatives ∂_i∂_j Δ_5 to be zero, one can get from Eq. (1) rather different functional equations for the integral B(s, t). For some specific choice of kinematical variables, also the integral D_2(s, t) appears in the functional equation. By imposing different conditions, we try to find equations connecting the integrals B(s, t) and D_2(s, t) with simpler integrals, for example, with integrals having more massless propagators and simpler external kinematics. We would like to note that, in the present investigation, we always set m^2_5 = 0 in order to avoid the appearance of integrals with three propagators having nonzero mass in the functional equations.

Substituting j = 2, m^2 = m^2_3 = m^2_5 = 0, s_{12} = s_{23} = s_{34} = s_{14} = m^2, s_{24} = s, and s_{13} = t into Eq. (1) and choosing s_{15}, s_{25}, s_{35}, and s_{45} from the conditions

G_4 = 0, ∂_2Δ_5 = 0, ∂_1∂_2Δ_5 = 0, ∂_2∂_3Δ_5 = 0, (7)

we arrive at the following equation: B(s, t) = m^2 s (1 + α_+)D_2(t, m^2α_+) + m^2 s (1 + α_−)D_2(t, m^2α_−), (8)

where α_± = 1 ± β_s 1 ∓ β_s , β_s = √ 1 − 4m^2 s . (9)

Thus, we have a relation connecting the integral B(s, t) with an integral having only one massive propagator, i.e. with the integral D_2(s, t). It turns out that the integral D_2(s, t) in Eq. (8) satisfies the following functional equation:

D_2(t, s) = m^2 s D_2 ( t, m^4 s ) + s − m^2 s I^{(d)}_4 ( 0, 0, 0, 0; 0, 0, 0, 0;

(s − m^2)^2 s , t ) , (10)

which can be obtained from Eq. (1) by setting j = 5, m^2_1 = m^2 = m^2_3 = m^2_5 = s_{12} = s_{23} = 0, s_{34} = s_{14} = m^2_4 = m^2, and s_{24} = s, s_{13} = t and imposing the conditions

G_4 = ∂_5Δ_5 = ∂_1∂_5Δ_5 = ∂_3∂_5Δ_5 = 0. (11)

The last integral in Eq. (10) corresponds to the box integral with all propagators massless and the squares of all external momenta equal to zero. By using Eq. (10) and taking into account the relation α_+α_− = 1, one can write the integral in Eq. (8) with argument α_+ as

D_2(t, m^2α_+) = α_− D_2(t, m^2α_−) + (1 − α_−) I^{(d)}_4 ( 0, 0, 0, 0; 0, 0, 0, 0; s − 4m^2, t ) . (12)

Substituting this relation into Eq. (8), gives

B(s, t) = (1 − β_s)D_2(t, m^2α_−) + β_s I^{(d)}_4 (0, 0, 0, 0; 0, 0, 0, 0; s − 4m^2, t). (13)

We illustrate this relation in Fig. 3. From Eq. (13), the master integral from heavy-quark production is found to be

D_2(s, t) = t + m^2 2t B ( (t + m^2)^2 t , s ) + t − m^2 2t I^{(d)}_4 ( 0, 0, 0, 0; 0, 0, 0, 0;

(t − m^2)^2 t , s ) . (14)

Here, we would like to remark that, for ε = (4−d)/2 → 0, the integral D_2 has a pole proportional to 1/ε^2, while the leading singularity of the integral B(s, t) is 1/ε. The leading 1/ε^2 singularity on the right-hand side comes from the massless integral I_4.

Analytic formulae for both integrals on the right-hand side of Eq. (14) are given in the next sections.

Figure 3: A schematic depiction of Eq. (13). Wavy lines correspond to massless scalar propagators and solid lines to massive propagators.

