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An essential part of high-energy hadronic collisions is the soft hadronic activity that underlies the
primary hard interaction. It can receive contributions from soft radiation from the primary hard
partons, secondary multiple parton interactions (MPI), and factorization violating effects. The
invariant mass spectrum of the leading jet in Z+jet and H+jet events is directly sensitive to these
effects. We use a QCD factorization theorem to predict the dependence on the jet radius R, jet
pr, jet rapidity, and partonic process for both the perturbative and nonperturbative components of
primary soft radiation. The nonperturbative contributions involve only odd powers of R, and the
linear R term is universal for quark and gluon jets. The hadronization model in PYTHIA8 agrees
well with these properties. The perturbative soft initial state radiation (ISR) has a contribution
that depends on the jet area in the same way as the underlying event. This degeneracy is broken by
the jet pr dependence. The size of this soft ISR contribution is proportional to the color state of the
intial partons, yielding the same positive contribution for gg — Hg and gqg — Zq, but a negative
interference contribution for g§ — Zg. Hence, measuring these dependencies allows one to separate
hadronization, soft ISR, and MPI contributions in the data.

Soft hadronic activity plays a role in practically all
but the most inclusive measurements at the LHC. It is
often an important yet hard-to-quantify source of uncer-
tainty, so improving its theoretical understanding is vital.
One can consider four conceptually different sources for
the effects that are experimentally associated with soft
hadronic activity and the underlying event (UE):

1. Perturbative soft radiation from the primary hard
partons within factorization

2. Nonperturbative soft effects within factorization
associated with hadronization

3. Multiple parton interactions (MPI) at lower scales
in the same proton-proton collision

4. Factorization breaking contributions

For any given observable, the question is how much of
each of these sources is required to describe the data.
For example, it is known that including higher-order per-
turbative corrections (source 1) in parton-shower Monte
Carlos can give a nontrivial contribution to traditional
UE measurements [11, 2].

Traditionally, the UE activity is measured in regions of
phase space away from hard jets [2H12]. These results are
used to tune the MPI models that are used to describe
the UE in Monte Carlo programs [I3HI8]. These models
are then extrapolated into the jet region, where they are
used to describe various jet observables, including the
jet mass spectrum in dijet and Drell-Yan events [19] 20],
which is an important benchmark jet observable at the
LHC.

In this paper, we directly consider the jet region and
give a field-theoretic description of primary soft effects

(sources 1 and 2). Using the jet mass spectrum and its
first moment, we show how to cleanly distinguish sources
1, 2, and 3 via their characteristic dependence on the jet
radius R, jet momentum ps., and participating partons.
We will not consider factorization breaking effects here
(see e.g. Ref. [21]).

We consider the jet mass spectrum in exclusive pp —
Z+1-jet and pp — H+1-jet events. The factorization
formula for m; < p# that includes sources 1 and 2 is
given by [22H24]

do

_ 9% N Ho@ I. T

I ;jb (®2) /dk’sdk‘B( Loy @ fufy) (k)
X Jyo (m% — 2p1ks) Sk (ks, p™ — kp,ys, R) . (1)

Here, ® = {pf,ys,Y}, where Y is the rapidity of
the Z/H+jet system, and x denotes the partonic chan-
nel. The H,(®2) contains the perturbative matrix el-
ements for the hard process, the Z, , describe pertur-
bative collinear initial-state radiation from the incoming
primary partons, and the f, are the parton distribution
functions. For the normalized jet mass spectrum, the
dependence on p“t, which vetoes additional jets, largely
drops out. As a result, the shape of the jet mass spectrum
is determined by the jet function J,,, describing ener-
getic final-state radiation from the outgoing primary par-
ton, and by the soft function Sy. See also Refs. [25] 26].
The soft function S, describes the primary initial and
final state soft radiation. It depends on the jet through
ys and R but not p7., and can be factorized as [27-29]

Se(ks. kp.ys. ) = /dks,f;m(ks ChkmynR) ()
X Fy(k,y7, R)[14+ O(Aqen/kB)],
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FIG. 1. For the jet mass spectrum in PYTHIA8, the change from partonic to hadronization+MPI is described by a simple shift
in the tail, and a simple convolution everywhere, for both quark jets (left panel) and gluon jets (right panel).

where SP'* contains the perturbative soft contributions.
F,; is a nonperturbative shape function which is normal-
ized and encodes the smearing effect that the hadroniza-
tion has on the distribution of the soft momentum kg.
For ks ~ Aqcp, the full Fy (k) is required and shifts the
peak region of the jet mass spectrum to higher jet masses.

