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1 Introduction

The heavy flavor corrections to deep-inelastic scattering obey different scaling violations both in
neutral and charged current scattering if compared to the massless contributions [1]. Further-
more, for charged current reactions these contributions constitute out of flavor excitation on the
one hand, e.g. s — c transitions, and also heavy quark pair production at higher orders in the
coupling constant a,(M2). In the charged current case most of the data are situated at higher
values of Q?, cf. [2,13]. Therefore the representation of the heavy flavor Wilson coefficients in
the region Q* > m? can be obtained using the factorization [4] into massive operator matrix
elements (OMEs) and the massless Wilson coefficients [5H10]. In the past a series of analytic
results has been calculated for neutral current reactions in this way [11-22].

In the present paper we calculate the O(a?) corrections in the charged current case, extending
and correcting Ref. [23]. The O(ay) corrections were computed in [24-26] before. In [23] the
heavy flavor Wilson coefficients Hy'® | HYS®  VFS@ onq gP%® were calculated. Since this

y 2,9 124 534 3,q
was not the complete set we also calculate the remaining Wilson coefficients and compare the
present results with the previous ones. The heavy flavor Wilson coefficients to O(a?) will allow
to refine QCD fits w.r.t. the extraction of the individual sea quarks, in particular also the strange
quark distribution, cf. [27]28].

The paper is organized as follows. We give first a summary of the charged current structure
functions with emphasis on the heavy flavor contributions and present the general structure of
the different heavy flavor Wilson coefficients in the limit ?> > m?2. Here combinations which are
invariant under current crossing are important to allow for proper renormalization. In Section 3
the Wilson coefficients are presented in Mellin-N space to O(a?). Numerical results are given in
Section 4 and Section 5 contains the conclusions. In the Appendices technical aspects are dealt
with and we also present the Wilson coefficients in z-space there.

2 The Structure Functions

The scattering cross sections for charged current deep-inelastic lepton-nucleon scattering are
parameterized by the three structure functions Fy, Fy, F3:

do?®) G%S 9\ vt 9 W ) _—
i el (LR (R T A (R (D T SRR
do¢ ") Gs o -
dxdy  An {<1+(1_y) VB =yt F T £ (1= (L —y)7)zks }7 (2.2)
where
FL - F2 - 23(3F1 . (23)

Here x = Q?/(sy) and y denote the Bjorken variables, Q? is the virtuality of the exchanged
electro-weak gauge boson, s the cms-energy squared, and G Fermi’s constant.

At Born level the structure functions are given by the following combinations of parton
distribution functions (PDFs) ¢ = q(z, Q?), cf. [29] :

F" = 22[(Vial® + Veal)d + (Vi * + [VesP)s + (IVaal® + Vi [*)] (2.4)
Y = 2[(|Vaal® + [Vaal)d + (Vs |* + [Ves )5 + (Vaal® + [Vaus )] (2.5)
oFy" = 2a(([Vaal* + [Veal ) + ([Visl® + [Ves)s = (IVaal® + Vi) (2.6)
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oFy = 22 ([Vudl® + [Vaal)d = (Vas|* + [Ves)5 + (IVal® + [Vis[*)] (2.7)

FV =W =g, (2.8)

where V;; denote the Cabibbo-Kobayashi-Maskawa matrix elements [30,31]. In the following we

refer to the four-quark picture.

It is worthwhile to study combinations of cross sections

dov  do”  Gis

+ =
dzdy  dxdy AT

{0+ —yB Y - PB4 (- (1 )R]

(2.9)
do" do”  G%s —w- W= W
Jody ~ dedy ~dn {0+ Q=) R =2 Y (- (- )R Y

(2.10)

which are symmetric/antisymmetric under crossing, respectively. The following partonic quan-
tities are introduced :

+ 1 + 1
Fy = %FQ‘“, Fy¥ =3 3= (2.11)

The Mellin transforms of the structure functions read
1 1
FQWjE (N) := / dzaVN 2 FV (z) = 2/ d:zcx]\[_l]-}WjE (x) =: QFQWi(N) :
0 0
1 1
FIVE(N) = / daaN TV () = 2 / Qe FE (@) = 2FVE(N) . (2.12)
0 0

In the following formulae, we will work in Mellin space and drop the argument N for brevity.
There are diagrams in which the incoming fermion line runs through the W-boson-quark
vertex, and others where these two fermion lines are separated. Examples are given in Figure

n

(a) (b)

Figure 1: Born diagrams for main processes contributing to W-boson exchange. The weavy lines
denote W bosons, the curly lines gluons, and the arrow-lines quarks.

It is useful to separate the corresponding terms in the Wilson coefficients into “valence” and
“sea” contributions, respectively. The valence parts are flavor-diagonal while the sea parts do
not distinguish different flavors. However, differences in the quark masses are detected. Hence
the c-quark is treated differently from u,d, s.

Obviously, all terms built from graphs like Figure (a) and their QCD corrections form valence
contributions, and all sea contributions are built from graphs like Figure (b) However, there
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Figure 2: Valence like interference terms for W u-scattering and W+d-scattering, which have
no counter parts on tree level.

Figure 3: The QCD corrections, denoted by the gray area, are connected to the scattered quark
line through gluon exchange.

are interference contributions from the latter class of graphs, see e.g. Figure [2] which clearly
form valence terms.

Note that minus signs derive from the charge conjugation antisymmetry of the fermion line
to which the W-boson is attached. This antisymmetry is due to the presence of a single vs5-
matrix and hence only occurs in contributions to F3. The emergence of these minus signs is
shortly illustrated in the following. In these considerations, factors of i or (—1) stemming from
the Feynman rules are not of relevance, since expressions with the same number of vertices and
propagators are compared.

Figure schematically shows the structure of the graphs in which (a) the fermion line coupling
to the W*gg-vertex is incoming or in which (b,c) this fermion is pair produced. The incoming
gluon line in the latter could also be replaced by an incoming fermion line, that passes through
to the final state. The gray area denotes any QCD correction, that couples to the fermion line
via the gluon field. The fermion trace of a diagram depicted by Figure (a) can be written as
= 14+

. 1+ .
LY = 3 ()l Lu(p)a(p)ly

FYVFQU(p/> ’ (213)

Spins

where the I'; denote products of Dirac matrices, multiplied by real numbers which also include
the denominators of the propagators, and I'; = 70F;WO is just I'; with inverted order of the factors.
Due to the charge conjugation properties of the Dirac matrices and Dirac bispinors, there is a
bijection onto diagrams. Assuming an antifermion in the initial state, the same trace has the
form

145
2

+ N _
TV = 3 o) Do () )5 Do (p)

Spins



147
2

= S o) () Ty

- Wla(p). (214)

Spins
Since the difference between fermion and antifermion bispinors in the trace only affects the part

o m?, it contributes to the power corrections only, and due to antisymmetry of the ~5 part, TqW i
and T " only differ by a minus sign in front of v5. This leads to the minus signs in the Egs.

(2.21}, [2.22)) below when compared to (2.19] [2.20]).

