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1 Introduction

It is now well established that the Bern-Dixon-Smirnov (BDS) conjecture [1] for the MHV
n-point scattering amplitude in the planar limit of the N' = 4 SYM theory is incomplete
for n > 6. One of the first indications for this was found in [2, 3]. Corrections to the BDS-
formula have been named ’remainder functions’, R, and in recent years major efforts have
been made for determining these remainder functions. For n = 6, the remainder function
R(©) has been calculated for two, and three loops [4-15]. Beyond this loop expansion, it has
turned out to be useful to consider a special kinematic limit, the multi-Regge limit. For the
n = 6 point amplitude the comparison of the BDS conjecture with the leading logarithmic



approximation which extends over all orders of the coupling constant, has shown that the
remainder function consists of a Regge cut contribution which vanishes in the euclidean
region and in the physical region where all energies are positive, and it is nonzero only in
special kinematic regions, named 'Mandelstam regions’: these are physical regions where
some of the energy variables are positive, others negative (‘mixed regions’: the precise
definition will be given later on). These results have been generalized also beyond the
leading logarithmic approximation, and there is no doubt that the multi-Regge limit plays
a key role for the determination of the remainder functions.

In the comparison of the multi-Regge formula with the BDS conjecture in [2, 3, 16]
it was crucial to make use of the analytic structure of the 2 — 4 scattering amplitude
in the multi-Regge limit. It is well known that in non-abelian gauge theories the gauge
bosons reggeize, and in the leading approximation the 2 — n + 1 production amplitudes
can be written in a simple factorizing form with the exchange of reggeized gluons in all
t-channels. Beyond the leading approximation this factorizing form of the Regge-pole
contribution remains valid in the region of all energies being positive, but the production
vertices become complex-valued functions, in agreement with the results of Regge theory
derived from dual models [17-19] or scalar theories [20]. But in [2, 16] in was also shown
that the simple factorized form of the Regge pole contributions is valid only in the physical
region with all energy variables being positive (and also in the euclidean region), but it
takes a quite different form in all other regions, in particular in the Mandelstam regions
mentioned before: in the expression for the Regge pole contribution a new term appears
which contains an unphysical singularity and should be cancelled by other terms.

This representation of the Regge poles is equivalent to another representation, in which
the scattering amplitude is written as a sum of k,, different terms, each of them belonging to
a distinct set of non-vanishing simultaneous energy discontinuities: in this representation
the agreement with the Steinmann relation is explicit. For the case of n = 6, there are
five terms, i.e. kg = 5; for n > 6 the number increases rapidly: k; = 14, kg = 42 etc.
As discussed in [2, 3], the perturbative analysis of Yang-Mills theories shows that some of
these terms contain, in addition to the Regge poles, also Regge cut singularities. For the
2 — 4 case, this applies to two terms: in the notation of [2, 3], to W3 and Wj. In the
physical region where all energies are positive, the phase factors in front W3 and Wy are
such that the Regge cut contributions in W3 and Wy cancel, whereas in the Mandelstam
region they add up to a nonzero result. Both the discussions of the Regge cut contributions
and of Regge poles have made it clear that a complete analysis of the analytic structure of
scattering amplitudes must include the investigation of all physical regions.

The analysis of [16] for the 2 — 4 amplitude has shown that there is an important
connection between the Regge poles and Regge cuts which has not been seen in earlier
analysis of Regge pole models [19]. First, it was observed that the Regge cut appears in
exactly the same kinematic regions in which the Regge pole expression contains the terms
with the unphysical singularities. Furthermore, both this singular Regge pole piece and the
Regge cut term have the same complex phase structure: this allows to absorb the singular
Regge pole piece into the Regge cut contribution, leading to a ’renormalized’ Regge pole
which is free from unphysical divergences, and to a modified Regge cut definition. The



existence of Regge cuts therefore resolves the problem connected with appearance of the
singular pieces of the Regge poles. Conversely, without Regge cuts the standard factorizing
Regge pole expression appears to be problematic.

For the determination of the conformal invariant remainder function in N’ = 4 SYM
it is necessary to perform a careful analysis of the content of the BDS formula. In [2, 3,
16] it was shown that, in multi-Regge kinematics, the BDS formula does not agree with
the analytic structure outlined above in two respects: (i) the Regge pole contribution is
correctly described in the region of positive energies and in the euclidean region, but not
in the Mandelstam region; (ii) in these Mandelstam regions the Regge cut contributions
are contained only in the one loop approximation, but not to all orders. This implies that
the conformal invariant remainder function must (i) correct the Regge pole contribution in
all kinematic regions and (ii) provide the all-loop Regge cut contribution. In view of the
described interdependence between Regge pole and Regge cut contributions, there must
be a close connection between the solutions to both problems. It looks reasonable to start
with the Regge pole part: here the main task is the subtraction of the singular pieces by
Regge cut contributions. To be more concrete, one can attempt to use the known phase
structure of the Regge pole terms in all kinematic regions to constrain the phases of the
Regge cuts in such a way that they can absorb all singular terms of the Regge poles. In
this subtraction, most powerful constraints follow from the conformal invariance of the
remainder function: after absorbing the singular Regge pole pieces (which by themselves
are not conformal invariant) into the Regge cut contributions, the remaining 'renormalized’
Regge poles and the modified Regge cut terms must be conformal invariant.

In this paper we describe this subtraction procedure for the 2 — 4 and for 2 — 5
cases. For the former case, most the work has been done already in earlier publications:
so we only briefly review and complete our previous studies and then generalize to the
2 — 5 case. In the first part (section 2) we analyze the general factorization formula
of Regge pole contributions in all physical regions. Starting from the region of positive
energies where factorization holds, we continue to other regions and derive the existence
of terms with unphysical pole singularities which have to be compensated by Regge cut
contributions. Particular attention will be given to the phase structure which is important
in determining the phase structure of Regge cut contributions in A/ = 4 SYM. We present
explicit results for 2 — 4 and 2 — 5, but our analysis can also be generalized to the general
case 2 — n + 1. In the second part (section 3) we present an analysis of the BDS formula
in multi-Regge kinematics in all physical regions. This analysis is general and applies to
the case 2 — n + 1. In the third part (section 5) we carry out the program described at
the end of the previous paragraph. We first compute, for the case 2 — 5, phases of Regge
cut contributions which allow to absorb the unphysical terms of the Regge poles calculated
in the first part. We then define subtraction schemes for absorbing these pieces into the
Regge cuts, leaving conformal invariant expressions for the Regge poles. In the final part of
this section we combine these results with our findings of the BDS amplitude obtained in
section 3, and we present predictions for the remainder function. It should be emphasized
that, in this paper, we do not yet address the second part of the program, the construction
of the conformal invariant Regge cut contributions. This will be left for a separate paper.



2 The Regge Pole framework

2.1 Factorizing Regge poles

We begin with the factorized form of the fully signatured 2 — n + 1 production amplitude
(Fig.1). The produced particles will be labelled by ay, ..., a,—1, and they can have positive
or negative energies.

n+1

Figure 1: Notations for the 2 — n — 2 amplitude

We want to describe all physical channels of these amplitudes in the multiregge kinematics
s> |81,y 80| > —t1,..., —t,. We introduce, for each t-channel ¢;, the signature label
7; which takes the values 7; = +1 or ; = —1. For 7; = +1(—1) the scattering amplitude
is even (odd) under twisting the ¢; channel, i.e. under the crossing of the corresponding
energy variables (for the simplest case, the 2 — 2 scattering, "twisting the ¢-channel’ is the
same as s <> u crossing). For our present discussion it is sufficient to consider signatured
amplitudes as sums and differences of planar untwisted and twisted amplitudes. Denoting

a twist by a simple cross, a signatured 2 — 2 scattering amplitude has the form

AT = + T

Figure 2: The signatured 2 — 2 amplitude

where the cross indicates the change of sign of the energies of the particles B and B’.
Generalizing this to arbitrary n, we write down the amplitude for the 2 — n + 1
production amplitude in the following form

% — |51|W1£1V7'17'2§al|S2|W2£2V7’27—3;a2|53|W3£3 %
F(tl)r(tn)
X|5n71|wn71£n71VTnflTn;an71|5n|wn£na (2'1)
where
G =e ™o & = e ™ b & = e T T (2:2)
with
Wij = W; — Wy (2.3)



denote the signature factors, and
V7T — él'j ;a4 é—ji (YHS 2.4
= ?CR + ?CL ( . )
i J
stands for the complex-valued production vertex.
As an example, for the case 2 — 3, the one particle production amplitude has a simple
structure [16, 18]:
A55%
L(t1)]s|#t]s2]2D(22)

where T'(t) is the Regge pole residue and cgr and ¢y, the reggeon-reggeon-particle vertices.

_ §1VT1T2§0/1§2 _ 512520}%2;01 +§21§101L2;a1 = f/ﬁ’rz;al’ (2.5)

Similarly, the production of two particles has the form [16, 18]:

ATI T27T3

2—4 T .
— V 172501 V 273;02 ] 26
o) s salalsaforl(E) oY @V (2.6)

In order to arrive at a symmetric factorizing expression, we insert, for the to channel, an

additional signature factor and write

g v L
— — ‘/’7'17'2;&1_‘/’7'27'3;@27 2.7
D(00) 31 s[5 T (1) & @7

where
VTiT2ien — §VTIRME, (2.8)

Generalizing to the case 2 — n + 1, we see that for each ’inner’ t;-channel, to, ..., t,_1, we
need an extra 'propagator’ 1/£;. With this rule Eq.(2.1) can be written in the convenient

form
TiTj.Tn
A2~>Jn+1 — f/’rl’rg;allf/’rg’rg;aglm 1 Vrnflrn;anfl. (29)
L(t1)]s1]<1[s2]*2...[sp[“n T (L) 13} £ &

It will be useful to write this formula as an expansion in monomials of signatures 7;. In such
an expansion, terms without any 7; can be identified as the planar approximation in the
kinematic region where all energies are positive. For the case of n = 6, terms proportional
to T3 correspond to the planar amplitude where the particles a; and as have become
incoming: this is one of the Mandelstam regions where, according to the analysis in [2, 3],
the Regge cut contribution will appear.

In order to obtain this representation we observe that the production vertex, Eq.(2.5),
can be expanded as:

f/’rl’rg;a _ e—imul C};?;al + e—iﬂwgc}??al . Tle—imul (e—imul C}g;al + e—imugclL2;a1>

i —i 12; —i 12; —i 12; —i 12;
—Toe 1TW2 (e MrwlcR#Il +e zmuch 7(11) + T Ty <6 zmuch ;a1 +e zmmcL 7(11> , (210)
and the propagator can be written in the form:
1 1 e—imuz + 79

— = - = - . 2.11
& e~ imw2 — 1y —2i sin(mwgy )e 1Tz ( )

Note the appearance of the nonphysical poles ~ 1/ sin(mwy) which should be cancelled by
the Regge cut contributions.

