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id L/a β a [ fm ] κl κs mπ [MeV ] # cfgs

E5 32 5.3 0.065 0.136250 0.135777(17) 440 2×199

F6 48 0.136350 0.135741(17) 310 250

F7 48 0.136380 0.135730(17) 270 547

G8 64 0.136417 0.135705(17) 190 820

N5 48 5.5 0.048 0.136600 0.136262(08) 440 238

N6 48 0.136670 0.136250(08) 340 1000

O7 64 0.136710 0.136243(08) 270 486

Table 1: Parameters of the ensembles used: ensemble label, spatial extent of the lattice in lattice units, bare
coupling β = 6/g2

0, lattice spacing a, hopping parameters of the sea and (valence) strange quarks, the mass
of the sea pion and the number of configurations employed. All lattices have dimensions T×L3 with T = 2L.

1. Introduction

The decay constants fD and fDs entering the Standard Model expression for the leptonic decay
widths of charged D-mesons are given by the non-perturbative QCD matrix elements

〈0|qγµγ5c|Dq(p)〉= i fDq pµ , q = d,s . (1.1)

Besides the importance of fDq in extracting |Vcq| and overconstraining the CKM matrix, there is
continuing phenomenological interest in these decays, because a significant deviation between ex-
perimental and lattice results for fDq could hint at New Physics in the flavour sector [1]. Extending
our previous work [2] with an expanded set of ensembles with higher statistics, lighter sea quarks
and largely reduced systematics (such as the uncertainty in the lattice scale), we here report results
of a preliminary analysis of fD(s) and of the charm quark mass.

2. Computational setup and techniques

Our measurements were performed on a subset of the Coordinated Lattice Simulations (CLS)
gauge field ensembles, which are characterized by the Wilson plaquette gauge action and a sea
of Nf = 2 mass degenerate flavours of non-perturbatively O(a) improved Wilson quarks. The
sea quark masses span a range corresponding to pion masses (190 . mπ . 440)MeV, while the
strange valence quark is fixed to its physical value and we scan a range of charm valence quark
masses around the physical charm quark mass. Two values of the lattice spacing are considered:
a ∈ {0.065fm , 0.048fm}. Suppression of finite-size effects is ensured by restricting ourselves to
ensembles with Lmπ & 4. To generate the gauge configurations, either the DD-HMC [3 – 6] or the
MP-HMC based on mass preconditioning [7, 8] was employed. The parameters of the ensembles
used are summarized in table 1. Statistical errors are estimated via a jackknife procedure, but will
be double-checked in the final analysis by the method of [9] studying autocorrelation functions.
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The lattice spacings a, pion masses mπ , pion decay constants fπ and values of the (quenched)
strange quark’s hopping parameter κs are inferred from [10], where the scale is set through fK at
the “physical point” defined by mπ,phys = 134.8MeV, mK,phys = 494.2MeV and fK,phys = 155MeV
in the isospin-symmetric limit with QED effects removed. For two ensembles (G8,N6), we had to
perform a short linear interpolation in 1/κs (at fixed charmed κc) to the physical value.

As for the hopping parameter of the (quenched) charm quark, κc, we fix it by requiring the
Ds-meson mass to acquire its physical value, mDs = mDs,phys = 1968MeV, irrespective of the sea
quark mass. To this end, after choosing a few values in the vicinity of this target, (amDs)

2 was
interpolated linearly in 1/κc to (amDs,phys)

2.

3. Observables and analysis details

For two mass non-degenerate valence quarks r and s, we compute correlators of the pseudoscalar
density Prs = ψrγ5ψs and the time component of the axial vector current Ars

0 = ψrγ0γ5ψs as

f rs
PP(x0) =−a3

∑
~x
〈Prs(x)Psr(0)〉 , f rs

AP(x0) =−a3
∑
~x
〈Ars

0 (x)P
sr(0)〉 . (3.1)

