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LONG WRITE-UP

1 Introduction

The study of solutions of linear partial differential equations (PDEs) of a few variables in
terms of multiple series, i.e., a multivariable generalization of Gauss hypergeometric func-
tion [I], was started a long time ago [2]. Following the Horn definition [, a multiple series is
called Horn-type hypergeometric function [4], if around some point Z = Z;, there are series
representations

H(?) = Z Cm)z™,

where 1 is a set of integers and the ratio of two coefficients can be represented as a ratio of
two polynomials:
Cli+ &) _ Py() "
C(m) Q;(mi)
where & = (0,---,0,1,0,---,0), is the j* unit vector. The coefficients C(171) of such a
series are expressible as product/ratio of Gamma-functions (up to some factors irrelevant
for our consideration) [5]:

(D aet HjaMa + ;)

I (3 4=y veomy + o)

I

Q
—
S
S—
I
o
—
[\
S—

[

e
I
—_

where (14, Vb, 05,7 € Z and m, are elements of .
The Horn-type hypergeometric function, Eq. (), satisfies the following system of differ-
ential equations:

T 1 T
0= D H(E) - [@j (Z ai> oo (Z ;)] H(E), ®)
k=1 k=1
where j = 1,...,r. The degree of polynomials P; and @; is p; and ¢;, respectively. The
largest of these numbers, r = max{p;, g;}, is called the order of the hypergeometric series.
Any Horn-type hypergeometric function is a function of two kind of variables, continuous
variables, z1, 29, - - , 2, and discrete variables: {J,} := {7V, 0.}, where the latter can change
by integer numbers and are often referred to as the parameters of the hypergeometric func-
tion. For any Horn-hypergeometric function, there are linear differential operators changing
the value of the discrete variables by one unit:
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!The modern approach to hypergeometric functions has been presented in [3].

Ric(2) 7z H(J32) = H(J £ ex; 2) (4)




where Ry (Z) are polynomial (rational) functions. In Refs. [6l[7] it was shown that there is
algorithmic solution for the construction of inverse linear differential operators:

BL(Z)8—ZH(J;Z):H(J:F6L;z) , (5)
or, expressed in another form,
Br(Z)— | Rx(Z)—=— | H(J;2) = H(J +ex Fer; 7). (6)
0z 0z

Applying the direct or inverse differential operators to the hypergeometric function, the
value of parameters can be changed by an arbitrary integer numbers:

S +11:9) = Y 8,(2) 5= H (T, 2) 7

where 1 is a set of integers, S and S; are polynomials and r is the holonomic rank (the
number of linearly independent solutions) of the system of differential equations, Eq. (3)).
Additionally, the construction of inverse differential operators defined by Eq. (H) (or by
Eq. [@) allows to

(i) find a set of exceptional parameters for any hypergeometric function, and this set coin-
cides with the condition of reducibility of the monodromy group of the corresponding
hypergeometric functions (see discussion in [§]);

(ii) convert the system of linear PDEs, Eq. (), into Pfaff form for any hypergeometric

functions, including functions with Puiseux monomials as one of the solution, see
details in [9)].

The interest of physicists in hypergeometric functions is related with

(i) the necessity of an analytical evaluation of multiple series generated by multiple residues
of Mellin-Barnes integrals [10];

(i) the restricted set of values of parameters of hypergeometric functions or multiple series,
where the algorithms [IT],[12[14\[16] are applicable;

(iii) the complicated analytical structure of one-loop massive Feynman diagrams, where,
nevertheless, a simple hypergeometric representation exist [17,[18],20].

It was pointed out in [2I] that the differential reduction algorithm, defined as a full system
of differential operators, Eqs. @), @), (@), can be applied to the construction of analytical
coefficients of the so-called e-expansions of hypergeometric functions about any rational
values of parameters via the direct solution of the linear systems of differential equations.

This is the motivation for creating a package for the manipulation of the parameters of
Horn-type hypergeometric functions of several variables.
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In the previous publications the algebraic reduction of o F} functions has been consid-
ered [22], the program pfq, for the manipulation of hypergeometric functions, ,41F, (p >
1) [8], the program AppellF1F4, for the manipulation of Appell hypergeometric functions,
Fy, Fy, Fy and F [23], the program Horn, for the manipulation of Horn-hypergeometric func-
tions of two variables (30 hypergeometric functions in addition to four Appell functions) [9].

The aim of this paper is to present a further extension of the Mathematica [24] based
package HYPERDIRE for the differential reduction of the Horn-type hypergeometric func-
tion with arbitrary values of parameters to a set of basis functions. The current version
consists of two parts: one, FdFunction, for the manipulation of Lauricella hypergeometric
functions, Fp, of r variables, and the second one, FsFunction, for the manipulation with
Lauricella-Saran hypergeometric functions Fg with three variables.

2 The structure of hypergeometric functions related
with one-loop off-shell Feynman diagrams

A generic scalar one-loop N-point function is defined by the following integral in d space-time

dimensions

7@

Niai,-,an

d’l 1
/ (2m)d (1 —py)2 —=m2y)a ... (1= (p1 +...py_1))? — m?v_LN)aN*l (2 — m?v,1)“N . (8)

where [ is the loop momentum to be integrated, p; are the external momenta and m?vj the
masses of the internal propagators, 7,7 = 1,..., N. Energy-momentum conservation enforces

>ipi=0.