With these ingredients it is straightforward to find the expansion in monomials for the
general 2 — n 4+ 1 amplitude.



2.2 Generating Function approach for the Regge Pole formula

To be definite, let us from now on concentrate on planar N’ = 4 SYM. It will be convenient
to define a generating function for the pole-term coeflicients. Let us briefly introduce the
idea behind it. We are interested in the analytical continuation of the planar scattering
amplitude to arbitrary kinematic regions in multi-Regge kinematics. During such a con-
tinuation, various factors and phases may appear. As explained above, each particular
kinematic region can be reached by a sequence of twists (crosses) of ¢-channels, and each

L. Thus, it is instructive to have a list

such twist is denoted by a corresponding factor 7
of all possible phases and factors that appear due to continuation for each appropriate
kinematic configuration. One may also think of a different point of view on the scatter-
ing amplitude. Instead of having one analytical function of kinematic invariants and then
continuing to arbitrary physical and non-physical kinematic regions, one can introduce a
generating function, Ps_,,, which is given as a sum of amplitudes in all physical regions.
As a simple example, consider such a generating function of the 2 — 3 scattering process
Fig.3:

P2_>3=M + [—)J—[T1+ I—T—)(—[T2+I—)@T—)(—[T1T2

Figure 3: The generating function for the 2 — 3 scattering process written in terms of

monomials of 7, 7

Turning now to the BDS formula, applied to the 2 — 3 amplitude [2], we have for the
reggeon vertices in (2.4):

cii—i—l;a Sin(ﬂ-WiJrl — 7Twa)

i — Tiin] sin(mw; — Tw,) 0%4_1;,1

)

(2.12)

= Tiit1al

sin(mw; — Tw;t1) sin(mwi41 — Tw;)

Here i labels the ¢-channel (for the 2 — 3 case we have i = 1 only), a denotes the produced
particle. Going to the physical region where all energies are positive, this allows to write
the Reggeon-Reggeon-Gluon vertex I'; j., (see Eq.(19-22) [16]) in the form:

Tjirta(In(sg —im)) = |Tiig1zale™e. (2.13)
Here the expansions in powers of a = g;gc are given by:

o el o 2.14
Wz—_4n)\25r7K—a+ (CL), ()

where vx is the cusp anomalous dimension and A2 = p2e!/€ for D = 4 — 2¢ with € — 0™,
_JK, |gil*gi+1?

T (2.15)

ai+1

1t should be clear that, from now on, 7 is no longer related to signature but simply denotes kinematic
regions



with ke, , = ¢i — qiy1, and

In|Tiip| = —~

4 Y gl

A2 47 Jgim? 2 At I

Let us now return to the generating functions P»_.,, to the sum of amplitudes in all
kinematic regions. It is convenient to divide by factors which are common to all kinematic
regions. Beginning with the case 2 — 3, Namely, using the explicit form Eq.(2.5) with
Eq.(2.12) one arrives at

P2 5 = A2a3
TP Tt ]|y 2l sa]“2 T (f2)
= P (2.17)
_ e—iw(wl-‘rwz—wa) - e—iﬂ(wz—wa)Tl o e—iw(wl—wa)Tz + e_iﬂwaTlTQ.

Here we have defined a reduced vertex by

(7T172;0 __

red - |F1 2|

which consists of phases only.

—im (w1 w2 —wa)

— e*iW(WQ*wa)Tl - 67i7r(w17wa)7'2 + eimwaTlTQa (218)

As the next example we calculate, from Eq.(2.7), the six-point generating function

(cf.(]16]):

_ A2a4
Py = = = -
L(t1)|s1|1 T 2] s2]2 [T 3] |ss|«3 D (t3)
S ST
T172;Q T2T3;
= Vied' gv;;d3
_ efiw(lerwngougfwafwb)
- e—iw(wz—l—wg—wa—wb)Tl - e—iﬂ(wl—l—wg—wa—wb)Tz - e—iﬂ(wl—f—wg—wa—wb)Tg
+ 6—i7r(wg+wa—wb)7_17_2 +6—iw(w1—wa+wb)7_27_3
; . sin(mwg ) sin (7w
+ e MTw2 {cos(muab) +1 <sin(7rwa + Twp) — 2€"™2 (W, a) sin( b)> } TIT3 +
sin(mws)
- {cos(ﬂ'wab) —1 <sin(7rwa + Twy) — 26 T2 sm(m.ua) 81n(7rwb)> } T1ToT3,
sin(mws)
(2.19)
where wy,, = wg — wp. The careful reader may notice that this expression has a mirror

symmetry with respect to right and left (a <> b) exchange. This fact will be important in
the future.

Concluding this part, on can write a general expression for the generating function for
an arbitrary number of produced particles 2 — n + 1:

A2—>n+1
L(t1)ls1|1 T 2ls2]2...[Cno1nl[sn|“" T (tn)
1 1

_ VTlTQ;al l (7T2T3;02  7Tn—1Tn;0n—1
- red red red
52 53 fn—l

= ag+a1m + a7+ a2+ ... + a1 ,T1-- T (2.20)

Py i1 =

1 . 2 1 2 1 121 4. 2 . 2 5
VYK (_ZIHQ ’% QH-l’ ~ 2 2 ‘%‘ ‘In ’%’ ’%-{—1’ In ‘QZ QH—l‘ +ZC(2)>

(2.16)



The r.h.s. can be written as a polynomial in the 7;, and the coefficients consist of phases
and trigonometric functions. In the Appendix A we list, for the cases 2 — 3, 2 — 4, and
2 — 5, all coefficients of the generating function.

2.3 Rules: a few particular cases

It will be useful to extract, from the particular cases given above, a few general rules. Let
us begin with the case n = 5. As we have said before, the term without any 7 belongs
to the planar amplitude in the physical region with all positive energies. On the rhs of

Eq.(2.17) we have:
einwae—in(wl—i—w). (2.21)

As expected, the amplitude has the simple factorized form, with phase factors for the

produced particle, €™, and for the exchange channels, e~ and e~"™2. As to the

remaining three terms for n = 5 we observe the following pattern: each ¢ channel without
a twist comes with a phase factor e~ each t-channel with a twist carries the factor —1:

e twisted propagator: — —1
e untwisted propagator in channel t;: — e~
An illustration is given in the two figures below

| e—lﬂ'Cl)i

AV4
i 7 |

Figure 4: Two types of propagators in channel i.

Turning to n = 6, all but two terms are of the form which we have just described: phase
factors for the propagators and for the production vertices. It is important to note that in
all these terms the pole ~ 1/sin(nws) from the propagator of the ¢y channel cancels. New
features appear for 7373 and 717273, namely terms where the poles ~ 1/sin(nws) from the
propagator (2.11) remain. The term proportional to 7173 belongs to the planar amplitude

continued into the physical regions where particles a and b are incoming;:

Figure 5: Illustration of the term 773



This kinematic region is the one in which the Regge cut appears [2, 3]. For this term we
find from the rhs of Eq.(2.19)

cos(mwe) sin(mwg) sin(mwp)

= g~ imw2 [COS(TI‘(WG —wp)) + isin(m(wg + wp)) — 24

}. (2.22)

sin(mws)

which we rewrite as:

Eq.(2.22) = e~ |¢imlweten) _ gjeime

sin (7rew,) sin(Wb)] . (2.23)

sin(mws)

Here the first term is of the same form as discussed before, whereas the second term is
new: it has an unphysical pole in sin(mws).

The important observation made in [16] is that the last two terms can be included in
the Regge cut contribution, because they have the same phase structure as the Regge cut.
This is the simplest example of the general feature that a Regge pole amplitude which, for
positive energies, has the factorizing form, after analytic continuation, exhibits unphysical
poles (in our case: ~ 1/sin(nwsy)). From [2, 3] we know that, in Yang-Mills theories, the
2 — 4 amplitude contains a Regge cut contribution with the same phase ie~™2, which
can absorb the singular piece in Eq.(2.22) of the Regge pole contribution.

An analogous discussion applies also to the term proportional to 7, 7573. Note, however,
that in this case the first term (see Appendix A) is of the form

— g7 (Watwy), (2.24)

As expected, there are no phases from ¢-channel propagators, but for the production vertices
we have e~ instead of /™,
Moving on to n = 7, we again note the appearance of pole terms: the coefficient of

7173 is illustrated below:

Figure 6: Illustration of the term 773

It has the form (Appendix A)

efiw(wngm;)eimuc |:ei7r(wa+wb) _ 2Z~ei7rw2 (225)

sl i)

It is easily obtained from the analogous term of the 2 — 4 amplitude by multiplication with
e™e (for the additional vertex of particle ¢) and by e~ (for the untwisted propagator
of the t4 channel). The pole term ~ 1/sin(mwsy) belongs to the to-channel, and later on we

will show that it can be combined with the Regge cut contribution in the same ¢-channel.



An analogous discussion holds for the coefficient of 7974. Next let us consider the coefficient
of T174 :

Figure 7: Illustration of the term 774

The corresponding term on the r.h.s. of Eq.(2.20) is (see Appendix A):

e*iﬂ'((}.}Q“rwg) _ 2

|:6i7r(wa+wb+wc) Z,Sln(ﬂ'wa) sin(rwp) sin(rw.) :| (2.26)

sin(7ws) sin(mws)

Again, the first term is of the same form as the cases discussed above, whereas the double
pole term belongs to the to and t3 channels and has to be combined with the Rege cut
contribution extending over these two channels.

Finally, we look at the coefficient of 71 797374:

Figure 8: Illustration of the term 71707374

It has the form:

[eiw(wbwawc) Y sin(mwe — 7w, ) sin(rwy) sin(rws — m,uc)} ’ (2.97)

sin(mws) sin(7rws)

and there is again a double pole which has to absorbed by the Rege cut contribution
extending over the to and t3-channels. The first term deviates from the previous cases:
for the production vertex of particle b we have €™, whereas particles a and ¢ come the
complex conjugate.

In Appendix A we present, for the cases 2 — 3, 2 — 4, and 2 — 5, a complete list
of all coefficients of the generating function. In all cases we first find a term with a pure
phase. For the 'generalized Mandelstam regions’, there are, in addition, terms with simple,
double, ... poles of the form ~ 1/ (sin(mw;) sin(mw;)...sin(rwy)). A closer inspection shows
a one-to-one correspondence between these singular terms and Regge cut contributions:
we will explicitly study the case n = 7 and show that these Regge cut pieces can be used
to absorb all singular terms.