These are evaluated using 10 U(1) noise sources ηt(x) = δt,x0 exp(iφ(~x)) located on randomly
chosen time slices t [11, 12] so that solving the Dirac equation once for each noise vector ζ r

t =

Q−1(m0,r)ηt = a−1(D+m0,r)
−1γ5ηt suffices to estimate the two-point functions projected onto

zero momentum:

a3 f rs
XP(x0) = ∑~x 〈[ζ r

t (x0 + t,~x)]†Γζ
s
t (x0 + t,~x)〉 , Γ = 1,γ0 for X = P,A , (3.2)

where the average is over noise sources and gauge configurations.
The O(a) improved effective average PCAC quark mass of flavours r and s is now defined as

1
2 (mrr +mss)(x0) = mrs(x0) =

1
2 (∂0 +∂ ∗0 ) fAP(x0)+ cA a∂ ∗0 ∂0 fPP(x0)

2 fPP(x0)
, (3.3)

where the improvement coefficient cA is non-perturbatively known from [13]. For sufficiently large
x0, mrs(x0) exhibits a plateau, over which we take a timeslice average to calculate mrs. Examples
for two representative ensembles and various valence κ–combinations are shown in figure 1.

The renormalized PCAC mass is then given by

mrs
R =

ZA(1+ b̄Aamsea + b̃Aamrs)

ZP(1+ b̄Pamsea + b̃Pamrs)
×mrs , msea = mll with l = l(ight) , (3.4)

where ZA and ZP assume values from the non-perturbative determinations in [10, 14 – 16]). The
b–coefficients, multiplying (very small) improvement terms, are known in 1-loop perturbation the-
ory [10, 17]; in particular, b̄A = b̄P = 0 holds at this order.

Expressions for the pseudoscalar (PS) meson mass and its decay constant arise from the spec-
tral decomposition for infinite T ,

fPP(x0) = ∑
∞
i=1 ci e−Eix0 , E1 = mPS , Ei≥2: excited states contributions , (3.5)
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(0.131000,0.136243)

(0.127000,0.136243)

Figure 1: Local PCAC quark masses for representative charm-strange (upper 2 panels) and charm-light
(lower 2 panels) κ–combinations for the G8 and O7 ensembles. Our bare quark mass estimates are obtained
as averages over the plateau regions.

which decays exponentially for large time separations. In this asymptotic regime, the decay con-
stant is thus given by:

fPS = ZA (1+ b̄Aamsea + b̃Aamrs)× f bare
PS , f bare

PS = 2
√

2c1 mrs m−3/2
PS . (3.6)

Since in the actual analysis we face finite time extents T and separations x0, and hence particles run-
ning backwards in time and excited states, we employ the following two-step procedure to fix the
region x0 ∈ [xmin

0 ,T − xmin
0 ], in which the excited state contribution to fPP can be neglected: 1.) De-

termine xmin
0 as the smallest x0, where the excited state, estimated by a 2-state fit (including finite-T

effects) to fPP(x0) = c1
[
e−E1x0 + e−E1(T−x0)

]
+ c2

[
e−E2x0 + e−E2(T−x0)

]
, contributes less than 1/4

of the statistical uncertainty on the effective mass Meff(x0); here the effective PS meson mass Meff

is defined as cosh [Meff(x0−T/2)]/cosh [Meff(x0 +1−T/2)] = fPP(x0)/ fPP(x0 + 1). 2.) Perform
a 1-state fit of the asymptotic exponential decay, restricted to this region, to extract mPS = E1 and
the leading coefficient c1, eventually entering the evaluation of the decay constants according to
eq. (3.6). This is illustrated for our most chiral ensemble in figure 2.

4. Preliminary results

Unphysical pion masses and non-zero lattice spacings in our data are accounted for by employing
joint chiral (mπ → mπ,phys = 134.8MeV) and continuum limit (a→ 0) extrapolations.

