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Abstract

We calculate the massive operator matrix element Ag}) (N) to 3-loop order in Quantum

Chromodynamics at general values of the Mellin variable N. This is the first complete
transition function needed in the variable flavor number scheme obtained at O(a3). A first
independent recalculation is performed for the contributions o« N of the 3-loop anomalous
dimension 753) (N).
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1 Introduction

The variable flavor number scheme (VFNS) allows, in a process independent manner, the tran-
sition of the twist-2 parton distributions for Ny light flavors to Ny 4 1 light flavors at a scale
12, i.e. making one single heavy flavor @ light at the time. This has been worked out to 2-loop
order in [1] and to 3-loop order in [2]. The new (N; + 1)-flavor massless parton densities for the

different flavor combinations are given by :

Pl 4 1)+ FoNy 4 1) = AN (N5 £5) @ [y i)+ 4]
AqPqSQ<Nf7 MZ) ® S(Ny, 1*)
+AqgQ<Nf7 MQ) @ G(Ny, i),
fora(Ny+1,1%) = AE?;(Nﬁ “2> ® D(Ny, 1) + A3, (Nfa MQ) ® G(Ny, p?),
2 2

GINp+1,1%) = 48,0 (N5, 25) @ SNy 1) + 45,0 (N, 25 ) @ GO 12),
Ny+1
S(Np+1,6%) = > [fe(Np 4+ 1,p%) + fr(Ng +1,4°)]
k=1
2 2 2
; p
= {AquSQ<Nf> )"‘Nngc]S’Q(va )+A53<Nf7@>]
®(Ny, 1)

2 2

{NqugQ(Nf, £5) + 48, (Nr, %)} @ G(Ny, 1?). (1.1)

Here, fi. and f; denote the quark and antiquark densities, (N, u?) = Zszfl[fk + fz] is the
singlet-quark density and G(Ny, u?) the gluon density. The mass m of the decoupling heavy
quark @, enters the massive operator matrix elements (OMEs) A;;(Ng, m?/u?), which are process
independent quantities, in terms of logarithms, and p denotes the decoupling scale. In total
seven OMEs contribute. Here we use the shorthand notations f = f /NE, f = f(Np+1)—
f(Np). Representations of parton distribution functions in the VENS are important at very
large virtualities, as e.g. for scattering processes at the Tevatron or the Large Hadron Collider
(LHC), in particular in the context of precision measurements of different observables in Quantum
Chromodynamics (QCD) and the determination of the strong coupling constant 045<M z) [3]. At

1-loop order only the OME AQg contributes. At 2-loop order Ag%, ANSH AS o, AS, o emerge,

and from 3-loop order onward also APSQ and Asg contribute. The 2-loop correctlons to all the
matrix elements have been calculated in Refs. [1,4-6] in complete form. At 3-loop order, Mellin
moments ranging for N = 2...10(14), depending on the process, were calculated in [2] and for
transversity A - NS, TR in [7].

The OMES AqPqSQ( ) and flCS]gQ( ) have been computed in [8]. There also the 3-loop
O(N;T2Car) corrections to the OMEs to AS AP o, Ao and ANSC;F " were calculated, with
Tp =1/2,Cy = N.,Cp = (N2 —1)/(2N,) for the gauge group SU(N,). The corresponding
contributions to A% - and A3, were calculated in [9].

In the present paper we compute the complete matrix elements Aié%(]\f ) for general values of

N. As a by-product of the calculation we also obtain the two-loop anomalous dimension %(,é)(N )



and the term oc T of the three-loop anomalous dimension, %(,(21)(]\7 ). The paper is organized as
follows. We first describe technical details of the calculation and then present the constant part
of the massive 3-loop operator matrix element Ag% in Mellin-N space as well as the Wég)(N )
which is obtained in an independent calculation. In the Appendix we present the matrix element
AS. o in Mellin- and momentum fraction space.

2 The Formalism
The massive operator matrix element AS;{’CSTS in the MS-scheme is given by [2] :

_ (0) 2
3),MS 7 m 1
A = o1 {752)7«59) + (%52) — g + 1050 + 24@0,62)50,@} In® <F> +3 {6%53)50,62

A ) m’
#380) (189) =) = 480 — 600.0) + 19 (3N +4 Véé)+2ﬁl,c;)}ln2(7)
(2),NS (2) PS

L] e ) : (2)
+§ {475(]q) + 4a/gq Q (75(]9) fqu 4B0 - 660 Q) + 475(111) ( qq Q t+a agng

. m?
+89) + 296 (930 + [19 22 + 1260 + 1050 o) } ln<ﬁ>

=(2) 0 0) (+(2) =(2),PS _ —(2),NS 0) 3(2)
Tge (7éq) 799) + 400 + 65 Q) T 75(1 )< Q99,0 ~ %Qq T %qQ ) - 75511)51,@