,10,



2.4 The general case: recurrence relations

In order to analyze the structure for the general case it is useful to make use of recurrence
relations. To begin with, consider the generating function of the five point amplitude,
P;'73 (Eq.(2.17)). Due to the factorization property Ecl.(2.20), we can obtain the 6-point
generating function by applying a recurrence operator K:

~ q 1 ~ . ~ ‘a4
Pooa = VL LV = VO Ryt 229
with 1
K(r2,73;b) = g_gvrgdm- (2.29)
Explicitly:
K ) = p—im(ws—wy,) _ Si(Tws — mwp) sin(mws) 2.30
(12,735 b) e Sin (o) sin(wa)TQTg (2.30)

Note that K is not symmetric with respect to the monomial representation. In particular, it
does not contain a term proportional to 7. Nevertheless, the resulting generating function,

P2—>n+17

Py = YL K(TQ,T?,; ag)...K(Tn_l.Tn; an—1) (2.31)

red
is symmetric.

In the Appendix B we present a more general discussion of the coefficients of different
configuration of 7’s. Here we only discuss one special case which corresponds to two
crosses in the first (left) and in the last (right) channel Fig.9. As before, we consider the
case 2 — n + 1 with n t-channels (¢y,...,t,) and (w1,...w,), and n — 1 produced particles
labelled by ai, ..., ap—1:

a1 aZ an—2 an-l
. L] .
wl (")2 wn—l wn

a

n-2 an-l n

Y [ .

Figure 9: Initial configuration 77,

and we want to prove, by induction, that the coefficient of 717, in Ps—,+1 is given by

{e—iW(w2+w3+---wnf1)eiﬂ(wal Fwagttwa, ;)

Sin(mwg, ) sin(mwe, )... sin(mwa, ;) } o (2.32)
17n- :

sin(mwsg) sin(7ws)... sin(rwy,_1)

— 11 —



For this we also need to show that the coefficient proportional to 7 is

] .33

To begin with the simplest case, 2 — 4, we have for the coefficient 7173 (Eq.(2.23) or
Appendix A):

e—imug eiw(wal +way) _ 2 Sin(ﬂ'wal ) Sin(ﬂ'wm)

sin(mws) ’ (2.:34)

whereas the coefficient of 7 is:

67@’7F(W2+W3)ei7r(wa1 +Wa2) . (235)

Let us now prove, by induction, our assertion. In order to go from the case 2 - n+1
to the case 2 — n + 2, we multiply Ps_,,11 with the kernel f((Tn, Tn+1; Gn):

Ry msrian) = T sin(mwy, — Twg,,) sin(mwa,, )
ny 'n y 'n -

Tn+1 T

IMWay

e TnTn+1- (2.36)

sin(mwwy,) sin(mwy,)

Within this product, the relevant terms are:

P—)n—l—l : K(Tnﬂ'n—l—l; an) =
[{...}ﬁ n {...}Tlfn] : [1{...} L g + LT | (2.37)

where, by assumption, in the first square bracket we use Eq.(2.32) and Eq.(2.33), and the
second bracket is given in Eq.(2.36).

We immediately see that, on the rhs, the coefficient of 71 comes from the product of
the first terms in each square bracket and equals:

6—i7r(w2+...+wn+1)6i7r(wal+...+wan)' (238)

This proves the second part of our assertion. Next, in order to calculate, the contribution
proportional to 77,41, one should take into account two terms: the product of the term
~ T T, in the first bracket with the term 7,7,+1 in the second bracket, and the product of
the term 7 in the first bracket with the term 7,11 in the second bracket. When combining
these two contributions, the following identity is useful:

. + e_lﬂ-wn Sin(ﬂi&)n - Wwan) — e—ZT('UJn eiﬂ-wan . (2.39)
sin (7w sin(mwy,)

sin(mwg,, )

One arrives at:

{e—iﬂ(wz—f—wg-‘r...wn)eiﬂ(wal +wa2+...+wan)

sin(mwg, ) sin(mwg, )... sin(mw,,, )

—2i }TlTnH, (2.40)

sin(mwsg) sin(mws)... sin(mwwy,)

which proves the first part our assertion.

Concluding this part, according to Eq.(2.31), each coefficient of the 7 expansion in
Eq.(2.20) can be calculated recursively, by multiplying the iterative kernel Eq.(2.36) with
the initial expression VL™ 2

2 Although it is possible to calculate each coefficient in the expansion by using these recurrence relations,
practically it is more efficient to use simple code with Mathematica, which generates these coefficients
immediately. The simplest implementation might be iterative multiplication with the kernel K.
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3 Generating function for the BDS amplitudes in the multi-Regge kine-
matics

3.1 Motivation

In order to determine the remainder function in each physical region for the pole and cut
combinations, let us now find the phase structure of the BDS amplitude [1] in the different
kinematic regions. Again, we find it convenient to define a generating function:

Apps = ag+ a1m + asme + ... + anTy + 127172 + 137173 + 01 1 T1T2 T (3.1)

In this expansion, each monomial of the twists 7;...7; defines a kinematic region, and the
coefficient ;.. ; is the BDS prediction for this region. As before, each term in the expansion

corresponds to a diagram of the type

Figure 10: Example of a diagram with twists in the channels 1, 2, and 4. In Eq.(3.1) it

corresponds to the term 71 7o74.

The following discussion of the BDS formula will be similar to the previous study of the
Regge pole model, but the results all be quite different.

The meaning of the ”twist” or ”crossed line” is the same as before. By twist we mean
that the diagram is rotated around the direction of the exchanged momenta to the right
of the cross ("X”) sign. For example if one twists the diagram with respect to channel 1

(corresponding to w), the result is

0 1 2 3 4 0 1 2 3 4

VI N N A R |
[ | R

Figure 11: Example of diagram with a twist in channel 1, which in the expansion Eq.(3.1)

corresponds to the term 7.

We can generalize the twisting of the diagram in order to reach other channels. For example,
in Fig.12 we rotated twice. We move from left to right. The first twist brings the diagram
similar to presented in Fig.11 and the second twist (cross in channel 3) rotates back the
rest of the diagram to the right of the cross sign. It is important to stress that despite the

fact that we rotate the diagram, it remains planar.
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}"TT" |=’|111|

Figure 12: Example of double twisted diagram with twists in the channels 1 and 3, which
in the expansion Eq.(3.1) corresponds to the term 7q73.

The diagram in Fig.12 corresponds to the following kinematic region:

51 < 0,50 >0,s53 <0,54 > 055012 < 0,8123 <0,8934 < 0;80123 > 0, 51234 < 0;5 > 0.
(3.2)

3.2 BDS predictions: examples

Let us begin with a brief review of the five point and the six point functions in the multiregge
kinematics. As shown in [2], for the 2 — 3 amplitude in the region of positive energies (no
7 factors) we have the simple exponential form:

MBDS ) ) )
2—3 —1Tw1 emwae—mwg ) (33)

L(t1)|s1]<1 [T 2]|s2]<2T (t2)

Analogous expressions hold for the other regions. The exponents resemble those which we

have discussed in the previous section. However, in contrast to our discussion of the Regge

pole framework, for the BDS amplitudes we can formulate simple rules which also fix the

signs of the exponents of the production vertices. Let us next consider the 2 — 4 case in

the region belonging to the coefficient 7173 (Mandelstam region). From [2, 16] we have
MBDS

2—4 _ —imwa T (Wa+wp)
= Ce 2e . 3.4
T ()51 /21 Tr a2 [ Taa 531 (t5) (34)

Here C' is the new phase factor, related to the one loop approximation of the Regge cut
(K gy Lo Plag)? )
o — em( +In Tka +kp | 222 (3.5)

with k, + k, = ¢1 — q3. The remaining parts of the phases are obtained from the rules of
Section 2. It has been noticed in [16] that when combining this phase with the two vertex
factors one arrives at a conformal invariant phase

Ceimlwatwy) — id (3.6)
with

K | lq1]|a2|lkall ko]

— lp—= " 3.7
£ e+ B Plal? 3.1

It is important to recall the origin of the phase factor C: the BDS formula for the 2 —
4 amplitude contains three Lis functions (dilogarithms) which depend upon the three
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independent anharmonic cross ratios. In the multi-Regge limit, one of these anharmonic

cross ratios is a phase factor

_ (=82)(=s)
R G Ta— (3:8)
with )
o1 Fat kel (3.9)
59

whereas the remaining two ratios go to zero. The dilogarithm depending upon the phase
® appears in the combination

R@) = —iw’e - lme (m% - %) ~SLib(l-®). (310)

It is easy to see that

R(®=1)=0, (3.11)

whereas for ® = e*?™ the argument of the dilogarithm passes through a cut and
Lis(1 — @) — F2miln(l — @) (3.12)

with In(1—®) being real-valued. Concluding, one can see that the analytical continuation of
the combination of the Lis function with the appropriate logarithms produces a logarithmic

phase factor

R(|®|eF>™) = +ir <1n M) (3.13)
lai — g;1?2* )
which corresponds to the Mandelstam cut in the one loop approximation.. There is an
overall factor vk /4 in front of the logarithm, which was omitted during the computation
of R and should be restored in the final expression.
For the 2 — 5 amplitude there are three phases which have to be rotated. We first
consider the kinematic region belonging to the coefficient of 7173. Here we rotate only

(—s12)(—50123)

b, = 3.14
LT o) (i) (314
with )
ko + K
O, — 1= M, (3.15)
512
whereas the two other phases are kept fixed. The BDS prediction is
M2B—>DSS _ CIBGfiﬂ(werum)eiw(waerberc) (3.16)
L(t1)]s1|1[T1 2l[s2]2 |Tg 3] |s3]“2 T3 4[4[ T (£4)
with
iﬂ('YTKln \q1\2\q9,2\22)
Cis = e Rt ke kP = g — g8l (3.17)
We introduce the conformal invariant phase d13:
Cgeimwatws) gim(watwytwe) e—i7r(w2+w4)ei7wcei5137 (3.18)
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where
513 — 7T7—Khl ‘Q1HQSHkaHkb’ .
4 ’ka + ka’QQP

The coefficient of 7974 (with the rotating phase ®;) is obtained from symmetry consid-

(3.19)

erations. Next the region belonging to 7174. The relevant phase which rotates to e~27
is )
& — (—s123)(—3) . ko + Ky + ke[ (3.20)
(—s0123)(—s1234) 5123 ’
and the corresponding Lio-function yields the phase factor
m(”TKl i Plaal? 2) ) )
Cly = e |ka+kp+ke|2X |ka + kb + kc| — |q1 _ q4| ] (321)
The prediction of the BDS formula for this kinematic region is
MBDS . .
2—5 _ Cl4e—z7r(w2+w3)em(wa-‘rwb-‘,—wc).
L(t1)[s1]1[T12|ls2]2 o 3|s3] 3 T3 4l [ 84|12 (24)
(3.22)
We write this as
Cl4e—i7r(w2 +w3)ei7r(wa +wptwe) e—iT((wg +w3)ei7rwb 62514 (323)
with the conformal invariant phase
kql||k
50 Lol 521)

n .
4 |ka+kb+kc|2|Q2||Q3|

One can spot that the contribution for a single Lio-function belonging to a Mandelstam
cut is given by the simple exponential expression (cf.(3.13))
vk lail?les 13 )
Cij = e”( a2 ) (3.25)

The composite state of several single coefficients Cj; consists of a product of C’s with
appropriate signs of exponents, in accordance with the direction of the rotation of the
analytical continuation.

