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Abstract

For the large-angles hard photon emission by initial leptons in process of high energy
annihilation of eTe™ — to hadrons the Dirac tensor is obtained, taking into account
the lowest order radiative corrections. The case of large-angles emission of two
hard photons by initial leptons is considered. This result is being completed by
the kinematics case of collinear hard photons emission as well as soft virtual and
real photons and can be used for construction of Monte-Carlo generators.
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1 Introduction

The problem of precise knowledge of the cross section of annihilation ete™ to
hadrons caused by the long staying problem of theoretical estimation of muon
anomalous magnetic moment g — 2 [I]:

Z(%J):%(%) /djm YKW(s), (1)

Ueé—)hadr 1 — s
R(S):f, K(l /dl’x2 ) ), P = —-

eé— i
g #

Extraction of cross-section ete™ — v* — hadrons from experimental data is
one of the main problem of modern experimental physics. The Monte-Carlo
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programs creation which takes into account the emission of real photons by
the initial leptons is the motivation of this paper.

Dirac tensor (cross-symmetry partner of Compton tensor) i.e. the bilinear
combination of the currents of hard photon emission averaged on leptons spin
states and summed on photon polarization states takes the contribution on
Born level and the ones arising from 1-loop correction. Infrared divergences
are parametrized by the introduction ”photon mass” A. In the final answer
it is removed in a usual way by adding the contribution from additional soft
photon emission.

We don’t consider photon emission by the final charged particles as well as
the effects of charge-add interference of emission of virtual or real photon
emission from leptons and hadrons. So the Dirac tensor obtained in such way
is universal.

The paper is organized as follow. In the part 2 we wrote down the contribution
of Dirac tensor in terms only corrections associated with the positron legs. In
part 3 we obtain the contribution arising from mass operator of positron and
vertex function for the case when positron and photon are on mass shell. In
the part 4 we consider the contribution from vertex function for the case of
electron on mass shell and the box-type Feynman amplitude with electron,
positron and one of photons on mass shell.

In section 5 we analyze the total result for Dirac tensor, adding the emission of
additional soft photon contributions, which provide the infrared divergences
free final result.

We put the form of hadronic tensor for several final states: v* — «t7~, utu=, pTp~.
In Appendixes A and B the details of calculation are presented. In Appendix

C the contribution to Dirac tensor for the case of two hard photon emission
is given.

2 General analysis

The Born level matrix element of hard photon emission by initial leptons in
process of annihilation e*, e~ to hadrons through the single virtual photon
intermediate state

et (py) +e (=) = 7 (q) + (k1) = v(k1) + h(q) (2)

have a form (see Fig. (1))



Fig. 1. Diagrams contributing in Born level.
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where é(ky) is polarization vector of the real photon. The H,(q) is the current
describing the conversation of virtual photon whith momentum ¢ to hadronic
state. We will restrict ourselves by kinematics conditions of large-angles scat-
tering.

S :2p+p—7 X+ = 2k1p:|:7 k% = 07 pi = m27 (4)
S—x+—X-=0¢" >0, ~¢~xp~x->m"

In expressions below we put m = 0 everywhere except the denominators of
loops integrals.

Cross section can be expressed in terms of the summed on spin states of the
module of matrix element square:

Z |M|2 471_0[ 4BPP1HPP1’
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The differential cross-section can be written as:

Z|M|2 ) -dly,
3

dl'y = (2m)"s" <p+ +po =k — Z qz) H m- (6)

For differential hard photon cross section we obtain
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where for the case of Born level

Bpm = B;()(;)))l = ngppf" B-Hﬁ-l-pﬁ—pf" B——ﬁ—pﬁ—m“’ Bﬂ:(ﬁ—i—pﬁ—m"’ﬁ-i—mﬁ—p)'(&

The quantities with the ”tilde” are defined as

N 1
Gopr = YGpp1 — ?qpqﬁlv (9>
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In the Born approximation (see Fig. (1)) we have

B, = 25¢> + % +x2), 10
y= L) (10)
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For ¢* = 0 we reproduce the Dirac cross-section of e~e™ — y:

Al 202 X2 + 2
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Below we concentrate on calculation of one-loop radiative correction to Dirac
tensor is

By, — BY) + (a/m)T ) (12)

PP p1’

Let us now show that in considering of the corrections one can restrict only
by half of full set of Feynman diagrams for considering process (2). So we put
O, = O, + OF separating the contribution of emission from electron leg O
and positron one OF (see Fig.(1) for the Born case and Fig.(2) for the 1-loop
corrections).

