arXiv:0907.1761v2 [hep-th] 23 Oct 2009

Imperial/TP/2009/JG/06 DESY 09-107

Schrödinger invariant solutions of type IIB with enhanced supersymmetry

Aristomenis Donos^1 and Jerome P. Gauntlett^2

1DESY Theory Group, DESY Hamburg Notkestrasse 85, D 22603 Hamburg, Germany

2Theoretical Physics Group, Blackett Laboratory, Imperial College, London SW7 2AZ, U.K.

2The Institute for Mathematical Sciences, Imperial College, London SW7 2PE, U.K.

Abstract

We construct the Killing spinors for a class of supersymmetric solutions of type IIB supergravity that are invariant under the non-relativistic Schrödinger algebra. The solutions depend on a five-dimensional Sasaki- Einstein space and it has been shown that they admit two Killing spinors. Here we will show that, for generic Sasaki-Einstein space, there are special subclasses of solutions which admit six Killing spinors and we determine the corresponding superisometry algebra. We also show that for the special case that the Sasaki-Einstein space is the round five-sphere, the number of Killing spinors can be increased to twelve.

1 Introduction

Consider the class of type IIB supergravity solutions of [1] given by

ds^2 = Φ^{−1/2} [ 2 dx^+dx^− + h ( dx^+ )_2

+ dx^2 + dx^2_3 ] + Φ^{1/2} ds^2 (CY_3) F = (1 + ∗_{10}) dx^+ ∧ dx^− ∧ dx_2 ∧ dx_3 ∧ dΦ^{−1} G = dx^+ ∧ W (1.1)

where F is the self-dual five-form, G is the complex three-form and the dilaton and axion vanish. Here Φ and h are scalars and W is a complex two-form defined on the Calabi-Yau three-fold CY_3 that satisfy

∇^2_{CY} Φ = 0 ∇^2_{CY} h + |W |^2_{CY} = 0 dW = d ∗_{CY} W = 0 (1.2)

where |W |^2_{CY} ≡^1_2 W_{mn}W^{∗mn} with indices raised with respect to the CY_3 metric.

Our focus will be on cases where the CY_3 is a cone over a five dimensional Sasaki- Einstein space SE_5 and the harmonic function Φ has a source at the apex of the cone:

ds^2 (CY_3) = dr^2 + r^2 ds^2 (SE_5) Φ = r^{−4} . (1.3)

When W = h = 0 this gives the well known AdS_5 × SE_5 class of solutions describing D3-branes sitting at the apex of the cone. We will be most interested in the case where the deformation W is given by W = d ( r^2σ ) (1.4)

where σ is a complex one-form dual to a Killing vector on SE_5, and h is obtained by solving the second equation in (1.2). This particular class of solutions, for the special case of W being real, was also independently discovered in [2] using a solution generating technique.

An interesting feature of this class of solutions is that they are invariant under the Schrödinger algebra [1][2]. The current interest in these solutions is that they might provide a good holographic description of non-relativistic systems that are invariant under such symmetry [3][4]. The principal aim of this paper is to carry out a careful study of the supersymmetry preserved by these solutions, building on the observations of [1][2]. In particular, we will see that for special subclasses of solutions fixed by (h, σ), there is the possibility of extra “supernumerary” Killing spinors. In many ways, the analysis is reminiscent of the supersymmetry enhancement that occurs for plane wave solutions [5][6]. Note that in addition to the papers [1][2] supersymmetric solutions of type IIB or D = 11 supergravity with Schrödinger or Schrödinger(z) symmetry, where z is the dynamical exponent, have also been discussed in [15]-[18].

For a general CY_3 (i.e not necessarily a cone) and with W = h = 0 the solutions (1.1), (1.2) describe D3-branes transverse to the CY_3 and preserve, generically, four “Poincaré” supersymmetries satisfying

γ_{D3}ε = ε, ∇^{CY} ε = 0 (1.5)

where we have defined the D3-brane projection

γ_{D3} ≡ iΓ^{+−23} . (1.6)

Here we are using a light cone frame and ∇^{CY} is the Levi-Civita connection on R^{1,3} × CY_3. As shown in [1] when the two-form W on CY_3 is primitive and with no (0, 2) component (i.e. just (1, 1) and/or (2, 0) components) then two of these Killing spinors, satisfying the additional projection Γ^+ϵ = 0, are preserved, and furthermore the functional form of the Killing spinors are the same as those for the W = h = 0 solutions.

When the CY_3 is a cone, as in (1.3), and W = h = 0 the solutions are AdS_5 × SE_5 solutions and, generically, in addition to the four Poincaré supersymmetries there are an extra four “superconformal” supersymmetries. Recall that if one takes the Lie derivative of the Poincaré Killing spinors with respect to the special conformal Killing vectors, one obtains the special conformal Killing spinors. Here we will study the possibility of an analogous enhancement of supersymmetry when W ≠ 0. We will focus on the case when W is of the form given in (1.4) when we know the solutions are invariant under the Schrödinger algebra. In particular, these solutions posses a Killing vector corresponding to special conformal transformations and naively one might think that after taking the Lie-derivative of the two Poincaré supersymmetries satisfying Γ^+ε = 0 mentioned above, one would obtain new superconformal supersymmetries. We will show that this is in fact not the case and that the Lie derivative vanishes. However, we shall see that for special choices of (h,σ) there can be two additional Poincaré supersymmetries, with Γ^+ε ≠ 0 and whose functional form depends on W , and that the Lie derivative of these give rise to two additional superconformal supersymmetries. Generically, then, one has six supersymmetries^1 which can be viewed as deformations of four Poincaré and two special conformal supersymmetries. We will also show that for the special case when the SE_5 is a round S^5 the supersymmetry can be enhanced to eight Poincaré and four special conformal supersymmetries.

Having constructed the explicit Killing spinors we can use them to study the superisometry algebra using the technique of [7][8]. In particular, the Grassmann odd-odd part of this algebra is obtained by constructing Killing vectors as bi-linears in the Killing spinors. The odd-even part of the algebra is obtained by taking the Lie derivative of the Killing spinors with respect to the Killing vectors. The resulting super-Schrödinger algebras that we obtain are consistent with those^2 found in [9]. The two Poincaré supersymmetries found in [1] are “kinematical” supersymmetries, with anti-commutator giving the central number operator of the Schrödinger algebra. The two new Poincaré Killing spinors that we find here are “dynamical” supersymmetries, with anti-commutator giving the non-relativisitic Hamiltonian H and they lead to a positive spectrum for H.

We will also briefly consider the more general class of solutions (1.1), (1.2), (1.3) when W is of the form W = d(r^zσ) for z > 2. This class of solutions has Schrödinger(z) symmetry, where z is the dynamical exponent. We shall find while there cannot be any superconformal supersymmetries, for special subclasses of solutions it is possible to have dynamical supersymmetries in addition to the kinematical supersymmetries found in [1].

The plan of the rest of the paper is as follows. In section 2 we analyse in detail the conditions for supersymmetry. We have summarised some of the calculations in section 2.4 where we also present some explicit examples. Section 3 studies the superisometry algebra and section 4 briefly concludes. Appendix A contains some useful results about CY_3 cones, appendix B a technical derivation arising in section 2, and appendix C a brief discussion of the z > 2 solutions.