2.1 Massive case

In accordance with algorithm described in [25], one-loop N-point diagrams with all powers
of propagators equal to unity, i.e., all a; = 1 in Eq. (§]), satisfy to the following difference
equation

N [e'e) r
O d—N+1\ [Gn_ .
Iy =by(d) + > (;A;V)E (72+ ) (ANNl) ke (9)
k=1 r

r=0

where I](\?) = I](\‘,i;)al,,,, ay (@)k is a Pochhammer symbol, (a), = I'(a+k)/I'(a). d is dimension
of space-time, by(d) is a some function of space-time dimension, and we are working in
Euclidean space-time, which is the source of the sign “4” instead of “-” as it was defined

in [25], Gy is a Gram determinant, Ay is a Cayley determinant for the N-point diagram
and O, Ay = a%A ~ . For details we refer to [I7,25]. Eq. ([@) can be solved iteratively [17.25]
k

and the result for the one-loop N-point diagram in an arbitrary dimension d can be written



as linear combinations of the following hypergeometric functions:

N 00
8ij' G _ TN—-1 G r1
]N>2 ~ | | <Tj) X 2 : <_m?V—1,NALNl) <_m%2A—:)
; J

Jj=2 T1,72,73,+,rN—1=0

(5 iy ) D (St ) T (S )

X ..
T (d—z2v+1) T (%ME’ .. '+7’N—1) r (%Mél .. .+7=N_1)
I (G2 4ro+rs- - +ryo1) T (5 4r1+r - 4ry-) r(g)
U (92 +rs-+ryo1) T (&4 +ryo1) T (G4ritre - +ryo1)
N
+3 " bi(d)e(d) (10)
j=3
where maj are some masses, cf., Eq. ([8). In accordance with Proposition 1 of [26] E, the

system of differential equations for the last terms in Eq. (I0) has the same order as another
terms. Dropping all irrelevant factors, the hypergeometric function related with one-loop
N-point off-shell massive Feynman diagram is (it has a simpler form in contrast to the results

of [27]):

[e.e]

F(ﬁ—i—’r‘ Ayt _)
(d) _ 2 1 2 N-—1
HN22 a Z I (%"‘Tl—'—TQ B '+7’N_1)

r1,72,73, rN—1=0
L (FPtratrs+ry-y) T (F4rs+ry - 4ry)
T (Sitry-4rya) T (52475 +ry)
g (d;24+r4 ~ ._'_TN_l) g (%4‘7’]\1_1) 1,72 TN-1
. | .
T (S 4y tryy) (2 gy ,) L 72 o (11)

For the lowest values of N = 2,3,4,5, Eq. (1)) has the following form:

d_
H{ = Z ; (12)
2
d—1 d—2
H?Ed) _ Z ((z))h—i—m(;))rzz?zgz’ (13)
71,72 2/ ri4re 2 Jry
d—1 d=2 d=3
Hid) _ Z ((;))T1+T2+T3(£))T2+T3(g;§))mz;lzgzz?, (14>
71,72,T3 2/ ri+ratrs 2 Jrotrs 2 Jr3
(d—l d-3

(2))T1+T2+T3+T4(g)mmm(g))mm(g)”Z’fz?z?zli“. (15)
r1,m2,r3,r4 N2/ ridratradra N 2 Jrodrztra N 2 Jratrg \ 2 Iy

2 For completeness, we recall it here: A multiple Mellin-Barnes integrals can be presented as a linear
combination of Horn-type hypergeometric functions about some point. Therefore, the holonomic rank of the
corresponding system of linear differential equations related with the Mellin-Barnes integral is equal to the
holonomic rank of any hypergeometric function in the corresponding hypergeometric representation.



In accordance with Eq. (3], the order of differential equations of hypergeometric functions
Eq. (), increase with number of external legs:

J
v,
Qn
where the index j is the same as the summation index r; and j + 1 is equal to the number
of external legs of the Feynman diagrams, cf., Eq. ([§). To reduce the order of differen-
tial equations of the hypergeometric function Eq. ([II), we apply recursively the following
transformation:

L) F<A>F<1’A‘z)— 1 F(A)F<1,B—A‘ : )

“~T(B+r)”  T(B*'\ B 1T B |>_71
1 T & "T'(B-A
(A) Z z ( +7) . (16)
1-=2I'(B-A) = \z—1 '(B+r)
Let us introduce new variables:
2 T 1
R R 1— 2 — ) 1
=TT AT T 4= 1Tn (17)

The recursive application of the linear-fractional transformation, Eq. (I6]), to Eq. (II]) gives
rise to the following hypergeometric function:

N—1
H (1—2) H](V>2
k=1
s Yo ]
T1,72,73,74, ;TN —1=0 F( trite TN 1 i=1 +7“1-|— T 1)

For completeness, we present explicitly the hypergeometric terms defined by Eq. (IS) for
the first few values of N = 2, 3,4, 5.8

H2(d) _ Z (5)7“11,71"17 (19)

g _ Z( : S (20)
3 1 ri+r2

- Z—((z)”( ) xrtah? (21)

I

3For our discussion we drop all irrelevant factors, like (1 — z;)*! and assume, wherever it does not cause
any problems, that T" (% +k+ F) = (% + k)F with k being integer.
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where the z; are defined in Eq. (I7). As follows from Eq. 20) and Eq. 1), the vertex
diagrams are described by the Appell hypergeometric functions Fy or F; [28]. For the
pentagon (N = 5), the hypergeometric function has the following form:

d d— d—
o 5 O P (D (D
r1,72,73,74 (5)7‘1—1-/1*2-1-/1*4 (T)T3+T4 (T)m
. = (%)Tl (1)7“1-1-‘?“2 (%)T’g—i—?’q (%) ry_ro T3 T4
- Z 0 @ =) Lata?zst gt (26)
r1,r2,r3,r74=0 ! 2/ ritrotratra \ 2 Iy
1 3 d—4
— i (5>r11()1)’“1+"“2 (Zsﬁfﬁm (4)(T>T4 i aaP (27)
r1,r2,73,74=0 T1 2/ ri+ro 2/ ritrotrstrg
_ Z (%) ((;))7’1"""2 E§§T1+T2+T3 Eigmﬂ-m—i—m#—m x71“1x72“2xg3x4 ' (28)
T1,7'2,73,74 Tl 2/ ri4rs ritre+rs \2/ri4rotry+ry

After the linear-fractional transformation, Eq. (I€]), the order of the differential equation
for the hypergeometric function related to the box diagram is reduced from three to two,
see Egs. (22) and [23), [I7]. The pentagon, Eq. (20), corresponds to a hypergeometric
function satisfying a differential equation of order twoll. As follows from Egs. () and ([I8),
the massive hexagon is expressible in terms of hypergeometric functions of five variables
satisfying a differential equations of order three. However, since the difference between
parameters of hypergeometric functions, Eqs. ([]) or (I8]), are integer or half-integer, these
functions possess extended symmetries with respect to non-linear transformations of their
arguments [29] (multivariable generalizations of quadratic transformations related to Gauss
hypergeometric functions) B. 1t is still open question, whether or not is it possible, to reduce
the order of differential equations with the help of non-linear transformations.