One can show that using the cyclic property of the trace as well as the mirror
property
Tr dldg B '&gn =Tr dgn B 'dgdl,

that the total contribution to the Dirac leptonic tensor can be written as:



Tr p, OWp_0F +Trp, 0% O
=(1+A,,) 1+ P)Trp 0 p_OF. (13)

Here the exchange operations acting as

Applem =L (14)
PF(p+ap—akl):F(_p—>_p—i-a_kl)a (15)
PF(SaqzuX+7X—):F(87q27X—7X+) =F.

Here and below we imply the real part of leptonic tensor.

3  One-loop corrections

The virtual correction of lowest order is described by 8 Feynman diagrams
shown on the Fig.(3).
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Fig. 2. Diagrams contributing in 1-loop level.

Let us distinguish contribution of FD Fig. ([Be-h)) to 3 classes

Trp O p-O, =Ty + T + T, (16)

pp1 PP PP

with 7% and TV correspond to Fig. @ (h,g)) and T to Fig. (@ e,f).

Consider first the contribution to matrix element arising from Feynman dia-
gram Fig. 3 ef.

Matrix element of FD Fig. (B (e)) contain the mass operator of electron (p).
In kinematics conditions of our problem (y; > m?) we obtain [BLP]:
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where A is the so-called ”photon mass”.

Matrix elements of FD Fig. (@ (f)) contain the vertex function with real pho-
ton [3].

o kM (—py —k)e(—ps + ky — k)7
Mf:_v(m)/ V(=P —k)e(=py + k1 — k)y (18)
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) Ypu(p-).

We use here the notations

dk = (0) =k (2) = (p+ + k)" =m?, () = (=ps + k1 — k)* — (@)

im?’

Using the relevant loop integrals, obtained in [2] (see Appendix) we have a
matrix elements of FD Fig. (B(f)) which contain the vertex function with real
photon [3].

) 1 3. —ps+k
+dh—§u——»£i—i

i — You(p-) (21)

As a result we obtain the infra-red free and gauge-invariant expression:

1 1

=5 (= 5) (22)
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Inserting this expression to the relevant part of O; we obtain for szp )

PR B 1 o
T, = @1 Tr pykiynyob- [X—%(p_ = k1), + o (=p+ +k)m], (23)
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where we used relation k1, = (p;+ + p—), keeping mind the gauge invariance
of hadronic tensor ¢,H,, = 0. Expression (23)) leads to the follow form for
contributions of diagramms Fig. [B(e,f)):

2
q s
T =4<I>+[2p—pp—p1(x— -1)+ 2p—pp+p1(x— —1) = (s = X_)gpp)- (24)

Applying the operation A,, and P we obtain the full result:

(1+A8,,) 1+ P)T2 =12Q%p_p- +2Q%p,ps + (QF + Q%) (p+p- + p-(B5)
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4 Vertex and box type diagram contributions

Contribution of Fig. (Bl(g,h)) can be written as
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Using the loop integrals listed in Appendix A we obtain:

(TP + TV ppr = A oD i+ B oy i+ Cip+pp_p1
+DFP s ot B Gppr (29)

with explicit expression for A-FE given in Appendix B. Applying exchange
operator 1+ A,, we obtain

(14 Dpp ) (TP 4+ T + TV = 2A%p 1 ppy + (2B +2Q7)p-pp—p, (30)
+ (Ci + D + Qi)(p-i—pp—m + p—pp—i-m) + (2Eg + QQE)QPPI-

Applying at least the operation (1+7P) (Eq.[I0) we obtain the final expression

for Dirac tensor with heavy photon for annihilation channel B,, = ngl +
2T py, With

Tpp1 = T——ﬁ—pﬁ—m + T——ﬁ—i—pﬁ-ﬁ-m + (ﬁ-i-pﬁ—m + ﬁ—pﬁ-l—m)T-i-— + ngppm(gl)

with

T,y =247 + 2B + 207, (32)
T,_ =C*+ DT+ C* + DTQ% + Q%
T, = 2E9 +2Q) +2E7 +2Q; .

These quantities contain the ultra-violet cut off logarithm L = ln% which is
eliminated by standard regularization procedure [3] L — 2, —9/2.

Besides it contain the large logarithm [, = In -, infrared logarithm [, = ln’f\”—;.

Another kinds of logarithms:

2

2
q X
lq = lnﬁ, lj: = lnﬁ:;, (33)

enter into the final result as a following combinations:

2
q X X-
lp=In", =10 e =In"—, (34)

which are of order of unity.