—7961 CS 0) 2,0 0 0 3'79(1 Bo,0C2 (2)
DY ( éq)’ytgg) + [’Véq) - ’Yég) + 1050} 50,@) T + 20m Ag0.0
+omP4Y + 45miV By, + ¥ (2.1)

where ¢, = Y2, (1/1F), k € N,k > 2 are the values of the Riemann (-function. The different
logarithmic terms oc In"(m?/u?), from highest to lowest power n = 3...0, depend on anomalous

dimensions 74(,?)(N ), (k = 0...2), the expansion coefficients of the QCD p-function, the heavy

ij
quark mass, and of the constant parts of the unrenormalized massive OMEs a( [1,4-6,10] from
1- to 3-loop order. Calculating the OMEs order by order in «a, delivers all these quantities.
Moreover, one obtains from the In?(m?/u?) term the complete 2-loop anomalous dimension

'y!g(l,)(N ) and from the contribution In(m?/u?) the term o< Tx of the 3-loop anomalous dimension

790 (N).

The 86 Feynman diagrams contributing to Ang were generated with an extension of QGRAF
[11] allowing for local operator insertions [2]. The diagrams are calculated using TFORM [12].
With respect to the latter the corresponding diagrams are mapped into generating functions
in a subsidiary variable z, cf. [13]. The resulting Feynman integrals contain not only the usual
propagator-denominators, but also denominator factors in which the loop momenta enter linearly.
The latter stem from the local operator insertions which have been resummed in terms of a
generating function representation. We then use integration-by-parts relations [14] as encoded in
Reduze?2 [15], which has been adapted to this extension. The master integrals are calculated using
hypergeometric function techniques [5,13,16-19] and Mellin-Barnes [20] representations applying
the codes MB [21] and MBresolve [22]. One obtains multiple nested sums over hypergeometric
expressions still containing the dimensional parameter ¢ = D — 4. After expanding in &, these
sums are performed applying modern summation technologies [23-31] encoded in the packages



Sigma [32,33], HarmonicSums [34,35], EvaluateMultiSums, SumProduction [36], and p—-Sum [37].
All but one master integral could be calculated in this way. For the missing case we have applied
the multivariate Almkvist-Zeilberger algorithm [38] in Mellin-space, which allowed us to find a
difference equation using the package MultiIntegrate [35]. This equation could then be solved
applying the summation packages quoted before. Both the master integrals as well as the final
results for individual diagrams were checked comparing to a finite number of moments calculated
using MATAD [39].

Finally it turns out that the OME A .o can be expressed by harmonic sums Sz(N) and
(-values [40] only. The harmonic sums are " defined by [41]

SuaV) = 30 O g ), Sy(V) = Liab € 2\ 0} N € N\ {0}, 22)

The renormalization and factorization of Aé?;),Q has been worked out in Ref. [2]. It consists
of mass, coupling constant and operator renormalization, and the factorization of the collinear
singularities. Unlike the case of massless OMEs, the Z-factors for the renormalization of the
ultraviolet singularities of the operators are not inverse of those for the collinear singularities.
For the renormalization of the coupling constant, one first refers to a MOM-scheme, using the
background-field method [42] and then translates to the MS-scheme afterwards.

3 Anomalous Dimensions

The anomalous dimension may be obtained from the logarithmic contributions in Eq. (2.1). In
the following we drop the argument N of the harmonic sums and use the short-hand notation
Sz(N) = Sz. Here and in the following we simplify the result applying the algebraic relations
of the harmonic sums [43]. In the present calculation the complete 2-loop anomalous dimen-
sion 'yg(,é)(N ) and the Tp-part of the 3-loop anomalous dimension 7( )(N ) are calculated in an
independent way and may be compared to the result obtained previously in Ref. [44].

Let us define the leading order splitting function p,,(N) without color factor,

N2+ N +2

(N-ON(N+ 1) (3:1)

ﬁgq(N) =

The 2-loop anomalous dimension 'yé;) is then given by

8(17TN* +41N? — 22N — 12) S
3(N —1)2N%(N +1) !

