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1 Introduction

Low dimensional examples of dualities between conforméd fleeories and gravitational mod-
els in Anti-deSitter (AdS) space provide an area of actigeaech. There are several reasons



why such developments are interesting. On the one hand, lnangimensional critical theo-
ries can actually be realized in condensed matter systemshey are often strongly coupled,
the ADSCFT correspondence might provide intriguing new analydag to compute relevant
physical observables. On the other hand, low dimensiomalrivations of the AAEFT cor-
respondence might alsdfer new views on the very working of dualities between confarm
field theories and gravitational models in AdS backgrountsis applies in particular to the
AdS;/CFT, correspondence since there exist many techniques to salimeéhsional models
directly, without the use of a dual gravitational theorycBet examples in this direction include
the correspondence between certain 2-dimensional cosétroral field theories and higher
spin gauge theorie§|[1] 2], see alsol[3, 4,]5, 6] for examphesving supersymmetric confor-
mal field theories and [8] for a more extensive list of the Viéstature on the subject. It would
clearly be of significant interest to construct new examplethe AdS/CFT, correspondence
which involve full string theories in Ad$

In 2012, Gopakumar, Hashimoto, Klebanov, Sachdev and $ehsUd7] studied a two-
dimensional adjoint QCD in which massive Dirac fermioksre coupled to an SB) gauge
field. The fermions were assumed to transform in the adjaithter than the fundamental rep-
resentation of the gauge group. In the strongly coupled tdegtsity region of the phase space,
the corresponding infrared fixed point is known to develog\as (2, 2) superconformal sym-
metry. For gauge groups SU(2) and SU(3) the fixed points gesggasoro central charge
¢, = 1 andcs = 8/3, respectively. These central charges are smaller thatrttieal value
of ¢ = 3 below which one can only have a discrete seNof (2, 2) superconformal minimal
models. Such theories are very well studied. Once we go lieMoa 3, however, the central
chargecy = (N? — 1)/3 of the infrared fixed point exceeds the critical value arelrttodels
are very poorly understood at present. Note that the cecliaigecy of these models grows
quadratically with the ranN — 1 of the gauge group. While this is very suggestive of a string
theory dual, there exist very little further clues on therappiate choice of the 7-dimensional
compactification manifold/’ of the relevant AdS background.

The most interesting structure inside awy= (2, 2) superconformal field theory is its chiral
ring. Recall that theV = (2, 2) superconformal algebra contains a U(1) R-ch&gd he latter
provides a lower bound on the conformal weights the theory, i.e. physical statésin a
unitary superconformal field theory obey the conditidip) > Q(¢). States in the Neveu-
Schwarz sector that saturate this bound, i.e. for wh{gh = Q(¢), are callecthiral primaries
Since chiral primaries are protected by supersymmetry, éine expected to play a key role in
discriminating between potential gravitational dualstfa infrared fixed point of adjoint QCD.
More concretely, the space of chiral primaries in the linfitawge N should carry essential
information on the compactification manifoM’ of the dual Ad$ background.

The goal of our work is to initiate a systematic study of thé&ralhring for the models



proposed by Gopakumar et al. In [7] the partition functiontlod infrared fixed point was
studied forN = 2, 3. In these two cases the chiral ring is well understood thindhe relation
with N = (2, 2) minimal models, as we mentioned above. The chiral priasahat are found in
these two simple models are special representatives ofjerlalass ofegular chiral primaries
that can be constructed for &ll. But once we pass the critical value of the central charge, |.
for cy > 3, additional chiral primaries start showing up. We shall fiome example &l = 4
and three non-regular, exceptionglchiral primaries folN = 5. In order to do so, we develop
some technology that can be applied also to larger valubksasfd we hope that it will provide
essential new tools in order to address the |&idenit.

Let us briefly discuss the plan of this paper. In the next eactive shall describe the
low energy theory, identify its chiral algebra, construa televant modular invariant partition
function and finally discuss the emergeit= (2, 2) superconformal symmetry. Our discussion
differs a bit from the one in_[7] in that we work with a larger chiaddebra. Our algebra has
the advantage that it contains the R-current of the models @ives us more control over
chiral primaries in the subsequent analysis. Section 3vstdd to the representation theory
of the chiral symmetry. There we shall explain how to labglrépresentations and how to
construct the corresponding characters. In doing so, welkskep track of the R-charges. The
section concludes with explicit lists of representatiopsteN = 5. In section 4 we turn to
the main theme of this work, the set of chiral primaries. A&eplaining some general bounds
on their conformal weights we describe the set of regularatiprimaries and study some of
their properties. Finally, we construct all additional egtional chiral primaries foN = 4 and
N = 5. These were not known previously. Whether any of thesetiaddi chiral primaries
survive in the largeN limit remains an interesting issue for future research.