Here we restore the gauge-invariance by replacing ¢,,, — Gpp1> P+p —* P+p-



5 Discussion, ex-plicite form of tensor structures.

The infrared divergences constrained in contribution of virtual photon emis-
sion canceled when takes into account the emission of additional soft photon
(center-of mass of ete™ initial is implied)

dog, ;s = 0sofrdos (35)
Ao APk, p_ Dt \o
- (== + = A 2
o =157 | o o o) 0 < A< V2 (36)

where w = v k% + A\2. Using the standard integrals we obtain

a AFE 1 2
Ssoft = —;[(zs —1)(In + zlnf) + 515 — 3]. (37)
Dirac tensor have a form
« 3 AFE Q
Bpp =B, (14 ;(zs — 1)(5 + 2lnf)) + ;Tp(;f. (38)

, Components of T are free from infrared singularities and do not contain
large logarithms. Explicit for of it is given below as a function of the center of
mass scattering angle.

Similar properties have a cross-channel-Compton tensor with one real and
another virtual (space-like) photon [4].

Hadronic tensor is the summed on spin states of bilinear combination of matrix
elements M,M; , where the current M, describes the conversion of heavy time-
like photon to some set of hadrons. For the case of creation of a pair of charged
pseudoscalar mesons (7t7~, KTK~, ...) we have

+
HY P~ = (py —p-)p(p+ =P )p» ¢ =D+ + -

For conversion to pair of charged spin 1/2 fermions v — p(py) + = (p_) we
have

2
ST q
nglu = 4[p+pp—p1 + D4pP—p — 59/}/}1]' (39)

For creation of a pair of charged vectors mesons p*p~, K** K*~ one obtaines



oy qpq
Hy, ! (¢+,q-) = ¢*(8 — 2n) (Gppr — pqul ) (40)
9
+(g+ — q-)plar — q-)p (3 =5+ an),
q2
”:m_g’ q= Qo+ + qp— (41)

The gauge invariance requirement H [}pl (@), = H p"zl (q)q, = 0 is fulfilled.
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Appendix A.One-loop Feynman integrals

In this section we perform the result of calculation one-loop Feynman dia-
gramm which was calculated in [2] for the case of the absorption of virtual
photon by electron from the pair created by the photon.

Here we consider the expressions for part of scalar,vector and tensor integrals,
corresponding to the annihilation of electrons to virtual photon with emission
additional real photon in subprocess
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e”(p-) +e"(p+) = v(p1) +77(a),
L=m’ pi=0,5=2pp., Xt =2pps
~P~xe>mEs— 7=y + X (42)

w 3

The denominators of integrals defined as

(0)=k* — N2,

(2)=(p- —k)* —m® +i0 = k* — 2p_k + 0,

(2)=(=py — k)* = m* +i0,

(9)=(p1 — py — k)* = m? +10. (43)

The four denominator scalar integral

d*k 1
o= | S o ()

has the form

1
Tooag = K
+

2 2
. q o

12 =200, — Ll + 2L12<1 - ;> — 7] (45)

where the logarithms was denoted in (33)).

For the tree denominator scalar integrals

k1
Lijk _/W—QW (46)

we have following expressions

1 I 1 4n
IO?q:_% 11‘1‘7}, Re]oz2zg{l§+2lsll_ 3 ]v
1 2 2
Rel, = 53— {zq _ zs],
1 1 , W\ 32
Toow = — (L — 1)+ ~(L —1.)% + 2Li, [ 1 ———]. 4
o=l =)+ - L em (1 25 ) < 2] )

Two denominator scalar integrals are defined as I;; = [d*k/ir?(¢)(j). The
explicit expressions for them are

[02:L+1, ]gq:L—lq+1, qu:L—l++1,
Iz =L+ 1, Is=L—L,+1, IQq:L—l.

11



The vector integrals can be defined as
d*kk" + — M 1,
I;‘L = / r = a, 44 + Q. q— + a,.p1 (48)

with r = (i5), (ijk), (ijkl) where i, 5, k, 1 = (0), (2), 2), (¢).

For the vector integrals with two denominators we have (we put only nonzero
coefficients)

1 1 1 1
Re ay, = Re ay, = —Re afy = 5 (L=l +3). aby = —af, = 5(L =1+ 3),
1 1 1 1 3
| 1 1 1
=5l =7 a&:—gmz (49)

and the coefficients for the vector integrals with three denominators are

1 2x ¢° — X 1
Qooq = 5 (X+[02q + a+ l-i- + a +lq)> a8_2q = _a(1)2q = a<l+ - ZQ)>

1
a(l]iq:_<_l++2)7 a:X++q2,
X+
1 1
+ _ - .+
Ggzq = —Lo2g — ;l% Aoz = —Ago3 = ;ls’
_ 1 1
U2 = & <l5 - ZQ)> aégq = —Iopq + - <l5 - lq)>
s 1 2s
&%Qq:EIQQq‘I‘E(—Zq‘FQ)—§<l5—lq), C:S—q2:X++X_. (50)