In case of the “sea’contributions depicted in Figure 3(b) and (c) the traces read:

_ 1+ _ L+ =
TS = Zuu<p)r Q%Vyrs va(p")0a(p")Ts 7E)%FWu( ), (2.15)
Spins
_ - _ 1+ - _ 1+
TS = 3 )P P ) o ao)
Spins
_ 1+ _ 1+ =
= Z 0. (P )Ty 2757VF3ud( Nig(p”)T3 2757“F4vu( ). (2.16)
Spins

Here, bispinors of down-type (anti)quarks are marked by the subscript d and the ones of up-
type (anti)quarks are marked by w. In the complete contribution one will find a corresponding
diagram with 'y and T's interchanged, if the down- and up-type lines have the same mass or
are both massless. This leads to the symmetry between TV S and T when summed over
all diagrams. The combination of this symmetry and the antisymmetry from above leads to the
relations [23]:

Cy® =y =0and LY, = LY =0. (2.17)

Another source for negative signs are the valence like interference terms. While the coupling of
W with the down-type quarks in the nonsinglet channel is described by (QCD corrections to)
diagrams like Fig. 1(a), the nonsinglet coupling of W~ to a down-type quark is only possible
through the interference terms of Fig.2. Calling these different contributions C;V+’NS and C};/_’NS,
the Wilson coefficients of the combinations of W* and W~ take the form:

Oy HWINS _ oWINS | OlVTNS | oW TSNS gWENS oW ENS (2.18)

)

As a consequence these combinations are even/odd under crossing, but the individual W=-
contributions are not (cf. [32]). Interestingly, in Mellin space this lack of symmetry is reflected
in an oscillating behaviour characterized by a factor (—1)" which, by Carlson’s theorem [33-35],
prevents the Wilson coefficients from being Mellin invertible.

For these reasons it is useful to study combinations of structure functions, which have a
crossing symmetry by construction. The factorization of these combinations reads:

FTAF = (Val@+ @)+ VP s +5) 4+ V(o m) (O 4 L)

+ ([Vael(d + d) + |Vie (s + 5)) Hyly TN

+2Vu |:(OWPS WPS) (C 2Q)G:|

2V, | HyPs 4 HYG) (2.19)
FVT—FY = (ValP(d = d) + Vil (s = 5) = Valu— @) (O NS 4 Ly NS
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+ (IVael(d = d) + [Vie/ (s — 5)) Hyty "7, (2.20)

FV 4+ FY = (Vad(d = d) + Vil (s = 8) + Va(u — ) (G N 4 L7 700)
+ (IVacl(d = d) + |Vael*(s — 5)) Hyy ", (2.21)
A= FT = (Val@+d)+ Val s +5) = Valutm) (G5 4 1377
+ (Vael2(d + d) + [Vie (s +5)) Hy TNS
4oV, [Hggpsz + H;VQG] , (2.22)
with
Va = |VdU|2 + |VdC|2 (2'24)
Ve = [Vl +|Vie| (2.25)
Ve = Vil + Vi (2.26)

As a result, either even or odd moments contribute to the combinations in Mellin space. One
finds [32,36-38] :
FV"+ FV" :even N, (2.27)
V" — FV" :odd N, (2.28)
V' 4+ FY :o0dd N, (2.29)
FWV" — F" :even N. (2.30)
These sequences of even or odd moments then have well defined z-space counter parts.

In order to derive factorization formulae, we choose to take a safe detour via the relations of
parton distributions in the variable flavor number scheme (¢’, ¢’) [12,/18]:

¢+q= AquSQ(q +q) + AqP;,QE + AqngGv
¢+ =AgT + Ag,G
S = (npAlS o + Ape + AN )E + (npAy 0 + Agy)G
G = Ay o + Agy oG . (2.31)

Here the following notation was used :

1

From this point on, the number of light flavors contributing to the light flavor Wilson coeffi-
cients is written explicitly as an argument. The four-flavor expressions read :

FVT 4 VT = (VaA + VLA + VAL + VLA Gy W NS (g 4 1)
n Vu+ Ve WL Sy

w !
ny b1 L 2atm +2(ny +1)Cy (g + 1)G] : (2.33)



FV - F = (Va(d = d) + Vi(s — 8) = Vi(u — @) = Vo(e — &) o ™ NSy 4 1), (2.34)
FIV— F = (VA + VLA, — VA, — VLA CI VNS (41, (2.35)
BT+ F = (Vald = d) + Vi(s = 5) + Va(w =) + Vile = 9) O3 Ny 1) (236)

Comparing the coefficients of X, G, A, V,, V. in these relations with the 3-flavor representation

(2.19) one finds

W++W— NS WFT+W—- NS _ NS W++W— NS
OQ,q (TLf) + L2,q - Aqq,QCZ,q (nf + 1) 9

WH+W~- NS _ NS ~WT+W— NS
H2 q - Aqq,QCQ,q (nf + 1) )
W,PS W,PS iPS W+4+W— NS
C2,q (ng) + Lyg ™ = Aqq,QCZq (ny+1)

+ Ca g + 1) (npAfS, + Al + AN,
+ qu,QO%(nf +1),
HYES = 5 (A + Al) O 0+ 1)
+ (g ARy + ATS + AN, ) CEP (s + 1)
+ Agg@Coly(ny + 1),
C'Q‘Z(nf) + Lng = flqg,QC;K;J“W:NS(nf +1)

+ <anqg7Q -+ AQ9> C;/zps(nf + 1) + Agg’QCQVZ<nf + 1) ,

1/ WH4+W— NS
H;,[; = ) (Aqg,Q + AQQ) CQ,q " (nf +1)
_ PS
+ <anqg,Q + AQQ) C2V,[;P (nf +1) + Agg,QO;,[;(nf +1),

(2.37)

where the odd-N combinations are included in analogy to the even-N ones. From Egs. ([2.35))
and (2.22) one can deduce similarly

WH+W~-NS __ 4NS ~WT+W— NS WH+W— NS
L3,q - Aqq,QCZ’),q (nf + ]') - C’3,q (nf) )

W++W— NS W++W— NS
3y - AquS,QC&q (ny+1),
1 - .
W,PS WT+W— NS
Ha g ==§AﬁQ—A$X&q (ny+1),
L~ W+ 4+W— NS
H?% = §(Aqg,Q - AQg)CS,q " (ny+1). (2.38)

By inserting the odd-N factorization relations into (2.20]) and (2.21), and comparing with (2.34))
and (12.36|), respectively, one finds:

¢ -7 =A%oa—17q),
d—d=0. (2.39)

Expanding the above relations up to order a?,

Fla) =3 alf®, (2.40)
[=0



one finds the asymptotic representations. The relations for the longitudinal structure function
F, are almost complete analogs to the ones for F, so they are included using the index i = 2/L,
where the only structural difference, denoted by Kronecker symbols 0,2, derives from the fact,
that the coefficients CN° do not have a Born contribution. On the Born level, one obviously has
W++W = NS, (0
H‘,q © = 52 2

Hy! VNSO g (2.41)

At 1-loop level, one obtains

Z}Z*iW*,NS,(l) _ C}Z*iW*,NS,(l)(n i 1)’
Y = %5 A+ OV (ny 1),
H;/r;j:W*,NS,( ) _ ngi;iw ,Ns,(1)(nf 1)
Y = A, (2.42)

in accordance with the asymptotic expressions derived in Ref. [26]. At 2-loop order, the asymp-
totic formulae take the form:

W++W = NS, W+ W= NS,( W +W NS, (2
v @ = 5,408 + O Dng+1) — @ (ny),
WH+W— NS W+iw NS, (
H,q @ _512Aqu +C ( + )
W,PS, (2 W,PS, W,PS,(
wps,(2) 1 PS,(2 W,PS,(2
H;, ():—(5i2AQq()+Ci,q ()(n —i—l),
1) AW (1 W,(2 W, (2
L5 = AV O (g +1) + €D (ny +1) - € P(ny)
W, (2 1) AWl W,(2
P =AY OOy 4 1) + 0P (g 4 1)
1 ,
3 (it Al ).