In the perturbative tail of the jet mass spectrum, where
ks > Aqcp, Sy can be expanded,

Sn(k57 Yr, R) = Sgert [ks - QK(R)a Yr, R]
+ O(A?QCD/kg‘v asAQCD/k%‘) ) (3)

where Q. (R) = [dkkF.(k) ~ Aqcp is a nonpertur-
bative parameter. In this region, factorization predicts
a shift in the jet mass spectrum which is described by
the single parameter Q,(R). Below, we use the field-
theoretic definition of 2, to quantify its R-dependence
and prove that it is independent of y;. The above treat-
ment of hadronization provides an excellent description
of these effects in both B-meson decays and eTe™ event
shapes [30], B1], and will also do so in the present case.

Factorization also underlies the Monte Carlo descrip-
tion of the primary collision, where H corresponds to
the hard matrix element, while Z, J, and S are de-
scribed by the initial-state and final-state parton show-
ers, and F' corresponds to the hadronization models.
The standard parton shower paradigm does not com-
pletely capture interference effects between wide-angle
soft emissions from different primary partons that ap-
pear at O(ay) in S,. Monte Carlos include MPT (source
3), which are not included in Eq. (I). See Ref. [32] for
a recent discussion. For our numerical studies, we con-
sider both PyTHIAS [33, B4] with the ATLAS underly-
ing event tune AU2-MSTW2008LO [16] and HERWIG++
2.7 [35),86] with its default underlying event tune UE-EE-
5-MRST [I8]. Both give a reasonable description of the
CMS jet mass spectrum in Z+jet events [20]. We also
compare to the PYTHIA8 default tune 4C.

We counsider exclusive Z/H+jet events at E., = 7TeV
in both quark and gluon channels, with the leading jet

within a certain range of p7. and ys, and we veto addi-
tional jets with p# > 50 GeV. The jets are defined using
anti-kr [37,138]. In Fig. |1} we show the jet mass spectrum
for quark and gluon jets with R = 1 after parton shower-
ing (black dotted) and including both hadronization and
MPI (blue dashed). Using Eq. with Eq. predicts
that for m? > AQCDp% the nonperturbative corrections
shift the tail of the jet mass spectrum by

my = (m5)P" + 2p7 Qu(R). (4)

We can regard the partonic result from PYTHIAS as the
baseline purely perturbative result. Shifting it in this
way with Q = 2.4 GeV for gqg — Zq and Q = 2.7 GeV for
qq — Zg yields the green dot-dashed curves in Fig.[1] We
see that the effect of both hadronization and MPI in the
tail is well captured by a shift, so Q,, — Qbad . TMPL Fop
hadronization, combining Eq. with Eq. predicts a
convolution with a nonperturbative function,

do da,partonic )
£ = — — 2pk) Fu(k).
o = [ R md -2 B). )

The result of this convolution, shown by the red solid
curves in Fig. yields excellent agreement with the
hadronization+MPI result over the full range of the jet
mass spectrum!ﬂ Both hadronization and MPI populate
the jet region with a smooth background of soft parti-
cles, which can explain why the MPI effect is reproduced
alongside the hadronization by a convolution of the form
Eq. . This apparant degeneracy motivates us to de-
termine the calculable behavior of the jet mass spectrum

L Here, Fio(k) = (4k/Q2)e=2k/@x; the simplest ansatz that sat-
isfies the required properties of being normalized, vanishing at
k = 0, falling off exponentially for K — oo, and having a first
moment 2, with the above values. Fixing the value of Q, from
the tail, we find similar levels of agreement across all values of
p%, ys, R, for all partonic channels, as well as for different jet
veto cuts (including no jet veto).
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FIG. 2. The R dependence of Q!*(R) extracted from the first jet mass moment in PYTHIAS (left panel) and HERWIG++ (right
panel). It follows the form in Eq. predicted from factorization. The small-R behavior only depends on whether the jet is
initiated by a quark (blue dashed) or gluon (orange solid and green dotted).

due to primary perturbative and nonperturbative soft ra-
diation within factorization, study its dependence on p#.,
yj, and R, and compare these results to Monte Carlo
contributions for soft ISR, hadronization, and MPIL.