Finally, the coefficient of the vector integral with 4 denominators has the form

a1=2<X+A—I-X—B—SC>, a*=%‘<><+A—X—B+SC>
A= ]2§q — IOQq, B = IO2q - [2§qa
C= Tooq — To2z — X+102éq- (51>

The second rank tensor integrals can be parameterized in the form

o [ bk

e, [angrailplpl +a T qeqs Har g g+ a7 (prgy +qipa)

+ay” (pg- +q-p1) + o (qrq- +q-q4)| . (52)
uv

The coefficients for tensor integral with four denominators are (we suppressed

12



the index 022¢)

1 1
a't = —(A6+A7—A10>, at” =—<A2+A6—A10),
X+ S
1- 1 11 1 1+
a :—A2+A7—A10, a :—Al—SCL s
X— X—
—_1 1- —_ 14+
a :_(AS_X-l-a )7 a :—<A3—X_CL )7
S S
9 — l _ _ 1+
a’ = 5 AIO Ag X+a s
with
Al = a%iq - aéiqa AG = a(—)|—2q - a;iqv
AZ = a'g_iqa A7 = a’éQq - X-i-a'la
A3 = a';—?q - a’(—)%q’ A8 = aa2q - a(;QQ - X+Cl_,
A4 = a(1]2q - a%iq? AQ = aa—Qq - a8_2§ - X+a+,
A5 = &a2q - a;iq, AlO = IQQq.

(54)

For the tensor integrals with three denominators If,, we have coefficients

1.3 ¢ x4
8oy ==L+ - ——1,— =1
020 = +8 40’7 o T
- - L X+
a3_2q = _a'é2q = % 7(l+ - lq) -1 )
1
i = afh, = —alf, = =1y~ 1),
1 3x2 (¢*)* +4¢°x+ —3x5,  ¢*+3x
Q3 = = | X3 Jozg + = e = 5| (59)
The coefficients entering into the tensor integral 155 are
1 3 L 1 _ 1
U = Z(L — 1)+ ]’ gy = Ggp = 2_3(15 —1), agy = "9’ (56)
and the coefficients for the tensor integral I are
1 3 1 )
g _ 1+ _
aOQq_Z(L_Z-F)—i_g? %zq—z<l+—§)7
1
1 _ ++ 7
G2 = 9\ (=14 +2), Agpq = Loag + K(?’h —1). (57)
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In the case of the tensor integral I}y they have the form

I L —%(zq 1) (58)

0z, = Ty + ol — 1), it = =l ~ 1),

ST o

W= 2] = 2 = shag ool - Sl 1),

alk, = 0—12 ds — ¢* + 5Ty, — 375215 L3 (qu s T (60)
Appendix B.

Appendix C. Large-angles emission by the initial leptons masses

Cross section of 2 photon emission by the initial leptons masses

e"(py) + e~ (p=) = (k1) +v(k2) + hadr(q) (61)

have a form

do? 1 o* H,,, 0% A2k d2k,

)
dry, T 912025 ()2 w wy’

Wi, wy < Aga (62)

where the factor 1/2! takes into account the identity of final-state hard pho-
tons. The relevant contribution to lepton tensor is

Qppl = —Tr p+012pp 012,)7 (63)
po—ki—ka( B~k D — ko
0" — ( 7 77) 64
2 =Yg - " 77+ i (64)
—py + ks —py + ky —py + ky + ko
# (B R Ry
Dy T T dn )T
+ V7 (=P4 + k2)vp(h- — k1)y"

d1dys

+ Y(—p+ + ]2?1)%(]5— — ]272)707

d—zd4

and
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d_1p=(p- — k1 — ) - m2; (65)
da=(p- —k)?=m? do=(p_ —ky)* —m?*

dio=(—py + ki ‘|'k‘2) —m?;

d+ :( p+—|—k‘1) —m2; d+2 = (p+—|—k‘2)2—m2.

Tensor ng obey the gauge invariance Q)
on the form

o d me ¢p, = 0 and can be put

me =AyGpp, + [A_D_p- + AyDips + Avikiky + Ay (P + p-p+)(66)
+AL(Dak + kipy) + A (DK + k1po)] ppr s

coefficients A; can be obtained in the standard way: constructing the values

Bga Blla B++a B——a "':Qpp1 [gppp klpklpp P+pP+p1 5 ]

and solving the set of 7 linear equations.
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