W++W— NS, WH+W— NS,(2 W++W— NS,
3,9 ® = Aqu +C3q ()<nf+1) C,q ()(nf)7
W++W— NS, NS, ( W+ﬁ:W NS, (2
i S - N 4 @(n,+1),

wps,2) _ 1 ,ps(2)

H&q - §AQq )
w2 1 (2) (1) ~W*+W= NS,(1)
HW® — 5( AD _ ALy (ny + 1)) . (2.43)
Comparing with results given in [23], one finds that the above relations agree for ng(l) and

H;[;PS @ . They further correct H, ( with regard to heavy quark loop contributions on external

lines, cf. |18], and correct signs in H W(l) H and H, WPS( ). The correctness of these signs
was checked in two ways: First by a careful mdependent recalculatlon of the exact 1-loop gluon-
boson fusion contributions to Hj W Then we checked the signs of Hj W , Hy WPS by calculating
their leading In(m?/Q?)- contr1but1ons Details of these calculations are glven 111 Appendix A.

3 The Wilson Coefficients

In the following, we present the N-space expressions for the Wilson coefficients havmg been
derived in the previous Section. The non-singlet light flavor Wilson coefficients c(Z "% defined
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in Eq. (94) of |10] are related to the ones used above via

WH+W— NS, (i
CZ‘ . (2) _ Cl(z; ,ns,+ + C(z) S, — :

i=2,3, (3.1)

where the +-signs correspond to each other on the left and right hand sides. The splitting

denoted by superscripts + or — is the same as in Eq. (14) in [§]. The gluonic and pure singlet
(@)

Wilson coefficients can be taken over from the electromagnetic case. Using ¢;

one finds

and c from [39],

i IC i 1w .
P W () = n_fcggs, OO () = ” ) i=2L. (3.2)
The contributions to the non-singlet Wilson coefficients of the structure functions F; 3 were given
in [6}19], and confirmed in [L0J]

Very often the massless Wilson coefficients given in the literature for general values of IV are
understood to be valid either for even or odd values only. The representations for general values
of N can, however, be obtained by a Mellin transform of the x-space expressions, cf. e.g. [39,40],
resp. for odd moments [41] and the even-/odd-N combinations from [6].

The heavy flavor Wilson coefficients in Mellin N-space are constructed as described above
and are given in terms of harmonic sums [42,43]

(sign(b

]g\bl

Mz

Sa(k), Sy=1, N eN\{0}. (3.3)

For brevity we use the notation Sz(N) = Sz. The individual Wilson coefficients read :

[WHWINS®) oo 165 2(29N? +29N —6) ,, 2(35N? + 35N — 2)S
24 e 2L 9N(N +1) ! 3N(N +1) 2
 2(359N* + 844N + 443N? + 66N + 72) 5 4 P 843
27TN2(N + 1) PUIN3(N 1) 97!
8 11255 m (BN?*+3N +2) 85
—5,8 — + CpTrl
LR } FFn(Q?){ 3N(N + 1) 3
m 2(3N* 4 6N® + 47N + 20N —12) 805,  165;
CrTrl
or Fn(cy){ ONZ(N + 1)2 o T3
(3.4)
with
Py = 795N° 4+ 1587N° + 1295N* + 397N* + 50N* + 300N + 216, (3.5)

W+ W~ NS,(2
H2q + (2 _

C%{S(—QN [55_4 — 48 37 —28 95 +25 35, +4S 5,5, +25 55,

8
—48 551% — 3(2S_9 + (259 — 2(251% + 435, — ggg + 1284 + 4083, — 248514

2 See also [41], where also the even-odd-N difference for the Wilson coefficient of Fy, is published.
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—20555,% + 289" — 248935) + 1655151 + 248 5% + 6S55% — 825y + 24255

64 4(4N — 3) 2(4N — 3)
2 2 _N\N [ _ 2\ T I
+16(251% + 16¢35; + : G +4(-1) NN D) S_55 NN+ 1)4“251
8 (4N —5) 8(2N — 1)
N—HS‘?’ + N(N + 1)<3 + N(N +1) 521
2P2 P2

(N —2)N2(N + 1)2(N + 3)5*2 - (N —2)N2(N + 1)2(N + 3)C2

2(3N2 + 3N — 2) 2(9N2 + 9N — 10)

3 —
N(N +1) 51 N(N +1) 5251
27TN* + 26N3 — 9N? — 40N — 24, Py 8(4N — 3)
- S1° = oo TS T o T (251
2N2(N +1)? 2N3(N +1)3 N(N +1)
N AP, c 4(18N? — 2N +7) c
(N —2)N2(N + 1)2(N +3) N(N+1)
95N* + 162N3 + 35N? — 32N — 165 ~ 2(9N? +25N — 10)5
IN2(N +1)? ? N(N +1) ’
4(3N? + 3N —2) 64 P,
N(N+1) 7' T 8(N—=2)N{N + )N +3)
m?\ | 2BN?+3N +2) 85
TrCrln® | — —
HArCein <Q2>{ SN(N + 1) 3
m?\ [ 2(3N* 4+ 6N3 +47N? + 20N — 12)  80S; = 165,
TpCrpln| — -
+TrCr D<Q2){ ON?(N + 1)2 9 + 3

2(29N? +29N —6) o, 2(35N? + 35N —2)
IN(N +1) ! 3N(N +1)

8
+TFCF{—§S13 — 2

2(359N* + 844N? + 443N? + 66N + 72) 8 B
_ S1+ =525 +
27TN?(N + 1)? 3 27TN3(N +1)3

112 16 8 2(29N2 + 29N — 6)5;2
—— "8+ —8 TeCp{ —=5° —
9 T3 “}JanF F{ 9! ON(N +1)
| 2(24TN' + 620N + 331N + 66N +72)8 | 8o o Py
2TN2(N +1)2 377 T BAN3(N +1)3

285N +85N —6)S, 885 16,
IN(N + 1) 9 37

+CACF{4(—1)N [—53_4 + 45_371 + 25_272 — 25_381 — 45_27151 — 25_252

8 22
+45_5591% + 3(5_2 — (292 + 20517 — 4(351 + ngZ + 3513 — 80251

+45551% — 32¢35) + 24535 — 1685151 — 125_5% — 45,% — 1255 + 4GS,
32¢2 N 367N? + 367N — 66
5 1SN (N + 1)

—85, — 24851 + 245511 — S,
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with

W+ W~ NS,(2)
H,,

B 1067N3 + 2134N? + 929N — 66 2(121N? + 193N — 72)