4 Analytic result for the integral B(s, t)

Using the method of dimensional recurrences [5, 6], the following hypergeometric representation for the integral B(s, t) was obtained in Ref. [9]: B(s, t) = (−2) mt(s − 4m^2) I^{(d)}_2 (0, 0; t) F_1 ( d − 3 2 , 1, 1 2 ; d − 1 2 ; tz 4 , − tθ 4m^2 )

+ 2(2 − d) t(s − 4m^2)

I^{(d)}_2 (0, m^2; 0) × [ F_2 ( d − 3 2 , 1, 1, 3 2 , d − 2 2 ; s s − 4m^2 , −m^2z ) − 1 d − 3 ϕ ( −m^2z, θ )] , (15)

where z = 4u t(4m^2 − s) , θ = 1 − 4m^2 t , u = 4m^2 − s − t, (16)

and I^{(d)}_2 are the one-loop propagator type integrals

I^{(d)}_2 (0, m^2; 0) = 1 iπ^{d/2} ∫ d^dk_1 k^2_1(k^2_1 − m^2)

= −Γ ( 1 − d 2 ) m^{d−4}, I^{(d)}_2 (0, 0; p^2) = 1 iπ^{d/2} ∫ d^dk_1 k^2_1(k_1 − p)^2 = −π^32 (−p^2)^d2^{−2} 2^{d−3}Γ (_{d−1} 2 ) sin^{πd}_2

. (17)

Here, the Appell hypergeometric functions are

F_1 ( d − 3 2 , 1, 1 2 , d − 1 2 ; x, y ) = ∞∑ r=0 ∞∑ s=0 (_{d−3} 2 ) r+s (_{d−1} 2 ) r+s (_1 2 ) s (1)_s x^ry^s,

F_2 ( d − 3 2 , 1, 1, 3 2 , d − 2 2 ; x, y ) = ∞∑ r=0 ∞∑ s=0 (_{d−3} 2 ) r+s (_3 2 ) r (_{d−2} 2 ) s x^ry^s. (18)

The function ϕ(x, y) is

ϕ(x, y) = F^{1;2;1}_{1;1;0} [_{d−3} 2 :^{d−3}_2 , 1; 1; d−1 2 :^{d−2}_2 ; −; x, y ] = ∞∑ r=0 ∞∑ s=0 (_{d−3} 2 ) r+s (_{d−1} 2 ) r+s (_{d−3} 2 ) r (_{d−2} 2 ) r x^ry^s, (19)

where F^{1;2;1}_{1;1;0} is the Kampé de Fériet function [10]. The Appell function F_1 admits a onefold integral representation (see Appendix). The functions F_2 and ϕ admit two-fold integral representations, and this is the reason why their ε expansions are problematic.

We discovered that both functions can be represented in terms of the Gauss hypergeometric function_2F_1 and Appell function F_3, defined as [10]:

F_3 ( α, α^′, β, β^′, γ, x, y ) = ∞∑ m,n=0 (α)_m(α^′)_n(β)_m(β^′)_n (γ)_{m+n} x^m m! y^n n! , |x| < 1, |y| < 1. (20) We found two methods to obtain such a representation for the ϕ function. The first method is as follows. We write the function ϕ(x, y) as ϕ(x, y) = ∞∑ r=0 (_{d−3} 2 ) r (_{d−3} 2 ) r (_{d−2} 2 ) r (_{d−1} 2 ) r x^r_2F_1 [ 1,^{d−3}_2 + r ; d−1 2 + r ; y ] , (21)

and then perform an analytic continuation of_2F_1 transforming it to two functions_2F_1 with argument 1/y. Thus, we obtain two terms. One of these terms is just the Gauss function_2F_1 and another one is the Horn function

H_2 ( d − 5 2 , 1, 1, 1, d − 2 2 , x, 1 y − 1 ) , (22)

defined as [11]

H_2 ( α, β, γ, γ^′, δ, x, y ) = ∞∑ m,n=0 (α)_{m−n}(β)_m(γ)_n(γ^′)_n (δ)_m x^m m! y^n n! , 1 |y| − |x| > 1, |x|, |y| < 1. (23) The Horn function (22) can be expressed in terms of_2F_1 functions and the Appell function F_3 using Eq. (65) on p. 295 in Ref. [12]. Combining all terms, we arrive at the following result: ϕ(x, y) = − (d − 3)(d − 4) (d − 5)(d − 7) 1 x(1 − y) F_3 ( 1, 1, 3 − d 2 , 1, 9 − d 2 ; 1 x , 1 1 − y )

+ (3 − d)Γ (_{d−2} 2 ) Γ (_{5−d} 2 ) √ π (1 − y)(−x)^{(d−5)}2 √ 1 − 1 x^2

F_1 [ 1, 1 ;_3 2 ; 1 − x 1 − y ]