1
Y (V) = 5[1+(—1>N]{CACF 8PyalS2 — ST+ 28 5] +

_(_1)N16(3N3 +5N? + 6N +2) 8Q1
(N —1)N2(N +1)3 9(N —1)2N3(N +1)*(N +2)?
8(5N?® +8N? + 17N + 10) 4Q,

+C% | 8P4q[St + Sa] —

N—DON(N1+1?_ TN DONA(N 1P

32(8N® + 13N? + 27N +16) 32 g
9N — 1)N(N + 1)2 g Dot

+CpTrNp (3.2)

where () and ()2 are the polynomials

Q1 = 109N® +512N7 4 834NS 4 592N° — 275N* — 900N?3 — 152N? + 432N + 144,



Qy = 12N°®+4+30N®° +43N* +28N? — N* — 12N — 4 . (3.4)
The contribution to the 3-loop anomalous dimension is given by

80 _
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} + CFCATFNF{—gﬁquf
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S SN S 1NN £ 1)V 128

L6 32Q10
g Poat O(N — 1)2N3(N + 1)A(N + 2)?

128(3N® + 5N? + 6N + 2)
3(N — 1)N2(N + 1)

16Q7
C27(N —1)2N3(N + 1)3(N + 2)2

329
“3(N —1)2N2(N 4+ 1)%(N +2)

+

80
+§pgq52

256

S o+ (=1)N

32(N® — N* —7N3 — 20N? + 5N + 10)
3(N —1)2N2(N +1)2(N +2)

So

1

128 4
+5 P [553 + S35 — 521+ 3C3} }}, (3.5)

and the polynomials @); are

Qs = S88N® 4+ 171IN® + 374N* + 320N? + 23N? — 78N — 18, (3.6)

Qs = 4N®+106N" + 653N° + 1411N° + 453N* — 2429N?3 — 3394N? — 1644N — 344, (3.7)

Qs = 129N 4+ 3522N"% 4+ 27035 N2 + 113832N! 4 320915N1° + 585194 N® + 526437N®
—136068N™ — 910532N° — 1191312N° — 976400N* — 562880N3 — 276672N>

—122112N — 27648, (3.8)
Qs = 32N®+96N° + 132N* + 167TN> — 26N? — 167N — 54, (3.9)
Q7 = 736N +4233N® + 10139N7 4 15625N° + 15401 N® + 2050N* — 10784 N?

—T7400N? — 336N + 576, (3.10)
Qs = 1485N' +12021N" + 40816 N 4 77198 N? + 77813N® + 6809N" — 58634 N6

+5012N° + 124920 N* + 145680N° + 77984 N? + 18240N + 1152, (3.11)
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Qo = 13N+ 37N° +51N* +39N3 — 76 N? — 72N — 40, (3.12)
Q1o = T3N? + 655N + 2495N7 + 4747N°® + 3420N° — 2846 N* — 7048 N*
—4872N* — 1616 N — 192 . (3.13)

Both quantities agree with the results in the literature for individual moments [2,45] and the
result for general values of N [46]. In the 3-loop case the results given in [44] are confirmed for
the first time for general values of V.

4 The Operator Matrix Element

The renormalized operator matrix element (2.1) is represented by known lower order terms and
the newly evaluated constant part aéi’,)(N ) of the unrenormalized OME :

1 B 64 29 _
@ (N) = 5[1+<—1>N]{0%TF{pgq (334—9644)—2[‘2_779%5?

2(275N" + 472N® 4 951N? + 598N + 96)
81(N — 1)N2(N +1)?

B 2P,
8L(N — 1)N3(N + 1)

2(209N? + 376N? 4 669N + 418) S 4P,
27(N — 1)N(N +1)2 > 243(N —1)N(N + 1)

S 4

14
+313qu2] S+

104 _ 16 _
+2_7pgqs3 - ?pquQ,l

Sit 1paS2 + 2P
T gPee2 T 93N — 2)(N — 1)2N5(N + 1)5(N + 2)¢
2P 647,

TN — (N — 1NN + AN 122 T (N NN + (N +2)

4P, 110 647y

~81(N —1)2N3(N +1)3(N +2) S g PanSa (N —1)N(N + 1)(N +2) 51

S_15

16 P;5
(N —2)(N — 1)2N3(N + 1)3(N + 2)2

6470, s
3(N-=DN(N+1)(N+2) 7

35N? 4+ 64N? + 111N + 70) 16
So1 — —Pgq [3S31 — S
27(N —1)N(N + 1) 2,1 Daq (3531 9.1.1)

9
[2(171\74 + 28N3 + GIN? + 46N + 24)

S, _
+3 2

8
—385, 1+ 352 1] + (

Fs
9N —1)2N3(N +1)3(N +2)?

O(N —)N2(N + 172 S+

—lpgq (105} — 145,)

2
3 Ga +

2P, J2 o
O(N —12N3(N + 13(N +2) g Poao1|5

8(8N? + 13N? + 27N + 16)
27(N — 1)N(N + 1)?