P; 4N =3) . 2(1IN?+ 1IN +6)
RNV + 1)351 N(N +1) G251 3N(N +1) 5251
B 2P, Gt 2(27TN* + 7N + 13)(

(N —2)N2(N +1)2(N +3)° N(N +1) K

S. S
I8N(N + 1)2 2T TNV ) s
_4(1IN? + 11N - 6) Py
3N(N +1) >17216(N — 2)N3(N + 1)3(N + 3)
8(2N — 1) 2(4N — 3) 4(4N - 3)
20—V | - ———25 - = — =5
+2(-1) N(N+1)521+N(N )CQ 1+N(N )5251
P, (4N — 5) 8
NN N IRV 82 NN T T N1
2P,
S 3.6
TN 2NN + 1)2(N +3) 2]} (3:6)
2N® — 2N® — 3N* 4 26N? — 45N? — 34N — 48 (3.7)
51N + 203N° + 207N* + 33N? + 106 N? + 160N + 48 (3.8)
331N + 1179N? — 848N® — 4754 N™ — 2157NC + 4247N° + 3474N* — 2528 N3
—4976N?* — 2704N — 480 (3.9)
795N° + 1587N? 4+ 1295N* + 397N? 4+ 50N? 4+ 300N + 216 (3.10)
1371N°® + 2517N° 4+ 1397TN* 4 31N® + 140N? + 648N + 360 (3.11)
3155N° + 11607N* + 12279N? + 3329N? + 510N + 792 (3.12)
16395N® + 47520N7 — 51416 N® — 162042N° — 99843N* + 7930 N> 4 21432N?
—25848 N — 23760, (3.13)

W+4+W— NS,(2
H2,q + (2)

64(—1)NV(2N — 1)

e CA/2){64(_1)NS_3’1 TN ep o
2
0181500 + 31V S g0 + s,
16P,
(N —2)N2(N + 1)2(N + 2)(N+3)C2
16(—1)" Pro 5
TN NN PN (V1 3)
8(—1)" Py
+(N —2)N2(N + 1)%(N +2)(N + 3)C2
4Py

NNV DIV TV ) T ADTes

6D AN =3) ¢ - 16(_1)Ve,5,

81768 + =
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64(—1)N
N+1

S1S_g —32(—=1)VS_59,

—64(—1)N¢3S, +64(—1)NS_,9,2 —80(—1)NVS_, +
32(=1)N(4N - 3)

S_3

—32(—1)VS_35; +

N(N +1)
128 8(=1)N(4N —5)
— 14
with
Py = 2N°+6N*—3N* —33N? — 26N — 24, (3.15)
Py = 2N7+2N%—11N° + 8N* + 13N? — 58 N? — 64N — 48 (3.16)
Py = N?4+6N®—3N7 4+ 75N +278N° + 239N* — 186 N> — 386 N? — 264N — 72,
(3.17)
HVV’PS’(Q) — _OuT 1n2 m_2 2<N2 + N+2)2
2a T PR Q2 (N —1)N2(N +1)2(N +2)
m? \ 4(5N° + 32N* + 49N?3 + 38N? + 28N + 8)
—OFTFhl -
Q? (N —1)N3(N + 1)3(N + 2)2
+ CpTrd (—1)N o2 (255 + Ga)
e (N—D)N(N+1)(N+2)"7"72 ">
N 4(N? 4+ N +2)? g2 8(N? + N +2)? g
(N —1)N2(N+12(N+2)""  (N—=1)N?(N+1)2(N+2)""
N 8Py, - 2P;5
(N —1)N3(N +1)3(N +2)27" 7 (N = )N4N + 1)4(N +2)3
32
_ : 3.18
(N—l)N(N+1)(N+2)<2} (3.18)
with
Pyy = N"—15N° — 58N* — 92N? — 76N? — 48N — 16 (3.19)
Pi3 =T7N" 4 36N? + 95N® 4+ 207TN" + 583N° + 1567N° + 2585 N* + 2464 N>
+ 1512N? 4 656N + 144, (3.20)
3.21)
2 2 3 _ 2 _ _
e g ()] 16(N*+ N +2)S;  16(N3 —4N?— N —2) (3.22)
9 Q? SN(N+1)(N+2)  3N2(N+1)(N +2)

2 8(N?+ N +2)
HY® = m? [ 2| 7
20 = U\ Q2 FIN(N +1)(N +2)

3N*+6N3+11N?2+8N +4  4(N?2+ N +2)
N2(N +1)%2(N +2) N(N +1)(N +2)

+ CFTF 1
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4(N?+ N +2) 8(N* 4+ 2N3 + 4N? + 3N +2)
N(N+1)(N+2)"" (N =1)N2(N + 1)%(N +2)?

+ In (g—j) {TP%

4(—1)N(N? + N +2) N 4N*+N+2) _,
N(N +1)(N +2) N(N+1)(N+2)""

_ 16(2N +3) _ 8(N*+N+2) 4P,
(N+1)2(N+22"" N3N+1)(N+2) (N—1)N3(N+13N +2)3

+ CyTr

}

CI6(N® —4N? — N —-2) 16(N°+ N +2)5,
3N2(N 4+ 1)(N +2) 3N(N +1)(N +2)

+ OyTr (25_2 + ()

_ A(N?P4N+2) Gt 4(N? + N +2) 5| 4 onrn | — 8(N?+N+2) _,
N(N+1)(N+2)2 " N(N+1)(N+2)7° PELUN(N+ )N +2)7
_ 2(3N* +2N® —9N? — 16N — 12) N 2P;;
N2(N +1)2(N +2) FUN3(N +1)3(N £ 2)
8(N? + N +2) 2(N*+N+2) _,
NN TN 12 }+CATF TANN N D!
. 2P16 82_ 2P17 S
(N—=1)N(N +12(N +2)2"" (N —=1)N3(N + 13N +2)3""
_4(3N2+3N—2)<S+ 26(N2+N+2)SS_ 2Pg
N(N+1)(N+2)""" T N(N+1)(N+2)"2" (N —1)N4(N + 1)4(N +2)
B 4Py - 10(N2+N—6)<,
(N —1)N(N +1)2(N +2)2>° N(N+1)(N+2)>
N 2Py o4 8(TN? 4+ 7N +2) 16(N? + N +2)

(N —1)N2((N +1)2(N+2)2"2 "3N(N+1)(N+2)"° NN +1)(N+2)~>
+2(—1) [ 2(3N2 + 3N — 2) 4(3N? 4+ 3N — 2)
N(N +1)(N +2) N(N +1)(N +2)
2P (TN + 7N + 6)
(N —1)N(N + 1)2(N + 2)2C2 ~ N(N+1)(N+2)
2(3N? + 3N + 14) 4Pyg

(251 + S_951

+ (3

TNNTON T T NS ONIN + AN 12
4N?+ N —6) 2N’ + N+2) .,
TN a2 | T TN N s N !
_ 2(9N* +9N® — TN? — 21N — 18)S 2, 2Py, g
N2(N +1)2(N +2) PUNS(N 13N +2)7
64 10(N? + N +2)
TNV IV 2 T NIV R (v £ 2) 02
P 8P
+ 22 i 23 §2

(N —2)N4(N + 1)YN +2)(N+3) (N —2)N2(N + 1)2(N +2)(N + 3)
N 16(3N? + 3N —4) N 2(10N® +15N? + 11N —10) ,  8(7TN*+ 7N —10)
N(N+1)(N+2)" N2(N + 1)(N +2) > 3BN(N+1)(N+2)7°
16(N? + N +2)
N(N +1)(N +2)

So1 + 8(—N |+

G251

NN+ 1)(N +2)
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16 Py

4 8 16
NN+ 1)(N+2>C3 TN+ 1)(N+2)S_3 - N(N + 1)(N+2)S_2’1
2Py
" (N—2>N2(N+1)2<N+2)(N+3)S2”’ (3.23)

with

Py =N+ 6N®+13N" + 13N® + 8N’ + 53N* + 118N? + 132N? + 104N + 32 (3.24)
Pis = 4AN® 4+ 5N° — 10N* — 39N? — 40N? — 24N — 8 (3.25)
Pig = 4N° —TN* —17N* — 9N? — 57N — 10 (3.26)
Pi; = 15N? + 17N® — 7TIN" + 81N + 632N° + 974N* + 984N? + 664N? + 288N + 64 (3.27)
Pig = 6N 4 48N + 114N + 40N® — 361 N® — 1273N7 — 3057N® — 5691 N° — 7482N*