+ Γ (_{d−1} 2 ) Γ (_{5−d} 2 ) (−y)^{d−3}2^2

F_1 [ 1,^{d−3}_2 ; d−2 2 ; x y ] . (24)

The Appell function F_3 for this specific set of parameters can be written as a one-fold integral:

F_3 ( 1, 1, 3 − d 2 , 1, 9 − d 2 ; 1 x , 1 1 − y ) = Γ (_{9−d} 2 ) x(y − 1) Γ (_3 2 ) Γ ( 3 −^d_2 ) ∫_1 0 (1 − v)^{2− d}2 arcsin √_v 1−y (1 − x − v) √ 1 − y − v dv. (25) This formula can be obtained from the integral representation of the F_3 function [11] (see also Appendix). The function ϕ(−m^2z, θ) from Eq. (15) reads:

ϕ(−m^2z, θ) = (d − 3)Γ ( d − 5 2 ) { −ϕ_1(s, t) √ πΓ ( 2 −^d_2 ) + 1 2 Γ ( d − 3 2 ) (−θ)^{3−d2}_2F_1 [ 1,^{d−3}_2 ; d−2 2 ; 4m^2u (t + u)(s + u) ]

− t(u + t)Γ (_d 2 − 1 ) 2 √ m^2stu [ t(t + u) 4m^2u ] d−5_2 arcsin √ w 4m^2(t + u) } , (26) where

ϕ_1(s, t) =

∫_1 0 (1 − v)^{2− d}2 arcsin √_{vt} 4m^2 [_w 4(u+t) − v ] √ 1 − θ − v dv, (27) and w = 16m^4 − 4m^2s − ts. (28) From this expression, it follows that any coefficient in the ε expansion of the ϕ function can be expressed in terms of one-fold integrals. Several terms of the ε expansion of the function ϕ are given in Ref. [13].

We present also another method to represent the function ϕ(x, y) in terms of the Appell function F_3 and the Gauss functions_2F_1. For the function ϕ(x, y), one can write the following integral representation [13]: ϕ(x, y) = d − 3 2 1∫ 0 v^{d−5}2 1 − yv^2

F_1 [ 1,^{d−3}_2 ; d−2 2 ; xv ] dv . (29) From this integral representation, one can derive a differential equation. Differentiating both sides of Eq. (29) w.r.t. x, using the following formula for the derivative of the Gauss function, d dz^2 F_1 [ 1, b ; c ; z ] = (bz − c + 1) z(1 − z)^2

F_1 [ 1, b ; c ; z ] + (c − 1) z(1 − z) , (30)

and after some simplification of the resulting integrand, one obtains the following equation [9]: 2(y − x)x ∂ϕ(x, y) ∂x = [y − (d − 3)(y − x)]ϕ(x, y) (31)

− x(d − 3)_2F_1 ( 1, d − 3 2 , d − 2 2 , x ) + (d − 4)y_2F_1 ( 1, d − 3 2 , d − 1 2 , y ) . This first-order differential equation can be easily solved yielding: ϕ(x, y) = (d − 3) (d − 2) x x − y F_3 ( 1 2 , 1, 1, d − 3 2 , d 2 ; x x − y , x )

+ ( y y − x )_{1/2} 2F_1 [ 1,^{d−3}_2 ; d−1 2 ; y ] 2F_1 [ 1,^{d−3}_2 ; d−2 2 ; x y ] . (32)

As it happens in the previous case, instead of the Kampé de Fériet function, we obtain the more familiar Appell function F_3, which, for the above parameters, admits the one-fold integral representation:

F_3 ( 1 2 , 1, 1, d − 3 2 , d 2 ; x x − y , x ) = Γ (_d 2 ) (x − y) √ π Γ (_{d−3} 2 ) x(1 − x) ∫_1 0 (1 − v)^{d−5}2 1 −^{vx}_{x−1} ln 1 + √_{xv} x−y 1 − √_{xv} x−y dv. (33) This relation is obtained from the integral representation given in the Appendix. By using Eqs. (32) and (33), we obtain the following expression for the function ϕ(−m^2z, θ) from Eq. (15): ϕ(−m^2z, θ) = (d − 3)Γ (_d 2 − 1 ) (4m^2 − s)t 2 √ π Γ (_{d−3} 2 ) w ϕ_2(s, t)