8
+CFTI% { —2Np [—ﬁquig’ —

o 1S5 + S5]

16(35N* 4+ 97TN? + 178N? + 180N +70) 8
3 + _pquZ Sl
27(N —1)N(N + 1) 9

16(1188N° + 4237N* + 8861N? + 11668N? 4 8236N +2276) 16
243(N — )N(N + 1) o7Pea”3

6



16(39N* + 101N3 + 201N2 4+ 205N + 78) 16 _
—213 + —pquQ 51
81(N — 1)N(N +1)3 27
16(8N® + 13N? + 27N + 16)
27(N — 1)N(N +1)2
8(1129N° + 3814N* + 8618N? + 11884N? + 8425N + 2258)
243(N — 1)N(N + 1)

16
[SZ 4+ Sy + 2—7qu [S? 4+ 255]

8 8(8N?3 4+ 13N? + 27N + 16) 512 224
—2(2+ Np) | =DgqS1 — Pog | o — o IV
( + F) 3pgq 1 9<N—1)N(N+1)2 §2+p9q 9 9 F C3
32 29 2Py
CACETES Pgq | 96¢4 — =By | — 2| ==pge St — S?
Featr F{pgq< “y 4) 27791 T RN — 12N (N + 12(N +2) 7!
2P, 58 32 [53
T BgSa | SE 4 | g | =S
TIRI(V —1)PN3(N 1 13N 12 | 9w 2] Lt [9p~"q {12 3
4Py, 2Py,
+521] — 2 N4 4 3 2 N2 2 S2
243(N — 1)2N4(N + 1)4(N +2)3  27(N —1)2N2(N + 1)2(N +2)
_ 2P, 61 ., 16_ _,
—1674,5 21| S ~—DggS3 + —DggS
Pae>=211 U F 13N = 2)(N — 1ENS(N + 1)5(N + 2)i | 9 P2 T g Pano=
152 _ 8P3 32p,
“ P51 — S_ 99 S_,S
+[ g Pt T r N 1PN (N L 1PN+ ) [T T (NS ON(N - (V)
2P 8P
14 52_ 15

TN ) (N 1NN 1 13NV + 227 BI(N — 1ZNE(N 1+ 12(N + 2)53

178 o 188 12 g 16(52N* + 95N3 + 210N? + 137N + 36)

T PouStt | GPaul S+ 5] = 27(N — 1)N?(N 1 1)? !

- 3213!][] S + 8_P16 S
(N—DNN+1D(N+2)""" " 27(N —=2)(N —1)2N3(N +1)3(N +2)2 |~ *
8(14N® + 15N* + 4N?® 4 81N? — 10N + 83) g 32D, g

9(N — 1)2N2(N +1)2(N +2) O (N-DN(N+1)(N+2) >
16, 160 o 16(26N* 4 49N® + 126 N? + 85N +- 36) n2_
g 71T Tg Peao 27(N — 1)N2(N + 1) 217 Tg Peaom22
32P4q 136 _ 176
+(N o 1)N(N + 1)(N + 2) 5—2,—1 9 8—37]_ 8pqu2,1,1 + 9 pqu—2,l,1]

16 (=2 — 2N — N2 4+ N3)
9 (N—1)N(N+1)

[17S_31 + 653.1]

2(59N® + 94N* + 59N? — 84N? — 224N + 168)
9(N — 1)2N?(N + 1)(N +2)

2Ps 56
Ca—2 [9(]\7 —1)2N2(N + 1)2(N +2) + ?pgq51] g};}},

(4.1)
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with the polynomials P; given by

Py = 205N®+ 268N"7 — 3541 N° — 11258 N> — 19844N* — 19936 N® — 9870N?
—2016N — 216 (4.2)
P, = 916N°® 4 2547N° + 5666 N* 4+ 6683 N> + 4028 N? + 1200N + 144
P, = 17223N'® 4+ 165192N" 4 598459 N + 791304N'? — 970086 N2 — 5283698 N1
—8410804N'° — 5109721 N? + 3632942N°® + 8912043N7 + 3490278 N® — 6793396 N°

—9096296 N* — 3512432N? + 179232N? + 131904N + 24192 (4.4)
Py = 2708N'? 4+ 12913N'! + 15444 N0 — 20600 N° — 94758 N® — 142761 N7 — 38594 N°®

+131744N° + 139824 N* + 30368 N* — 5184 N — 10368 (4.5)
P, = 613N® 4+ 2350N7 4 3726 N® 4 3208N° — 1179N* — 4742N3 — 2080N? + 264N

+1296 (4.6)
P; = N®4+3NT 43NS+ 3N°—2N3 —16N? + 120N + 64 (4.7)
Ps = 195N® + 1152N® 4 2431N7 4 1949N° — 1038N° — 4577N* — 4568 N> — 2376 N