4 At present, a full classification of Horn-type hypergeometric functions of four variables does not exist [4].

® All hypergeometric functions, defined by Eqs. ([2)-(28), belong to the class of multiple Gauss hyperge-
ometric functions [4]: the series representation can be written as infinite sum(s) with respect to the index
of summation over the parameters of 3 F} hypergeometric functions: in Eqs. (ZII), 24), (28) the Gauss hy-
pergeometric functions enter via last index of summation; in Eq. (ZZ) via summation over r1; in Eq. (23]
via summation over ro or r3; in Eq. ([Z8) via summation over r1 or ro; in Eq. (20) via summation over ro
or r3; in Eq. [21) via summation over r3. Exploring the transformation properties of Gauss hypergeometric
functions, see Eq. ([I6) for an example, the transformation of hypergeometric functions, Eqs. (I2)-(28), can
be performed.



2.2 Off-shell massless case

Let us consider an off-shell massless one-loop N-point diagram, for where, for some 7, we
have {p?} # 0, cf., Eq. (). In these kinematics, the three-point diagram (vertex) is not

algebraically redu(nble to a simpler diagram. The 12 integral can be written (up to some
irrelevant normalization) as

1
LY = , (29)

and the iterative solution of Eq. (@) is

o0

Z (d7+7’1+7“2"'+7’1v—2)
(d%—i_'rl_'_TQ c '+7’N_2)

s {p?}#£0 B

71,72,73, ,rN—2=0

[ (G2 +ry+rs - +ryog) T (G 4rs+ry - 471y

D (52 +rat+ry+ry_s) D (52 4rs+rs - +ry_s)

D (P4ratrye)  T(55F4rwv) 0 s

><F (%4—7"4 - .+TN_2) .. . (d N+2—|—TN 2) 21 %yt ZN_g - (30)

From Eqgs. (II)) and (B0) we see, that the structure of hypergeometric functions related with
off-shell massive and off-shell massless integrals is related as follows [20]:

7@

d—1
o ~HYY (31)

){p?}#O

where d is the dimension of space-time and N denotes the number of external legs. The
symbol ~ in Eq. (31]) indicates that this relation is valid for hypergeometric functions related
with the corresponding Feynman diagram. Eq. (1)) is also valid for hypergeometric functions,
Eq. ([I8), after application of the linear-fractional transformation, Eq. ().

3 Differential reduction of Horn-type hypergeometric
functions of three variables

3.1 System of differential equations

Let us consider the system of linear differential operators of second order L; for the hyper-
geometric functions w(?Z):

Liw(2) : LZPWHH +ZRzm«9 +Silwi®@), i=1,---,3, (32)

Eal

where 2 = (21, 22, 23) with 2y, 22, 23 being variables, {P; ;, R; w, S;} are rational functions,
0; = 2;0,, for j = 1,2,3, and 0;,..;, = 0;, - --0;,. Taking the derivative, 0 L;w(?), we finally



obtain from Eq. (32)):
3
(1 — Py Pyi) 0,07 — Z (Pij + PipPry) 0:0k0; | w(?)
Jhki=1

QkL,w(Z) .

= {[PikRkiPik + Rix Pri + Rii + Pip Ry + (0xPir)] Oi

3 3
+ Z [P Rii Py + PRy + (01.Piy)] 0,0, + Z [Rir.Prs + Riy] 010,
J#k#i=1 J#itk=1

3
+ Z [P RiiRim + Rik R + (0kRim)] O + Pi.Si0; + Si0y

m=1

+P R S; + Rir Sk, + (91@51')}00(5) : (33)

For a function of three variables the sum ), i CAN be replaced by the index j, where
j # 1 # k. The conditions of complete integrability are defined via the relations:

0, 0,L] w(2) = 0; (0L w(Z), i,j=1---3. (34)

The number of independent solutions of the system of differential equations, Eq. ([82), of
three variables is defined by coefficients in Lh.s. of Eq. (83)) and the validity of Eq. (34).
When the coefficients

(1= PwPu) , {ik}=123, (35)

and
(PZJ_'_PZkPkJ) ) J#Z7k7 {J,Z,k}:1,2,3, (36)

are not equal to zero for all 7, j, k, Egs. (32]) and ([B3)) can be reduced to the Pfaff system of
eight independent differential equations:

df = Rf (37)

where f = (w(2),01w(Z2), Oow(Z2), O3w(Z), O1ow(2), b13w(Z2), Oa3w(Z), O123w(Z)) . When some of
the coefficients in Eq. (B5]) are zero, the coefficients in front of the terms 0153w(7), defined
by Eq. ([36]), start to play a role. For non-zero values of Eq. ([36]), the terms 6193w(2) can
be excluded, and the rank of differential system is reduced to seven independent functions.
When for some i and k both coefficients, defined by Eq. (83]) and Eq. ([B0]) are zero, a further
simplification can be performed, so that the rank of system is reduced to six or to an even
smaller number.