Finally the coefficient of 7 797974. Now we rotate ) by e~2™ and ®; and ®, by et?".
In terms of a single coefficient C;, the composite coefficient C234 will be:

Ciazs = Cf,C3Co4, (3.26)

where C14 corresponds to the rotation of ®, ®;, and ®, respectively. + corresponds to the
sign in front of im in the exponent. We obtain

BDS
M2a5

[(t1)|s1|t|T12][s2]“2|Ca 3 s3]“3 (T3 4] [s4|“4 T (4)

= (Olggqe” TWatwotwe)  (3.97)

with

,m(m In \q2\2\q3\22\ka+kb+2kc2\2)
4 k k k k A
Ciazs =€ IkathylZTkpthel

(3.28)
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and

: ; . ka + ko[* ko + Ke|?
C em(waerc) — 1234 With & — ﬂ_’}/_K In |QI||Q4|| a o 3.29
1234 1234 4 |ka + Kb + ke[ kal kel lg2l]g3] ( :

In general, the definition of the phases d;;.. is not unique. It depends upon which ver-
tex factors are combined with the phases resulting from the Lis functions. We will fix
these phases at the end of section 5.3, after we have defined our renormalized Regge pole
contributions.

3.3 Propagators, Vertices, and Li, functions

In order to generalize this discussion, we introduce 'Feynman rules’ for the calculation of
the terms in the generating function. From the previous discussion it follows that there are
three building blocks: propagators, vertices, and phases resulting from the Lio functions.
Beginning with the propagators, there are two types of propagators: one corresponds to
untwisted ¢-channel lines, the other one to a twisted line (Fig.13). For each untwisted
propagator one should put e and for the twisted propagator, one puts —7;.

| e—lﬂ'Cl)i

_’Z'.

AV4
N |

i
Figure 13: Two types of propagators in channel 1.
The second ingredient is the production vertex for the particle a; with the phase mw,,. We

denote the produced momenta as ky,, kqy, Kay, -... There are four types of vertices. Three
vertices are simple - with at most only one twisted propagator line (upper line in Fig 14),

and the rule is e, For the "doubly-twisted” vertex (the lower line in the Fig 14) we
have the conjugated rule e~ "“a:
a. a. a.
1 I I
= = = a.
q,- q] q,’ qj qi qj e I
I a;
_ e-lﬂ,’O)ai

Figure 14: Four types of vertices for the production of a particle with momentm k,,.

For completeness we recapitulate the expressions for the different w’s presented here. The
propagator in Fig.13 corresponds to the Regge trajectory, which is given by

TK |Qi|2

w; = 4D)\2,

(3.30)
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while the vertex function w,, corresponds to
121,12
o = K ( |9 lg;]

= |q‘_q,|2A2);<j=z'+1>, (3:31)
i = 4j

where ¢; — q; = k.

The final ingredient is the phase resulting from the Lis functions. It depends on the
kinematic regions, and it is convenient to find graphical rules for deriving these contribution.
The idea of twisting the diagram is equivalent to changing the kinematic regions of energy
variables s;; ;. Consider the diagram in Fig.15:

Figure 15: Rules for obtaining the Liy functions for a particular kinematic region (see
text).

We connect crosses by lines. Each connecting line - except for those which embrace a
single production vertex - corresponds to a phase (anharmonic cross ratio) which has been
rotated: ® — e*2™ and for each rotated phase the corresponding Lis function has to be
analytically continued and produces a non vanishing phase. The sign in the exponent can
be determined by counting the number of crosses embraced by the line: if the number is

+27i

even, we have ® — e 2™ otherwise ® — e . A simple example has already been given

above, the case 2 — 4:

..........

Voo l

Figure 16: Example for the relation between connecting lines and kinematic regions

For the coefficient 7173 (left part of Fig.16) there is only one such line which corresponds
to the phase ® = % (Eq.(3.8)), and there is no cross (’zero cross’) inside the
line. This phase is rotated by ® — e~2>™. The analytic continuation of the Li-function
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leads to the expression Eq.(3.13) which we denote by the 'potential’ V;3:

2, 2
lag 1% lasl

lap—ag|?A2 (3.32)

VK
iV i In
elﬂ 13 e 4

If we apply the same discussion to the coefficient of 717973 (right part of Fig.16), we have

+27i

one cross inside the line, the phase is rotated by ® — e , and the analytic continuation

of the Lio-function gives
|91 1 lag |*

la1 —a3|222 (3.33)

VK
_; —im In
e wmViz e 4

We generalize the notion of a 'potential’ for the interaction between two crosses in the
t;-channel and the ¢;-channel:

121,512
v, = 2Ky 19”9,

—_— . 3.34
1 g g PR .

Returning to the production vertices w,,, it is convenient to extend the notion of the
'potential’ also to neighboring lines which encircle not more than one production vertex:

‘/iiJrl = —2(4)%.. (335)

With this definition we modify our rules for the production vertex: instead of writing
etimwa; (depending on whether we have crosses on both sides of the produced particle a;)
we adopt the following rule: for each vertex we write the unique factor e™™“s  and for
production vertices with crosses on both sides we include the additional factor

Vit (3.36)

This allows to include into our rules, in Fig.15, also the short line around the vertex a;i:
now each line which connects crosses in the ¢; and the ¢; channel obtains a factor

eFmVii (3.37)

If the channels ¢ and j are adjacent (i.e. j =i+ 1 and they enclose a production vertex)
the sign is always positive. Otherwise the counting rules of crosses inside the lines apply:

odd number of X

Figure 17: Sign of the phase depending on the number of crosses ”X” between two twists
i and j.
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Concluding everything, we formulate 'Feynman’-like rules for the calculation of the coeffi-
cients in the monomial expansion of the amplitude Agps (Eq.(3.1)). Each coefficient a;_;

will be written in the form
a,;,j = i‘ai_j’ei%“‘j ei(si“‘j, (3.38)

and for the overall sign and for the sum of the phases in the exponent we have the following

rules:

e for each t-channel we write a propagator (twisted and untwisted) according to the

rules:

— twisted propagator: — —1
— untwisted propagator in channel t;: — e~

e write the product of phase factors of vertices for all produced particles: et (way Fwagt.)
e write all pairwise interactions e*™Vii, i # j with the sign (—1)" in the exponent.
Here n is the number of crosses encircled by the pair (ij).

These rules uniquely define the sum of all phases. For our purposes, however, we go one
step further and divide this sum into two terms, i(¢;..j + d;.. ;). Examples have been given
in section 3.2 for the case 2 — 4. The first part, ig; . ;, contains all the propagators, and
it may contain some of the production vertices. The second part has to be conformal
invariant. From these requirements alone, we do not find a unique separation into the two
terms, i((p,;nj + 0;...j). We will come back to this quetion in our final section 4.4. As an
example of applying these rules, we return to the diagram in Fig.15:
e propagators: (—)(—)e w3 (—)e~mws ()
wa1+wa2+wa3+wa4+wa5)

e vertices: e”r(

e potentials: eim(Viz=Via+Vie+Vaa—Vas+Vie)

The final expression for Fig.15 becomes:

eiw(wal +Way+Wag +Way +Wag ) —im(w3+ws) eiW(Vm —V14+Vie+Vas—Vae+Vie)

e TIToTATG. (3.39)

The logarithmic form of the potential Eq.(3.34), together with the exponential form of
the coefficient of the monomial in Eq.(3.39), allow an interesting analogy. Namely, we can
interpret V;; as a two dimensional Coulomb potential of the interaction of two point charges
1 and 7, derived from the Polyakov string action. In more detail, we consider the product

of k vertex operators, i.e. correlators of the form

<O|6i7r 25:1 er[¢(pr)—¢ (o)) |0>’ (3.40)

where the averaging is done with the free action

i3 | @plos(p)? (3.41)
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and ¢, = (—1)" is the charge. It is convenient to introduce the following currents:

k k

Ty e [6(p) — d(po)] = / 5o Y e (05 7) = 6P (5~ ) =

r=1 r=1

= [ #5075 (3.42)
with
k
J 4) = WZCT (5(2) (ﬁ_ ﬁr) - 5(2) (ﬁ_ ﬁO)) . (3'43)
r=1
One can calculate the gaussian integral of the neutral system
21 = / i (30067 +6(D)T (D) pyy (3.44)
by using the inverse of the two dimensional Laplacian:
27 - 7 1 2 > 02
27 = (7 — 65) =1 | I()og (671 (3.45)
and by shifting the field variables: ¢ = ¢ 4+ ¢. One obtains:

[ 5|5 0u()* + (5]

~ o [ [ Eaeismos (13- 52) 1) + 5 [@5@0).  (3a0)

From this expression one derives, for the correlator (3.40), an exponential of the form:

k
Z e [10g |57 = P2 = log |7 — gif® — og g — ol + og Go[?] . (3.47)

1=

In the first term one recognizes the logarithmic part of the ‘potential’ V;; between two
crosses defined in (3.34). In particular, we notice the universal short range interaction
between two adjacent crosses:

Viit1 ~ log|pi — priy % (3.48)
Finally, returning to the generating function introduced at the beginning of this section:
Apps = aog+a1m +asTe + ... +anTy + a12T1 T2 + A13TIT3 F+ ...Q1. 0 TIT2.-- T,

we can interpret this expression also as a partition function, where each terms represents
one of the correlators described above. For the rest of this paper, we will not pursue this
analogy any further.
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4 Subtractions from Regge pole contributions

In the previous sections we have seen that the Regge pole formula, based upon factorization
and the analytic decomposition into 5 terms (for the case 2 — 4) or 14 terms (for the case
2 — b), exhibits, when continued into different kinematic regions with positive and negative
energies, terms with unphysical singularities. At the end of section 3 we have indicated
that Regge cut terms are needed in order to compensate these unwanted singularities. The
subsequent analysis of the BDS predictions, on the other hand, has shown that the BDS
formula is not in agreement with the Regge pole structure, because it contains contributions
from the Liy functions. As a consequence, depending on the kinematic region, it contains
phases which, in the 2 — 4 case [2], have been understood as a signal of the beginning of
Regge cut contributions. In this final section we concentrate on the case n = 7, and we
show that Regge cut contributions can be determined which satisfy the two conditions:

1. the terms with Regge cuts have the correct phase structure for absorbing the un-
wanted pole terms,

2. after absorbing the unphysical pole pieces of the Regge poles into the Regge cut
terms, we are left with conformal invariant Regge pole contributions.