—320N — 912 .
P, = 233N® 4+ 980N" + 1492N° + 926 N° + 39N* — 426 N* + 1068 N* + 1352N + 480  (4.9)
Py = 37IN® 4+ 945N° + 945N* — N® — 2132N?% — 728N + 744 (4.10)
Py = 1540N? 4+ 8277N® + 18725N7 + 20707N® — 1501 N — 31700N* — 20384 N3

+9664N? + 7056 N — 1152 (4.11)

Py = B5042N" + 42402N" + 155879N'0 + 312989 N + 312249 N® — 24387N”
—415670N® — 329640N° + 53392N* 4+ 118912N?3 — 17472N? — 33984N — 3456  (4.12)
Py = 319N° + 765N° + 945N* + 523N? — 1696 N? — 592N — 120 (4.13)
Py, = 10393N'® + 100762N" + 401681 N 4 757324 N" + 161109N'? — 2974044 N !
—8597809N 10 — 11649324 N° — 5136842N® + 7823954 N7 + 15364644 N° + 13824600 N°

+8495280N* + 3677408 N? + 943296 N + 153216 N + 34560 (4.14)
Pz = 52N°®+4 159N° + 291N + 253N?* — 373N? — 334N — 192 (4.15)
Py = 324N +975N? + 347N® — 2523N7 — 7715N°® — 7672N° + 8128 N* + 14168 N?

+2480N? + 4448N + 4608 (4.16)
Pis = 184N° +432N° + 675N* + 484N* — 1087N? — 268N + 84 (4.17)
Pig = 136N +503N? +285N® — 1445N7 — 4499N° — 5032N° + 1254N* + 5838 N*?

+3640N? — 1304N — 960 (4.18)
Pi; = 40N® 4 247TN7 + 787N® + 1771N® 4 2775N* + 2564N? + 1384N? + 704N + 240 (4.19)
Pig = 41N°®+4+315N° 4+ 139N* — 215N® 4 1028 N? — 236N + 1136 . (4.20)
ag’,)(N ) contains contributions up to weight w = 4, including the constant

By = —4Gn2(2)+ §1n4(2) - 1—23@ + 16Li4(%> = 85 51 (c0) + %g. (4.21)

After algebraic reduction [43] the result is represented in terms of the basis :
517 527 S37 S47 5—17 5—27 5—37 5—47 52,17 52,—17 S—Q,—la 5—2,17 5—2,27 53717 S—3,17 52,1,17 S—Q,l,l . (422)

Due to structural relations, such as differentiation and multiple argument relations, [47], only
the representatives

Sla SZ,la 5'—2,17 S—3,1a 32,1,17 5(—2,1,1 (423)
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remain as basic sums. The function aggq)(N ) contains a removable singularity at N = 2 yielding

414817 296

1098203
- —C%T
2187 9 C‘”’} Cr F{

2187

al¥ (N —=2) = —CpC4TF { + 164“3] (4.24)

for the evanescent pole term. This is in accordance with the expectation, that the gluonic
OMEs have their rightmost singularity at N = 1. In massive OMEs, removable singularities
can in general also occur at rational values of N > 1, cf. [48]. A, (N) can be represented by
harmonic sums [41] over Q(V) with rational weights whose denominators factorize into terms
(N — k), k € Z,1 € N. Tt is therefore a meromorphic function [47]. More specifically, its poles
are located at the integers N < 1.

Let us finally consider the behaviour of ag’,) (N) for N — oo and around the so-called ‘leading
singularity’ at N = 1.

For large values of N € C outside the singularities one obtains

28

al) (N — c0) — 5o (Ca = Cp)CpTpL*(N)
- 2§1F§F [—742C 4 + 550Cp + 24T (Np + 2)] L*(N)
CrTr 88 6160 32 3664
N {CA (—E@ - W) tCr (E@ * W)
128 L(N
+§7UWP%@EJL%Ny+O(—%l) (4.25)

as the first terms in the asymptotic representation, with L(N) = In(N) + g and g denotes the
Euler-Mascheroni constant. In z-space the leading singular term is oc o In*(1 — z) for z — 1.
Analyzing the anomalous dimensions for different scattering processes in fixed order pertur-
bation theory one finds that so-called ‘leading-poles’ are situated at N = 1 for massless vector
operators [49], N = 0 in case of massless quark operators [50,51], and N = —1 for massless

scalar operators [52]. Expanding a((]?;)(N ) around N = 1 the leading term is given by

1 16 . 736 20224 224 1024
BN =1) x — Tp| —C — 2Te | ==

37376 1
) o (i) w0

In QCD, Cy =3,Cr =4/3,Tr = 1/2, the first expansion coefficients are given by

3) 341543 1 (
(N-1)2 N-1
— (5345.61 — 81.4031Np) (N — 1) 4 (8454.89 — 85.7885Ny) (N — 1)°

+0 ((N —1)%) . (4.27)

1814.73 — 66.0055Np) + 3222.81 — 71.4816 Np

In z-space the leading term is of o< a®In(1/x)/x. The values of the sub-leading terms have
oscillating signs and rise from term to term, which leads to a strong compensation of the leading
behaviour in the physical region, e.g. at HERA. This is in accordance with earlier observations
in other cases, cf. Refs. [51-54]. The complete OME Ag]’%MS in N and z-space are given in the
Appendix.