2 Construction of Killing spinors

We will now carry out our analysis of the Killing spinor equations for the class of solutions given above in (1.1) and (1.3). We will focus on the case when W = d(r^zσ)

1Note that solutions of D = 11 supergravity with Schrödinger symmetry and six Killing spinors were also found in [18].

2For other work on super-Schrödinger algebras see [10]-[14].

with z = 2, reserving some comments about the case when z > 2 to the appendix. Our main results are summarised in section 2.4.

The conditions for these solutions to admit IIB Killing spinors ε are given by

D_M ε +^i_{16} /F Γ_M ε +^1_{16} (Γ_M /G + 2 /GΓ_M ) ε^∗ = 0 (2.1) /Gε = 0 (2.2)

where e.g. /F ≡^1_{5!} Γ^{P1...P5} Γ_{P1...P5} . We will use the orthonormal frame given by e^+ = Φ^{−1/4}dx^+, e^− = Φ^{−1/4}(dx^− +^1_2 hdx^+), e^2 = Φ^{−1/4}dx^2, e^3 = Φ^{−1/4}dx^3, e^a = Φ^{1/4}f^a, where f^a is an orthonormal frame for the CY_3 metric: f^af^a = ds^2(CY_3). The gammamatrices with D = 10 tangent space indices, Γ^A = {Γ^+, Γ^−, Γ^2, Γ^3, Γ^a}, satisfy {Γ^A, Γ^B } = 2η^{AB} (with e.g. η_± = +1) and indices can be raised and lowered using the tangent space metric η. We are using the conventions of type IIB supergravity given in [19] and in particular Γ_{11}ε = −ε where Γ_{11} ≡ Γ_{+−23456789}. We find it convenient to work in basis in which the gamma-matrices are real and ε^c = ε^∗.

It will be helpful to introduce some further notation. We let x^m be coordinates on the CY_3, and we will write x^m = (r, x^μ) where x^μ are coordinates on SE_5. Similarly for the orthonormal frame on the CY_3 cone we write f^a = (dr, rf̄^α) where f̄^α is an orthonormal frame for the SE_5 metric: f̄^αf̄^α = ds^2(SE_5). Correspondingly we also write Γ^a = (Γ^r, Γ^α) (with e.g. (Γ^r)^2 = (Γ^α)^2 = 1). We emphasise that for forms defined on the CY_3 space tangent space indices will always refer to the frame f^a so, for example, dΦ = (dΦ)_af^a. Furthermore for such forms we use the slash notation to mean e.g.

/W ≡^1_2 W_{ab}Γ^{ab}, /∂Φ ≡ (dΦ)_aΓ^a (2.3)

(note that this differs by a factor of Φ^{1/4} from the slash notation used for the tendimensional fields in (2.1), (2.2).) Similarly tangent frame indices on σ and its derivatives will refer to the frame f̄^α e.g. σ = σ_αf̄^α. Unless otherwise stated, all gamma-matrices will be understood to be tangent space gamma-matrices Γ^A satisfying {Γ^A, Γ^B} = η^{AB}.

2.1 Analysis for M = −, 2, 3

Let us consider the Killing spinor equation (2.1) when the coordinate index M = −, 2, 3. It will be convenient to define X^I = (x^−, x^i), with i = 2, 3. For these coordinates, the Killing spinor equation (2.1) takes the form

∂_I ε = r 2 (1 − γ_{D3}) Γ^rΓ_I ε − r^2 16 Γ^+/W Γ_Iϵ^∗ . (2.4)

This easily gives ∂_I ∂_J ε = r^3 32 Γ_I Γ_J {(1 − γ_{D3})Γ^r, Γ^+/W }ε^∗ (2.5) and hence, after anti-symmetrising on I and J,

{(1 − γ_{D3})Γ^r, Γ^+/W }ε^∗ = 0 ∂_I ∂_J ε = 0 . (2.6)

We thus can write ε = ε_0 + x^I ε_I with ε_0 and ε_I depending on x^+ and the CY_3 coordinates x^m. Substituting back into (2.4) we obtain the unique solution

ε = ε_0 + r 2 Γ^r(x^I Γ_I ) (1 + γ_{D3}) ε_0 − r^2 16 Γ^+/W (x^I Γ_I )ε^∗_0 . (2.7)

We next decompose ε_0 into eigenvalues of γ_{D3}. It will turn out to be convenient to do this in the following way:

ε_0 = r^{−1/2}Γ^rϵ_+ + r^{1/2}ϵ_− (2.8)

where γ_{D3}ϵ_± = ±ϵ_± (2.9) and ϵ_± depend only on the coordinates x^+, x^m.

It is now helpful to substitute (2.7),(2.8) into (2.2). The terms that are dependent and independent of the coordinates x^I must each separately vanish and after projecting with (1/2)(1 ± γ_{D3}) we deduce that

Γ^+/W ϵ_± = 0 (2.10) Γ^+/W ϵ^∗_± = 0 (2.11) Γ^+/W Γ^rϵ_+ = 0 (2.12)

and that the ten-dimensional Killing spinor can be written as

ε = r^{1/2}ϵ_− + [ r^{−1/2}Γ^r − r^{1/2}(x^I Γ_I ) ] ϵ_+ − r^{3/2} 16 Γ^+/W (x^I Γ_I )Γ^rϵ^∗_+ . (2.13)

Observe that with W = d(r^zσ) (2.10), (2.12) imply for any z that

Γ^+(σ_αΓ^α)ϵ_+ = 0 . (2.14)

2.2 Analysis for M = m

We next consider (2.1) for M = m. It is useful to define ∇^{CY}_m ε = (∂_m + 1 4 ω^{CY}_{mab}Γ^{ab})ε . (2.15) where ω^{CY} is the spin connection on the CY_3 with respect to the frame f^a. We next note that since the CY_3 is a cone we have ∇^{CY}_m (2rΓ^r) = ∇^{CY}_m (/∂r^2) = 2Γ_af^a_m (2.16) where f^a ≡ f^a_mdx^m. After separately considering the x^I dependent and independent components and projecting with (1/2)(1 ± γ_{D3}), we find that the M = m component of (2.1) gives rise to three equations ∇^{CY}_m ϵ_+ + 1 16 Γ^+/W (Γ_af^a_m)ϵ^∗_+ − r 16 Γ^+∇^{CY}_m /W Γ^rϵ^∗_+ = 0 (2.17) ∇^{CY}_m ϵ_+ + 1 8 Γ^rΓ^+/W (Γ_af^a_m)Γ^rϵ^∗_+ + 1 16 Γ^r(Γ_af^a_m)Γ^+/W Γ^rϵ^∗_+ = 0 (2.18) ∇^{CY}_m ϵ_− + 1 8 Γ^+/W (Γ_af^a_m)ϵ^∗_− = 0 . (2.19) Note that these imply Γ^+∇^{CY}_m ϵ_± = 0 (2.20) and then using (2.10)-(2.12) we get Γ^+∇^{CY}_m /W ϵ_± = Γ^+∇^{CY}_m /W ϵ^∗_± = 0 . (2.21) Next, using the fact that for z = 2 we have [∇^{CY}_m /W, Γ^r] = 2∇^{CY}_m W_{ar}Γ^a = 0, (2.22) where in the last step we used (A.6), and combining with (2.21) we deduce that the last term in (2.17) vanishes. Therefore, we can solve (2.17) by writing ϵ_+ = ψ_+ − r 16 Γ^+/W Γ^rψ^∗_+ (2.23) ∇^{CY}_m ψ_+ = 0 (2.24) with ψ_+ satisfying γ_{D3}ψ_+ = iψ_+ and constraints arising from (2.10)-(2.12): Γ^+/W ψ_+ = Γ^+/W ψ^∗_+ = Γ^+/W Γ^rψ_+ = 0 . (2.25) Note that we could solve (2.19) in a similar way, but we delay doing that for a moment.