+ [( 1 − 4m^2 s ) θ ] 1_2

2F_1 [ 1,^{d−3}_2 ; d−1 2 ; θ ] 2F_1 [ 1,^{d−3}_2 ; d−2 2 ; 4m^2u (s − 4m^2)(t − 4m^2) ] , (34) where

ϕ_2(s, t) =

∫_1 0 (1 − v)^{d−5}2 1 −^{4m2uv}_w ln 1 + √ −^{4m2uv}_{ts} 1 − √ −^{4m2uv}_{ts} dv, (35) θ is defined in Eq. (16) and w in Eq. (28).

Thus, we obtained two rather different hypergeometric representations for the ϕ function. In both cases, the hypergeometric functions admit one-fold integral representations, so that all the coefficients in the ε expansion may be expressed only in terms of one-fold integrals.

The Appell function F_2 from Eq. (15) can also be expressed in terms of the Appell function F_3 and the Gauss function_2F_1. To obtain such a relation, we use the formula for the analytic continuation of the Appell function F_3 from Ref. [11] and obtain:

F_2 ( d − 3 2 , 1, 1, d − 2 2 , 3 2 ; x, y ) = (d − 4) (d − 5)(d − 7)xy F_3 ( 1, 1, 3 − d 2 , 1 2 , 9 − d 2 ; 1 x , 1 y )

− √ π Γ (_{5−d} 2 ) Γ (_{d−2} 2 ) 2 √ −y(−x)^d2^{−2} + Γ (_{5−d} 2 ) Γ (_{d−2} 2 ) √ π (−x)^d2^{−2} √ 1 − x^2

F_1 [ 1,^1_2 ;_3 2 ; y 1 − x ]

+ √ π Γ (_{5−d} 2 ) 2Γ (_{6−d} 2 ) √ −y (1 − y)^d2^{−2 2}

F_1 [ 1,^d_2 − 2 ; d 2 − 1 ; x 1 − y ] . (36)

The Appell function F_3 with this particular set of parameters also can be expressed in terms of the one-fold integral

F_3 ( 1, 1, 3 − d 2 , 1 2 , 9 − d 2 ; 1 x , 1 y ) = −Γ (_{9−d} 2 ) √ π Γ ( 3 −^d_2 ) x √ y 1 − x ∫_1 0 (1 − v)^{4−d}2 1 +^v_{x−1} ln 1 + √_v y 1 − √_v y dv. (37)

Therefore, the Appell function F_2 from Eq. (15) reads:

F_2 ( d − 3 2 , 1, 1, 3 2 , d − 2 2 ; s s − 4m^2 , −m^2z )

= Γ (_{5−d} 2 ) 16 √ πΓ ( 2 −^d_2 ) (4m^2 − s) m^2 [ t(s − 4m^2)m^2u

] 1_2 ϕ_3(s, t)

+ Γ ( 5 − d 2 ) Γ ( d 2 − 1 ) [ πst 16um^2

] 1_2 [

4m^2 − s s ]^{d−3}_2 [ 1 + i π ln 1 + √ −^u_t 1 − √ −^u_t ]

+ √ π Γ (_{5−d} 2 ) 4Γ ( 3 −^d_2 ) [ t(4m^2 − s) um^2 ] 1_2 [ t(4m^2 − s) w ]^{d−4}_2

2F_1 [ 1,^{d−4}_2 ; d−2 2 ; − ts w ] , (38)

where

ϕ_3(s, t) =

∫_1 0 (1 − v)^{4−d}2 1 +^{(s−4m2 )v}

4m^2 ln 1 + √_{vt(s−4m2 )} 4m^2 u 1 − √_{vt(s−4m2 )} 4m^2 u dv. (39) Thus, we found that the Appell function F_2, the function ϕ and, therefore, also the integral B(s, t) are expressible in terms of hypergeometric functions admitting one-fold integral representations. Such a representation of B(s, t) would be convenient for obtaining higher-order terms in the ε expansion of this integral. The first terms in the ε expansion of the integral B(s, t) were obtained in Ref. [14].