5 Conclusions

We calculated the massive operator matrix element Ag?;)(N ), which represents the first com-
plete transition matrix element in the variable flavor scheme at 3-loop order. The corresponding
Feynman integrals have been reduced using the integration-by-parts technique to master inte-
grals, which have been computed using different techniques in terms of generating functions. In
Mellin-space the final result for the individual diagrams has been obtained using difference-field
techniques. The matrix element Ag})(N ) can be expressed by harmonic sums up to weight w =
4 in Mellin space and harmonic polylogarithms up to weight w = 5 in z-space. This simple form
may be due to the fact that at most four of the lines of the corresponding diagrams are massive.
The contributing graphs include diagrams of the Benz-topology. Both the results for renormal-
izing the heavy quark mass in the on-shell and MS scheme were presented. As a by-product of
the calculation also the contribution o T to the 3-loop anomalous dimension ~,,(/N) has been
obtained and confirms the results in the literature for the first time.

6 Appendix

In the MS-scheme for the strong coupling and the on-shell-scheme of the heavy quark mass m
the massive OME Ay, o(N) up to 3-loop order is given in Mellin space by :
2),0MS 3),0MS
ADB(N a,) = a2ADIV(N) + a2 AD M (N) (6.1)

s4799,Q s1799,Q

with as = aMS(?)/(47) and

8 _ . o (m? 16(8N? + 13N? + 27N + 16)
2 3Poal

2),0M 1 N
Agg (V) = 51+ (=) ]CFTF{_ "> 9(N —1)N(N +1)2

16 _
_gpgqsl

112

1

2 4 8(8N?3 4+ 13N?2 + 27N + 16
In (m ) Daq [S’% +Sg} — ( )
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27(N — 1)N(N + 1)

1
A" (N) = 5 1+ ()]

X {ﬁgq{C?j‘TF

ES B 8Py
97" 9N —1)N(N +1)(N +2)

Al _ES 32
IN-—1)NA(N+12N+2) 97" "9

m2
}1113 (F)

o 9Py 16(7N® +4N? 4+ 17N — 6)
+{CFTF{ NPV DN 2P T O - DN (N

32(8N® + 13N? 4+ 27N +16) 32
PgqgS1

8 2 _ = 2 _2°
+3(51 552)pgq}+CFTF{ 9(N — 1)N(N +1)2 3

CrT2(2 + Np)

+

+CrCy Tk

4Py
9(N — 1)2N3(N + 1)3(N + 2)?

—|—CFC'ATF{
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320 64 32 24

g Sy i+ 228y, s
g T T NS DON(NF ) (N o) > Ty o

64 272 352

- S_g_1+ =8 51416851, — —=5_
(N—DN(N+ )N 12”2 T g 28 T = =gmoman

)