We consider the first moment in m%,

1 do
M, = = d 2 2 , 6
1= / mymy 7dm3 (6)

which tracks the shift observed in Fig. [I| Taking the first
moment of Eq. combined with Eqs. and 7 we
can compute the dependence of primary soft radiation on
P4, ys, R, and partonic channel,

My = MY (pf, yg, R) + 297 Qu(R) . (7)

Here, MP%"(p7.,ys, R) contains all perturbative contri-
butions, while ,(R) encodes the shift due to nonper-
turbative effects.

To describe the results for M7 from PYTHIA8 and HER-
WIG++4, including their partonic, hadronization, and
MPI contributions, we write

My = MY (pi, y s, R) + 2pi Q2 (R)
+ 207 [Ty, R) + X wa, R)| . (8)

Here, MP*"*°™¢ is the partonic contribution, Q24 is given
by partonic — hadronic, YMPT is defined by partonic —
partonic+MPI, and QMF1 is the small remainder which
ensures these contributions add up to the full partonic
— hadronic+MPI. Equation encodes the dependence
on pQJ«, yJ, k observed in PYTHIA8 and HERWIGH++ and
the fact that their hadronization and MPI are each indi-
vidually described by shifts to Mj.

For pp — H/Z+jet, the nonperturbative parameter
Q. (R) in Eq. is given by the vacuum matrix element
of lightlike soft Wilson lines Y,, Y3, and Y; = Y;(ys, ¢)
along the beam and jet directions,

O (R) = /Oldr /Zdy/o%dzzs F(ry — 56— 65, R)

< O|TY VY€ (r,y, 9)T[YaY2Y51]0). (9)

Here, the rapidity y, azimuthal angle ¢, and transverse
velocity r = pr/mr are measured with respect to the
beam axis. The color representation of the Wilson lines
depends on the partonic channel, which induces the x
dependence of €. The jet mass measurement func-
tion is f(r,y, ¢, R) = (coshy — r cos ¢) H[b(y, o, 1) < R2]
where b(y,¢,r) specifies the jet boundary. The ma-
trix element involves the energy flow operator [39, [40]
Er(r,y, O X) =X sexmrid(r — 12)0(y — yo)3(6 — 60)] X).
From Eq. (9) it follows immediately that Q,(R) is inde-
pendent of pJ. Using invariance under boosts and ro-
tations, we can prove that it is also independent of y;
and ¢y [41]. This agrees with the observed behaviour of
Qhad(R) in PYTHIA8 and HERWIG++ [41].
Expanding Eq. @ for small R, we find [41], 42]
R R3

Q(R) = 5 Qg>+§ Q® 4

f0[(2)]. ov

where the Q,(.f) are R independent and only odd powers of
R occur. This R-scaling of our nonperturbative operator
for jet mass agrees with that found in Ref. [43] from a
QCD hadronization model. Our operator definition im-
plies a universality for the nonperturbative parameter in
Eq. linear in R. Since the Y,Y; Wilson lines fuse for
R — 0, it is given by [41]

1
Qb = /O dr’ (0| T[Y Y TEL()TY Y0y,  (11)
which only depends on whether the jet is a quark or gluon
jet. For quarks, we can compare this to thrust in DIS [45]
where precisely this parameter Qél) appears [44].

To compare the hadronization in PYTHIA8 and HER-
WIG++ with these predictions, we show Q!4 (R)/(R/2)
for different channels in Fig. For R < 1, Qhad(R)
is linear in R and has the same slope for the two chan-
nels involving gluon jets (as predicted). For PYTHIAS,



O T T |
145 4
- 98~ Zq ]
— 12 Eq=7TeV, |yl <02
E 10; 300 < pJ < 350 GeV
T 8
~& L —
g S E
S 4. PYTHIAS AU2 = NLL
o[+ PYTHIA8 4C cooNLL
[ « HERWIG++ | | ‘:
0 O Lo Lo 1 1 1 1 u
0.5 0.75 1. 1.25 1.5