In Ref. [9], a one-fold integral representation for a scalar box integral with arbitrary masses, external momenta and space-time dimension d was presented. To obtain the formula for B(s, t) directly from such a representation by setting masses and scalar invariants to their specific values would be not so easy because the appropriate analytic formulae are rather lengthy, and also the analytic continuations needed for the hypergeometric functions are rather nontrivial. Our result can be considered as a confirmation that the one-fold integral representations for box integrals with physically relevant kinematics do exist.

5 Imaginary parts and spectral representation for the integral D_2

The integral I^{(d)}_4 with all internal lines massless and external legs on shell can be calculated analytically. Using the method of dimensional recurrences [6], we obtain the following relation for the last integral in Eq. (13), assuming |s + t| ≤ |s| and |s + t| ≤ |t|:

I^{(d)}_4 (0, 0, 0, 0; 0, 0, 0, 0; s, t) = −4(d − 3) st(d − 4) × { I^{(d)}_2 (0, 0; t)_2F_1 [ 1,^d_2 − 2 ; d 2 − 1 ; s + t s ] + I^{(d)}_2 (0, 0; s)_2F_1 [ 1,^d_2 − 2 ; d 2 − 1 ; s + t t ]} . (40)

This formula is in agreement with the result obtained in Ref. [15] (see also Refs. [16, 17]). Thus, Eqs. (14), (15), and (40) provide us with a hypergeometric representation for the integral D_2. The ε expansions of the real and imaginary parts of this integral through order ε^2 were given in Ref. [18]. We expect that, with our hypergeometric representation, one can derive a shorter result for the ε^2 term in the expansion of the integral D_2 than that given in Ref. [18].

The functional equations in Eqs. (10) and (13) can be used for finding imaginary parts of the integrals in some kinematical regions. As one can see from Eq. (10), if s > m^2 and t < 0, the integral I^{(d)}_4 (0, 0, 0, m^2; 0, 0, m^2, m^2; s, t) has an imaginary part that arises only from the integral I^{(d)}_4 with all propagators massless, which can be easily found from Eq. (40), so that

Im D_2(t, s) =

4(d − 3) (d − 4) sin^{πd}_2 t(m^2 − s)

I^{(d)}_2 ( 0, 0;

(s − m^2)^2 −s ) 2F_1 [ 1,^d_2 − 2 ; d 2 − 1 ; 1 + (s − m^2)^2 st ] , s > m^2, t < 0. (41)

In a similar fashion, if s > 4m^2 and t < 0, the imaginary part of the integral B(s, t) can be obtained from Eq. (13). In this case, the imaginary part originates only from the second integral on the right-hand side of Eq. (13). Again one can use Eq. (40) to find: Im B(s, t) = 4(d − 3) (d − 4) β_s sin^{πd}_2 t(4m^2 − s)

I^{(d)}_2 ( 0, 0; 4m^2 − s

)_2 F_1 [ 1,^d_2 − 2 ; d 2 − 1 ; 1 + s − 4m^2 t ] , s > 4m^2, t < 0. (42)

One can write D_2(s, t) in the fixed-t spectral representation

D_2(t, s) = 1 π ∞∫ m^2 dx Im D_2(t, x) s − x . (43)

Substituting Eq. (41) into Eq. (43) leads to the following integral representation for D_2(t, s):

D_2(t, s) =

4(d − 3) sin^{πd}_2 (d − 4)tπ ∞∫ m^2 dx (s − x)(x − m^2)

× I^{(d)}_2 ( 0, 0;

(x − m^2)^2 −x ) 2F_1 [ 1,^d_2 − 2 ; d 2 − 1 ; 1 + (x − m^2)^2 xt ] . (44)

To use D_2(t, s) in calculations of heavy-quark production, one needs to know it at t > 0 and s < 0. To perform the analytic continuation of D_2(t, s) into the region t > 0, one can use Eq. (44). Using a formula for the analytic continuation of the Gauss hypergeometric function [11] and introducing the new integration variable v = xt (m^2 − x)^2 + xt

, (45)

leads to the following expression:

D_2(t, s) =

2(d − 3) sin^{πd}_2 πst^{4− d}2 1∫ 0 dv 1 − vσ I^{(d)}_2 ( 0, 0; v − 1 v ) { m^2 − s 1 − v − (s + m^2) √ (1 − v)(1 − vθ) }