The compatibility of (2.17) and (2.18) imply that

Γ^+ [−/W Γ_α − 2Γ^r/W Γ_αΓ^r + Γ^rΓ_α/W Γ^r] ψ^∗_+ = 0 (2.26)

which implies that

Γ^+ [ ∇^{SE}_α σ_β Γ^β + 2σ_αΓ^r − σ_β Γ_α^β Γ^r ] ψ^∗_+ = 0 . (2.27)

2.3 Analysis for M = +

We now consider (2.1) for M = +. We find

∂_+ε + r 2 Γ^{−r}(1 + γ_{D3})ε + hr 4 Γ^{+r}(1 + γ_{D3})ε + r^2 4 Γ^+/∂hε + r^2 8 Γ^+Γ^−/W ε^∗ + r^2 16 Γ^−Γ^+/W ε^∗ = 0 . (2.28)

After substituting in the expression for ε given in (2.13), isolating the terms depending on x^I and then projecting with (1/2)(1 ± γ_{D3}) we are led to

∂_+ϵ_+ = 0 (2.29)

∂_+ϵ_− + Γ^−ϵ_+ + r 4 /W Γ^rϵ^∗_+ + Γ^+ ( r 4 /∂hΓ^r + h 2 ) ϵ_+ − r 16 Γ^−Γ^+/W Γ^rϵ^∗_+ = 0 (2.30)

Γ^+/∂hϵ_+ + /W ϵ^∗_+ − r 16 Γ^+/W/W^∗Γ^rϵ_+ = 0 (2.31)

Γ^+/∂hϵ_− + /W ϵ^∗_− = 0 . (2.32)

We would now like to argue that Γ^+ψ_+ = 0. We start by substituting (2.23) into (2.14) to obtain Γ^+(σ_αΓ^α)ψ_+ = 0 . (2.33)

Differentiating this and using ∇^{CY}_m ψ_+ = 0 we obtain

Γ^+ [ σ_αΓ^r − ∇^{SE}_α σ_β Γ^β ] ψ_+ = 0 (2.34)

(one can use (A.4) to obtain this). After contracting with σ^{∗α} we get

Γ^+ [ |σ|^2Γ^r − σ^{∗α}∇^{SE}_α σ_β Γ^β ] ψ_+ = 0 . (2.35)

We next substitute (2.23) into (2.31) to get

Γ^+ [ /∂h − r 8 /W/W^∗Γ^r ] ψ_+ + /W ψ^∗_+ = 0 . (2.36)

From (1.2) we deduce that the two terms have different scalings with respect to r and hence must separately vanish

Γ^+ [ /∂h − r 8 /W/W^∗Γ^r ] ψ_+ = 0 /W^∗ψ_+ = 0 . (2.37)

Next using also that Γ^+/W ψ_+ = 0 the first equation implies that

Γ^+ [ /∂h + 2r ( |σ|^2Γ^r + σ^{∗α}∇^{SE}_β σ_αΓ^β )] ψ_+ = 0 (2.38)

and after using (2.35) we deduce that

Γ^+/∂hψ_+ = 0 (2.39)

and hence that Γ^+ψ_+ = 0 . (2.40)

Using this result, we find that (2.29)-(2.32) simplify considerably. After substituting (2.23) we now find that

∂_+ψ_+ = 0 (2.41) ∂_+ϵ_− + Γ^−ψ_+ + r 4 /W Γ^rψ^∗_+ = 0 (2.42)

/W ψ^∗_+ = 0 (2.43) Γ^+/∂hϵ_− + /W ϵ^∗_− = 0 . (2.44)

We solve (2.42) as ϵ_− = ψ_− − x^+ ( Γ^−ψ_+ + r 4 /W Γ^rψ^∗_+ ) (2.45)

where ψ_− is independent of x^+. Compatibility with (2.19), and using (2.22) (for z = 2), then implies ∇^{CY}_m ψ_− + 1 8 Γ^+/W Γ_mψ^∗_− = 0 . (2.46)

From (2.10) we also deduce that

/W ψ_+ = 0 . (2.47)

Returning now to (2.44) we find that ( /∂h − r 8 /W/W^∗Γ^r ) ψ_+ = 0 (2.48) Γ^+/∂hψ_− + /W ψ^∗_− = 0 . (2.49)

Observe that (2.46) can be solved by taking ψ_− = η_− − r 8 Γ^+/W Γ^rη^∗_− (2.50) with ∇^{CY}_m η_− = Γ^+/W η_− = Γ^+/W^∗η_− = 0 . (2.51) After substituting into (2.49), we obtain Γ^+ ( /∂h − r 8 /W/W^∗Γ^r ) η_− + /W η^∗_− = 0 . (2.52) After noting from (1.2) that there are two terms with different scaling behaviours under scalings of r, we deduce that Γ^+ ( /∂h − r 8 /W/W^∗Γ^r ) η_− = 0 (2.53) /W η^∗_− = 0 . (2.54)

2.4 Summary

We now summarise our analysis so far. For z = 2 the most general Killing spinor can be written as a sum of “Poincaré” and “superconformal” Killing spinors^3: ε = ε_P + ε_S (2.55) where ε_P = r^{1/2}η_− −^1_8 r^{3/2}Γ^+/W Γ^rη^∗_− (2.56) ε_S = r^{−1/2} ( Γ^r − rx^iΓ_i − rx^+Γ_+ ) η_+ −^1_4 x^+r^{3/2}/W Γ^rη^∗_+. (2.57) where x^i = (x^2, x^3). The spinors η_± only depend on the CY_3 coordinates and satisfy the following conditions:

∇^{CY}_m η_− = 0 (2.58) Γ^+ ( /∂h − r 8 /W/W^∗Γ^r ) η_− = 0 (2.59) Γ^+/W η_− = /W^∗η_− = 0 (2.60) ∇^{CY}_m η_+ = 0 (2.61) ( /∂h − r 8 /W/W^∗Γ^r ) η_+ = 0 (2.62) /W η_+ = /W^∗η_+ = 0 (2.63) γ_{D3}η_± = ±η_±, Γ^+η_+ = 0 . (2.64)

3We have relabelled ψ_+ of the last section as η_+.

In order to get a supersymmetric solution we also need to ensure that the equations of motion (1.2) are satisfied. If W = d(r^2σ) then d ∗_{CY} W = 0 is equivalent to σ being a Killing vector on the SE_5 as we discuss in appendix A. Thus we just need to impose ∇^2_{CY} h + |W |^2_{CY} = 0.