R

14 E
12 i T E
> e, S a
8 10k 3
o& 8 ; A
~E o Em=T7TeV, Iyl <02 .
S O 3004 E
e . < pr <350 GeV ]
S 4. PYTHIA8 AU2 ESS NNLL -

,F + PYTHIAS 4C meE NI
-+ HERWIG++ ‘ ]
o 11 - 1 ! ! o
0.5 0.75 1 1.25 1.5

FIG. 3. R dependence of the perturbative jet mass moment M? Zrt at NLL and NNLL and the partonic jet mass moment
MPEoMe iy PyTHIAS (tune AU2 and 4C) and HERWIGH+ for gg — Zq (left panel) and ¢ — Zg (right panel). The soft ISR
contribution ~ R? is well modelled by the Monte Carlos for gg — Zg, but not for the destructive interference in ¢g§ — Zg.
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FIG. 4. p dependence of the ~ R* contributions to the jet mass moment in PyTHIA8 and HERWIG++ from MPI, YMPT and
soft ISR [extracted using Eq. . | for qg — Zq (left panel) and q¢ — Zg (right panel) These contributions are traded for each
other in the different Monte Carlos and tunes, but can be separated by their p7 and channel dependence.

all channels differ for large R and can be fit to the form
in Eq. . For the quark jet we extract Q,(Jl) =1.2GeV

and the gluon jets le) = 2.2GeV. For q¢ — Zq and
g9 — Hg the R dependence is strong enough that an
additional R? contribution is disfavored in the fit. For
HERWIGH+, the dependence on higher powers of R is
much weaker, and surprisingly le) ~ le). The full set
of coefficients are given in [41].

We now turn to the perturbative moment MY, Di-
mensional analysis and the kinematical bound m; < p%R
imply that MP®™ scales like (p#:R)?. Resummation mod-
ifies the leadlng R dependence to RZ™7=, where 7, ~
as > 0. The soft function contains a contribution due to
interference between ISR from the two beams [41],

asCy W
pert 2 =
S (ks) > “ 5 R (ks) (12)

which contributes to MY as (p#)2R* with color factor

Ca 3

ng%q = ng%g = o T3

1

Cog—g =CF — % =5 (13)

In Fig. we compare our NLL and NNLL predic-
tions [24] for MP™" to the corresponding MP**™¢ from
PyTHIA8 and HERWIGH+ as a function of R, dividing
by the leading R? dependence. The effect of 7, is seen
in the slight negative slope at NLL, and is also present
in the Monte Carlos. The R* contribution only enters
at NNLL and is seen in the rise at large R for gqg — Zq
(left panel). This soft ISR effect is partially modelled
by soft emissions in the parton shower, which explains
the similar R* contribution for qg — Zq in PYTHIAS
and HERwIG++. For q7 — Zg (right panel) Eqs. (12)
and predict the R* contribution from soft ISR to
be negative, which we observe at NNLL. This negative
interference effect is not captured by the Monte Carlos.
In Fig. Ié—_ll, we show the p7. dependence of the R* com-
ponent, cj, of the partonic moment, obtained by fitting

Mpart
2p7.R?

=cy R +cf R?. (14)



The MPI contribution to the moment, TMP1/R2 ~ R2,
is shown as well. The apparent ambiguity between these
different R* contributions is demonstrated by the notable
differences between the various tunes for ¢§ and YTMPL,
while their sum ¢§ + TMP! is much closer. However, it is
clearly resolved by the p7. dependence: c§ ~ p7. (as pre-
dicted), whereas TMP! is independent of p%. Although
the destructive soft interference for ¢q¢ — Zg is not mod-
elled by the Monte Carlos, the value of cf is significantly
smaller than in qg — Zgq, in particular for HERWIG++.
The channel dependence provides an additional handle
to separate soft ISR from MPI: ¢f depends on the color
channel as in Eq. , whereas TMPT is channel indepen-
dent. As shown in Ref. [41], the y; dependence of soft
ISR is quite different between HERWIG++ and PYTHIAS.