× { v 6 − d^2

F_1 [ 1, 3 −^d_2 ; 4 −^d_2 ; v ] + π 2 v^{d2 −2} cot πd 2 + i π 2 v^{d2 −2} } , (46)

where σ = 1 +

(s − m^2)^2 st , (47)

and θ is defined in Eq. (16). Substituting the expression for I^{(d)}_2 in this formula, we obtain for the imaginary part:

Im D_2(t, s) =

−π^32 (d − 3)t^d2^{−4} s2^{d−4}Γ (_{d−1} 2 ) { m^2 − s d − 4^2

F_1 [ 1, 1 ;_{d−2} 2 ; σ ] − s + m^2 d − 3 F_1 ( 1, 1, 1 2 ; d − 1 2 ; σ, θ )} , s < 0, t > 0. (48)

Applying the Euler transformation to the hypergeometric functions_2F_1 and F_1 (see, for example, Ref. [11]), we find agreement with the expression for the imaginary part obtained in this region from the analytic result for the integral B(s, t) given in Eq. (15).

For the real part, one can write the following representation:

Re D_2(t, s) =

2(d − 3)(1 − σ)^d2^{−2} (d − 4) t(s − m^2)

I^{(d)}_2 (0, 0; −t)_2F_1 [ 1,^{d−4}_2 ; d−2 2 ; σ ] + cot πd 2 Im D_2(t, s) + Φ(t, s), s < 0, t > 0, (49) where

Φ(t, s) = 2^{4−d} √ π (d − 3)(s + m^2) (6 − d)Γ (_{d−1} 2 ) s t^{4− d}2 1∫ 0 dv 1 − vσ v^{3− d}2 (1 − v)^{d−5}2 √ (1 − vθ)^2

F_1 [ 1, 3 −^d_2 ; 4 −^d_2 ; v ] . (50)

Equations (48) and (49) are convenient for the ε expansion. Appropriate formulae for the ε expansion of the Gauss hypergeometric function can be taken from Refs. [19, 20]. To obtain the ε expansion of the Appell hypergeometric function F_1, one can use a one-fold integral representation (see Appendix). The first two terms in Eq. (49) give singular contributions proportional to 1/ε^2 and 1/ε. The last term in Eq. (49) is regular in ε. Its ε expansion can be derived from integral representation of Eq. (50).

In the case when t > 0 and s < 0, the imaginary part of B(s, t) can be found from Eq. (15) and reads: Im B(s, t) = π^32 2^{4−d} t^{d−5}2 m(s − 4m^2)Γ (_{d−1} 2 )F_1 ( d − 3 2 , 1, 1 2 ; d − 1 2 ; 1 − t 4m^2 − s , 1 − t 4m^2 ) . (51)

The imaginary part of the integral D_2(s, t) for s > 0 and t < 0 reads:

Im D_2(s, t) = sin πd 2 I^{(d)}_2 (0, 0; − s) { 2(d − 3) (d − 4)s(m^2 − t)^2

F_1 [ 1,^d_2 − 2 ; d 2 − 1 ; 1 + st (t − m^2)^2 ]

− (t + m^2) m √ s(t − m^2)^2

F_1 ( d − 3 2 , 1, 1 2 , d − 1 2 ; 1 + st (t − m^2)^2 , 1 − s 4m^2 )} . (52)

The first few terms of the ε expansion of the Appell function F_1 can be found in Refs. [9, 21].

6 Functional equations for D_2 with one quark leg off shell

For the computation of the radiative corrections to heavy-quark production in the NNLO approximation, one needs to know the integral D_2 with one quark leg off shell. This is a rather nontrivial task, which will be considered in a forthcoming publication. In this section, we just want to outline the strategy of such calculations. Similar to the case of D_2 with all legs on shell, one can derive the functional equations:

I^{(d)}_4 (0, 0, 0, m^2; 0, 0, s_{34}, m^2; s, t) = m^2 s I^{(d)}_4 ( 0, 0, 0, m^2; 0,

(m^2 − s_{34})(m^2 − s) s , s_{34}, m^2, m^4 s , t )

+ s − m^2 s I^{(d)}_4 ( 0, 0, 0, 0;

(m^2 − s_{34})(m^2 − s) s , 0, 0, 0;