— 6456 N® — 3712N? — 1456 N — 288 (3.28)

Pig = 2N° — N* —12N® + 3N? + 32N + 24 (3.29)

Py = 4N® — TN® — 61N* — 49N® — 37TN? — 26N — 16 (3.30)

Py = 3N® — 14N® — 27N* — 40N® — 7TAN? — 84N — 32 (3.31)
Pyy = 8N + 28N? — 84N® — 160N" + 465N° + 1091 N° — 163N* — 1671N* — 1646 N

— 852N — 216 (3.32)

Pyy = N® + TN® — TN* — 39N? + 14N? 4 40N + 48, (3.33)

(3.34)

8(2N 4 1) A(38N3 4 27TN? — 17N — 12)

LW++W*,NS,(2) . LW++W*,NS,(2) CnT
FOrE SN 1) INZ(N + 1) ’

3,q - 27q

- - 128
H;Z++W NS,(2) _ H2V,Vq++w ,NS,(2) +C%{_(_1)N<22+32(_1)N512C2

5
32Py,
+ (N— 2)(N— 1)N2<N+ 1)2(N—|—2)(N—{—3)C2
+ 8(=1)" P % +48(—1)NS ¢
(N —2)(N — 1)N2(N + 1)2(N +2)(N +3)° —2G2
16(2N — 1) 32(—1)N(N 1) .
TN D @Mt TR @0 T I61TRG
- %Sﬁ + 64(_1)NS—2512
+ Pa _doeN-y

(N=2)(N-1)NY{N+1D4N+2)(N+3) N(N-+1)
C16(=D)V(N -2 16(—1)N(2N +1)

NV D) DTS S
N 16(—1)N Py g 2Pr
(N =2)(N —1)N2(N +1)2(N +2)(N +3)" > " N3(N +1)3""
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61V S — 39—\ 64(—1)V(N — 1) 42N +1)
64(—1)N¢sS) — 32(—1)V S5, + Ny ety
NI 16(2N — 1) g . 32=DNEN -1
32(—1)"S_25, + —N(N 1) S5 +64(—1)" 554 N(N +1) -2
4(38N3 + 27TN? — 17N — 12)
— 64(=1)"515 51 + 32(—1)N5—2,2} + ”fCFTF{ 9N2(N + 1)2

3 2 .
8(2N +1) Sl}+CFTF{4<38N F2TN?— 17N —12)  8(2N +1) Sl}

3N(N +1) IN2(N + 1)2 SN(N + 1)

+ CAC’F{—%(—DNC% —16(—1)V S %G
16Py,

_ (N_Z)(N— 1)N2(N+1>2(N+2)(N—}-3)C2
— A(=1)"Pys G — 24(—1)V S_c

(N —2)(N —1)N2(N + 1)2(N + 2)(N +3) e

N T 5~ i DS+ 8182~ 32 1) a5y

Pos 20(2N — 1)

+ (3

AN - (N— DN (N+ AN +2)(N13) N(N+1)
8(—1)N(N —2) 8(—1)N(2N +1)
N(N +1) NN+ 1)

§3 +40(_1)NS—4 - S_g

- 8(—1)N Py S
(N —2)(N —1)N2(N + 1)2(N +2)(N +3)"*

2(46N° + 67TN* — AN3 — N2 + 24N + 12
_X )Sl +32(-=1)V ¢G5,

3N3(N +1)3
32(—1)N(N - 1) 8(2N —1)
16(—1)VS_39, — S1S 5 +16(—=1)NS 58 — ————=8
+16(—1) 301 NN 1) 1S9 +16(—1) 202 NN +1) 3
16(—1)N(2N — 1)
—32(-1)NSs_ _ 2(-1)NV S, S
(—1) 31+ N(N+1) S_01+32(—1)" 515 2,4
- 16(—1)NS_2,2} : (3.36)
with
Py = N"+ N®—7N° - N* + 16N® — 6N? — 4N — 12, (3.37)
Pys = 2N® 4+ 4N7 — 5N® — N> — 17TN* — 67TN® — 16N? + 4N + 48, (3.38)
Py = 34N + 161N — 135N? — 1238 N® — 832N" + 1573N° + 2113N°
4+ 1352N* + 884 N3 + 120N? — 672N — 288, (3.39)
Py; = 18N® + 23N* — 4N® + 13N? + 22N + 8, (3.40)
Pog = — 430N — 2089N' + 159 N? + 11688N® + 11736 N™ — 9189N® — 16613 N° — 8006 N*
— 3708N? — 1260N? + 2592N + 1296, (3.41)
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H:;/K;_W’,NS,( ) _ H;’Z +W = ,NS,( + CF(CF o OA/Q){ (—1>NS_371 + 64(—1)]\[315_271

16(2N? + 2N + 1)
N3(N +1)3
16(—1)N(2N* 4+ 2N3 + N2 + 2N —

a (N —1)N2(N +2)
16(N* 4+ 2N — 3N? — 4N — 2)

(N —1)N2(N +1)2(N +2) G2
8(—1)N(2N* 4+ 2N3 + N2 + 2N — 4) 4 Pag

—32(-1)NS 5, — S,

4) s,

B (N — 1)N2(N +2) Gt (N — 1)N4(N + 1)4(N +2)
16(—1
—32(=1) 2807 — 48(—1)N S o + %5&@ +16(=1)" (25,
+64(—1)V (38, — 64(—1)VS 55 +80(—1)VS_4 — M5
31 —21 —4 N(N—{—l) -3
32(—1)N
32(—1)NS 38 + 918 5 +32(—1)VS 58
+32(—1) 31N(N—|—)12+<) 202
128, v 24(—1)N
with
Py = 9N® + 36N" + 41N° + 13N° + 44N* + 67TN® + 20N? — 26N — 12, (3.43)

N2(N +1)%(N +2)

AP
+ CpTrIn (m—> 30

QN2+ N +2
HyoPs® = CTFln< )(N AN+ N +2)°

Q? ] (N —1)N3(N + 1)3(N + 2)2

4(N? + N + 2)* 2P
CrT Sy — 3.44
o F{(N—l)N NN 12 T (N DN v o (0 O
with
Py = 5N° + 32N* + 49N? 4 38N? + 28N + 8, (3.45)
Py = N0 + 8N +20N® + 49N7 — 11N® — 131N° — 161N* — 160N*
—168N* — 80N — 16, (3.46)
and

w2 . o m? s S8(N?+ N +2) 8(N* 4 2N3 + 4N? + 3N +2)
Hy” = | o5 | T CuTr = : -
Q 3N(N +1)(N +2) (N —1)N2(N 4+ 1)2(N +2)

4(N? + N +2) 4(N?+ N +2)
NN+ 1)(N+2)51> CFTF(N(N+ (N +2)7"
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3N* + 6N + 11N2 + 8N + 4 2 8(N2 4+ N +2)S,2
3N* 4 6NP n +>}+ln(ﬂ>{CFTF<( +N+2)S,

N2(N +1)%(N +2) Q? N(N+1)(N+2)
2(3N* +2N* —9N? — 16N —12)S; 2Psy
N2(N +1)2(N +2) N3(N +1)3(N +2)