~2B
3 4

with the polynomials P,

AN* + 4N3 +23N% + 25N + 8

11IN* 4+ 22N3 — 7TN? — 18N + 4

19N* + 81N? + 86N? + 80N + 38

26N* + 49N3 + 126 N2 + 85N + 36

43N* + 68N3 + 135N? 4+ 74N — 24

52N* + 95N3 + 210N? + 137N + 36

166 N* + 293N?3 + 546N? + 341N + 18

N5 — N*—8N3 —33N? — 7N + 30

4N® + 23N* + 49N® + 165N? — N — 150

14N° + 15N* + 4N3 + 81N? — 10N + 88

3IN® + 86N* + 127N? + 324N? — 88N — 264

197N® + 824N* + 1540N? + 1961 N? + 1388 N + 394

359N° 4 1364N* 4 2944 N3 + 3608N? + 2495N + 718

3N® +9N® + 17TN* + 19N> + 52N? + 44N + 48

ANS — 216N° — 343N* — 694N3 — 84TN? — 456N — 72

13N® 4+ 37N® + 51N* 4+ 39N3 — 76 N? — 72N — 40

15N% 4+ 33N° + 37N* — N3 — 92N? 4 56

19N + 249N5 + 65N+ — 253N3 + 1084N? — 172N + 1120

31N® + 54N° + 72N* + 19N3 — 283N? — 7N — 66

52N° + 159N° + 291N* + 253 N3 — 373N? — 334N

—192

164N° + 243N° + 472N* 4+ 175N3 — 446 N? — 408N — 72

269N° 4 567N° + 981N* + 725N* — 2066 N? — 356 N + 24

275NC + 7T7AN® + 828 N* 4 434N3 — 1631 N? — 1532N — 876

N8 4+ 3N7 +3N® +3N5 —2N3 — 16N? + 120N + 64

115N8 4 484N" + 7T30N°® + 436 N° — 33N* — 280N + 436 N? + 608N + 192
187N® + 706 N7 + 1056 N® + 802N° — 807TN* — 2036 N — 1444N? — 480N
—288

1031N® + 3236 N7 + 5986 N6 + 5051 N° — 1186 N* — 6041 N3 — 4161 N>
—1008N — 108

69N? + 414N® + 860N" + 694N° — 309N° — 820N* — 124N + 528 N
+896 N + 384

87N + 450N® + 604N™ — 526 N® — 2451N° — 3236 N* — 1616 N® — 720N?

13



+112N — 768 (6.32)
Pis = 284NY 4+ 1821N® + 5119N7 + 12689N° + 22753 N5 + 16190N* — 7888 N3

—17128N? — 4752N + 1152 (6.33)
Pyy = 356NY + 2139N® + 5347N7 4 9317N® 4 11533N° 4 4460N* — 7168 N3
—8464N? — 1680N + 576 (6.34)
Pyy = T8N0 4+ 81N — 265N — 750N — 1853N6 4+ 434N® + 10204N* 4 10352N*3
+2528 N2 + 5984 N + 4608 (6.35)
Ps; = 136N 4+ 503N + 285N® — 1445N7 — 4499N6 — 5032N° + 1254 N* + 5838 N3
+3640N? — 1304N — 960 (6.36)
Psy = 1132N" +3042N1° 4+ 297N — 8170N® — 20968 N7 — 14788 N® + 14047N°
1+21932N* — 6172N? — 8496 N? — 7T7TT6N — 5184 (6.37)
Pss = 301N 4 2301N" + 7232N1° + 13239N° + 14891 N® + 8033 N " + 5814 N°©
+23063N° 4 44966 N* + 49136 N? + 28928 N2 + T440N + 288 (6.38)
Psy = 339N 4 1545N + 436N — 11406 N? — 31663N® — 32981 N7 + 3704 N°
444386 N° 4 81160N* + 65344N3 + 18240N? + 9504 N + 3456 (6.39)

Pss = 1207N' +10131N" + 39379N'™ + 120121 N? 4 299724 N® + 482244 N"
+382214N°® — 15780N° — 256840N* — 118240N? 4 39648 N*
+33984N + 3456 (6.40)

Pss = 2596N' +23287N' + 76658 N + 88963 N — 121050N'? — 504489 N
—386836N'° + 625443N? + 1086304 N® — 574564 N7 — 3300816 N® — 4766232N°
—3890160N* — 1844224 N3 — 441984 N? — 47232N — 6912 (6.41)

Ps; = —138495N'" — 1469301 N'® — 6177407N" — 11396201 N'* + 794307N '3
+49867573N ' + 113250363 N + 119019157N'° + 23906680N? — 106346044 N'®
—139149336 N7 — 31178992N° + 90199968 N> + 96114752N* + 36681856 N*
+7448064N? 4 3036672N + 718848 . (6.42)

The analytic continuation of the OMEs AS @ 3)(N ) to complex values of N are obtained as has
been described in Refs. [47,55-57].

For the z-space representation it is convenient to define

pul@) = < [1+ (1= 27 . (6.43)

The operator matrix elements A (2.3), OMS( ) can be expressed in terms of harmonic polylogarithms

[58], for which we use the shorthand notation Hz(x) = Hgz. It reads :

2 2 2
(2),0MS o 8 L 32 (41‘ —bx + 5) 16 m
qu Q (:U> - CFTF { gpgqln (E) + 97 — gpqul In F

4, 16(42? — 5z +5) 8(43z? — 562 + 56)
+2pogH ——H + — (6.44)
32(2*+z+1 16 8(4x? 4 3622 — 42x + 35
AWM () = {CFCATF ( 0 ) Ho + - Poqth — ( T )
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9z

9z

16(372% — 202z + 26) 16( — 6322 — 178z — 22)
- 9 HO,O,O,—l -

x 9z

~ 256(32% + 2) 64 (2% — 17z +7)