To conclude, we have used QCD factorization to pre-
dict the properties of the perturbative and nonperturba-
tive components of primary soft radiation for jet mass in
pp — H/Z+jet. We have shown that the nonperturba-
tive soft effects involve odd powers of R and are universal
for quark and gluon jets for R < 1. Hadronization mod-
els in Monte Carlos agree with these predictions. The
perturbative soft radiation has a contribution that scales
like R*, just like the contribution from MPI. These com-
ponents depend differently on p7 and on the partonic
process. Hence, separately measuring quark and gluon
channels in Drell-Yan and in different bins of p% pro-
vides the possibility to clearly distinguish between MPI
and primary soft radiation.
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SUPPLEMENTAL MATERIAL
Nonperturbative corrections

The leading hadronization effects in the first jet mass
moment and in the tail of the jet mass spectrum are
described by the parameter §2,,(R), which is defined by

1 [e’e} 27T
Q”(R):/OdTL dy/o de f(r,y —ys, ¢ — ¢4, R)
< (O|TIYJ YV Er(r,y, 6)TIVaY5Y][0). (15)

Here, Y, and Y} are incoming soft Wilson lines along
the beam directions in the color representation of the
incoming primary hard partons. Y; = Y,(ys, ;) is
an outgoing soft Wilson line along the jet direction
in the color representation of the outgoing hard par-
ton. The color contractions between the Wilson lines
are suppressed in Eq. , but are normalized such
that (0]Y]Y; V] Y,Y,Y;]0) = 1. In Fig. [f] we show that
Qbad(R) in PyTHIAS and HERWIG++ is independent of
p% over the large range of p% considered. (The qg — Zgq
and gg — Hg channels in HERWIG++ have a small
downward trend in ps..)

For eTe™ — dijets, a boost allows one to derive im-
portant universality properties of the corresponding 2
parameter [39]. Here for Eq. (15]), boosting by —y; and
rotating by —¢ s, as illustrated in Fig. [5] the Wilson lines
and energy flow operator transform as

Ya,b — Ya,ba
YJ(yJ7¢J) — YJ(O7O)7
éT(ﬂ?JMb) %éT(ray_yJa(b_(ﬁJ)' (16)

Changing variables y — y + y; and ¢ — ¢ + ¢ then
yields an expression depending only on y and ¢, which
thus shows that Q,(R) in Eq. is independent of y;
and ¢;. We therefore set y; = ¢; = 0 in the following.
Note that unlike for ete™ — dijets, the matrix element
is not independent of y and ¢, so these dependencies in
the measurement f(r,y,$) do not generically decouple.
In Fig. we show that QI2d obtained from Monte Carlos
does not depend on the jet rapidity y;. The behaviour
with p7. and y; shown in these plots does not depend
on the value of R. In Figs. [f] and [7] we see again that
in PYTHIA8 the overall size of Q'3 (R) depends on the
channel, being larger for the channels with a gluon jet.
In contrast, QI2d(R) in HERWIG++ is smaller and of
similar sizes for all channels.

To discuss the R dependence of ,,(R), we switch to
coordinates {y’, ¢, r'} measured with respect to the jet
axis. This gives

our) = [ ar / Zdy/ / 4 F' 0 R)

< (O|T1Y ], (0, )Y 0,01 EL(. ', o)
x T[Y4(0,0)Y5(0,m)Y;]|0) , (17)
where the incoming beam Wilson lines Y, ;, point in the
(y',¢') = (0,0) and (0,7) directions, and ' = p, /m.

The measurement function in the original coordinates in

Eq. is given by
f(r,y,é, R) = (coshy — rcos ¢) O[b(y, o, 1) < R2] , (18)

where we use b(y, ¢,r) = 2(coshy — r cos ¢) to define the
jet boundary. In the primed coordinates it takes the form

fr'y' ¢\ R)

=e Vg [62‘”/ — 2" cos? ¢’ +1

2
- ﬁ\/él + R*(r"* cos* ¢/ — /2 cos? qﬁ’)} . (19)

Boosting along the jet axis by In(R/2) as in Fig. [8] the
Wilson lines and energy flow operator transform as

Y,(0,0) = Y, (In £,0),
Y,(0,7) = Yy (In &, 7),
YJ — YJ R

EL(r,y @) = EL(r Y/ +In &, ¢). (20)

In these coordinates, the beam Wilson lines are an angle
0 = 4tan~—'(R/2) ~ 2R apart.