The locus of singularities L;; of the linear system of differential equations of second order
of three variables defined by Eq. ([B2) follows from singularities of higher rank differential
operators in the L.h.s. of Eq. (82) and Eq. (33):

—U3 1{Zz}Uk1{ kl}Ukl{(l szpkz) }U k= 1{(132] szpky) } (38)
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3.2 Lauricella hypergeometric function F)
3.2.1 General consideration

Let us consider the Fg) functions of r variables, defined around z; = 0 as

r > a)m - 2 Z
Fl())(a;bl,“-,bk;C;Zh"',Zr): Z L () =+ (39)

mi,-,;mr=0

For » = 1 this functions coincides with the Gauss hypergeometric function, for r = 2, it
coincides with Appell function Fi [30]. As follows from the definition, Eq. ([89), this function
is symmetric with respect to the transformation

bi@bj, ZZ‘<:>Z]‘.

Generally, Fp functions and their properties have been analyzed in detail in many refer-
ences [6,31]. The differential operators for Fpp hypergeometric function, Eq. @), are given
by

D;FY) o, (c — 14y @-) Fy) = (a+z @-) (b + 0;) F)

i=1

i=1, ., (40)

where
FD_F( (a' bl,"',br;C;Zh"‘,Zr). (41)

They can be written in canonical form, cf. Eq. (32):

(a+b;)zi—(c— 1 bz, ab 2
LiFp: 0}Fp=|-0;) 0;+ Z'( D 0+ Fp
J;i#i ! ]j;éz
i=1,---,r (42)
From these equations we have:
biz;
Py=Pi=-1, Si=-—""=qp,
1-— Zi
—(c—1 biz; .
Ry = a+ >1_Z‘(C )ERi, Rimzl_ZZ‘EPia m#i. (43)

Upon substitution of these values for P;;, Rqp, S; into Eq. (B3]), we obtain

m=1
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Eq. (@) can be simplified with the help of Eq. ([43]) by taking into account that the sum of
the last two terms in Eq. (), P;Sk — PiS;, is equal to zero, and by splitting the sum over
m into i, k,j # 1 # k. In this way, we get

<Rk_Pk_Ri+Pi) 0,0, Fp = <Pk [P, — R, —alb; — P[P, — Ry, — a 9k> Fp, (45)

where )
Ri_Pz’ERii_Rik:m- (46)
1— Zi
Eq. @3) can be rewritten in a more familiar form, see [31]:
After factorization of z;, z;, Eq. (A1) can be expressed as follows,
[(Zz — Zj) 8,~j + bﬁ] — bﬁ,] FD = 0. (48)

In this way, all second derivatives of an Fp function are expressible in terms of the corre-
sponding first derivatives and function, see Eqs. ([2)) and ([#T). As consequence, there are
only 7+ 1 linearly independent solutions of linear differential equations, Eq. ([@0). The locus
of the singularities L;; of an Fp function is defined from the singularities of the differential

equations, Eqs. ([#2) and {7):
Lij = U_i{zi = 0} Uimicjmy {20 — 2 = 0 Ui {2 = 1)
The Pfaff system for an Fp hypergeometric function has the following form:
dw(Z) = (Z Ajjdlog(z; — zj)> w(?),
i<j
where w(Z) = {Fp,0;Fp} and the matrices A;; have been constructed explicitly in [31].

3.2.2 Differential reduction of Iy

The direct differential operators are the following:

aFg)(a+1;bl7"' ’br;c;zhn- ,Zr) = <CL+H‘9@) FD )

i=1

szér)(avbb abl+17 ,br;C;Zl,"' aZT):(bi_l_ei)FDa

(c—l)Fg)(a; by, - bpe— 1521, 2) = <c—1+H9,~> Iy, (49)

i=1
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and Fp is defined by Eq. ([@I). The inverse differential operators have been constructed
in [6]:
(c—a)Fg)(a—l; b17 T 7b7“; Ci 2y, 7’27“) =

[zr:(l — Zj)ej—zrj ijj"—C—a

J=1 J=1

Fp, (50)

T

(C_Zb])Fg)(a7 bla"' abi_la"' >bT’;C; 21,00 azr) =

j=1

[zZZ(l—z])OJ—az,—l—c—Zb] FD> (51)

j=1 j=1
(C_a)(C_ZbJ)F[(;)(a'a bla e >bT’; C+]-a 21yt 7ZT’) -
j=1

C [Z(l — zj)ﬁj—l—c—a—z bj FD s

j=1 j=1
(52)

where Fp is defined by Eq. ([I]). In this case, the results of the differential reduction, Eq. (),
have the following form

S()Fp((asb; ) +77; 2) = So()Fp((a;b; ¢)5; 2) + 3 Si(2) i

where m is a set of integers and .S, S; are polynomials.

3.3 Hypergeometric function Fg
3.3.1 General consideration

The Lauricella-Saran hypergeometric function of three variables Fg [32] (F% in notations
of [2]) is defined around the point z; = 25 = 23 = 0 as follows

o0 3 mi .m2 . ms3

Fs(ar; ag; by, ba, bs; c; 21, 22, 23) = Z (1) (@2} mg H(bj) LG e e . (54)

() "y mgtms!
mi1+meo-+m3 1-1762:1703 -

mi,ma,m3z=0 Jj=1

It is one of the 14 functions of three variables of order two ﬁ, introduced by Lauricella [2].
In this case, the differential operators, Eq. ([B]), are

3
D\Fs i) <c—1+z @-) Fs = (a1+61) (bi+61) Fs (55)

Jj=1

6The complete set of programs for the differential reduction for other functions from the Lauricella-
Srivastava list [4] will be presented in separate publication.
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3
DiFS . 82 (C - 1+Z‘9j> FS = (CL2+92+¢93) (bz+91) Fs s 1= 2,3 s (56)

J=1

where
Fs = Fs(a1,a2;b1,be,bs;¢; 21, 29, 23) . (57)

The canonical form of these differential equations are the following:

1 b))z — (c—1 b
LiFs: 6°Fs=|— 01 (0s05) 4 (2T o)== D bz ] (58)
1 — Zl ]_ - Zl 1 - Zl
i 1 —(e—1
LoFs:  2Fs = |—Ous—— gy, (2=l bz ) asbozal po o)
L 1—2’2 1—2’2 1—2’2 ]_—22
i 1 by)zs—(c—1) b b
LsFo:  2Fs = |—Oy0p— — gy, 2zl  bezs ) asbozs) o g
L 1—2’3 1—2’3 1—2’3 ]_—23

These equations define the values of functions P,;, Re, S; entering in Eq. (32):

R12:R13:R21:R31207 P23:P32:_17

1 1 1
12 13 1_21 ) 21 1_22 ) 31 1_23 )
Rll _ (a1+b1)21—(0 — 1) ’ R” _ (CLQ—FbZ’)Zi—(C — 1) ’z, _ 2’ 3 ’
]- — 21 1 — Z;
ba 22 bszs a1b 2 bz .
Ros = Rsy = S = S; = =23 61
23 1—z2’ 32 1—z3’ 1 1—z1’ a21—2i ? ( )

With the substitution of these values of P;; into Eq. ([B3]) and, since 1 — Pa3Ps = 0, we
can express the third mixing derivatives of hypergeometric function, #153w(2), via second
derivatives of hypergeometric function.

The series representation of the hypergeometric function Fs can be rewritten in the
following form:

Fs(ai, ag, as;b1,b9,b3; ¢, ¢, ¢; 21, 29, 23)
o0

almlblmlz{”l
_ 3" (@b

(€)my my!

Fi(ag; ba, bg; c+my; 29, 23) (62)

m1=0

where F(a; by, by;c; 21, 22) is the Appell function of two variables: F} = Fg). From this
represenation it is easy to get the following relation:

[(22 — 2’3)923] FS = (b32’392 — 622’293) FS . (63)

Eq. (33) allows us to express all higher derivatives of hypergeometric functions Fjs in terms
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of second derivatives only. In particular,

1
021y : <1 - 1—2)1= Zz)> 0112Fs

= {(P12R22+R11)912+P12R23913+P12S291‘|’5192}FS

. (&1+b1)21 — (C—l) (ag—l—bg)ZQ — (C—l)
- {( 1-2 (1—21)(1—2) ) e

6222 &26222 &16121
- 01— 0:+ 0, v Fs | 64
(I-2)(I—2) ° (I—z2)(1-2) 1—z 2} ° (64

1
OsLy: | 1— 0113 F;
o ( <1—z1><1—23>) o

= {(P13R33 + Ry1)015 + Pi3Rs2010 + Pi3S50, + 5193}Fs

1—21 (1—21)(1—23)

bgzg a2b323 alblzle }F
3 S

_ {((a1+b1)z1— (c—1)  (az+bs)zs — (c—l))913

R TGN Loy R T o L

93[/2 = —92[/3 :

(23 — 22)
(1 — 29)(1 — 23

— (Ra2— Ro3z+ R3o— R33)

)9123FS = {P21R32912 - P31R23913

(b32392 —522293)

29 — 23

—Ro3 (a2+ R33— Rs2) 05 + Rso (a2+ R — Ros) 92}FS

bazs b3 23
B {(1 e e e 23>912}FS | (66)

where Eq. (@) follows from Eq. (G3). The remaining two differential equations we can write
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in the following form:

1 1
91L2 . (1 -

=)= 22)) Dkt == (1 R

+{(P21311 + Rag) 012 + Rosbhs + PoS16, + 5291}FS

-~ (1~ ) e
+{<(a2+b2iz2— (c—1)  (a1+bi)z — (0—1)) 0,

) 6)1231'715

— 292 (1-21)(1—22)

b b b
229 B — 10121 0 _I_Clz 22291}]75’ (67)

1 1

O1Ls: [ 1— O35 Fg =—[1—
o ( (1—2)(1- Z3>) s < (1—21)(1 — 23)
+ {( P51 R11+ Rs3) 613 + R32012 + P31.5105 + S36h} Fs

- (- ) e
+{<(a2+bg)zg—(0—1) (al—l—bl)zl—(c—l)) 0

) ‘9123FS

1—23 (1-21)(1—23)
6323 alblzl &26323
- O+ 0, \Fs 68
(1—2) 2 (A—z)(1—2) > 1— 2 1} ° (68)

where the mixed derivative 0153 Fs is defined by Eq. (66]). In this way, we have proven:
Theorem 1:
The Lauricella-Saran hypergeometric function Fs of three variables, Eq. (54]), has six linearly
independent solutions around the points z; = 2o = 23 = 0.

The locus of singularities L;; of the hypergeometric function Fyg follows from the singu-

larities of the differential operators, Eqs. (58])-(©60), (66)-(GS):
Lij = U?:l{zi =0} U {2 —23=0} U?:l {zi =1}

3.3.2 Differential reduction of Fjg

The direct differential operators are the following:
a1Fs(ay+1,a0,0;0,7) = (a1+6,) Fs
a;Fs(ar,as + 1;b;6,8) = (as+02+03) Fs |

biFs(ai,as;-+ ,b;+1,---;¢,%) = (bj+6;) Fs ,

(c—1)Fs(@b;c— 1;7)

c—l—i—ﬁ @) Fs . (69)

J=1
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and Fj is defined by Eq. (B7). The corresponding inverse differential operators we define for
parameters aq, as, by, ba, bg as follows:

FS(IndeX{a1,a27b17b2,bs}; Z) =

AIndex,Fs +B Index,Fsel + CIndex,F592 +D IndeX,F593 +E Index,F5912 +F IndeX,F8913
XFS(Il’ldeX{al7a2’b17b27b3}+1; Z) , (70)

and for parameter c:

Fs(ay,az;b1,b2,b35¢;2) =
[Acps+Be psb1+Ce psba+ De psbs+ Ee psbio+ Fe psbhs) Fs(ar, ag; by, be,bs;c — 1, 2) . (71)