2 The model and its symmetries

The main purpose of this section is to review the setup desdrin [7]. Starting from 2-
dimensional adjoint QCD we describe how the low energy digtson emerges in the limit of
large density and strong coupling. Special attention isl paithe chiral symmetries of the
theory which are identified at the end of the first subsecfidre algebra we construct there is
a bit larger than the one that was considered in [7]. In thersgsubsection we then describe
how the state space of the low energy theory decomposesintesentations of left- and right-
moving chiral algebra. The section concludes with some centeon an emergeW = (2, 2)
superconformal symmetry and the role of chiral primariediditure studies of AdS duals.



2.1 Review of the model

The model we start with is a 2-dimensional version of QCD vi&ttmions in the adjoint repre-
sentations, i.e.

LIW.A) = Tr [¥(iy"D, - m— i) ¥| - 2912 TrF, F™ . (2.1)
YM
Here,A denotes an SUN) gauge field with field strength and gauge couplingyy. The com-
plex Dirac fermiong! transform in the adjoint of the gauge group d@hgddenote the associated
covariant derivatives. The two real parameta@ndu describe the mass and chemical potential
of the fermions, respectively.

We are interested in the strongly coupled high density regifithe theory, i.e. in the regime
of very large chemical potential > m andgyy. As is well known, we can approximate
the excitations near the zero-dimensional Fermi surfaceMoysets of relativistic fermions,
one from each component of the Fermi surface. These areildeddyy the left- and right-
moving components of massless Dirac fermions. At strongeg#éueory coupling, the resulting
(Euclidean) Lagrangian reads

Laa(y, W A) = Tr (TOT + vy + ALy, v]+ ALV, ¥]) . (2.2)

Here we have dropped the term involving the field strerfgtlusing thatgyy — o0. Upon
integrating out the two componems andA; of the gauge field we obtain the constraints

@ = [v.y]l ~0 , JD :=[V¥.¥] ~ 0. (2.3)

These constraints are to be implemented on the state spdlee f — 1 components of the
complex fermiony such that all the moded, n > 0, of J(2) = 3 J,z*™" vanish on physical
states, as is familiar from the standard Goddard-Kentedlnset construction[9].

In order to describe the chiral symmetry algebra of the tegptonformal field theory we
shall start with the unconstrained model, which we referstthenumeratortheory. It is based
onM = N? — 1 complex fermionsy,,v = 1,..., M. These give rise to a Virasoro algebra with
central chargey = N? — 1, where the subscript N stands for numerator. We can decsenpo
each complex fermion into two real componegfsn = 1,2, such thaty, = y! + iy?. From
time to time we shall combineandn into a single indexr = (v, n). Let us recall that the
real fermionsy, can be used to build SO2) currentsk,; at levelk = 1. The central charge
of the associated Virasoro field coincides with the centhargecy of the original fermions.
The SO(M), current algebra generated by the modeK gfforms the numerator in the coset
construction.

In order to describe théenominatoyi.e. the algebra generated by the constraints (2.3), we
need to recall a second way in which our fermigrisgive rise to currents. According to the
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usual constructions, we can employ the representationgeatnf the adjoint representation to
build two sets of SU{) currents at levek = N. These currents will be denoted By with
v=1...,Mandn = 1,2. The currents] that were introduced in ed. (2.3) are obtained as
J, = j} + j2 The chiral SUN) currentsJ, form an dfine algebra at levek = 2N. Through
the Sugawara construction we obtain a Virasoro algebraaeititral chargep = 2(N? - 1)/3,
where the subscript D stands for denominator. Now we hawnased all the elements that are
needed in defining the coset chiral algebra

Wy = SO(N? — 2);/SUN). . (2.4)

The parameteN keeps track of the gauge group $( The algebraWy is a key element in
our subsequent analysis. It is larger than the chiral symyneeinsidered in[7] which uses the
subalgebra SW)nx SUN)N € SO(N? - 2), to encode symmetries of the numerator theory.