8(N?*+ N +2) 4N?*+N+2) _, 16(2N + 3)
N(N+1)(N+2)SQ)+CATF(_N(N+1)(N+2)SI (N +1)2(N +2)2""

N 4 Pss _4(—1)N(N2+N+2)C N 4(N? + N +2) ¢
(N-1)N3(N+13(N+23 NN+1D((N+2) 2 NN+1)(N+2)?
O 8(=DN(N*+ N+ 2)5 AN+ N+2)
N(N+1)(N+2) "2 NN+DN+2)"?
2(N*+N+2) 5 2BN+2) _,
T _
O F{3N(N+ DN +2)" T NN )
_ 2(N* = N —20N° — 10N —4) 2(N% + N + 2) s g Py,
N2(N + 1)2(N +2) PENINF DN 27 NY(N + D)A(N +2)
C2(N*HITNP 4 17N? =5N =2) . 8(N* 4+ N +2)
N2(N +1)2(N +2) > 3N(N+1)(N+2)7°
2N+ N+2) _, 2(N*+8N?*+1IN+2)_,
T —
+Ca F{ NN DN TN RN r 2 !
2P 35 4(—1)N(N? + N +2) 4(N? + N +2)
+ 1— S1G2 + S1Ga
N(N +1)3(N +2)3 N(N +1)(N+2) N(N +1)(N+2)
8(—1)N(N?+ N +2) 6(N?+ N +2)
— S15_5 — S15
N(N+1)(N+2) N(N+1)(N+2)
2Pyg 4(—1)N(N? —N—4)€ N A4(N? — N —4) ¢
(N—DNYN+ DN +2)* (N+12(N+2)2 2 (N+1)2(N+2)27°
2-DN(N*+ N+2) 2(N*+N+2) - 4(-1)N(N?2+ N + 2)5
N(N+1)(N+2) * NN+1)(N+2)7 NN+DN+2 ~°
C8(=DN(N?=N— 4) ¢ N 2(7TN® + 21N* + 13N3 + 21N? + 18N + 16)
(N+1)2(N+2)2 "2 (N —1)N2(N +1)2(N +2)2 2
16(N? + N +2) 8(—1)N(N?+ N +2)
— _ 4
NN A DV T NN DN 1) D[ (3.47)
with
Pgy = 4N°® +7N° —5N* — 31N® — 33N? — 22N — 8, (3.48)
P33 = N? + 6N® + 15N7 + 25N°® 4+ 36 N° + 85N* + 128N? + 104N? + 64N + 16,  (3.49)
Py = 12N® + 52N + 132N + 216 N° + 191N* 4 54N? — 25N% — 20N — 4, (3.50)
Pys = NO + 8N® + 23N* + 54N® 4 94N? + 72N + 8, (3.51)
Py = 2N 4+ 20N + 86N + 192N + 199N® — N7 — 297N® — 495N°
— 514N* — 488N? — 416 N? — 176N — 32. (3.52)

The harmonic sums appearing are reduced to the following basis :

{Sl(N)7 52(N)7S—2(N)7 SS(N)7S—3(N)7 52,1(N)7 S—Q,l(N)a
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Su(N), S_4(N), S5.1(N), S_31(N), S_g2(N), Sa11(N)}. (3.53)

As the harmonic sums, the different Wilson coefficients obey recursion relations for N —
N —1,N € C, which may be used in their analytic continuation. In this way one may shift
a value N € C to a complex number with large negative real part for which the asymptotic rep-
resentation of the corresponding Wilson coefficient holds in the analyticity region N # —k, k € N.
As examples the asymptotic representation for two Wilson coefficients is given in Appendix B.

Since QCD analyses of deep-inelastic scattering data are often being performed in x-space, we
present the heavy flavor Wilson coefficients also in this space in Appendix C. The corresponding
Mellin inversions were performed using the package HarmonicSums [35],44-46]. Here harmonic
polylogarithms [47] occur, which are reduced to the following basis set :

{Ho(x), Hi(x), H-1(z), Hoa(z), Ho,—1(x), Hop1(x), Hop,-1(7),
H[)JJ([E), H()’L_l(ff), H()’_Ll({f), HO,—I,—I(J:>} . (354)

These functions have the following representations in terms of Nielsen integrals [48] :

Snp(z) = ((n _nlﬂ:p' / i M Y2)InP(1 — zx) | (3.55)
Lin(x) = Sn_1. (3.56)
and are given by
Ho(x) = In(x) (3.57)
Hi(z) = —In(1—x) (3.58)
H () = In(1+2) (3.59)
Hoi(z) = Lig(x) (3.60)
Ho_1(xz) = Lis(—2) (3.61)
Hopa(z) = Lis(z) (3.62)
Hoo—1(x) = Lig(—x) (3.63)
Hopa(x) = Sia(x) (3.64)
Ho 11(z) — %@ In(2) — égg _ %1 @)+ 1 ln(l — 2)G + In(1 = 2)Lin(—2) — 2In(1 + 2)G
5+ 2) () — (14 ) 1n(2)+%ln (14 )
+In(z)In(1 — 2) In(1 + 2) %ln(:z:) In%(1 + ) + Lis (1 : I) + Lig(1—2)
) ) 1—=x o (1l—x . 2x )
—Liz(—xz) + Lis (—1 n x) — Lis (1 n x) — Lis (1 n x) + Lis(z) (3.65)
1 1 1, 3 1 ,
Ho_11(z) = —§C2 In(2) — §C3 + gln (2) + 5 In(1+x)¢ — B In(1 + z) In"(2)
—i—% In*(1 + ) In(2) — %ln?’(l + ) + In(1 + z)Lis(x) + % In(z) In*(1 4 z)
—Lis <1 er gj) + Lig(—2) + Lis <H%) + Liy (12;:) ~ Lig(x) (3.66)
Ho—1,-1(z) = Sia(-w), (3.67)

see also [10]. Fast numerical implementations for the functions Lis 3(z) and S 2(x) are provided
in the code ANCONT [49].
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i ABKM09_3n_NLO 0.0351 ABKMO9 1 NLO ]
L _ A E _on_ ]
8r 0%=500 GeV? | 0'030; o PO ]
0=100Gev* 1 gpasp ¢T00Y ‘ ]
s 50020 :
A 14 ~ Lo e ) \
1 %7 0015f NLO ----- 1
] . NNLO ]
0.010°- ]
0.005 " ]
. ‘ ‘ 0.000= ‘ ‘ ‘ :
10~ 0.001 0.01 0.1 1 10~ 0.001 0.01 0.1 1
X X
10(
\ ABKMO09_3n_NLO | 0'035; ABKMO9 3 NLO ]
_ [  3n_ ]
8r 0%= 500 GeV? | 0'030; e, PN ]
[ 0= 100 GeV? | 0.025; ¢ =00GeV / ]
6F, 0’=10GeV? 1 i
o 1 & 002 :
2 4. L Lo e . ]
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. NNLO ]
0.010- ]
0.005 " ]
. ‘ — 0.000= ‘ ‘ ‘ :
10~ 0.001 0.01 0.1 1 10™ 0.001 0.01 0.1 1
X X
5 1
i ABKM09 3n NLO | 0.035¢
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Figure 4: The charm contributions to the structure functions Fy, F,, Fy at different scales Q?
and with increasing precision: LO, NLO, NNLO using the ABKM09 parameterization [50].
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4 Numerical Results

In the following we illustrate the effect of the heavy flavor Wilson coefficients up to O(a?)
on the structure functions Fj(z,Q?), i = 1,2,3 for WT-exchange and the respective differences
FV'(z,Q*) —FY™ (x,Q?) within the kinematic range of HERA referring to the PDFs of Ref. [50].
In Figure {4 these distributions are given at different values of (Q? comparing the contributions
at LO, NLO, and NNLO. While the difference between the LO and NLO terms are generally
large for the individual structure functions due to the newly contributing gluonic term at NLO,
the effect is less pronounced in the differences FV' (2, Q%) — F/V™ (x, Q?), showing the typical
valence-type shape. In general the NNLO corrections are close to the NLO ones over a wide
range in Q2 displaying the scale evolution of the charged current structure functions. Both the
functions FV" (z, Q%) and F/V™ (x, Q%) grow with rising Q? and towards small values of z.