To be definite, our construction proceeds as follows. Initially we have the Regge pole terms
which, as we have stated, factorize in the kinematic region of positive energies but, when
analytically continued, lead to unphysical singularities. They have to be absorbed into
Regge cut contributions. Schematically we therefore write:

A= Apole + Acut, (41)

where the pole contributions are listed in Appendix A, and the phase structure of the cut
contributions have to be discussed in the following. Their contributions to the scattering
amplitude depend upon the kinematic region: they vanish for positive energies (and in
the euclidean region), and they are nonzero in exactly those kinematic regions where the
Regge poles exhibit the unphysical singularities. After having fixed the subtractions we
will arrive at modified expressions:

A= A;ole + Alcut’ (42)

where the primes indicate that, in each physical region with Regge cuts and singular Regge
pole pieces, the unphysical singular pieces have been absorbed by the Regge cuts. In this
new representation the amplitude, for each region 7;...7;, will be written in the form:

A= AgpsR, (4.3)

where Appg contains the phase factors ;. ; and d; ; calculated in the previous section
3.3, and the conformal invariant remainder function R is of the form:

Re™ = conformal pole + conformal Regge cut. (4.4)
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For illustration we return, once more, very briefly to the 2 — 4 case [16]. As shown in
[2, 3], the Regge cut piece has the phase ie~“™2. To see this we remind that, in the
decompositon of the 2 — 4, amplitude, the Regge cut appears in two of the five terms.
Their phase structure follows from the energy factors which, in the notation of [2, 3], is

W3 ~ (—s2)“?  (—5012) 2 (—$)“ Veur

Wy~ —(—52)%(—5123)*" (—=5)"" Veur- (4.5)

The coefficient V., is the same in both terms, and there is relative minus sign between
the two partial waves. From this structure one derives easily that the sum of these two
contributions vanishes in the physical region where all energies are positive (a phase factor
e~ form each energy), in the euclidean region (all energies negative, i.e. all phases reduce
to unity), and also in the region where only one energy is negative. In contrast to this, in
the region s, s9 > 0, 5012, S123 < 0, the sum is proportional to ie~¥"“2. On the other hand,
the Regge pole, when continued into this kinematic region, takes the form Eq.(2.22), i.e.
we have one term proportional to =2 and two terms proportional to ie ~™*2. The latter
ones have the same phase structure as the Regge cut contribution, and thus they can be
combined with the Regge cut: we can remove them by a special contribution (’subtraction’)
inside the Regge cut. What is then left is the first term of the Regge pole contribution

—iTwy

e cos m(wg — wp). (4.6)

Here the argument of the cos is conformal invariant. Therefore, this expression defines,
for this kinematic region, a ’conformal’ Regge pole contribution. The amplitude can be

written as

A= AppsR, (4.7)

where Agpg contains the phase factor e~¥*2, and
Re™ = cos m(w, — wy) + i ReggeCut. (4.8)
The new Regge cut contribution is expected to be conformal invariant.

4.1 Analytic structure of the 2 — 5 scattering amplitude

In the following we will extend this analysis to the 2 — 5 case. We now have three different
Regge cut contributions. They are illustrated in the following figure:
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|

Figure 18: Regge cut contributions for the 2 — 5 scattering amplitude

In addition to the t-channels where the Regge cuts appear, we have also indicated a few
kinematic regions in which these Regge cut contribute. In the generating functional, these
kinematic regions correspond to the coefficients of 773, ™74, 7174, and T To7374. The
analytic representation of the 2 — 5 amplitude contains 14 different terms. They are
illustrated below:

0o 1 2 3 4

<\\\\ N / N — v // \\/ //\// \‘/ \\ \,/
Qo 2=t ) Lo G
A B

Figure 19: Terms without Regge cuts
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Figure 20: Terms which contain Regge cut contributions: two doublets (a) and (b), and
two triplets (c) and (d)

Here each term is written as a multiple Sommerfeld Watson integral over w variables, and
the integrand comes as a product of energy factors which contain all the phases and a real-
valued partial wave. For simplicity, we will disregard the w-integration in the rest of our
paper.. The analytic structure of these terms is in agreement with the Steinmann relations,
i.e. each of these 14 terms has a maximal set of energy discontinuities in non-overlapping
channels (denoted by dashed lines).

Only ten of these 14 terms contain Regge cut contributions: they can be arranged as
two doublets a,b and two triplets ¢,d. The ’short’” Regge cut in the t3 channel (Fig.18b)
is contained in the first doublet a; and as and in the first triplet, c¢1, ¢, and c3. Similarly,
the ’short’ Regge cut in the t9 channel (Fig.18a) is contained in the second doublet, by and
bs, and in the second triplet, dy, do, and d3. Finally, the 'long’ cut in Fig.18¢; and Fig.18¢;
appears in the first two terms of both triplets. In each term, these Regge cut contributions
are additive. As an example, the first two terms of the triplets are sums of two terms, each
of a ’short’ cut and of the ‘long’ cut.

Next we are interested in the phase structure of these terms: it follows from the energy
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factors which we list in the following. For the doublets we have:

a1 = (=51)" (—s3)"* (—5234)"** (—5)*" (4.9)
az = (—s1)""% (—53)“* (—s0123)** (—s)™*

and
b = (—82)"" (=s012)""* (—54)** (—5)*" (4.10)
by = (—s2)%% (—54)* (—s1234)"" (—5)"".

Similarly for the two triplets:

cr = (—83)% (—s123)""" (—s0123)"* (—5)“" (4.11)
co = (—s3)" (—s123)** (—51234)“* (—5)“"
c3 = (—s3)% (—s234)* (—51234) " (—5)*"

and
di = (—s2)" (=5123)"* (—s1234)""" (—5)"" (4.12)
do = (—82)“% (—5123)"" (—s0123)“"* (—s)“"
d3 = (—82)w21 (—5012)w13 (—80123)“)34 (—5)w4 .

It should be noted that in these expressions, for simplicity, we have disregarded k factors
as well as energy scales. As an example, the complete form of d; from Eq.(4.12) which
includes these coefficients has the form [2, 3]:

w: W, w. w
g o= (=52 % [ —s103k23 \ ' [ —s1934k23k34 \ [ —SK12K23K34 \
L= \72 4 -6 8 )
Iz Iz jz jz

$;Sit1 .
Riit1 = il lg; — qi+1]2 , and the usual convention: s; =s;_1;. (4.13)
i—1ii+1

where

As a result of these k-factors, all energy factors di etc. can be written in the common form

s\ /182l N 92 /s3] \“? [ |sa] \“*
dlzphasefactorx<|ﬂ—12|> <|M—22|> (L—ﬁ) (%) (4.14)

In the following, our interest will first be devoted to the phase factors derived from Eqs.(4.9)
- (4.12): they depend upon the kinematic regions. In the next step, we will determine the
coeflicients that accompany the phase factors; they are real-valued and do not depend upon

the kinematic region we are considering.
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4.2 Determination of the coefficients of the partial waves

As we have said before,the kinematic regions in which the Regge pole expressions (listed in
Appendix A) contain poles of the type 1/sin(nw;) are the same regions for which we also
have Regge cut contributions ®. For each such region we write schematically:

f = fpole + fcut- (415)

In this notation, f denotes the sum of all those terms which contribute to this region, and
it contains both the energy (and phase) factors and their real-valued coefficient, the partial
waves. As a consequence, the form of the f will be different in different kinematic regions.
In general, the Regge cut piece will a sum of several terms: for example, the coefficient of
T1T9T3T4 contains the two ’short’ cuts and the ’long’ cut:

fcut = fwg + fw3 + fwgwg,- (416)

In this paper we will not address the full structure of these Regge cut terms. Instead,

] h
we will concentrate on the overall phases, ffutase

, and only those pieces of the Regge cuts
which absorb the 'unwanted’ pieces of the Regge pole contributions, i.e. those terms which
have the unphysical poles of the form 1/sin(7ww;): 0 feut, namely:

foi = Nu, fI05e5f,,, . (4.17)

We therefore have to keep in mind that the f.,; which we discuss in the following contain
only the subtraction terms but not the full Regge cut terms. We will name this procedure
‘subtraction’, in analogy to the removal of ultraviolet divergences in the renormalization
of quantum field theory.

In more detail, for the two doublets and for the two triplets, we will find a set of
coefficients which should satisfy the following requirements:

(i) the Regge cuts contribute only in specific kinematic regions where the so-called Mandel-
stam conditions are fulfilled. In particular, Regge cuts do not contribute to the euclidean
region or to the physical region where all energies are positive.

(ii) Phases of the Regge cut contributions have to match the 'unwanted’ pieces of the
Regge pole contributions, i.e. those terms which have the unphysical poles of the form
1/ sin(7w;).

(iii) After having absorbed these 'unwanted’ pole terms into the Regge cut terms, the
remaining Regge pole contributions have to be conformal invariant.