The full list of inverse differential operators are the following:

CL% + a1(6121+D1+D3—261) -+ ag(blzl+D2—a1) + (blzl—c—l—l)(Dg—al)

Aa1 Fs — )
’ DyDs
B _ (21 — 1)(&2+D2) C _ b121(22—1) D _ blzl(z;),—l)
a1, F's DOD2 ) a1,F's ZQD(]DQ ) a1,F's Z3DOD2 )
21+ 29— 2129 21+z23—2123
Eal,Fs - _W ) Fal,Fs - _m ) (72)
A _ (ngg—l—ngg‘l'Dl)(al—l—Dl)—lel B _ (Zl—l)(bQZ’Q—l—ngg)
ag,F's DODl ) az,F's 2 DODl )
c _ (=it Do) 5 (m=1bi+D)
ag,F's DQDl ) ag,F's DQDl )
21+ 29 — 2123 21+ 23 — 2123
Eag,Fs - _W ) Faz,FS - _W ) (73)
(c—1)
Ac,Fs = —m al(ag + Dg)(Dl +D3) -+ Dl(D2+a2—CL1)D3 s (74)
B - _ (C — 1)(21 - 1) (GQ(D1+D2)+D2D3)
o 21 Do Dy Dy D3 ’
C p _ (C — 1)(]. — 2’2) (&1(D1—|—D2)+D1D3)
o 22D0 D1 D3 D3 7
D - _ (C — 1)(1 — Zg) (CLl(D1+D2)+D1D3)
o 23D D1 D3 D3 ’
E - _ (C — 1)(21 + 2o — 2122)(D1 + DQ) F by = (C — 1)(21 + 23 — 2123)(D1 + Dg)
ors 2122DOD1D2D3 ' ors 2123DOD1D2D3 ’
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ag(alzl + Dg) + (alzl + D1 — ag)Dg (Zl — 1)(&2 + Dg)

A = B s — )
b1,F's D1D3 ) b1, F D1D3
a121(22 — 1) a1z1(23 — 1)
Chppe = 2 Dy = B
o 29Dy D3 o 23D1 D3
21+ 29 — 2129 21+ 23 — 2173
Bppe = -2 2" A2 o= 2T A% 75
o 29D D3 e 23D1 D3 (75)
A _ &1(&22’2 + Dg) + Dg(&ng + D3 — bl) B _ a2(21 — 1)22
ba,F's D2D3 ) bo,F's 21D2D3 )
- (22 — 1)(0,1 + Dg) . 2’2(23 — 1)(&1 + Dg)
Cbz Fs — ) Db2 Fs — )
’ Dy D3 ’ 23D9 D3
21+ 20 — 2129 29(21 + 23 — 2123)
Eppy = — 222" A2 B op—— 76
bt 21Dy D3 bt 212302 D3 (76)
A _ &1(&22’3 + Dg) + Dg(&ng + D3 — bl) B _ a2(21 — 1)23
b3, F's D2D3 ) bs,F's 21D2D3 )
. (22 — 1)23(0,1 + Dg) . (Zg — 1)(a1 + Dg)
Cbg Fs — ) Db3 Fs — 3
7 299 D5 o Dy Dy
23(21 + 20 — 2129) 21+ 23 — 2123
Byrs = — L, P = LT AR 77
bl 212902 D3 bl 21Dy D3 (77)
where
DO = a1+ as— (C — 1) s (78)
Dy = ay+b—(c—1), (79)
D2 = a1+b2+b3—(0—1), (80)
(81)

D3 = b1+b2+b3—(0—1),

and
D1+D2:D0+D3. (82)

The results of the differential reduction, Eq. ([7), have the following form in this case:

where 7 is a set of integers, S, S; and S;; are polynomials.
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Fér) {aa bj> c—a,c— Zgzlbj} €Z
Fs | {a1,as,bj,c—a1—as,c—b;—by—b3,a1+by+bs—c,as+by—c} € Z

Table 1: Exceptional set of parameters for the hypergeometric functions Fg ) and Fs.

3.4 Exceptional values of parameters: Fp and Fy

It was pointed out in [§], that the subset of parameters for which the results of the differential
reduction, Egs. (53)) and (83), have simpler forms, can be defined from the conditions

(i) that the hypergeometric function entering the Lh.s. of Eqs. (B0)—(52), ((2)—([1), is
expressible in terms of simpler hypergeometric functions (Fg_l) for Fg) and oFy, F}
or F3 for Fg hypergeometric function);

(ii) that some of the coefficients entering the inverse differential relations are equal to zero
(infinity).

For the hypergeometric functions Fp and Fyg, the exceptional sets of parameters are listed
in Table 11

4 Mathematica based program for the differential re-
duction of I, and Fs hypergeometric functions

In this section, we will present the Mathematica based programs FdFunction and FsFunc-
tion for the differential reduction of Horn-type hypergeometric functions Fp of r variables
and Fg of three variables A m particular, in application to Lauricella functions Fp, the
reduction algorithm, Eq. (), has the following form:

R(x,y) FS) (atma; b41ity; c4me; 2) = [Po(2)+ Pu(2)0ay+. . 4 Pa(2)0.,] FS (a;5;¢;2) , (84)

where 1, m,, m,. are sets of integers and b , a, ¢ denote the set of parameters. R, P; are
some polynomial and 6,, = z;0,,. The differential reduction algorithm in application to the
Lauricella-Saran function Fy is:

R(2)Fs(@+ ma; b+ ;¢ + my; Z) =
[Po(2) + Pi(2)0,, + Po(2)0., + Ps(2)0s, + Pia(2)0,,0,, + Pi3(2)0,,0.,] Fs(@: b;c; Z) , (85)

where, again, m,, my, m. denote sets of integers, a , b, ¢ sets of parameters, and R, {P;}. {P;}
some polynomials.

The program is freely available from [34] subject to the license conditions specified. The
current version, 1.0, deals with non-exceptional values of a parameters only.