Using the expressions derived in the previous chapter, a FORTRAN program was developed
to calculate the 2-loop charm contribution to the structure functions F» and F3. The code
is based on earlier work on the exact 1-loop contributions [26]. It works in N-space using the
analytic continuation of the N-space representation to complex values of N. The Mellin inversion
into the physical z-space is performed using a single complex contour integral picking up the
residues of all poles on the real axis. Since the necessary points on the contour can be held
fixed for different values of x at a given value of Q? for all PDFs, the calculation is naturally
very fast. For the analytic continuation of the harmonic sums the ANCONT implementations of
Mellin transforms [4951-53] are used. The numerical accuracy of the implementation is checked
by calculating test values of F,. and F3, for different values of z. For this purpose we used
shape-fits to the ABM11 PDF sets at Q? = 100 GeV? given by :

g(x) =2.3727%3(1 — x)12, s(x) = 5(z) = 0.10827°*°(1 — ),
d(z) = (0.14527927 + 1.62°%)(1 — )%, d(z) = 0.142702(1 — 2)7, (4.1)
u(r) = (0.1627°2 + 3.52%7)(1 — )7,  a(r) = 0.1427%25(1 — z)°

The relative numerical uncertainties of the 2-loop contributions are below 1072 for a wide range
of z values. So in total the numeric uncertainties are at the order of 1075 and at least 3 orders
of magnitude smaller than the 2-loop corrections, see Figures [5

-
0.1 ]
0.001 E
& &
= =
e Zer
~ 1070 1% 1073 |
= =
-7 L 4 —7 4
10 f=Fp  — 10 f=F
0*=100Gev2 ~ ABMIlapprox.  f=gFi\N0 0%=100GeV?>  ABMIl approx.  f=gp\N©O ___
1079 | | | 1079 | | |
104 0.001 0.01 0.1 1 107 0.001 0.01 0.1 1
X X

Figure 5: The relative numerical precision of the NNLO heavy quark contributions structure
functions for charm production (black) in comparison with the ratio of the O(a?) correction to
the structure function (red).
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Figure 6: Graphs contributing to H£(,2)

5 Conclusions

The O(a?) QCD corrections to the heavy flavor contributions of the deep-inelastic structure
functions in charged-current scattering have been calculated in the region Q? > m? using the
method of Ref. [4]. We completed the set of Wilson coefficients and corrected previous results
in Ref. |23], presenting a detailed outline of the differences found. The Wilson coefficients obey
representations in terms of harmonic sums in Mellin-N space and weighted harmonic polyloga-
rithms in z-space, respectively, in both cases to weight w = 4. Numerical studies were performed
for the structure functions E‘,’cvi (,Q?%), i = 1,2,3 in the kinematic region available at HERA
comparing the corrections from LO to NNLO. The NNLO results come out close to those at
NLO in a wide range of Q. Numerical implementations both in Mellin-N and z-space were
performed at high accuracy. The Wilson coefficients in z-space may all be expressed in terms of
Nielsen integrals. The corresponding FORTRAN codes are available on request.

A Relative Signs in Wilson Coefficients

Since the sign in front of the OME in the gluonic heavy flavor Wilson coefficient of Eq. (2.38))
contradicts the asymptotic representation given in Eq. (A.17) of |23], a recalculation of the full
gluonic O(ay) correction was performed which will be presented in the following. We confirm
the result given in [25,54]. As the minus sign was confirmed in this analysis, further changes in
signs in the relations (A.18) and (A.19) of [23] are anticipated. The reasoning follows the idea
of calculating leading logarithms in the Altarelli-Parisi picture of scaling violations [55].

The heavy flavor Wilson coefficient H, is obtained from the diagrams in Figure [6| with the
matrix element

iy, — )

MY = a(py)in* (1 — 75)(1)1—__(])27%9815%(]92)52(]{:)
i(p, — k+m)

(1 — k)2 —m?

+u(p1)yPigst* iy (1 — v5)v(p2)e, (k) (A1)

contributing to the hadronic tensor. For the implementation of s, the prescription of [56] was
used, which amounts to the replacement

1
YuVs = EEMVpO’YV’Yp’VUa (A'Z)
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in the matrix element, where products of Levi-Civita symbols are evaluated by the determinant

Jou YGov YGap Yao

_ | 98 98v Y98p YBo
EaBys€uvpe = y A3
o= Gy Gw Gy Yro (4-3)

9sp  Gsv  YG5p Yoo

and Lorentz contractions are performed in D dimensions. Since O(ay) is the leading order of the
gluon channel, no finite renormalization is needed. The Lorentz-structure of the squared matrix
element is projected onto the (unrenormalized) partonic versions of the structure functions F;,
1 =1,2,3 via the projectors:
- 1 =z

1:—

24+¢eQ?

2
R quqy Guv r°3+¢
P (= 5 ) gy R Bt ).

R 4z 1
P= — i€ PP . A4
BT TRt e)(2 e et (A4)

2
<4xPHP,, +2P,q, +2P,q, — %gw> ,

The two particle phase space leads to one-dimensional integrals which, after a partial fraction
decomposition, can be solved in terms of 5 F} functions, e.g.

1 2
c c 1 1 = —
/dyyz(l_y)2 — B<1+§’1+£> 2F1|:171+2;8 m:|’
0

(p1 — k)% —m? s+ Q? 2 2 2+e¢ s
(A.5)
with
1 9 9 9 s —m?
y:§[1—|—cos<z(p1,q)], (p1—k) —m"=—(s+Q°) | 1— . (1—y)) . (A.6)
This particular example is the source for the mass logarithms:
1,1+5 s—m? 5 m?
F Y 2 . — 1 —_— A
| B o (M) o). (A7)

and thus contributes to the OME in the asymptotic expansions.

The t¢-channel exchange of the light s-quark in the first diagram of Figure [0 introduces a
collinear singularity, which has to be removed via mass factorization as described in Eq. (2.38)
of [9]. In the present case it proceeds via:

- _ (1 (1) A
with the MS transition function
1) _— 1 (0) (0) — 2 2
Fqg SEQEP‘” , qu (z) 8Tp[z + (1 z) ] (A.9)

In contrast to the electromagnetic case, the factor 2ny in (2.38) of [9] is omitted, since the above
calculation is performed for only one incoming light flavor, and only for one of the two graphs in
Figure [6] the quark propagator is massless and thus develops a collinear singularity. The results
of this calculation agree with those in [24}25}54].
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In order to gain further confidence in the emergence of a minus sign in the asymptotic
representation, as well as to understand how this observation relates to the pure singlet Wilson
coefficients at 2-loop order, the calculation of the leading logarithmic contributions is performed
using the method also applied by Altarelli and Parisi [55], cf. also [57].