Let us begin with the ’short’ Regge cut in the 3 which appears in the terms labelled
by a1, as, c1, co, and c3. We are searching for real-valued coefficients of theses terms which,
for the sum of all five terms, lead to correct phases in all kinematic regions. First we notice
that, in the region of all energies being positive, all ¢; have the common phase e ™3,
and all a; the common phase e~""(@1—w2+ws) The absence of the Regge cut in this region
implies that the sum of the terms a1, as and the sum of the terms ¢y, ¢z, c3 must be zero
separately. This alone does not fix the coefficients of the ¢;. We make the ansatz (which

3Conditions for the existence of the Regge cuts have been formulated in the appendix of [21]
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will be justified in a moment) and chose, for the coefficients of ¢1, c2, and c3, the relative
weights %, %, and —1, resp. Similarly, for the coefficients of a1 and as the relative weights
are +1 and —1, resp. In order to determine the common factors of the ¢;, we go to the

region 7974: here the terms ¢; and ¢y have the common phase e imws g —im(wa—ws2)

, whereas
¢s has the phase e "8 ~im(w2—w1)  Taking into account the relative weights given above,
the sum of the terms ¢; gives the phase e~ ™32 sin 7(wy — wy). In the same way, the sum
of a1 and as lead to the factor e~ im(Wstwi—w29; iy 7m(wg — we). Combining the sum of the
¢;-terms with the sum of the a; terms we still have the freedom to chose coefficients: with

the choice sin(mws,) and sin(mwi,) we have, again for the region 7574, the result:

2

= 2isin(mwio) sin(mwsy )e T MW o TS (4.18)

1 1 .
sin(mwag) {—cl + 5¢ ~ 03} + sin(mwiq) {a1 — as}

The phases are in agreement with what one expects from Regge factorization: the Regge

cut in the t3 channel has the same phase in the 2 — 4 amplitude: ie~"™3

, and the phase
of the ¢; channel together with the production vertex of particle a factorizes: e~¥"%1¢i™wa,
However, this is not yet the final answer for the cut in the w3 channel. Namely, when

going to the region 774, we find the phases:
a; — ay = e W39 sin(mwayq) (4.19)

1 .
5(01 + o) — 3 = e i sin(mwiyg). (4.20)

Together with the prefactors sin(mwi,), sin(mws, ), these terms cannot be combined to arrive
at the the expected phase e i™@2Hws)  Ag a solution, we chose to completely cancel this
contribution by adding a term proportional to ¢; — co. In the region 7174 we have:

€1 — ¢y = e ™32 sin(mwy), (4.21)

and with the following coefficients we arrive at our final answer for the ‘short’ cut in the
ws-channel:

1 1
ngfggase = sin(mwa,) {501 + 52— 03} + sin(mwig) {a1 — as} — (4.22)
L (L in(mwn) sin(rwsa) + sin(rwsz) sin(mwng) | {e1 — ez}
_ — — S1In(7mTw S1N || 7Tw SN\ Tw. SN\ 7Tw C1 — C .
sin(ﬂ'w14) 2 14 2a 42 la 1 2

We make sure that, by analytically continuing this function f,, into different kinematic
regions, we find correct answers. In detail, the results are the following: non-zero values

appear only in the four kinematic regions 17y, 71707374, T1T2T4 and ToT37y:
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phase 1 1 T - 4 ino
S 0)3{ % *— = | Mo to,) e MO, T,
f phase . .
wj’{ X% } —-l1e LLhLY
phase . :
— 4T 1w,
S %{ VI | } = 1€ 7€ T,1,T,
phase . :
— 4 -ITw 17T,
J 0)3{ st 3 | 3¢ | } =-1¢ 1€ T,1,T,

Figure 21: Analytical continuation of f,,,.

In all other kinematic regions f57**® vanishes. The common factor N, is found to be:

N, 2 sin(mwaq ) sin(mway ) (‘81’>M <‘82’>W2 <‘83’>WS <‘S4’>W4 (4.23)
= S 24 S 21 I I e Y . .
w3 112 112 112 112

A comment is in place about the second line in (4.22) which is proportional to ¢; — ca. As
we will show in a few moments, the combination ¢; — ¢o belongs to the ‘long’ cut in the
wy and ws channel. The fact that this combination also participates in our calculations of
the ‘short’ cut hints at the fact that the ‘long’ cut contribution may contain terms which
have the w-plane singularity structure of the ‘short’ cuts, i.e. there is a mixing between
the different Regge cuts. We will come back to this question in a forthcoming paper.

An analogous discussion applies to the ’short’ cut in the f,, channel:

1 1
N, 53“36 = sin(mwsc) {§d1 + §d2 — dg} + sin(mwye) {b1 — be} — (4.24)
~_ (2 sin(mwsr) sin(mwse) + sin(rwrs) sin(rwse) ) {di — da}
- = wyq1 ) sin . in in ¢ — .
sin(m,u41) B W41 W3 S T™W13) S TTW4, 1 2

We continue the function ffj? “*¢ to those four different kinematic regions where it is non-

Zero:
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phase 1 1 T © 17w
A w3 % x = | Moo, e MO -
2 173
f phase { } . .
w = - -
2 L3¢ 3¢ X 3— 1 e ¢ Tl T2T3T4
phase . :
— 5 Al p IO
f 0)2 { L3¢ 3¢ >3— } - 1 e 2 e ¢ Tl T3T4
f phase { } . :
— 4 -ITw 1w
g = _ 4 C [

Figure 22: Analytical continuation of f,,.

with the common factor

o= 2sitrsntras (12) (2 ()7 (1)

[ [ [ [

In all other kinematic regions we have f5r%¢ = 0.

Next we turn to the ’long’ Regge cut in the ws and ws channels simultaneously. This
cut is contained in the first two terms of the triplets - c¢1, co, di, do of Fig.20 with the
corresponding phases ¢1, c2, di, and ds in Eq.(4.11) and Eq.(4.12). Repeating our line
of arguments, we first consider the region where all energies are positive: since all ¢; are
proportional to e~¥“3  all d; proportional to e ™2, the coefficient of ¢; has to be opposite
equal to that cg, and similarly for d; and do. Turning to the region 7797374, the phases of
C1 — C9 are

c1 — Co = 2ie w2 sin(mwiyg). (4.26)

We take the following linear combination:
sin(mwsg) {1 — e} + sin(mwae) {dy — da} = 2ie™ ™" sin(mwy4) sin(mwsy) (4.27)

with x = a, b, c. Obviously, x; would be a symmetric choice; however the singular term in
the Regge pole contribution (Appendix A) has no phase e~"* and therefore this ansatz
for the Regge cut cannot be used to subtract for the subtraction. Instead, we take the
linear combination of two contributions:

Ny f&ig:‘;e = sin(mwsg) {c1 — ca} + sin(mwa,) {d1 — da} (4.28)
and
Nwzws f(c(;z;f;zs)e = Sin(ﬂ-w3c) {Cl - 62} + Sin(ﬂ-wh) {dl - d2} ) (4'29)

and in the combination Af*Phose

(waws)
A=0f3,,, and C = 4dfS, . which subtract the singular part of the Regge pole contribution.

+ CfP hase e will determine real valued coefficients
(wows)

2W3
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Let us first study the other kinematic regions. The functions f(ﬂ;ﬂ;ase and ff,fﬂsase have

non-zero values in four particular kinematic regions:

a b c
@ phase T T 1 (o, to),) e 110
f 0)2603{ ¢ % = 1€ (0,0 ¢ 7T,
a; phase .
Sr 0o, = {e Mo,
IV VI BNV I T,T,T,T,
a,; phase ) .
f — 1 LI 1@,
ww{—x % X—} =-1e TRl L hLy
a; phase } .
f — i AT, o IO,
ww{—x % X—} =-1e Tl L
Figure 23: Analytical continuation of f&Ers
and
ka kb kc
¢, phase . 17T®
f ,0 { —% %] } = 1€ G e T
174
¢, phase .
f ! 0,0, = 1e MO,
e |y | 5o 1 o | T,1,1,T,
¢; phase . .
f N v {0)] 1
ww{—x % X—} —-1e e ULy
¢; phase . .
f — 5 Ao 1T
(oa){_x % ] } =-1¢ 3 € ¢ T1T2T4

Figure 24: Analytical continuation of ff,fﬂgase

hase c;phase
The common factor is the same for fwé{’ds and for fw’fwg :

i i s\ (Ls2l )™ (lsal ™ (lsal \™
Nopws = 2sin(mwiy) sin(mwsz) e e 2 2 . (4.30)

For all other possible configuration of analytical continuation, the result is zero. Thus, the
"long’ cut contributes only to these four particular kinematic regions. We combine these
two terms

h ;ph
Af5~025~03 = 5fcggw3 572?;)3(186 + 5fz52w;>, £2pw3@5€ (431)
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with real coefficients 6 £2,,,, and §f¢,,., and we find for the different regions:*
ka kb kc
N . . . . i +
A‘fw o, x T 1 I * } = i [b fagimo, +§ ¢ mmc]e (o, 0)3)1:11:4

} = 1[0 fag im0, +§ f e "] T T,1T,T

1727374

bo=i[d e e+ S e e ™ L

17374

FE

—)(J—x—
~x—T—)e
Ll 1] } = _{[§ fee i, + & e ™ ]e s T,1,T,

Figure 25: Analytical continuation of Af,,..,.

It is remarkable that the square bracket is the same in all four cases, up to complex

and 0 f°

conjugation of the phases. Below we will determine the coefficients 4 f, .. oW

Summarizing this subsection, we have determined coefficients of the partial waves aq, ...ds
which, for all those kinematic region which contains Regge cuts, can be combined to give
a ’good’ phase structure. Returning to Eq.(4.17), we have determined the normalization
factors N and the phases f£"%*°. In the following we still have to calculate the coefficients
0 f., and we have to show that our ansatz matches the phases of the singular pieces of the
Regge pole terms (studied in section 2) and thus allows to absorb these singularities by the
Regge cuts.

4.3 Redefinitions of Regge pole terms: subtractions

Let us now turn to the subtraction procedure. Figs.21, 22, 25 show the kinematic regions in
which the different Regge cuts, fu,, fu,, and fu,w,, contribute. There are two regions (274
and 7o7374) in which only f,, contributes, two regions (7173 and 717273) where only f,, is
nonzero, and one region (7174) where only the ‘long’ cut appears. In the remaining three
regions we have combinations of several Regge cuts. In particular, the region 11701374
sees all cut contributions. We begin with the ‘short’ cut f,,: from the region m7y we
determine the subtraction ¢ f,, which then fixes the subtractions in all regions listed in
Fig.21. Similarly, df,, is obtained from the region 773 and will be used in all regions
listed in Fig.22. Finally, in the region Tim97374 we can fix the remaining subtraction,
6 funs-

We begin with the region 774 where only the ‘short’ cut in the ¢35 channel contributes.
From Appendix A we read off the Regge pole contribution in the region mo74:

sin(7wp) sin(mw,)

f;’g;’; — efm(W1+w3)eZ7rwa (COS(ﬂ'wbc) + |:el7r(wb+wc) _ COS(?waC) — 9jetmws

sin(mws)

(4.32)

4We omitted the subscript ‘waws’ of the § f*¢ in the figure for the sake of simplicity.
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The square bracket expression on the rhs can also be written as (Eq.(2.22) and Eq.(2.23))

_cos(mws) sin(mwp) sin(mw,)
i

[...] = +isin(m(wp +we)) — 2 Sin(mws) , (4.33)
which shows that it is purely imaginary and can also be written as
[.]=— [e”(””%) — cos(Twpe) + 2ie ™ sin(m.ub) sin(wwc)} (4.34)
sin(mws)

Thus the phase structure of the second part of Eq.(4.32) is the same as that of the cut

contribution ff,’? %€ in the first line of Fig.21, and we define the subtraction term as follows:

Ofus =1 [ei”(“”%) — cos(Tmwpe) — 2™ sin(mw) sin(ﬂwc)}
w3y — c

)
>mw%q

sin(mws)

sin(mws

sin(mwp

= — [e”(“b“’“) — cos(Twpe) 4 2ie ™

(4.35)