In carrying out further analysis, it is illuminating to make a 4+6 decomposition and write the ten dimensional Gamma matrices as

Γ_u = τ_u ⊗ I_{8×8}, u = +, −, 2, 3 (2.65) Γ_a = τ^{D3} ⊗ γ_a (2.66)

where τ^{D3} = iτ^+τ^−τ^2τ^3. Γ_{11} = τ^{D3}γ_{(7)} where γ_{(7)} = iγ^{456789} and so we can write the spinors η_± as η_± = q_± ⊗ ζ_+ (2.67)

with q_± being constant spinors on R^{1,3} such that τ^{D3}q_± = ±q_±, τ^+q_+ = 0 and ζ_+ a covariantly constant spinor on CY_3 of positive chirality (see appendix A for more details on our conventions).

At this stage it is worth pausing to recover the results found in [1]. In that paper Killing spinors with η_+ = 0 and Γ^+η_− = 0 were considered. As in [1], the above conditions for supersymmetry then reduce to ∇^{CY}_m η_− = /W^∗η_− = 0. Clearly the former is satisfied with η_− as given in (2.67), while the latter condition is satsified if the two-form W on CY_3 has no (0, 2) form pieces i.e. it consists of (1, 1) and primitive and/or (2, 0) two-forms. Note that the functional form of these Killing spinors is exactly the same as those for W = 0 and that they comprise two Poincaré Killing spinors. For the special case of the five-sphere, for a generic W with no (0, 2) pieces with respect to one of the complex structures on R^6 , there are again just two Poincaré Killing spinors that satisfy this condition. However, there is the possibility of special W that satisfy this condition for other complex structures. In particular, for W that live in R^4 ⊂ R^6 there can be four Poincaré Killing spinors.

We now look for special choices of W and h which give rise to additional Killing spinors. Given the decomposition (2.67), we want to allow τ^+q_− ≠ 0 and so our conditions boil down to solving the following equations on the CY_3 cone ( /∂h − r 8 /W/W^∗γ^r ) ζ_+ = 0 (2.68) /W ζ_+ = /W^∗ζ_+ = 0 . (2.69)

Here all gamma-matrics are those on CY_3, γ_a. The conditions (2.69) now require that W = d(r^2σ) is necessarily of type (1,1) and primitive on the CY_3 cone. Solving (2.68) for h leads to additional constraints on W . Let us summarise the result (a few more details are presented in appendix B). Define a one-form λ on the SE_5 space given by λ ≡ iL^{SE5}_σ∗ σ (2.70) where the notation means that we are taking the Lie-derivative with respect to the vector field which is dual, with respect to the SE_5 metric, to σ^∗. For h we take h = −r^2 ( |σ|^2_{SE} +^1_2 (η_{SE} )^μλ_μ ) , (2.71)

where η_{SE} is the one-form on SE_5 dual to the Reeb Killing vector. It is interesting to observe that the expression for h is actually negative definite. This can be seen by writing it as h = −2|S^{(0,1)}|^2_{CY} (2.72)

where S^{(0,1)}m ≡ (1/2) (S_m + iJ_m^nS_n) and

S ≡ r^2σ (2.73)

is a one-form dual to a Killing vector on CY_3. Finally, we also need to impose that ∇^2_{CY} h + |W |^2_{CY} = 0. As we discuss in appendix B this is guaranteed if the two-form

V = dL (2.74)

is primitive on the CY_3 where we have introduced

L = r^2λ (2.75)

which is a one-form dual to a Killing vector on CY_3. In appendix B we also show that V is in fact (1,1).

We have shown that these special classes of Schrödinger invariant solutions admit Killing spinors of the form (2.55), (2.56), (2.56) where the spinors η_± are functions of the CY_3 coordinates x^m only, and satisfy ∇^{CY}_m η_± = 0, γ_{D3}η_± = ±η_± and Γ^+η_+ = 0. For a generic SE_5 space, these solutions preserve six supersymmetries, four “Poincaré” Killing spinors ε_P and two “superconformal” Killing spinors ε_S . The number of supersymmetries being preserved is very suggestive that the superisometry algebra is the ones discussed in [9]. In the next section we will confirm this.

For the special case when SE_5 = S^5, with cone R^6 , we can get further enhancement of supersymmetry. In particular, if the two-form W is not generic but is a two-form on R^4 ∈ R^6 then the conditions /W η_± = /W^∗η_± = 0 that we imposed can be satisfied by twice as many Killing spinors satisfying ∇^{CY}_m η_± = 0. This leads to preservation of twelve supersymmetries, eight ε_P and four ε_S.

We conclude this section by presenting some simple examples for the case of S^5. Explicitly we let (z_1, z_2, z_3) be complex coordinates on R^6 and take

W = (c_1dz̄_2 + c_2 dz̄_3) ∧ dz_1 + (c_3dz̄_3 + c_4dz̄_1) ∧ dz_2 + (c_5dz̄_1 + c_6dz̄_2) ∧ dz_3 (2.76)

where c_i are complex constants. After writing W = d(r^2σ) where σ is defined on S^5, we find that

2S ≡ r^2σ = c_1(z̄_2dz_1 − z_1dz̄_2) + c_2(z̄_3dz_1 − z_1dz̄_3) + . . .

2S^{(0,1)} = −(c_1z_1 + c_6z_3)dz̄_2 − (c_4z_2 + c_5z_3)dz̄_1 − (c_2z_1 + c_3z_2)dz̄_3 (2.77)

giving

h = − |c_1z_1 + c_6z̄_3|^2 − |c_2z̄_1 + c_3z̄_2|^2 − |c_4z̄_2 + c_5z̄_3|^2 . (2.78)

One can directly check that ∇^2_{CY} h + |W |^2_{CY} = 0 and hence we indeed have a supersymmetric solution generically preserving six supersymmetries. An interesting special case is when c_1 = c_3 = c_5 ≡ c and c_2 = c_4 = c_6 = 0. We then have

W = c(dz̄_2 ∧ dz_1 + dz̄_3 ∧ dz_2 + dz̄_1 ∧ dz_3) h = − |c|^2 r^2 (2.79)

and we see that h is constant on the five-sphere. Another interesting special case is if one takes c_2 = c_3 = c_4 = c_5 = c_6 = 0, since the two-form W = c_1dz̄_2 ∧ dz_1 then lives in R^4 ⊂ R^6 and the solution preserves twelve supersymmetries. Note that for this case h = −|c_1|^2|z_1|^2 and it vanishes on the locus z_1 = 0. We can also obtain simple solutions with W real by, for example, taking the real part of the two-form in (2.76). To illustrate, a solution with twelve supersymmetries is obtained if we take W = c_1dz̄_2 ∧ dz_1 + c.c. and then h = −|c_1|^2(|z_1|^2 + |z_2|^2) which now vanishes along the lower-dimensional locus z_1 = z_2 = 0.

3 Superisometry algebra

In this section we will analyse the superisometry algebra for the class of Schrödinger invariant solutions discussed in section 2.4 for a generic SE_5, preserving six supersymmetries.