A Sudakov parameterization [58] is introduced for the ¢-channel momentum in the diagram
in Figure [6fa):

k—py=ak+pq +kL, (A.10)

denoting the gluon momentum by k, and the photon momentum by ¢. Furthermore, the vectors
k, and ¢ are defined via

¢ =q+zk, ¢k =kk =0. (A.11)
This leads to the final state momenta

p=(—2)k+(B+1)q + ki, (A.12)
pp=(1—-a)k—B¢ -k, (A.13)

and the Mandelstam variables

s=(q+ k) =2kqg—Q°,
t:=(p1—q)?,

u=(p—k)?=—-t+m*—Q*—s. (A.14)

With the approximation ¢? ~ k* ~ 0 and p.¢’ ~ p.q, the phase space integral then takes the
form

™

2
/dp1 dpz 8(p} —m*)d(p3) = /dﬁ da dk} m5 (B a 2k.q(kll— oz))

_ 2 2
xé(a—x+ 1—22]2(1 - QZ.q) . (A.15)
Using the implication from the d-distributions one finds
k= (1-a)t, (A.16)
and thus defines the positive variable
r? = —t. (A.17)
The physical regionﬁ is determined from the conditions
0 <cos<t(q,p1) <1and 0<cos<(q,p2) <1 (A.18)
on the angles in the target system of coordinates. As a result one finds
zki;—gj < l8s mZ)S(S +Q) (A.19)

3For a collection of kinematic formulae used here see [59].
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There are two integrals leading to logarithmic values:

— I (%) ~In (’%2) | (A.20)

s K s (s—m?

- _ln<ﬁ_2ﬁs+Q2 s+ Q2 >
~In (22) : (A.21)

Since the incoming gluon is massless, i.e. k% = 0, the first logarithm represents a collinear singu-
larity, which was earlier regulated in D = 4+ ¢ dimensions and removed via mass factorization in
Eq. . The second logarithm indeed constitutes the leading mass dependence of the process.
Picking out this logarithmic part, one finds

f7 (DL W,(1),LL 1 m’
9,1( M= Hg,2( M= ——2Pq(g)(N) I <_C)2 ) (A.22)
A R m’ A2

The splitting functions derive from the fermion traces after applying the above approximations
and canceling against denominators.

In order to obtain the 2-loop pure singlet contribution in leading logarithmic approximation,
one has to include another ladder rung formed by a light quark line, as depicted in Figure [7]

,kz

n

ky

Figure 7: The leading logarithmic 2-loop PS-contribution H(f S:@LLL can be built from the leading

logarithmic 1-loop gluonic contribution by adding a splitting of a quark into a gluon.

Then the Sudakov parameters are introduced as above:

ki = onk + p1qd + kia, (A.24)
kg = Oégk’ + 62(]/ + lﬁ_g . <A25)
The three-particle phase space can be treated similarly as before, assuming a strict hierarchy

k* < k3| < |k1,] < Q% The d-distributions introduced by the phase space integral then take
the forms:

2\ _ 1 kﬁ_l
=)= = (%~ S
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(ks — )2 — m?) = ;)5 (- ’“;m) ,

2k.q(0n — az 2k.q(on — ag)

- k? —m?)
5((ks + q)2) = —0 a1 = 2) (k) . A.26
(k2 +q)°) 2k’ ( T (1 —ag)  2k.g ( )
This again leads to the definition of positive squares of momenta :
k2
2o Ky
e 1-— aq ’

2 ks
= - —= A.27
T2 o1 — o ( )

Like in the case of purely massless ladder rungs [55], see also [57,/60], the integral becomes nested
in both the momentum and the Sudakov variables a;, ao,

(s=m?)(s+Q%)

VRS _ l\/s dr /Ikiz |k,
> 8 Ji2 r3—s5—Q% Sz —|k1,|

day x Ydoy o7
—1—— —pO (=2) pO A28
/0v s ( Oéz) /az ay aqq (042 qg (al) ) ( )

where the following splitting function occurs:

PO (g )—4CFM.

949

(A.29)
With the variable substitution R? = s+ Q? — r2, the integrals over the squared momenta can be
performed :

(s=m?)(s+Q%)

/S d?”% /kiﬂ d|]{32 | /s+Q2k2 dR2 /R2 1-22 _m? d|]€ |
k2 ri—s—Q Jro  —|k m2st@®  R? Jp2 — [k,

5 /S+Q2 dR2 AR R2 oy — ay
= ) 2eter RZ B
1

5 In? (Qz) +0(In(m2/Q?)). (A.30)

Here the reference scale in the mass-logarithm was chosen to be Q2. In Mellin space the convo-
lutions of the splitting functions in (A.28) factorize, and one finds to O(In*(m?/Q?)) the relation

2
W,PS,(2) I o 0 2 (M7 L ps,(2)
Hs, TGP;Q)(N)PQ((])(N)ln <@) =344, (A.31)

which fixes the respective sign. The additional ladder rung has the effect of introducing another
splitting function independently from the boson-quark coupling. Hence the minus sign from the
one-loop heavy flavor Wilson coefficient in leading logarithmic approximation is simply translated
to the 2-loop pure-singlet contribution. As in the gluonic heavy flavor Wilson coefficient at the
1-loop order, the result above disagrees with the asymptotic representation given in [23]. This
confirms the results of the derivation of the asymptotic representations at 2-loop order given in
Section 2, which captures the signs in a rigorous way.
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B Asymptotic Expansion of the Wilson Coefficients

In this appendix we present the asymptotic expansions of the different Wilson coefficients. In
Mellin-space codes these expressions may serve as numerical starting values for large N € C
outside the singularities being located at the integers left of an integer Ny. All other values in
the analytic region can be obtained by the shift relations of the analytic continuations of the
harmonic sums, cf. [49,51-53].

As examples we show the asymptotic expansions of LgE/;JFWi’NS’(Q) and HZ++W7’NS’(2). One

obtains

80 - 16

2 88 356 16 478 304
3 ON ' 27N? N® ' 2TNi  15N°

2,9

LW++W*,NS,(2) _ CFTF{

567N 2INT | 27N @) *

3 3N | 9N?2
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+0 (m2 (W) %) , (B.1)

where N = N exp(yg) and g denotes the Euler-Mascheroni number. The asymptotic represen-

: W+~ NS,(2
tation for H, |, * @) reads :

6—1—4 14+4 59+4 254_|_4
N 3N2 N3 15N* N5 63N6 N7

2,q

W NS(2) _ C}%{an(ﬁ)4 +

— 30N8] In(N)® +

13099 n 1063 140287
420N6 = 30N7  3600N8

27+39 33 n 65 683 n 797
2 N 2N2  3N3 30N* 30N>

] In(N)? — 4¢; In(N)* +

TANZ T 1SN® T 5N4  25N5  37S0NS | 4410N7  T200NF

287 1561 332 1353 32719 533443 642431 _
In(N)
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C The heavy flavor Wilson coefficients in z-space

The z-space representations of the heavy flavor Wilson coefficients can be expressed in terms of
harmonic polylogarithms to 2-loop order. Also here arguments x will not be written explicitly.

They read :
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1
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The +-distribution in the above relations is defined by

/0 dr[f(2)], glx) = / df (@)]g(x) — g(1)] . (C.12)
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