"The programs have been tested for Mathematica version 8.0.
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4.1 Package FdFunction
The package can be loaded in the standard way:

<< "FdFunction.m”
and it includes the following basic routines:
FdIndexChange|[changingVector, parameter Vector], (86)

and
FdDiffSeries|. . .] , FdSeries]. . . | (87)

The list ”changingVector” in Eq. (Bf) provides the set of integers by which the values of

parameters of Lauricella function F, are to be changed, i.e., the vector mg, {1}, m. in

Egs. (84)). The set of initial parameters of Fp function are defined in the list ” parameterVector”

corresponding to the vector a + my; b+ My, ¢ +m. and arguments Z in the Lh.s. of Eqs. (84).
The structure of the output of FdIndexChangel|| is the following:

{{A1, As, ..., Ay1}, {parameterVectorNew } }, (88)

where
1 ”[)aralrleterVect()rNew” is the set of new parameters of F(T) lIY[)eI' eometric fllllCti()ll;
D g

(ii) Ay, Ag, ..., A4y are the rational functions corresponding to the ratios of Py/R, P/ R,
Py/R ... of functions entering in Eq. (84]).

The functions FdDiffSeries[] and FdSeries|| are designed for the numerical evaluation
of Fp hypergeometric functions. They return the Taylor series of Fp in its derivatives,
respectively:

FdDiffSeries[numberOfvariable, vectorInit, numbSer] , (89)
FdSeries|vectorInit, numbSer] , (90)

where
(i) "numberOfvariable” is the list of variable numbers for differentiation;
(ii) ”vectorInit” is the set of Fd parameters;
(iii) "numbSer” is the number of terms in Taylor expansion.

Let us present a number of examples for the usageﬁ

8 All functions in the package HYPERDIRE generate output without additional simplification. This is
done for the maximum efficiency of the algorithm. To bring the output into a simpler form, we recommend to

use in addition the command Simplify. All examples considered here have been treated with the command
Simplify][...]. subsequent to the call of HYPERDIRE.
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Example 1. Differential reduction of the hypergeometric function F g) of two variables .

FdIndexChange[{—1,{1,0},1}, {a,{b1,b2},c,{z1,22}}]

(=14 29) —bazo + 21(—1+a+bi(—1+ 22) + 22 — aze + byzs)
(=14 2) '
1— 29 —bozo+21(=1+b1(—=14 22) + 20 + bozo) + a(—1 4+ 21 + 22 — 2122)
(=14 a)e(—1+ z) ’
1—a(l4+21(=24 22)) —bazg + 20 + 21(—=2 — ¢+ by (=1 + 29) + 22 + by2)
(=14 a)e(—1+ z) ’

{_1+&,{1+bl,b2},1+0, {21,22}}} (91)

In an explicit form:

Fg)(a; bi,be,C; 21, 22) =
(=14 23) —bazg+z1(—=1+a+bi(—1+ 22) + 20 — azs + bo2s)
c(—1+ z)
+1 — 29 —bozo + 21(—1 4+ b1 (=14 29) + 20 + bazo) + a(—1 4 21 + 29 — 2129)
(=1 +a)e(—1+ 29)
+1 —a(l4+21(=242)) —boze + c2zo+ 21(—2 —c+ by (=1 + 22) + 22 + ba2o)
(=14 a)e(—1+ z)

XFl()z)(a—1§b1+17b270+1;21722)' o

0,

02

Example 2. Reduction of the hypergeometric function F' 1(33) of three variables.

FdIndexChange[{—1,{1,—1,0},0},{a,{b1,b2,b3},c,{21,22,23} }]

{{21 1 211 z1(a—c+(b2—1)z3)—(a—ctbz—1)z3 z21—1 }
z2—17 (a—1)(22—1)’ (a—1)(ba—1)(z2—1)22 ’ (a—1)(z2—1) 7

{a—l {b1+1 bg 1,b3},C, {21,22,2}3}}}

9 When r = 2, the Lauricella function Fp coincides with the Appell function F; and the package Ap-
pellF1F4 [§] can be used for the differential reduction.
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This has the explicit form:

Fz()g)(a; b1, ba, b3; c; 21722723) =

Zl_1+ 21— 1 9 _I_zl(a—c+(bg—1)z2)—(a—c+b2—1)z29
-1 (a—1)(z—1)" (a—1)(by—1) (20 — 1) 29 ?
21—1 (3)
F —1; 1,60 — 1,b3;¢; )
(a—l) (22_1)93 D (CL 7b1+ ,bg ,63,6,21,22,23) (93)

Example 3. Reduction of hypergeometric function F S) of five variables.

FdIndexChange[{—1,{0,1,0,0,—1},0},{a,{b1,b2,b3,b4,b5},c,{ z1,29,23,24,25} }]

{{ 22—1 z2—1 29—1 29—1 zo—1 zz(a-l—(bs—l)zs—c)—zs(a+b5—c—1)}
z5—17 (a—1)(z5—1)’ (a—1)(2z5—1)’ (a—1)(z5—1)’ (a—1)(z5—1)"’ (a—1)(bs—1)(z5—1)z5 ’
{Cl,—l {blabZ_l'l b3>b4>b5 - 1}767 {21,2’2,2’3,24,25}}}

This has the explicit form:

B, o _
FD (CL, blub27b37b47b57c7 Z17Z27’Z37Z47Z5) -

Zo — 1 zo— 1 9 zo— 1 9 29 — 1

1 a0 a0 A1) (1)

2o (a+(bs—1) z5—c)— 25 (a+bs—c—1)
(a—1) (bs—1) (z5—1) 25

04

95 Fgr’)(a_l? b1+17b2_17 b37 C; 21, %2, 23, 24, Z5)’

The hypergeometric function Fp is not built into the current version of Mathematica.