3.1 Killing vectors

We begin by presenting the Killing vectors that leave the solution invariant. These correspond to the Hamiltonian H, spatial translations P_i, the number operator N, Galilean boosts G_i, spatial rotations M, the dilatations D, the special conformal transformations K, which together generate the Schrödinger algebra, and the Rsymmetry of SE_5. Explicitly we have:

H =∂_+ P_i =∂_i N =∂_− G_i = − x^+∂_i + x^i∂_− M =x^2∂_3 − x^3∂_2 D =r∂_r − x^i∂_i − 2x^+∂_+

K = − 2 x^+ x^i∂_i − 2 ( x^+

)_2

∂_+ + ( x^ix^i + 1 r^2 ) ∂_− + 2 x^+r ∂_r

R =∂_ψ (3.1)

where ∂_ψ is the R-symmetry Killing vector on SE_5 manifold (see appendix A for more discussion on SE_5 spaces). For special choices of SE_5 there could be additional Killing vectors.

Using the ten-dimensional metric, we calculate the dual one-forms, which we will denote by the same letters hoping that this won’t cause any confusion:

H =r^2(dx^− + hdx^+) P_i =r^2dx^i N =r^2dx^+ G_i =r^2 ( −x^+dx^i + x^idx^+ ) M =r^2 ( x^2dx^3 − x^3dx^2 ) D = 1 r dr − r^2x^idx^i − 2r^2 x^+ ( dx^− + h dx^+ )

K =r^2 ( −2 x^+ x^idx^i − 2 ( x^+

)_2 ( dx^− + h dx^+ ) + ( x^ix^i + 1 r^2 ) dx^+ ) + 2 x^+ r dr R =η_{SE} (3.2)

and η_{SE} is the Reeb one-form on the SE manifold.

Actually, it is not immediately obvious that the action of the Reeb Killing vector does in fact leave the solution invariant for our choice of W and h, both of which depend on the coordinates of the SE_5 space. The Kähler-form on the CY_3 cone can be written as J = r dr ∧ η + 1 2 r^2 dη_{SE} (3.3) Using this, the (1,1) condition on W = d(r^2σ) then implies that

dσ_{μν} = −(η_{SE})_μ (dη_{SE})_ν^ρσ_ρ + (η_{SE} )_ν (dη_{SE})_μ^ρσ_ρ + 1 4 (dη_{SE})_μ^ρ (dη_{SE})_ν^σ (dσ)_{ρσ} (3.4) with indices raised with respect to the metric on SE_5. After using that |η_{SE}|^2 = 1 and that σ^μ is a Killing vector on SE_5 we deduce that

L_{∂ψ} σ = 0 (3.5)

and it then follows that the Reeb vector still generates a symmetry of the solution.

3.2 Killing spinor bilinears

We first observe that if ε_1 and ε_2 are two type IIB Killing spinors then the tendimensional one-form ε̄_1Γ_M ε_2dx^M + c.c. (3.6) is dual to a Killing vector [20]. In the following we will calculate such bilinears involving ε_P and ε_S . In carrying out these calculations one heavily uses the projection conditions satisfied by η_±. We write

Γ_{11} = ( iΓ^{+−23} ) ( iΓ^{4...9} ) ≡ γ_{D3}γ_{(7)} (3.7)

and we have

γ_{D3}η_± = ± η_±, γ_{(7)}η_± = η_±, Γ^+η_+ = 0 . (3.8)

We also use the conditions arising from W being (1,1) and primitive

/W η_± = /W^∗η_± = 0 . (3.9)

3.2.1 The P P bilinear We define the bilinear form A ≡ (ε̄_P Γ_M ε_P )dx^M (3.10) where here Γ_M is a coordinate basis gamma-matrix. After substituting the expression for ε_P given in (2.56), and using the projections (3.8), (3.9) We find A = [ rη̄_−Γ_M η_− − r^4 64 η̄^∗_−Γ^r/W^∗Γ^+Γ_M Γ^+/W Γ^rη^∗_− ] dx^M . (3.11) In simplifying the last term, we use r^2η̄^∗_−Γ^+Γ^r/W^∗/W Γ^rη^∗_− = 16hη̄_−Γ_−η_− . (3.12) A calculation shows that A = (η̄_−Γ_−η_−)H + (η̄_−Γ_+η_−)N + (η̄_−Γ_iη_−)P^i . (3.13) This should be compared with with the equations just below (3.10) in [9].

We can write η_− = η^K_− + η^D_− , Γ^+η^K_− = 0, Γ^−η^D_− = 0 . (3.14) We then find A = (η̄^D_− Γ_−η^D_− )H + (η̄^K_− Γ_+η^K_− )N + (η̄^D_− Γ_iη^K_− + η̄^K_− Γ_iη^D_− )P^i (3.15) and we see that η^K_− parametrise the “kinematical” supersymmetries found in [1] while η^D_− parametrise “dynamical supersymmetries” and lead to a positive spectrum for H. 3.2.2 The P S bilinear We define the bilinear form B ≡ (ε̄_P Γ_M ε_S)dx^M + c.c. . (3.16) After substituting the expressions for ε_P , ε_S given in (2.56), (2.57), then using the projection conditions and the primitivity of W one can show that the only non-zero contribution comes from

B =r^{−1}η̄_−Γ_af^a_mΓ_rη_+ dx^m − r^2η̄_− [ Γ_+dx^+ + Γ_idx^i ] x^j Γ_jη_+ − x^+r^2η̄_− [ Γ_+dx^+Γ_idx^i + h 2 Γ^+dx^+ ] Γ^−η_+ + r^4 16 x^+η̄^∗_−Γ^r/W^∗/W Γ^rη^∗_+dx^+ + c.c. . (3.17) To proceed we use that (η̄_−Γ_αΓ_rη_+)f̄^α = (η̄_−Γ_{α=1}Γ_rη_+)η_{SE} (3.18) where we recall that f̄^α is an orthonormal frame for SE_5 and we have taken f̄^1 ≡ η_{SE} . To see this we use the 4+6 decomposition (2.67) to write η̄_−Γ_αΓ_rη_+ = −iq̄_−q_+J_{αr} with J given in (A.11). We then find we can express the bilinear form as

B = (η̄_−η_+) D + 2(η̄_−Γ_1Γ_2η_+) M − (η̄_−Γ_+Γ_iη_+) G_i + (η̄_−Γ_{α=1}Γ_rη_+) R + c.c. . (3.19)

This should be compared with the equations just below (3.10) in [9].

3.2.3 The SS bilinear

We now consider the bilinear

C ≡ (ε̄_SΓ̂_M ε_S )dx^M . (3.20)

After substituting the expression for ε_S given in (2.57) it is helpful to observe that, for example, η̄_+Γ_Aη_+ can only be non-vanishing if A = +. An easy way to see this is to insert 2 = Γ^+Γ_+ + Γ_+Γ^+. Using this as well as (3.8), (3.9) we see that the only non-zero contribution comes from the terms C = [ 1 r η̄_+Γ_rΓ_M Γ_rη_+ − x^+ (η̄_+Γ_rΓ_M Γ_+η_+ + η̄_+Γ_+Γ_M Γ_rη_+) + r η̄_+x^iΓ_iΓ_M x^j Γ_jη_+

+ x^+r (η̄_+x^aΓ_aΓ_M Γ_+η_+ + η̄_+Γ_+Γ_M x^aΓ_aη_+) + ( x^+

)_2 r η̄_+Γ_+Γ_M Γ_+η_+ − r^3(x^+)^2 16 η̄^∗_+Γ_r/W^∗Γ_M /W Γ_rη^∗_+ ] dx^M . (3.21)

After some further calculation we obtain

C = −(η̄_+Γ_+η_+)K̂ . (3.22)

This should be compared with the equations just below (3.10) in [9].