(m^2 − s)^2 s , t ) , (53)

I^{(d)}_4 (0, 0, 0, m^2; 0, 0, s_{34}, m^2; s, t) = m^2 s_{34}

I^{(d)}_4 ( 0, 0, 0, m^2;

(m^2 − s_{34})(m^2 − s) s_{34} , 0, m^2, m^4 s_{34} ; s, tm^2 s_{34} )

+ s_{34} − m^2 s_{34}

I^{(d)}_4 ( 0, 0, 0, 0; tm^2 s_{34} , (m^2 − s_{34})^2

s_{34}

, 0, 0;

(m^2 − s_{34})(m^2 − s) s_{34} , t ) . (54)

Equations (53) and (54) were obtained from Eq. (1) by setting

m^2_1 = m^2 = m^2_3 = m^2_5 = s_{12} = s_{23} = 0, m^2_4 = s_{14} = m^2, G_4 = ∂_5Δ_5 = ∂_1∂_5Δ_5 = 0, (55)

in both cases and additionally ∂_3∂_5Δ_5 = 0, (56)

in Eq. (53) and ∂_2∂_5Δ_5 = 0, (57)

in Eq. (54). The above equations are rather similar to the functional equations for the integral D_2 with all legs on shell. In some kinematical regions, the imaginary part of the integral D_2(s_{34}, s, t) arises from integrals with all propagators massless. In Eq. (53), the integral with massless propagators can be expressed in terms of three Gauss hypergeometric functions [15]. The analytic expression for the massless integral in Eq. (54) for arbitrary d is not known at present. The first terms in the ε expansion of both integrals may be found in Refs. [15, 16]. We expect that, similar to the D_2 integral with all legs on shell, the integral D_2 with one leg off shell can be represented in terms of hypergeometric functions admitting a one-fold integral representation.

7 Conclusions

The usefulness of functional equations turns out to be threefold. First, we obtain a hypergeometric representation of the integral needed for NLO calculations of heavy-quark production from the result for the integral from Bhabha scattering. Second, since the ε^2 term in the expansion of the integral D_2 is known [18], one can use it to obtain the ε^2 term for Bhabha scattering. Third, functional equations provide a simple method to obtain imaginary parts of integrals. For some kinematic regions, the imaginary parts of integrals with nonzero internal masses can be related to the integrals with all lines massless.

It is also important that the functional equations provide a tool for performing analytic continuations of the considered integrals. As was already observed in Ref. [1] and now also in this paper, functional equations suitable for analytic continuation express the considered integral in terms of the same integral with transformed arguments that has no imaginary part plus simpler integrals (usually with massless lines) giving the imaginary part of the integral. Such analytic continuation is achieved by solving algebraic equations, so that the explicit analytic form of the integral is not needed.

8 Acknowledgments

We are grateful to Z. Merebashvili for useful discussions. This work was supported in part by BMBF Grant No. HT6QUA and DFG Grant No. KN365/3-2.

9 Appendix

In this appendix, we present formulae which were used in the derivation of some equations in the main text.

The integral representation of the Appell hypergeometric function F_1 reads:

F_1(α, β, β^′, γ; x, y) = Γ(γ) Γ(α)Γ(γ − α) 1∫ 0 u^{α−1}(1 − u)^{γ−α−1} (1 − ux)^β(1 − uy)^{β′} du, Re α > 0, Re (γ − α) > 0. (58)

The integral representation of the Appell function F_3 used in the derivation of the one-fold integral representations of the ϕ_i functions reads: F_3(α, α^′, β, β^′, γ; x, y) = Γ(γ) Γ(γ − β)Γ(β) ∫_1 0 u^{γ−β−1}(1 − u)^{β−1} (1 − x + ux)^{α 2}

F_1 [ α^′, β^′ ; γ − β ; uy ] du. (59) This integral representation follows from Eq. (20) in Ref. [22].

References

[1] O. V. Tarasov, Phys. Lett. B 670 (2008) 67, arXiv:0809.3028 [hep-ph].

[2] P. Nason, S. Dawson, R. K. Ellis, Nucl. Phys. B 303 (1988) 607;

P. Nason, S. Dawson, R. K. Ellis, Nucl. Phys. B 327 (1989) 49; P. Nason, S. Dawson, R. K. Ellis, Nucl. Phys. B 335 (1990) 260, Erratum; W. Beenakker, H. Kuijf, W. L. van Neerven, J. Smith, Phys. Rev. D 40 (1989) 54.