Assuming a linear dependence on the squared (sea) pion mass, our fit ansatz for the renormal-
ized PCAC quark mass composed of a charm and a light valence flavour (s = s, l) reads

mcs
R (mπ ,a) = B+Cm2

π +Da2 . (4.1)

In addition, we also consider the definition via the bare subtracted quark mass, mq,c = m0,c−mcrit,
so that we have three ways to obtain the renormalization group invariant (RGI) charm quark mass,
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(0.127000,0.135700)

(0.127000,0.136417)

Figure 2: The effective mass in the pseudoscalar channel extracted from fPP for a representative charm-
strange (left) and charm-light (right) κ–combination for the G8 ensemble. A two-state fit to data outside the
shaded area, where the fit function describes the data well given their accuracy, determines xmin

0 . The result
of the final one-state fit is given by the error band.

Mc [18, 19]:

1
2 (Mc +Ms) =

M
m

mcs
R ; Mc =

M
m

ZA

ZP
Z
(
1+bmamq,c

)
mq,c , mq,c =

1
2

( 1
κc
− 1

κcrit

)
. (4.2)

The universal factor M/m, which translates the running mass at a given scale to the RGI one, as well
as the other renormalization and improvement factors entering here, are non-perturbatively known
from [10, 14 – 16]. The combined m2

π– and a2–dependence of the three definitions in eq. (4.2)
is shown in the left panel of figure 3 to lead to consistent results in the joint chiral and continuum
limit. A more careful error analysis still to come, we consider the spread of these values as an upper
limit for the overall uncertainty and quote as preliminary estimate for the charm quark’s mass

Mc = 1.51(4)GeV ⇒ mMS
c
(
mMS

c
)
= 1.274(36)GeV , (4.3)

where Ms from [10] and in the conversion to the MS scheme the known 4-loop anomalous dimen-
sions of quark masses and coupling [20, 21] together with ΛMS from [10] were used.

For the D-meson decay constants, we adopt again fit ansätze linear in m2
π (and a2), while for fD

we also model the sea quark dependence in a fit form inspired by partially quenched heavy meson
chiral perturbation theory (HMχPT) [22, 23], treating the charm quark as heavy, viz.

fD(s) (mπ ,a) = b(s)+ c(s) m2
π +d(s) a2 , (4.4)

fD (mπ ,a) = b′
[

1− 3
4

1+3 ĝ2

(4π fπ)2 m2
π ln
(
m2

π

)]
+ c ′m2

π +d ′ a2 ; (4.5)

ms–terms are assumed to be absorbed into the O(m0
π) constants, because we work at fixed physical

strange quark mass, and ĝ = gD∗Dπ = 0.6 [24] is the D∗Dπ–coupling. These combined chiral and
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Figure 3: Left: Joint chiral and continuum extrapolation of the RGI mass of the charm quark, using the
definitions via the heavy-light PCAC relation (where s = s, l) and via the bare subtracted mass, eq. (4.2).
Right: Joint chiral and continuum extrapolations to the physical point of fD and fDs to the fit ansätze in
eqs. (4.4) and (4.5). Labels “coarse” and “fine” refer to β = 5.3 and 5.5, respectively, and for fD(s) also fits
neglecting cutoff effects are displayed.

continuum extrapolations to the physical point are depicted in the right panel of figure 3. As can be
seen from the fits, our data for fD are best described by the linear extrapolation along eq. (4.4), and
we do not see any evidence for the significance of the chiral logarithm-term in eq. (4.5). Therefore,
we take the linear extrapolations as the central values to arrive at our present results

fDs = 247(5)stat(5)syst MeV , fD = 216(7)stat(5)syst MeV , fDs/ fD = 1.14(2)stat(3)syst (4.6)

and the difference to the HMχPT fit to account for a part of the systematic error of fD. Apart from
the statistical errors, the quoted uncertainties also contain a conservative estimate of the contribu-
tion from the scale setting.

5. Conclusions and outlook

The results for the charm quark mass and the D-meson decay constants from our analysis are very
well in line with computations of other groups, see, e.g., the recent summaries in [25, 26]. Note
that by setting the scale through fK we effectively compute fD(s)/ fK, where ZA in eq. (3.6) (and thus
also its error) drops out, but that it still re-enters indirectly by also fixing κs,κc through fK [10].
This uncertainty, estimated conservatively so far, will likely decrease in the final analysis.
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