3.3 Generating the superconformal symmetries

If a supergravity solution has a Killing vector preserving all of the fluxes, then the Lie derivative of a Killing spinor with respect to that Killing vector generates another Killing spinor. This action corresponds to the even-odd part of the superisometry algebra.

Here we consider taking the Lie derivative of the Poincaré Killing spinors ε_P with respect to the special conformal Killing vector K. We expect to generate the superconformal Killing spinors. We have

L_K ε_P ≡ K^M ∇_M ε_P + 1 8 dK_{MN} Γ^{MN} ε_P . (3.23)

A calculation reveals that

L_K ε_P = ( −r^{−1}Γ_r + x^iΓ_i + x^+Γ_+ ) Γ^+ε_P + rx^+ 4 /W Γ_rΓ^+ε^∗_P . (3.24)

This immediately shows that the two Poincare supersymmetries satisfying Γ^+ε_P = 0 which were found in [1], i.e. the two kinematical supersymmetries, cannot generate superconformal Killing spinors.

We now substitute the expression for ε_P to find

L_K ε_P = r^{1/2} ( − 1 r Γ_r + x^iΓ_i + x^+Γ_+ ) Γ^+η_− + x^+r^{3/2} 4 /W Γ_rΓ^+η^∗_− . (3.25)

and we see that L_K ε_P = ε_S (3.26) with ε_S as in (2.57) with η_+ = −Γ^+η_− . (3.27) Thus we see that the special conformal transformations acting on the two extra Poincaré Killing spinors, i.e. the dynamical supersymmetries, generate the two superconformal Killing spinors, as expected.

4 Conclusion

In this paper we have carried out a detailed analysis of the supersymmetry that is preserved by a class of solutions found in [1]. We showed that special classes of solutions with Schrödinger symmetry can have the supersymmetry enhanced from two Killing spinors to six, for a generic SE_5 space. We also analysed the corresponding superisometry algebra and showed that the two Killing spinors found in [1] are kinematical supersymmetries and the four new supersymmetries consist of two dynamical supersymmetries and two special conformal supersymmetries. For the special case when SE_5 is the round five-sphere we showed that the supersymmetry can be enhanced from four Killing spinors to twelve. For a class of Schrödinger(z) invariant solutions found in [1] with z > 2 we showed that while there are no superconformal supersymmetries there can be additional dynamical supersymmetries. It would be of interest to further extend this analysis to the full range of supersymmetric solutions with Schrödinger(z) symmetry with z > 2 found in [1].

It would also be interesting to carry out a similar analysis for the solutions of D = 11 supergravity with Schrödinger(z) symmetry that were constructed in [1]. These solutions share many similarities with the type IIB solutions that we have been considering here and we expect analogous results.

Acknowledgements

JPG is supported by an EPSRC Senior Fellowship and a Royal Society Wolfson Award.

A Some results for CY_3 cones

Consider the cone metric

ds^2(CY_3) = dr^2 + r^2ds^2(SE_5) . (A.1)

Using coordinates x^m = (r, x^μ) we calculate that the non-zero Christoffel symbols are given by Γ^r_{μν} = −rg^{SE}_{μν} Γ^μ_{rν} = r^{−1}δ^μ_ν Γ^μ_{νρ} = γ^μ_{νρ} (A.2)

where γ is the Christoffel symbols for SE_5. One can then obtain the result for the Riemann tensor R^{CY}_{rmnp} = 0 . (A.3) We next note that if σ is an arbitrary one-form on SE_5 then it can be pulled back to give a one-form on CY_3. We then have

∇^{CY}_μ (r^2σ)_r = −rσ_μ ∇^{CY}_r (r^2σ)_μ = rσ_μ ∇^{CY}_μ (r^2σ)_ν = r^2∇^{SE}_μ σ_ν . (A.4)

In particular, if σ is dual to a Killing vector on SE_5 then r^2σ is dual to a Killing vector on CY_3.

Next consider W = d(r^zσ) with σ a one-form on SE_5. We calculate ∇^{CY}_r W_{rμ} = z(z − 2)r^{z−2}σ_μ ∇^{CY}_r W_{μν} = 2(z − 2)r^{z−1}∇^{SE}_{[μ} σ_{ν]} ∇^{CY}_μ W_{rν} = r^{z−1} [ (z − 2)∇^{SE}_{[μ} σ_{ν]} + z∇^{SE}_{(μ} σ_{ν)} ] ∇^{CY}_μ W_{νρ} = 2r^z [ ∇^{SE}_μ ∇^{SE}_{[ν} σ_{ρ]} + zg^{SE}_{μ[ν} σ_{ρ]} ] . (A.5)

Note in particular that for the special case when z = 2 and when the one-form σ is dual to a Killing vector on SE_5 (see below), we deduce that ∇^{CY}_m W_{rn} = 0, ∇^{CY}_r W_{μν} = 0 . (A.6) If we introduce a frame f^a = (f^r, f^α) on CY_3 with f^r = dr, f^α = rf̄^α where f̄^α is a frame for SE_5 then the covariant derivative of a spinor has coordinate components ∇^{CY}_{m=r}ϵ = ∂_rϵ ∇^{CY}_{m=μ}ϵ = ∇^{SE}_μ ϵ +^1_2f̄^α_μ Γ_α^rϵ . (A.7) The metric on SE_5 is normalised so that the Ricci tensor is four times the metric.

We will write the metric on SE_5 as ds^2(SE_5) = η_{SE} ⊗ η_{SE} + ds^2(KE_4) (A.8) where ds^2(KE_4) is the transverse Kähler-Einstein metric, normalised so that the Ricci tensor is six times that of the metric, and dη_{SE} = 2J_{KE} where J_{KE} is the Kähler form of KE_4. Recall that in general KE_4 is only locally defined. We also write η_{SE} = (dψ + A), dA = 2J_{KE} (A.9) so that the Reeb Killing vector dual to η_{SE} is ∂_ψ. If σ is a one-form on SE_5 dual to a Killing vector then ∇^2_{SE}σ_μ = R^{SE}_μ^ν σ_ν = −4σ_ν . (A.10) The Kähler form on the cone can be written as J = ∇^{CY} ( r^2(η_{SE}) ) = r dr ∧ (η_{SE}) + r^2J_{KE} (A.11) and so in particular J_{rμ} = r(η_{SE})_μ . (A.12) If W is a (1, 1) from on the cone then J_k^mW_{ml} = −J_l^mW_{km} . (A.13) The CY_3 has a covariantly constant, positive chirality spinor ζ_+ and we have J_{mn} = iζ^†_+γ_{mn}ζ_+ . (A.14)

Furthermore, γ_mζ_+ = iJ^n_m γ_nζ_+ . (A.15) In holomorphic coordinates^4 we have γ^{μ̄}ζ_+ = 0 and hence if W is of type (1,1) and primitive and/or type (2,0) (i.e. the (0,2) pieces vanish) then we have 1 2 W^∗_{mn}γ^{mn}ζ_+ = 0 . (A.16)

Note that if W = d(r^2σ) with σ an arbitrary one-form on SE_5 then d ∗_{CY} W = 0 is equivalent to ∇^{SE}_μ σ^μ = 0 and ∇^2_{SE}σ_μ = −4σ_μ. In turn turn these two conditions are equivalent to σ_μ being dual to a Killing vector on SE_5. If σ_μ is dual to a Killing vector it is simple to see that it implies the two conditions. Conversely, if we assume the two conditions using an argument in section 4.3 of [21] that σ_μ is dual to a Killing vector.