0,0,1,1 T
9z 9z

—16pqu1] Hyqq+ —352Hy —1,—1,-1 —64Hy 1,11 —64Hy 11,1

—128H071’1,,1

0,0,—1,1

0,0,0,1

32
——DPgqH, g

0,1,1,1 T
9

4(162* + 11322 — 22z — 177) 8(14x* + 19122 — 298z — 49) 8
n Hy — + Pgal2
27 81z 9

176(2? + 20 +2) _,  16(412? + 70z + 133)
9z 27x

8(1322 — 26z + 10) 7 8(161a* + 8612° + 14372 + 1703z + 150)

9z 0 81x2
. [8(24x3 + 13127 + 482 +303) | 16(2* + 27+ 2)

x H} +

64

_pquO

H_, 9

Hy+

27x 3

16(x — 1) (42* + 31z + 31)
9z

1+

16(13z% — 22z + 14)
or CZ 0,—1
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32(2” + 2z + 2 16(122* — 13322 — 80z + 13
+HO,1 - ( )Hzl‘i‘ ( )H,1
9z 27z
8( — 72— 18z —6) , 4(678z" — 33852 — 4662% — 1293z — 108)
9x 812
32 16(242° 4 4422 + 1492 + 3) 64 (2® + 22+ 2)
“peHT — H_,|H
g Pan 1+[ 27z O N
64 8(x — 1)(322? + 335z + 221) 32(1122 + 14z + 10)
| 5 Poatlo = G Hy + 0 Ho,—1
16(3722 + 38z + 22) 8 4(82% + 7T1z* — 34z — 70) _,
Ox 2| T gl 27 0
4(2222* — 181723 + 2998z% — 1813z — 108)  16(x — 1) (42 + 31z + 31)
+|- +
81x2 9x
8(3602% 4 84227 + 9802 — 3389) 224
H_|H - =
X 1] ot 243z g Pous

2

16(142® 4 1152% — 11z — 135) 16(62° + 3227 + 1152 + 193)
+ 2| Hi+
27x 27x

112(2? + 2z + 2)
a 3T

C3

H—l} ' (6.45)

In the above expression the harmonic polylogarithms

Ho,H_1,Hy,Ho 1 Hy_1,H 1,1, Hoo1Hoo—-1,Ho1, Ho—1,-1,Ho1,—1.Ho 1,1, Ho 0,01, Hop0-1
Hoo,1,1, Hoo—1,—1, Hoo,—1,1, Hopo,1,—1, Ho—1,0,1, Ho 11,0, Ho—1,—1,—1, Ho—1,—1,1, Ho1,—1,-1
Ho 11,1, Ho—11,1, Hojp,—1,1, Hoi1,-1, Ho0,00,1 (6.46)

contribute. Since Hy 1, and Hy; 1 only appear as sum, the polylogarithms up to three indices
can be written as Nielsen integrals of argument +z, 2%, cf. [55], with

H07_171(l') + H0717_1(ZL') =2 [SLQ(I') + SLQ(—I‘> — 8172(‘@2)} . (647)

For harmonic polylogarithms with more than three indices of which three are different, usually
a representation in terms of Nielsen integrals is not possible. Numerical representations of the
harmonic polylogarithms were given in [59].

The corresponding expressions for the mass m = m in the MS-scheme in the 2-loop case are
identical and are given at the 3-loop order by :

m

- 2
;MS ,OMS _
AS;),Q (N) = Aé?;),Q (N) - GEC%TF{32pgq In® (?)

+32

3(N —1)N(N +1)? I

©2
128(8N® + 13N? + 27N +16) 128
_ — O\ 4
SN DN 1z g P (6.48)

AN3 +5N? + 15N +8 m?2
—pgq51 In

20



- 2
3),MS 3),0MS m
Aéq),Q (x) = Aéq),Q (z) - a‘EC’%TF{?)ngq In® (F)

2222 —z +1 2 128 256(42? — 52 + 5
+32[ ( ) —pgq}h] In (TZ—) + o pg Hy — ( )1

3x 2 3 9z
(6.49)

Here we have put the different masses both to m, to obtain a more compact expression. Since
the masses in both schemes are different, the results in the OMS and MS scheme differ already
by terms O(a?In(m?/m,) In(m?/u?)), however. The heavy quark mass in the OMS and the
MS-scheme are related by [60]

m(m) 4 o 3019 ¢ 71 I In(2) np\ o] fas\2 s\ 3
)t [0 T (4 ] () o (2))
m 37r+[288+6+144f(3 o Tw)TI\F) T -
2
~ 1.00000 — 1.33333 (O‘—> +a?(—14.3323 + 1.04137N;) (O‘—) . (6.50)
T T

in the presence of Ny massless and one heavy quark. The corresponding relation keeping also
the scale dependence has been given e.g. in [61].
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