[3] O. V. Tarasov, Phys. Lett. B 638 (2006) 195, arXiv:hep-ph/0603227.

[4] D. I. Kazakov, Theor. Math. Phys. 62 (1985) 84 [Teor. Mat. Fiz. 62 (1984) 127].

[5] O. V. Tarasov, Phys. Rev. D 54 (1996) 6479, arXiv:hep-th/9606018.

[6] O. V. Tarasov, Nucl. Phys. B (Proc. Suppl.) 89 (2000) 237, arXiv:hep-ph/0102271.

[7] J. Fleischer, F. Jegerlehner, O. V. Tarasov, Nucl. Phys. B 566 (2000) 423, arXiv:hepph/9907327.

[8] H. J. Bhabha, Proc. Roy. Soc. Lond. A 154 (1936) 195.

[9] J. Fleischer, F. Jegerlehner, O. V. Tarasov, Nucl. Phys. B 672 (2003) 303, arXiv:hepph/0307113.

[10] P. Appell, J. Kampé de Fériet, Fonctions Hypergeometriques et Hyperspériques (Gauthier Villars, Paris, 1926).

[11] A. Erdélyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Higher Transcendental Functions, Vol. 1 (McGraw-Hill, New York, 1953).

[12] H. M. Srivastava, P. W. Karlsson, Multiple Gaussian Hypergeometric Series (John Wiley and Sons, New York, 1985).

[13] J. Fleischer, T. Riemann, O. V. Tarasov, Acta Phys. Polon. B 34 (2003) 5345, arXiv:hepph/0508194.

[14] R. Bonciani, A. Ferroglia, P. Mastrolia, E. Remiddi, J. J. van der Bij, Nucl. Phys. B 681 (2004) 261, arXiv:hep-ph/0310333;

R. Bonciani, A. Ferroglia, P. Mastrolia, E. Remiddi, J. J. van der Bij, Nucl. Phys. B 702 (2004) 364, Erratum.

[15] Z. Bern, L. J. Dixon, D. A. Kosower, Nucl. Phys. B 412 (1994) 751, arXiv:hep-ph/9306240;

Z. Bern, L. J. Dixon, D. A. Kosower, Phys. Lett. B 302 (1993) 299, arXiv:hep-ph/9212308; Z. Bern, L. J. Dixon, D. A. Kosower, Phys. Lett. B 318 (1993) 649, Erratum.

[16] G. Duplancic, B. Nizic, Eur. Phys. J. C 20 (2001) 357, arXiv:hep-ph/0006249;

G. Duplancic, B. Nizic, Eur. Phys. J. C 24 (2002) 385, arXiv:hep-ph/0201306.

[17] Y. Kurihara, Eur. Phys. J. C 45 (2006) 427, arXiv:hep-ph/0504251.

[18] J. G. Körner, Z. Merebashvili, M. Rogal, Phys. Rev. D 71 (2005) 054028, arXiv:hepph/0412088.

[19] A. I. Davydychev, M. Yu. Kalmykov, Nucl. Phys. B 605 (2001) 266, arXiv:hep-th/0012189;

T. Huber, D. Maitre, Comput. Phys. Commun. 175 (2006) 122, arXiv:hep-ph/0507094; T. Huber, D. Maitre, Comput. Phys. Commun. 178 (2008) 755, arXiv:0708.2443 [hep-ph]; T. Huber, Nucl. Phys. B (Proc. Suppl.) 183 (2008) 238, arXiv:0807.0637 [hep-ph].

[20] M. Y. Kalmykov, B. A. Kniehl, Nucl. Phys. B 809 (2009) 365, arXiv:hep-th/0807.0567;

M. Y. Kalmykov, B. A. Kniehl, B. F. L. Ward and S. A. Yost, arXiv:hep-th/0810.3238.

[21] A. I. Davydychev, Nucl. Instrum. Meth. A 559 (2006) 293, arXiv:hep-th/0509233.

[22] A. Prudnikov, Y. Brychkov, O. Marichev, Integrals and sums, auxiliary parts (Nauka, Moscow, 1986).