B Solving equation (2.68)

We would like to solve ( /∂h − r 8 /W/W^∗γ^r ) ζ_+ = 0 (B.1)

on the CY_3 cone subject to W being (1,1) and primitive i.e. satisfying /W ζ_+ = 0, /W^∗ζ_+ = 0. We first recast the condition in the form γ^n ( ∂_nh − r 2 W_{nm}W^{∗m}_r ) ζ_+ = 0 . (B.2)

To proceed we now use the projection condition on the covariantly constant spinor (A.15) to obtain γ^n [ ∂_nh − r 4 (W_{nm}W^{∗m}_r + W^∗_{nm}W^m_r) + i r 4 J_n^k (W_{km}W^{∗m}_r − W^∗_{km}W^m_r) ] ζ_+ = 0 (B.3) where J_{mn} is the Kähler-form on CY_3. This expression is of the form γ^nT_nζ_+ with T_n real. After multiplying by γ^mT_m we conclude that T_n = 0: ∂_nh = −∂_n ( |S|^2_{CY} ) − i r 4 J_n^k (W_{km}W^{∗m}_r − W^∗_{km}W^m_r) . (B.4)

Here we have introduced the one-form S that is dual to a Killing vector on the CY cone defined by S ≡ r^2σ . (B.5)

4Note that we use the maths convention that J_{mn} = −I_{mn} where I^m_n is the complex structure and that in holomorphic coordinates I^i_j = iδ^i_j .

We can now solve this for h: h = − ( |S|^2_{CY} − iJ^{mn}S_mS^∗_n ) . (B.6)

This can be verified using ∇^{CY}_m S_n = (1/2)W_{mn} and also (A.13). This expression for h is actually negative definite. This can be seen by writing it in the form

h = −2|S^{(0,1)}|^2_{CY} (B.7)

where S^{(0,1)}_m ≡ 1 2 (S_m + iJ_m^nS_n) . (B.8)

We can express h in yet another way by first introducing a one-form λ on the SE_5 space given by λ_μ ≡ i(L^{SE5}_σ∗ σ_μ) ≡ i(σ^{∗ν} ∇^{SE}_ν σ_μ − σ^ν ∇^{SE}_ν σ^∗_μ) (B.9)

where the notation means that we are taking the Lie-derivative with respect to the vector field which is dual, with respect to the SE_5 metric, to σ^∗. Next, using (A.13) and also (A.12) we deduce that we can write h as h = −r^2 ( |σ|^2_{SE} +^1_2 (η_{SE} )^μλ_μ ) , . (B.10)

Finally we also need to ensure that the equation of motion ∇^2_{CY} h + |W |^2_{CY} = 0 in (1.2), arising from Einstein’s equations, is satisfied. We find that this is equivalent to

∇^2_{SE5} ((η_{SE} )^μλ_μ) = −12 (η_{SE})^μλ_μ (B.11)

Given that η and λ are one-forms on SE_5 that are dual to Killing vectors, this condition is equivalent to demanding that the two form on CY_3 given by

V = dL (B.12)

is primitive where L ≡ r^2λ (B.13)

is dual to a Killing vector on CY_3. We can also show that V is a (1,1) form on CY_3. We have W_{mn} = 2∇^{CY}_m S_n, V_{mn} = 2∇^{CY}_m L_n (B.14)

and it is straightforward to show that L = iL^{CY}_S∗ S . (B.15)

Combining these results we calculate that V_{mn} = i 2 ( W^∗_{mk}W^k_n − W^∗_{nk}W^k_m ) + iR_{mnkl}S^kS^{∗l} (B.16) where for the second term we used the result that for any Killing vector

∇_m∇_nS_k = −R_{nkml}S^l (B.17)

and also the Bianchi identity for the Riemann tensor. The term in the brackets in (B.16) is (1, 1), since W is (1,1), and so is the second term since R is the Riemann tensor of a Kähler metric.

Note that if S^{(0,1)} = 0 then h = 0 and from the equation of motion ∇^2_{CY} h + |W |^2_{CY} = 0 we see that W = σ = 0.

C Killing spinors for z > 2

For W = d(r^zσ) with z > 2 the analysis of the Killing spinor equations proceeds in exactly the same way as in section 2 up to equation (2.21). We next substitute m = r into (2.17), (2.18) and use (2.11) to deduce that

Γ^+∇^{CY}_r /W Γ^rϵ^∗_+ = 0 . (C.1)

From (2.21) we also have Γ^+∇^{CY}_r /W ϵ^∗_+ = 0 . (C.2) Together these imply Γ^+∇^{CY}_r W_{rμ}Γ^μϵ^∗_+ = 0 and hence, after using (A.5), that for z ≠ 2 Γ^+(σ_αΓ^α)ϵ^∗_+ = 0 . (C.3) Combining this with (2.14), we deduce that for σ ≠ 0 we necessarily have

Γ^+ϵ_+ = 0 . (C.4)

The remaining equations that one finds are very similar to the z = 2 case. Let us label ϵ_+ = ψ_+. We find that ψ_+ has only dependence on the CY_3 coordinates and ∇^{CY}_m ψ_+ = 0. Furthermore, /W^∗ψ_+ = /W ψ_+ = 0 and so if ψ_+ ≠ 0 then W is (1,1) and primitive. We also find

Γ^+/W ϵ_− = Γ^+/W^∗ϵ_− = 0 (C.5) ∇^{CY}_m ϵ_− + 1 8 Γ^+/W Γ_mϵ^∗_− = 0 (C.6) Γ^+/∂hϵ_− + /W ϵ^∗_− = 0 (C.7) ϵ_− = ψ_− − x^+(Γ^−ψ_+ + r 4 /W Γ^rψ^∗_+) = 0 . (C.8)

Substituting (C.8) into (C.6) we obtain ∇^{CY}_m ψ_− + 1 8 Γ^+/W Γ_mψ^∗_− = 0 (C.9) ∇^{CY}_m W^∗_{rn}Γ^nψ_+ = 0 . (C.10) From the second equation we obtain the two constraints (z − 2) σ^∗_αΓ^αψ_+ = 0 (C.11) [ (z − 1) ∇^{SE}_α σ^∗_β + ∇^{SE}_β σ^∗_α ] Γ^βψ_+ = 0 . (C.12)