We can now expand the result in R. To leading order
in R, the measurement in Eq. becomes

f0' 0y, ¢ R) = eV 0y +In(R/2)][1 + O(RY)]. (21)

For the leading term in the R — 0 limit, the beam Wilson
lines fuse

Yo(ln £,0)%(In &, 7) = Yy(—00,0) + O(R?),  (22)

where Y5 is an incoming Wilson line along the direction
opposite to the jet and in the appropriate conjugate color
representation that forms a color singlet with the outgo-
ing jet Wilson line Y;. Since we now have two Wilson
lines along the jet axis, we can boost along the jet axis
to eliminate the 3’ dependence. Integrating over ¢’ then
yields the result in Eq. , namely

R R? R®

EQ(“D+§ 32 QE&EMO[(%)?}’ (23)

where the coefficient of the leading term comes from in-
tegrating the measurement function over v/,

Q. (R) = Q® 4

/_OO dy’ e_yle[y/ +In(R/2)] = g . (24)

The leading nonperturbative parameter in Eq. is
given the universal matrix element
1
Qb = ¢, /0 dr’ g (r') (0| T[Y Y TEL () T (YY) 0).
(25)



FIG. 5. Boost by —ys along the beam direction and rotation by —¢; around the beam direction used to show that , is

independent of y; and ¢;.
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FIG. 6. pJ dependence of Q!*d(R) for PYTHIAS (left panel) and HERWIG++ (right panel).
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FIG. 7. Jet rapidity dependence of Q824 (R) for PyTnia8 (left panel) and HERWIG++ (right panel).

It depends on the color representation of the Wilson line
(quark vs. gluon) but not the full original color configu-
ration. To extend our result to a more general jet mea-
surement e, we included the parameters c. and g.(r’),
which in our case simply are given by ¢, = g.(r') = 1.
In general c. is the coefficient for the observable e [39)]
obtained here by integrating over our 3’ variable, and g,
encodes the hadron mass effects [40].

The expansions in Egs. and can be carried out
to higher orders in R, using Ref. [42] to expand the Wil-
son lines about the J direction, and lead to new nonper-
turbative matrix elements, collectively denoted as 923’5)
in Eq. . Terms with an odd number of gauge field
components that are transverse to the jet direction van-
ish due to parity invariance. Together with the overall

ko [0 QP ol [Gev]
PyTHIA8 AU2 g9 —¢q| 1.2 15 1.3
PyTHIA8 4C |g9 —¢q| 1.1 0.7 2.0
HERWIGH+ q9 —q| 1.2 —-09 4.0
PyTHIA8 AU2 | gG—g | 2.1 —-0.9 3.0
PyTHIA8 4C |gG—g | 2.1 —-14 34
HERWIGH+ qqg —+g| 1.0 03 24
PyTHIA8 AU2 | g9 — g | 22 15 24
PyTHIA8 4C |99 —g| 2.1 04 3.0
HERWIGH+ gg—g| 1.0 13 1.5

TABLE 1. Fit coefficients for Q. (R) in Eq. for different
Monte Carlos and tunes which give the lines shown in Fig.
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FIG. 8. Changing coordinates and boosting by In(R/2) along the jet direction in order to expand around small R.

factor of R, this implies that Q,(R) only contains odd
powers of R. The coefficients of the fits shown in Fig. [2
are given in Table The leading coeflicient in R, Q(l

is the same for quark and gluon jets, while the hlgher
coeflicients are quite different for all three channels. The

J

As an illustration of the utility of the operator formulation, we give explicit results for some Q,(.il

Q(g_w we have

1
1 A
Qb — o = / dr —‘<0|tr{Y}YJ€J_(7")Y;Yj}|O> :

qg—>q

r{ {Y}YJSL(T)YJTYJ’

+ HY}YJ&(T)Y}YJ—, Tlla gBJJ

_a _2”2)Y}YJ5L(r)Y}YjH 0> ,

1
_— By
70 gng-by+

higher coefficients Q,(f) and Q,(f) strongly depend on the
Monte Carlo and tune. They are also correlated so their
separation is not well constrained by the fit. The fact
that all the coeflicients are of similar size confirms that
R/2 is indeed the appropriate expansion parameter.

s. For qu—>q and

(26)