2.2 Modular invariant partition function

The coset algebr&/y describes the chiral symmetries of our model. Consequéhéyartition
function must decompose into a sum of products of charafberthe left- and right chiral
symmetry. These characters will be discussed in much detdlv. The aim of this section
is to explain how they are put together in order to construetgartition function of the coset
model.

We shall begin with a few simple comments on the numeratarihés we reviewed above,
its state space carries the action of a chiral S@Yalgebra at levek = 1. This current algebra
possesses four sectors which are denoted wyspandc, respectively. When decomposed into
the associated characters, the partition function talefotim

2N, @ = Wiyl + ey P + e + Wb 1P = MEsx A (@B (2.5)

The labelsA, B on the right hand side run through B = id,v,spandc and M}; are integers
which are defined through the expression on the left hand gtdelicitly, these integers are
given byMY; = diag(1 1, 1, 1).

Now we need to describe a similar set of integet$ for the denominator theory. This is
obtained from the D-type modular invariant partition fuootfor the SUN),y Wess-Zumino-
Witten model. Before we can spell it out, we need a bit of notatTo begin with, we introduce
the setJy of SUN) weightsa = [11,. .., Ax_1] Subject to the conditioy, ;! 1s < 2N. These
label sectors of the SM) current algebra at levél= 2N.

On 9\ we can define an action @y such that

N-1
’}I([/ll’ ey /lN—l]) = [2N - Z /15’ /ll’ cees /lN—Z] (26)
s=1



for the generatoy € Zy. Obviously,y maps elementa € J\ back into gy and it obeys
YN =id.

In addition, we can also construct a map : Jy — R that assigns a conformal weight
hP(a) to each sectas € Jy. The weight is given

Cz(a) .

h°(8) = 2y

2.7)

With the help of the map : 9y — Jn and the weighhP : 9y — R we can finally define
the so-called monodromy charge

Q,(a) = h°(y(a)) - h°(a) mod 1 (2.8)

Now we have collected all the ingredients we need in ordemptl ®ut the desired D-type
modular invariant partition function of the SN}y Wess-Zumino-Witten model,

@D = Y el = DMLV @EN@ . (@29)
{@:Q,(a)=0 @ befa) ab
The first summation is over orbita} of weights for the fiine SUN),y under the actior (216)
of the identification curreng. The length of a generic orbit agrees with the dizef the gauge
group SUQN). Some orbitga}, however, possess fixed points so that their lemgth N5 can
be a nontrivial divisor oN. For more details on simple current modular invariants 8¢ [
From eq.[(2.0) we can readfahe integer coficientsMP of the decomposition [11],

5 Z';\)Ll Oacry If t(@ =0 modN
Ivlab =

0 otherwise

: (2.10)

wheret(a) = YN s A is theN-ality of an SUN),y representation = [Ay, ..., An_1] ando(a) =
2Nw; + c'(a),r = 1,...,N, are associated with group automorphisms of I$Jl{. They are
defined in terms of the fundamental weighisand the Coxeter rotatiorg§(w;) = Wi, — W,
see [11]12] for more details and [13, 14] fei° atN = 2, 3. Note that theN-ality constraint
coincides with the condition of vanishing monodromy chatigs was built into eq[(219).

We are now prepared to construct a modular invariant thass®aated with our coset
model. In fact, following the standard procedures in cosefarmal field theory we are led to

1The quadratic Casimir of an SNJ representatioa is given by
1| m S .
Ca(a) = 5 |35 + NN+ ;(Ii +li=2i)]|,

wheren = Y/_, |; is the total number of boxes in the corresponding Young tabland; = Z“;‘il As(i=1,..r1)
denotes the length of théh row.



consider

Zx(0, ) = Z MEMAEX (A ey (DX 1y @ - (2.12)

ABab
The summation runs over the same range as inlegs. (2.5) &dTBe functionsX are so-called
branching functions. We will define and construct them inrie&t section. For most values
of the label @, a), the branching functioX is a charactey of an irreducible representation of
“Wy. More precisely, one finds that

Xina(@ = x(ag(@ when Ny=N, (2.12)

i.e. when the orbita} of a under the action of € Zy consists ofN elements. The orbf0} of
the vacuum representation is always such a long one. Coastygun order for the vacuum
to contribute with unit multiplicity, we had to divide thersun eq. [2.111) byN2. But this is a
dangerous division. In order to see the problem, let us idgg and M3, as in eqgs.[(2]5) and
(2.9), respectively. Then our modular |nvar|.11)j|sea