The series representation of the hypergeometric function Fg), Eq. (B9), is implemented in

our package. The functions FdDiffSeries|] and FdSeries[] allow to make numerical cross-
checks of the results of the differential reduction. The corresponding examples for using
these functions are all collected in the file example-FdFunction.m, which is available in [34].

4.2 Package FsFunction
Again, the program can be loaded in a standard way:
<< "FsFunction.m”

and its structure and output are similar to the FdFunction package. The packageFsFunction
includes the following basic routines:

FsIndexChange[changingVector, parameter Vector], (94)

Here, again, ”changingVector” is the list of integers by which the values of the parameters
of function Fs are to be changed, i.e., the vectors mi,, 7y, m. in Eq. (85), while the set of
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initial parameters of the function Fy is defined in the list ”parameterVector” corresponding
to the vector @+mi,; b+, c+m. and the arguments 2 in the Lh.s. of Eq. (85).
The structure of the output of FsIndexChange|] is the following:

{A,B,C, D, E, F}, {parameterVectorNew} }, (95)
where

(i) ”parameterVectorNew” is the set of new parameters of function Fy;

(i) A, B,C, D, E, F are the rational functions corresponding to the ratios of Py/R P;/R,
P,/R, P;/R, P;5/R and Py3/R entering Eq. (8H)).

Example 4: Reduction of Fjs.

FsIndexChange[{—1,1,0,0,0,0}, {a1,a2,b1,b2,b3,¢,21,22,23}]

a1+b2—|—bg—c+1 ’_al—l—bg+b3—c—|—1’

_Zg(—a,l—bg—bg+c—1)—b121 (2’2—1)
(&2—1)22(a1+b2—|—bg—0+1)

_Zg(-dl—bQ—b3+C—1>—b121 (23—1)
(a2—1)23(a1+b2+b3—0+1)

22—2’1(22—1) 2’3—21(2’3—1) }

{{a1+blzl—l—bg+b3—c—|—1 1—21

Y

Y

_(a2—1)22(a1+bg+b3—c+1)’_(a2—1)23(a1+bg+b3—c+1)

{CL1+1,CL2—17b1,b2,b370721722723}} (96>

This has the explicit form:
Fs(ai, ag; by, ba, b3; c; 21, 20, 23) =
&1+6121+b2+bg—0+1_ 1—21
al—l—bg—l—bg—c—l—l al—l—bg—l—bg—c—l—l
_2’2 (—a1 —bg —bg—f—C— 1) —blzl (22 — 1)
(CLQ— 1)22(a1+b2+b3—0+1)
_Z3(—a1 —bg —bg—f—C— 1) —blzl (23 — 1)
(a2—1)23(a1+b2—|—bg—c+1)

_ 22—21<22—1> 99_ 23—21(23—1>
(ag—l)ZQ(CL1+b2+b3—C+1) 172 (a2—1)23(a1+bg+b3—c+1)

XFs(ar +1,a2 — 15 b1, be, bs; ¢; 21, 22, 23). (97)

01

02

03

0105
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Example 5: Reduction of Fg

FsIndexChange[{1,0,0,0,1,2}, {ay,a2,b1,b2,b3,¢,21,22,23}]

{{_ b1 21 (22—1)(—asz3—ai+c)—z2a(az(23(bs—c)+ba(23—1))+c(c+1))4azbszz—asczz+c2+c 21 (azzz+a1—c)—azzz+c
c(e+1)(z2—-1) ) c(e+1) )
29 (a2—6223—b323+62+023—20—1)—0,223—6121 (22—1)(23—1)+6323+C+23
- c(e+1)(z2—1) ’
z2(23(b3—c)+ba(2z3—1)+c)+b121(22—1)(23—1)—bszg+czz—c (z1(22—1)—22)(23—1)  —z3z1421+23
c(ct+1)(z2—1) ’ c(c+1)(z2—1) ’ c24c ’
{a1 + 1, as, bl, bg, bg + 1, c+ 2, 21, 22, 2’3}}

This has the explicit form:

FS(a17a2; b1, b, bs; ¢; 21, 22, 23) =

bz (2 — 1) (—agzs — a1 +¢) — 2 (aa (23 (b —¢) + b2 (23 — 1)) +c(c+ 1))
cle+1)(z—1)
agbzzs — agczz + >+ ¢ 21 (agzz +a; — ¢) — agzz + ¢
cle+1)(zn—1) clc+1)
Z9 (CL2 — b223 — b323 + bg + czg — 2c — 1) — Q923 — blzl (ZQ — 1) (23 — 1)

B cle+1)(z—1) b

0,

bszs + ¢+ 23
c(e+1)(z—1)"
_I_ZQ (z3(b3 —¢)+by(zz3—1)+¢)+brz1 (22— 1) (23— 1) —bgzg +czz3 — ¢
cle+1)(z—1)
—2321 + 21+ 23
2 +c

03

(z14+ (22— 1) — 29) (23 — 1)
cle+1)(z2—1)
X Fs(a1 +1,a9;b1,by, b3 + 1; ¢ + 2; 21, 22, 23). (98)

9192 - ‘91‘93

Also the hypergeometric function Fg is not built into the current version of Mathematica,
whereas our package implements the series representation of the hypergeometric function
Fs, Eq. (B4). Again, this series representation is suitable for numerical checks of the re-
sults of the differential reduction and the corresponding examples are gathered in the file
example-FsFunction.m available from [34].

5 Conclusion

The differential-reduction algorithm for Horn-type hypergeometric functions allows one to
compare different functions in this class whose values for the parameters differ by integers.
This proceeds in an entirely algorithmic manner suitable for automation in a computer alge-
bra system. In this paper, we have presented the Mathematica-based programs FdFunction
and FsFunction for the differential reduction of the generalized hypergeometric function
Fp of r variables and the Lauricella-Saran hypergeometric function Fg of three variables.
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Both functions are related with one-loop massive Feynman diagrams and both belong to the
class of Horn-type hypergeometric function of order two.
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