= — [snr(u + ) — 22T S E () |

sin(mws)

Having fixed the subtraction df,,, in the m74 region, we know the subtraction for all
kinematic regions in which the ws-cut appears (these regions are listed in Fig.21). In our

generating function we therefore have the following contributions®

im(w1tws) JiTwe —iMTw3  iTWa

— [7’2’7’467 e — T1T2T4€ e ] eim(wytwe) cos(mwpe) — 2™ -
sin(mws)

sin(mws) sin (7w, ]

+ [—7'27'37'467””1 e 7'17'27'37'467””“] e im(wptwe) _ cos(mwy.) + 2ie T3 :
sin(mws)

For the regions 1974 and 797374 this are the only subtractions, and by subtracting the
corresponding parts of Eq.(4.36) from their Regge pole terms (Appendix A), all unwanted
singular terms must cancel. Indeed, for the region 774 we find

ToT4 _ pToTq —im(wi14ws) LiTwa
fren;pole — Jpole t+e e 5fou3

— e im(witws) pinwa cos(mwpe), (4.37)

which consists of a phase factor and a conformal invariant expression: the latter will be
called ’conformal Regge pole’. Similarly the region m7374: together with the Regge pole
contribution from Appendix A which we write as

f;’(2)l7'637'4 — _e_iﬂwleiﬂwa (cos(wwbc) + |:6—i7r(wb+wC) _ COS(?waC) + 2,L-6—i7rw3 Sln(z(;f():;r;()ﬂwc) )

(4.38)

5Note that here we follow our convention that terms promotional to an odd number of factors T receive
an additional minus sign.
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we obtain

FEm, = [ e g
’.
= —e WM o5 (). (4.39)

This defines our renormalized pole contribution in the region 797374. The other two regions,
T179T4 and Ty ToT3T4 receive contributions also from the ‘long’ cut: they will be discussed
further below.

A similar discussion applies to the symmetric region 7173 which is used to calculate
the subtraction contained in f,,:

(5f =1 eiﬂ(wa‘i’wb) _ COS(T('C«.) b) _ 2,L'ei7TUJ2 Sin(ﬂ-wa) Sin(ﬂ-wb)
” ¢ sin(mws)

= —i [e_”(““w”) — cos(Twap) + 2ie” ™2 sin(mw sin(wwb)}
- a

sin(mws)

_ [Sinwwa ) — 22T () Sm(mq |

sin(mws)

(4.40)

From Fig.22 it follows that the same subtraction contributes also to the regions m 773,
T17374, and 71797374. The analogue of Eq.(4.36) reads:

— [7’17’36_”(“2Jr“‘*)e”“”C — Ty T3T4€ "2 e”%} eim(Watwy) _ cos(mwgp) — 2ie'™? -
sin(mws)

sin(mwg,) sin(mwy) ]

+ [—717'27'36_’”“16”“’0 + 7’17’2’7’37’46_“er] e im(Watwp) _ cos(mwgp) + 2ie” T2 -
sin(mws)

and the renormalized Regge poles in the regions 773 and 77973 have the form:

f:elrc?pole — f;—él? + Z'efiﬂ(w2+W4)ei7rwc5fw2
— e—in(w2+w4)ei7rwc COS(?Twab)7 (4.42)
and
FILTTS = IR e TS,
= =TT cos(mwap). (4.43)

Finally we turn to the contributions of the ‘long’ cut which contributes to the regions listed
in Fig.25. We start with the region 7i7o7374: in this region all three cuts contribute. The
subtractions contained in the two ‘short’ cuts have already been determined before, and
we can use these results for fixing the subtraction due to the ‘long’ cut. We again begin
with the Regge pole expression (from the Appendix A):

fT1T2T37‘4 — eiw(fwa+wb7wc) _ 21 Sil’l(ﬂ'WQa) Sil’l(ﬂ'bdb) Sin(ﬂ-w?)c) )

pole

sin(mws) sin(mws) (444)
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The subtractions from the ‘short’ cuts, df,,, and df,,, have been defined above: §f,, in
Eq.(4.35) and Eq.(4.36), and df,, in Eq.(4.40) and Eq.(4.41). Before the subtraction due
to the ‘long’ cut we have:

f;;z—egrsm _ Z-e—zﬁrwc 5fou2 _ Z-e—mwa(;fwg (4‘45)

which contains a double pole term ~ 1/ (sin(rws) sin(nws)) (from f,,/2™™ in Eq.(4.44)) and
single poles ~ 1/sin(mw;) (i=1,2) (from J f,,, and 0 f,,,). We now use the freedom of having
another subtraction connected with the ‘long’ cut, fiy.,: we chose these remaining sub-
tractions § fgyw, in such a way that they remove all double poles ~ 1/ (sin(mws) sin(7rws)),
all single poles ~ 1/sin(7w;) (i=1,2), and makes the resulting expression conformally in-

variant. This leads to:

Afos = {_QSin(TI'WQa)SiH(TI'wb) sin(mwse)

sin(mws) sin(mws)

_p—imway |:ei7r(wb+wc) — cos(mwpe) + 9je—imws sin(7wp) Sin(ﬂ'wc)] B

sin(mws)

_eimwe; e*l’w(wathb) o cos(mu b) + 9je—imw2 Sin(ﬂ'wa) sin(ﬂwb) (4 46)
“ sin(mws) o
Here we remind that, according to Eq.(4.33), the square brackets in the second and third
rows are purely imaginary. The first term can also be written in the form
sin(mwa, ) sin(mwy) sin(rws,)

—2 sin(mws) sin(mws) - (4.47)

o sin(mw,) o sin(mw,) 2sin(muga) sin(mwy) sin(rws.)
sin(mwec) sin(mweq) sin(mws) sin(mrws) '

Inserting this into Eq.(4.46) one sees that, in fact, Af,,.,, can be written as:
AfUJQWS = 5f52w36_i7rwa + 6ff}2w36_i7rwc (448)

with real coefficients 7, ., and 6 f7, .-

Having fixed the subtractions due to the ‘long’ cut, 4/, ., and 0f, ., we must show
that in all four kinematic regions in which the ‘long’ cut is nonzero (Fig.25), the unphysical
singularities of the Regge pole contributions cancel. We collect these subtractions by
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writing it as part of the partition function:

eim(watwptwe) g—im(watws) _ o, sin(mw,) sin(rwy) sin(mw.) — (4.49)
sin(mws) sin(mws) ’
pim(—watwy—we) _ o sin(mwag ) sin(mwwy) sin(wws,.) B
sin(7ws) sin(mws)
_ e~ imwa e*iﬂ(warwc) - COS(UJb ) + 9jeimws3 Sln(ﬂ-wb) 5111(7'('(4)0)
¢ sin(mws)
e imwe |:e—i7r(wa+wb) . cos(wab) + 9 MW SIH(Z?JS();;I;§WWb):| } S
| pin(wntwntwe) g—imws o sin(mwag ) sin(wwy) sin(rw,.) B
sin(7ws) sin(7wws)
_ g imws pimwa eiﬂ(warwc) _ cos(wb ) _ 9jpimws Sln(ﬂ'wb) (ch) —
© sin(mws)
| inntin—we) gmimen o sin(mwg) sin(mwyp) sin(rwse)
sin(mws) sin(mrws)
_ g imwa gimwe eiﬂ(wa-i-wb) _ cos(w b) _ 9jeimw2 Sln(ﬂ.wa) sin (7wa) TIT3Ts
“ sin(mws) '
(4.50)

It is now a matter of straightforward algebra to calculate the conformal Regge poles

for the four different kinematic regions. For the region 7797374 we return to Eq.(4.45) and
find:

T1T27T3T4 __ T1T2T3T4 — W, )
fren;pole - fpole - Céf w2 T aéfw?) + ZAfuJQwS

eiﬂ'(—UJa‘f'wb_wc)‘ (4.51)

Here the ’conformal Regge pole’ equals unity. In the same way we find for the other regions:

Fintpote = Fpore + i€ IAL
— pim(watws) gimwy cos(Twae), (4.52)
f:é;?;éle = f;)—él?m +ie mwgéf w3 mngfumw?,
= e imwsgimwe COS(T('UJab), (4.53)
and
FT = JT = e TSy — i A
= —e_mwe”““ COS(T('wa). (4.54)

4.4 Predictions for the remainder function of the 2 — 5 amplitude

Let us summarize our results for those eight kinematic regions for which the Regge pole
terms need to be renormalized. This are also the regions which contain Regge cuts. We

again use our notation of a generating function and write for the scattering amplitude A:

A= Ag+ A1 +...+ Ao+ ... + A1934T1 T9T3Ta. (455)
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Here each term proportional to 7;...7; is written as a product of the BDS prediction and a

remainder function:
Ai.j = ABps;i. R 1, (4.56)

and in section 3 it has been shown that the BDS amplitude Agpg;;.; can be written as

1)

product of a real part, a kinematic phase factor, and a second phase factor €7, where

the conformal invariant d; ; result from the Lio functions and represent the one-loop

approximations to Regge cut contributions:
ABDS;i..j = i‘ABDS;Z‘..j‘ei(pi“‘j eiéi“‘j. (457)

In the following Fig.26 we list the phase factors e¥i-i:

k, k, k.
\ T T T 4 ei(pm _ e-in(wz+m3) einwb o
_q’f P 3‘4_ > 174
l T % T T X_A — ei(p24 = e—in((ol+m3) Cinwa T2T4
k 1 : i + 1T®
. P 1 N T el =) e TT,
1 1 : i 17T
% T % T T | = cPmTETRETE 4Ly
k 1 - i 1o
L% T T x T x| = €PmTeETReTn Lhly
k 1 ; i 1o
. T « T « T —y cPm=eieT T 1T,
k 1 : i inw

T " T " T | ——y ePm=el e T,T,T,
;X T X T X T X—“ — 61@1234 = C_inmb TL4LTy

Figure 26: Phase factors ;. ; of the 2 — 5 amplitude.
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Next, we collect the phases ¢;.. ;:

|Kallkellq1]]g4| )
= 4.58
: <|k + kb + ke[| g2 |g3] (4.58)
| K[ Fee H%H%!)
5 =
24 n(\kb—i-k‘z’%\z
|ka Hka%H%\)
§1a = In
” <V‘0 + Ky |2 g2|?
Siog = 7 m(m‘+%+k|WH%H%U
|k + kel |K||qa [?
m4=._m<W+%+kammw>
4 [ + Ky 2 Ky qa?
ka ||kb||QI||Q3|>
123 4 <|k; +]€b| |q2|2
Soss = 725 1n (’kak HQ2H(]4!>
4 kb + kel?|qs]?