@@= > X e (2.13)

A {a,Q)(a)=0
Here, we sum over orbits} instead of SUY) representationa with vanishing monodromy
charge. For short orbits we haly < N so that the corresponding branching functions are
divided by a non-trivial integer. Typically, one finds thaese fractions are not compensated
by corresponding multiplicities in the branching functso that the modular invariant (2111)
possesses non-integer @aaents. This problem is of course well known and may be overo
by a process known as fixed point resolution, seel[10, 15hdrcase of short orbits, i.e. when
Na # N, the branching functioiXy’, turns out to decompose into a sumfy characters
X(A,a,m) for irreducibles labeled byn. General formulas for such decompositions exist only for
some coset chiral algebras, see e.gl [15]. Experience sthavthe characterg?xam) can be
used as building blocks for modular invaria@f$® such that

Zn(0) = Zn(a) + Z3¥a) (2.14)

has integer cd@cients only. Zy can therefore be interpreted as the partition function ef th
system. To spell out details, we shall mostly assumelhiata prime number. Under this con-
dition, the sectorsA, [2, 2, ..., 2]) turn out to generate the only short orbits and the reswiut
process can be spelled out explicitly. Following a recips flescribed in [10] we define

X?Km,m)(q) = ( (Aak)(Q) + da m)) (2.15)
N
where dam €Z Wwith ) dam =0, (2.16)
m=1



m = 1,...,N andA runs through its four possible values, as usual. We alsodnted the
shorthandh, = [2,2,..., 2]. Note that the proposed characters indeed sum up to tihetirg
functions. FolN > 2 we propose the following values fd(A,m):H

digy = N-1, dia,p = -1,
d(V,l) = 07 d(v’p) = O,
(N-1y N-1 2.17
dspy = ————» Aispp) = —5—> (2.17)
N2 -1 N+1
ey = —5— ep = ——5—>
p = 2,...,N. Given these characters we can now constZifétthrough
1 ov N2+3N-1
Z3Q) = N2 Z Z Aarm = N (2.18)
A m=1

for N prime. SinceZ™®is a constant, it is obviously modular invariant. In additiaf we add
this term to the modular invariazy we obtain an expression in which squares of characters
are summed with integer cfiients,

N
Za@ =) > Wikag@P+ > D ke m@FP (2.19)
A {a},a*a. A m=1
Q(a)=0

Here, the first summation is over all orbits of lendttwith vanishing monodromy charge. Of
course our assumption thidtbe prime is crucial for the validity of the expressién (2.i®)the
partition function of our model.

2.3 Comments on superconformal symmetry

According to the usual Goddard-Kent-Olive (GKO) constimet[9], the chiral algebraly
contains a Virasoro field whose central charge is given byifierence of the central charges
in the numerator and the denominator,

c=c(WN)=Cy—Cp = N2—1—§(N2—1): %(Nz—l). (2.20)

Of course, the coset chiral algebra contains many more fifldde precise, any element of
the numerator algebra that has trivial operator produdt véispect to the denominator currents
makes it into our algebrd¥/y. In the case at hand, the condition is also satisfied by th¢ U(1
current

J@) = 3 2., v Qv (Dr (2.21)

2ForN = 2, we havet(sp1) = -1, dspz) = 1 anddc 1y = 1, dc2) = -1, all others are zero.
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wherex denotes the Killing form of SU). This U(1) current will play a very important role.

It was observed in [16] that the conformal symmetry is adyuahhanced to &V = (2, 2)
superconformal one. This means that the state space athmigstion of fermionic generators
G* and an additional U(1) curredt While G* are not contained in our chiral algebi#y, the
U(1) current is. In fact, it is precisely the current we foundhe previous paragraph.

Let us recall that in models witlv = 2 supersymmetry there is an important subset of
fields, namely the (anti-)chiral primaries. By definitionese correspond to states in the Neveu-
Schwarz sector of the theory, i.e. wi =id,v, such thath = |Q| whereQ denotes the U(1)
charge anch the conformal weight. Chiral primaries have many intergsproperties. In
particular, they give rise to the so-called chiral ring. ttddion the space of chiral primaries is
protected under deformations preserving Me- (2, 2) superconformal symmetry. Therefore,
it can serve as a “fingerprint” of our model.