C.1 No superconformal Killing spinors for z > 2

We now show that ψ_+ = 0. Let us assume the converse and then ψ_+ is a covariantly constant spinor on R^{1,3} × CY_3. Using the 4+6 decomposition (2.65) we can write ψ_+ = q_+ ⊗ ζ_+ . (C.13) With q_+ ≠ 0, equations (C.11), (C.12) become σ^∗_αγ^αζ_+ = 0 (C.14) [ (z − 1) ∇^{SE}_α σ^∗_β + ∇^{SE}_β σ^∗_α ] γ^βζ_+ = 0 . (C.15) Multiplying equation (C.14) by ζ^†γ_r from the left we obtain (using (A.14) and (A.11)) σ_1 = 0 (C.16) where we are using an orthonormal frame f̄^α on SE_5 with f̄^1 = η_{SE}. On the other hand multiplying equation (C.15) by ζ^†γ_r from the left we have dσ^∗_{1α} + z∇^{SE}_α σ^∗_1 = 0 (C.17) ⇒ dσ^∗_{1α} = z(J_{KE} )_α^βσ^∗_β (C.18) (C.19) where we used that the spin connection on SE_5 has components ω̄^1_α = (J_{KE})_{αβ}f̄^β. We now use the (1, 1) condition on W to deduce W_{1α} = J_1^rJ_α^nW_{rn} (C.20) ⇒ dσ_{1α} = −z (J_{KE})α^βσ_β (C.21) which in combination with (C.18) implies σ = 0 and hence for z > 2: ψ_+ = 0. (C.22)

C.2 Example for z > 2

Despite the fact that ψ_+ = 0 we can have special solutions that have enhanced supersymmetry with Γ^+ψ_− ≠ 0. Let us illustrate for the special case when SE_5 is the round five-sphere.

We construct a closed, primitive (1,1) form W using a (0, 1) one-form A(z) on R^6 :

W = dA = ∂_zi A_{z̄i} (z) dz^i ∧ dz̄^j (C.23)

(implicitly we are assuming that it takes the form W = d(r^zσ)) with the prmitivity condition fixed by choosing that A is co-closed

∂_zi A^{zi} = 0 . (C.24)

This also guarantees that d ∗_{CY} W = 0.

Equation (C.9) reads ∂_mψ_− − 1 4 Γ^+W_{mn}Γ^nψ^∗_− = 0 . (C.25)

From (C.6) we observe that ∇^{CY}_m (Γ^+ψ_−) = 0 and we restrict our attention to Killing spinors satisfying Γ^{z̄i} Γ^+ψ_− = 0 . (C.26)

This brings equation (C.25) to the form ∂_mψ_− − 1 4 Γ^+∇_m /Aψ^∗_− = 0 (C.27)

which we can solve as follows:

ψ_− = η_− + 1 4 Γ^+/A η^∗_−, ∂_mη_− = 0 . (C.28)

Next, equation (C.7) fixes h = −^1_2 |A|^2 (C.29)

One can check that the equation of motion ∇^2_{CY} h + |W |^2_{CY} = 0 is also satisfied. The Killing spinors take the form

ε = r^{12} ( η_− +^i_4 Γ^+/A η^∗_− ) . (C.30)

References

[1] A. Donos and J. P. Gauntlett, “Solutions of type IIB and D=11 supergravity with Schrodinger(z) symmetry,” arXiv:0905.1098 [hep-th].

[2] N. Bobev, A. Kundu and K. Pilch, “Supersymmetric IIB Solutions with Schródinger Symmetry,” arXiv:0905.0673 [hep-th].

[3] D. T. Son, “Toward an AdS/cold atoms correspondence: a geometric realization of the Schroedinger symmetry,” Phys. Rev. D 78 (2008) 046003 [arXiv:0804.3972 [hep-th]].

[4] K. Balasubramanian and J. McGreevy, “Gravity duals for non-relativistic CFTs,” Phys. Rev. Lett. 101, 061601 (2008) [arXiv:0804.4053 [hep-th]].

[5] M. Cvetic, H. Lu and C. N. Pope, “M-theory pp-waves, Penrose limits and supernumerary supersymmetries,” Nucl. Phys. B 644 (2002) 65 [arXiv:hep-th/0203229].

[6] J. P. Gauntlett and C. M. Hull, “pp-waves in 11-dimensions with extra supersymmetry,” JHEP 0206, 013 (2002) [arXiv:hep-th/0203255].

[7] J. P. Gauntlett, R. C. Myers and P. K. Townsend, “Supersymmetry of rotating branes,” Phys. Rev. D 59 (1999) 025001 [arXiv:hep-th/9809065].

[8] J. M. Figueroa-O’Farrill, “On the supersymmetries of anti de Sitter vacua,” Class. Quant. Grav. 16 (1999) 2043 [arXiv:hep-th/9902066].

[9] M. Sakaguchi and K. Yoshida, “More super Schrodinger algebras from psu(2,2—4),” JHEP 0808 (2008) 049 [arXiv:0806.3612 [hep-th]].

[10] J. P. Gauntlett, J. Gomis and P. K. Townsend, “Supersymmetry And The Physical Phase Space Formulation Of Spinning Particles,” Phys. Lett. B 248 (1990) 288.

[11] M. Leblanc, G. Lozano and H. Min, “Extended superconformal Galilean symmetry in Chern-Simons matter systems,” Annals Phys. 219 (1992) 328 [arXiv:hep-th/9206039].

[12] C. Duval and P. A. Horvathy, “On Schrodinger superalgebras,” J. Math. Phys.

35 (1994) 2516 [arXiv:hep-th/0508079].

[13] M. Sakaguchi and K. Yoshida, “Super Schrodinger in Super Conformal,” J. Math.

Phys. 49 (2008) 102302 [arXiv:0805.2661 [hep-th]].

[14] Y. Nakayama, M. Sakaguchi and K. Yoshida, “Non-Relativistic M2-brane Gauge Theory and New Superconformal Algebra,” JHEP 0904 (2009) 096 [arXiv:0902.2204 [hep-th]].

[15] S. A. Hartnoll and K. Yoshida, “Families of IIB duals for nonrelativistic CFTs,” JHEP 0812 (2008) 071 [arXiv:0810.0298 [hep-th]].

[16] A. Donos and J. P. Gauntlett, “Supersymmetric solutions for non-relativistic holography,” JHEP 0903 (2009) 138 [arXiv:0901.0818 [hep-th]].

[17] E. O. Colgain and H. Yavartanoo, “NR CF T_3 duals in M-theory,” arXiv:0904.0588 [hep-th].

[18] H. Ooguri and C. S. Park, “Supersymmetric non-relativistic geometries in Mtheory,” arXiv:0905.1954 [hep-th].

[19] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “Supersymmetric AdS(5) solutions of type IIB supergravity,” Class. Quant. Grav. 23 (2006) 4693 [arXiv:hep-th/0510125].

[20] E. J. Hackett-Jones and D. J. Smith, “Type IIB Killing spinors and calibrations,” JHEP 0411 (2004) 029 [arXiv:hep-th/0405098].

[21] M. J. Duff, B. E. W. Nilsson and C. N. Pope, “Kaluza-Klein Supergravity,” Phys. Rept. 130 (1986) 1.