01934 = WKI ( |ka + kol [ko + kel*|q1]]ga] )
ko + ki + kel [kal| kel g2]]g]

Finally, we collect the conformal invariant Regge pole and cut terms which have
been calculated in the previous subsection and represent the main results of section 4.
They define our predictions for the remainder function R, more precisely for the products
R, e ;

TiTa: cos(mwee) +1i (e TWha woows T el G0 (4.59)
ToTy:  €coS(Twpe) + @ fus
71730 €OS(TWae) + 1 fuy

TIToTy 1 — COS(Twap) — 1 TWae fus — j elmwac oows — U S

TIT3T4 1 — cos(Twpe) — i '™Wea Jws =1 fppus — 1 eimwea oows

T1TaT3 :  — cos(MTWap) — @ fun

ToT3Ta 1 — COS(MTWpe) — T fug

TIToTaTy 1 €TWhaglMWhe _ jei™ba f _ jei™be f, 4 jeimWba wowg T 1 eimwbe ows

The conformal invariant Regge cut terms f,,,, fus, fusws contain, in addition to the sub-
traction terms & f,,, 0fus, 0fwaws, Tesp., which we have discussed in subsection 4.3, the
terms with Regge cut singularities. In this paper, we have not addressed yet the general
structure of these amplitudes. This will be the subject of a forthcoming paper.

5 Conclusions

In this paper we have addressed different aspects of scattering amplitudes in the multi-
Regge region: starting from Regge pole models which factorize in the kinematic region of
positive energies we have seen that, after analytic continuation to other kinematic regions,
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terms with unphysical poles appear which need to be compensated by other terms. Spe-
cializing to the planar approximation of the conformal N/ = 4 SYM theory, we have studied
the cases 2 — 4 and 2 — 5, and we have shown that it is possible to compute, in agreement
with the analytic structure dictated by the Steinmann relations, coefficients of Regge cut
contributions which match the singular Regge pole pieces and thus can be used to absorb
the singularities. We have outlined a ’renormalization scheme’ which consistently removes
the singularities and leads to conformal invariant.

Since most of this has been motivated by the goal of determining the remainder function
R™ in N/ = 4 SYM theory, we have systematically studied the predictions of the BDS
formula in multi-regge kinematics for the different kinematic regions, and compared them
with our results for Regge pole models and Regge cuts. This has lead us to the definition of
a remainder function which contains, apart from the Regge cut contribution, a conformal
invariant Regge pole term. In this paper, we have not addressed the detailed structure of
the Regge cut terms; this will be the content of a separate paper.

In a future study we will extend our study to the case 2 — 6 which is expected to
contain a new form of the Regge cut consisting of three reggeized gluons.
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A Explicit results of the 7 expansion for the n = 5,6,7 point amplitudes

In this part we summarize the explicit coefficients of the 7 expansions, P»_.,,, for the cases
2—3,2—4,2—5 and 2 — 6. We start with the simplest case of n = 5 amplitude and
list all terms:

Py_3 = e™eemimwitw2)  (free term)
_eimua efimug T
_eiﬂwa e—imul To
efim’u“ T1T2

Table 1: All terms of the production amplitude P»_.3.

Next we summarize the n = 6 amplitude:

Py = eim(watwy)gmim(witwatws) (free term)

_eiﬂ(waerb) efzﬁr(oug +ws) ]
_eiﬂ(wa-l—wb)e—iw(wl-‘rng) T

_ eiﬂ(waerb) efzﬁr(wl +wa)

73
eiﬂ(wb —waq) e—imug T1To
eiﬂ(wa —wp) efimul ToTs

e—imug [eiﬂ(wa +wp) _ Qieiﬂwg SIH(ZTS();;I;()FUJ;))] T3

_ | p—im(watwp) . imwe Sin(Twa ) sin(mwy)
[6 a + 2te —Sin(wa) T1T2T3

Table 2: All terms of the production amplitude P_.4.
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Finally, the coeflicients of n = 7 amplitude:
Pys = et (Watwptwe) o —im(w1+wa+ws+ws)
—eim(watwptwe) o —im(watws+wa)
— et (watwptwe) p—im(w1+ws+wa)
—eim(watwptwe) o —im(w1 w2 +wa)
— et (Watwptwe) p—im (w1 w2 tws)

e—iw(wa—wb—wc) e—iw(wg +wa)

e*l’w(wngm;)eimuc eiﬂ(wa+wb) _ 216“””2 sm(mua Sln(ﬂwb ]
sin(rws)

eiﬂ(waerbjLwc)efm(wQerS) _ 9 sin(mwa) sm(mub sin muC ]
sin(mwa) sin(m

eiw(wa—wb—i—wc) e—iw(wl +wa)
e*lﬁr(wl +ws) eimua |:ei7r(wb+wc) _ 2,L'eiﬂ'wg Sin(mf)b) sin(7rwe)
sin(mws)

eiw(wa—i—wb—wc) e—iw(wl +w2)

_ e MWy piTwe {e—m(waﬂub) + 226—@#@%
sin(mwa)

. el'ﬂ—(fwajwajLwc)efmwg _9 . sin(mwag ) sin(7wwy ) sin(mwe) ]
sin(mwa ) sin(mws)

| pim(watwy—we) p—imws 9 - sin(mwq) sin(mwp) sin(rwsc) i
e e 1 - -
sin(mws) sin(mws)

_e—imu1 eimua [e—m(wb+wc) + 22'6_”“}3 Sin(m.ub) sin(mw,) 7
sin(mws)

eim(—watwp—we) _ 9; sin(mwag ) sin(mwy) sin(rws.) |
sin(mwsa) sin(mws)

(free term)
1

T2

T3

T4
T1T2
T173
T1T4
7273
T2T4
T3T4
T1T2T3
T1T2T4
TIT3T4
T2T3T4

T1T273T4

Table 3: All terms of the production amplitude Ps_.5.

B Recurrence relations for the coefficients of the expansion in the Regge

framework

Consider a configuration of k crosses ("twists”) on the left side and one cross on the right

side n (Fig.27)

(— 1)/&“‘7'“7'22 T {Azm k} and (—1)/l<“‘+17'“7'22 7'%7',L{Bm2 k} ;o (> +1)

— 41 —

(B.1)
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| R R R IR SR I B A

Figure 27: Diagrams which correspond to A7, , (up) and B} (bottom) configura-

1112...7 1112...1%
tion.

the recurrence relation reads as

sin(mw sin(mwy, — Tw
an+1l _ Z o ( Gn) _|_A2n1 i ( : n an) (B2)
Lotk = sin(mwy,) sin(mwy,)
This (Eq.(B.2)) can be rewritten, using Eq.(2.39):
n _n n
B i, = by g, Tail (B.3)
with
n —ITTW n
Al i = e ", (B.4)
as
prtl  — sin(1Wa, ) and Tl = @} , e imWneimWen (B.5)
21...1% 1.2 Sln(ﬂ-wn) 11..-1% 21...1%
with initial conditions
i+l —iTWi, +1 1MTWa, ik i+l g+l MW, 41 ip+1
AR, = e mntte T A L and BiYTL = b T et AT o (BL6)
Let us generalize for the case iy < n — 2, n+ 1 produced particles
(—1)’“7’- Tin i T 1Ty B
i1 Mg Tip In—11TnDj iy 4
From the recurrence relation we have:
~ sin(mw sin(mw, — Tw,
Bt = Slrn) g ST M) (B.7)
1822k sin(mwy,) sin(7wy,)
with
n _n n
Bilig. i, = bijig.ix T Qitig.. i,
n _ —iTWn M
Al i = € "G,
n _ — T Wn ITW, n
ailig...ik = ¢ "e anailiz...ik' (BS)
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We obtain using the ansatz:

RN _ In+l ~n
Bilig.in = biin. ip T Qivig.. iy (B.9)
with
~n _ _iTWwn N
ai1i2mik = € na”ilig...’ik' (BlO)

The result is:

sin(mwy, — Twa,, ) ,p

[ no

2122...°% Sln(ﬂ-wn 2112...0%

~n+1 _ —iTWq n . —iTWn ,—ITTWg, =N

iy € " Oy gy, — € e " Q. g (B.11)

Now we consider the most general case Fig.28:

.. JA_)(—L)#‘ . ’J—)(—L(—‘~
some configuration —

- Ccrosses

Figure 28: Configuration with r-crosses on the most right hand side and some arbitrary
configuration on the left (grey blob).

for iy <n—r—1, (B.12)

k+r n
(=) T3, Tig o T T—r Tn—r41.--Tn By,

Then the recurrence relation becomes the three-term relation for B

B} = eminlonmn, ) U0 ) po i | sIn(Tn — M) (B.13)
T+ sin(rw,) " sin(mwwy,) "
with the initial conditions:
n o __ n n _ pn
By = Bilig...ik and By = Bilig...ik' (B.14)
: RN n : : RN fa
The recurrence relation for Bjj, , and B, . are given in above (really, Bl-liQ___ik) is
expressed in terms of B, , and B}, ., satisfies two-term recurrence relation and is

expressed again in terms of B)'). Therefore, we can construct everything in terms of
very simple recurrence relations. Consider a case (—1)k+rnln2...Tik..Tn_rTn_rH...TnBﬁ we
obtain the recurrence relation:

gl sin(7mwy,, ) sin(mwy, — Tw,, )

_ —iMTWn ,—1TWq, n—1
r+1 — € n-1B

r—1

B B.15
sin(mwy,) sin(mwy,) " ( )
In particular,

SiH(?Twn+1_r - ﬂ-wan+1—r)

sin(mwy 1)

Sin(ﬂ-wanJﬁlfr )

i Bn+177’
sin(mwp4+1-r) !

B121+27r _ e—iﬂ'wn+177~e—iﬂ'wan77‘BZ}7T

(B.16)
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where we can write:

sin(mwy, — 7w, )

_ . _ . _ iTwa -1, +1 _
By = by + as; B{L = b’f—i—a’f, a; = ™ "—1Bg ; bg = sin(ﬂ'wn) b?
(B.17)
and
- b27sm(7rwar)' At = gleTmwrgimwar, B.18
1 1 sin(ﬂ'wr) ’ 1 1 ( )
We have:
Bl _ sin(ﬂwan)Bn N sin(mwn, — TWa,) (. With A" — e—imwngn (B.19)
! sin(mwy,) sin(7wy,) b ! v '
Indeed,
o sin(mwa,, ) + e~ sin(mwy, — TW,,, ) G = T giTWan g0
! sin(7wy,) ! v

(B.20)

Concluding this part, one can see a clear recurrence relation for arbitrary number of crosses
and "holes” (untwisted propagators). Thus, more complicated configurations might be
reduced to the more simple ones using the recurrence relations formulated in above.
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