2 ) 1 1
(ﬁ]'ia)2 laL.gBjL B ny- i0 [TLJ 1agBJJ‘7gBU'#}:|

i0 ‘”-} 118 BJJ-/‘}

1 L Iyty.é t A
3 gBJlltiI + FF |:|:YJYJ(€J_ (T)YJYJ, ? gBM

where the Wilson lines Yy, Y, and BY = B;—ATA =
a trace over 3 and 3 color indices. The path for Y}Yj is [—00,0] along 7, then [0, c0] along n;. The measurement

is normalized such that &, () = 2x€, (r,0,0), which is equal to £, (r,y = 0) of Ref. [40]. In Eq. ( (26) the inverse
derivatives 1/(77-10) only act on the fields they are next to, and the fields on the right (left) side of the measurement

%[YIiDVYj] are all in the fundamental representation, and tr is

&, (r) are (anti) time-ordered. For th}z—w}’ Qf(,?_)g, and Q((;Z_)q we have
Vg = AV = dr — (O T { YTV Eu(r) Y] yJ}!0> 2, (27)
1
3 _ ( T 2 1 1
Qyisg = /dr NZ— < ‘T {{nyng( )nyJ, - agnJ Bﬂ-i( )2 101985, +——— 7,0 |:'I’LJ 1agBJL7gBJJ_[L:|:|

+ [ [V5 3tV agBJJ, - i — 9B, + o [T ag By o — 0B,

) U—Tﬂygyjégr)y? vi}|o).

where the Wilson lines ); and Y5 are in the adjoint representation, the gluon fields B“}—b =
dCabBQ
J

—if9*BS and BY =
are matrices, and Tr is a trace over adjoint color indices. When Tr acts on the term with B? = BJA it simply

contracts these color vectors to the appropriate sides of the color matrix y;y Jf:' L(r)yfy 7.



Soft function contribution to ISR

At O(ayg) the soft function contains the following
term [23]

S ks) > [To(a,8) + (8,0 2% (2] . (28)

The color factor for this interference of soft ISR from
the two beams is given by the color charge of the two
incoming partons, C,, = —T, - T}. For the processes we
consider, this is simply a number given in Eq. , but in
general this is a matrix in color space. The Ij in Eq.
is given by the following integral

Io(a, B) = E/W 4 [ayo(er - V3ja) (@)

™

x0(1/a—1— e2WI=Y) 4 9e¥s Y cos @) .
with parameters

o = (1—tanhy,)/(20),
8= (1+ tanhyy)/(2p). (30)

Here, p(R,y) controls the jet size, which is chosen such
that the jet area in (y, ¢) space equals mR? [23]. The total
integral in Eq. is an area in (y, @) space, where the
second theta function restricts the integral to the jet and
the first theta function reduces to 6(y < 0) and 6(y > 0)

10

for Iy(a, B) and Ip(S, ), respectively. Therefore, includ-
ing the overal 1/7 factor,

Io(a, B) + In(B,a) = R?, (31)

which yields the R? dependence shown in Eq. (12)).

The pr dependence of the MPI and soft ISR contri-
butions to the jet mass moment is discussed in Fig. [
In Fig. [9] we show in addition the y; dependence in the
same way. The y; dependence of the MPI is essentially
flat, except for perhaps a small reduction at large rapidi-
ties. Since soft ISR emissions are constant in rapidity, one
would expect the soft ISR contribution to the moment to
be independent of the jet rapidity at central rapidities.
This agrees well with what is observed in HERWIGH+
for |ys| S 1.5, while for larger y; the soft ISR contri-
bution reduces. As already observed before, PYTHIA8
has a larger soft ISR and smaller MPI contribution than
HErRwIGH++. In addition, the y; dependence of the soft
ISR differs noticably between PYTHIAS and HERWIG++.
Hence, measurements of the y; rapidity dependence can
also provide constraints on the modelling of soft ISR in
the Monte Carlos.

For completeness we have included the analogs of Fig.
and Fig. [0 for the g9 — Hg channel in Fig. Note
that the size of the R* contribution from soft ISR for this
channel is very similar to gg — Zq (at central rapidities).
This might be surprising since this is a purely gluonic
process, but it is in agreement with the prediction from
the color factors in Eq. .
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FIG. 9. Same as Fig. ] but for the y; dependence.
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FIG. 10. Same as Fig. [4 and Fig. [0 but for the gg — Hg process.
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