As we discussed in the introduction, chiral primaries stiqudy an important role when it
comes to identifying the AdS dual of the superconformal ftekebry we are dealing with. As
we pointed out in the introduction, AdS duals of 2-dimensidqsuper-)conformal field theories
have recently attracted quite some attention. In the exjstkamples, the central charge is
linear inN and the dual model is a higher spin theory in AdS$he case we are dealing with
here is diferent: The central charge (2120) is quadratidNirand hence standard arguments
would suggest a richer dual model which is described by astuihg theory in Ad$ rather
than a higher spin theory. The identification of this stringdry would be significant progress.
Clearly, the chiral primaries could play a central role iantifying the string dual.

3 Representations of the chiral symmetry

In the previous section we identified the chiral symmetrebi@Wy of the coset model. Our
next aim is to develop the representation theory of thisatlsymmetry. In the first subsection
we shall provide several fierent ways to think about the pair,@) that label non-trivial
branching functions of our chiral algebfid’y. Then we explain how to obtain the branching
functions from the characters of the numerator and the deraior theory. We have worked
out the first few terms in the expansion of these characteralfoepresentations withl < 5.
The results are sketched in the third subsection, at ledbetextent to which they are needed
later on. More details may be found in appendix B.

3.1 Labeling of orbits

The labels A, a) of Wy branching functions have been described in the previousoseal-
ready. Let us recall tha runs through the four values =id,v,sp,c The range o was a little
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more dificult to state. It should be taken from the s&} of SU(N).y labelsa with vanishing
monodromy charg®),(a) = 0, see eql(2]8). Since branching functions are invariadéuthe
action [2.6) of the identification groufy, we only need to pick one representativiEom each
orbit{a} e Oy = jﬂ/ZN. In the next two subsections we will develop an approachdhaivs
to enumerate the branching functions¥fy more systematically.

3.1.1 Solving the zero monodromy condition

Our first task is to describe those labalghat solve theQ(a) = 0 condition, i.e. elements
a € Jp. Our claim is that elements of J3 are in one-to-one correspondence with pairs of
SU(N) Young diagramg” andY” with equal numben’ = |Y’| = |Y”| of boxes satisfying

r+c”<N , r”"+c <2N (3.1)

wherer’,r” andc’, ¢’ denote the numbers of rows and column¥afY”, respectively. Let us
denote the row lengthes of the Young diagrarhandY” b

Y= () L Y =)

Here, we arrange thié andl” in decreasing order, i.¢. > |/, etc. so that the largest entries
arel/ = ¢ andl{ = ¢”. From these two Young diagrams we can build a new diagfam

(... In_q) throughf

r’+1; for i=1,.,r
r’ for i=r+1, . ,N-I
i = . (3.2)
r'—k for i=N-IV+1. ,N-I/ , k=1..,r"-1
0 for i=N-I,+1,.,N-1.

r

As will be shown in appendix C, the total numb¥of boxes inY isn = r””N and the value of
the quadratic Casimir is

Ca(a) = Co(Y) = "N + C5(Y') - Co(Y"), (3.3)

whereC,(Y’) andC,(Y”) are the quadratic Casimirs of the 3U(representations associated
with Y’ andY”, respectively. Formula_(3.3) follows directly by subdiitg eq. (3.2) into the
definition of the quadratic Casimir invariant of SUJ

We will not prove the parametrization ¢fy through pairsY’, Y”) here. But let us make a
few comments at least. To begin with, the first constraintgn(8.1) is a necessary condition
for Y = (I, ...,In_1) to be a representation of SN while the second constraint ensures that

3The row lengthd; (i = 1,...,r") are related to the Dynkin labelg by I| = ’S\‘:’il A5 (and similarly forl”).
4This extends the construction 6f]17].
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it is also a representation of théiae group SU).y. So, the two constraints together ensure
thatY corresponds to a representation of the S)JJ¢urrent algebra at levéd = 2N, i.e. to an
element of our seffy. It is not difficult to show that the representatiovislso obey the zero
monodromy condition or, equivalently, thé-ality condition > il = 3, = 0 modN.
SincelY| = n=r”N for any pair {{’,Y”), |Y| = X |; is always a multiple oN and theN-ality
condition trivially holds true, st € j{j. Checking that the representationgive the complete
setJ would require some more work. We have checked with compugebaa up toN = 7
that the prescriptio (3.2) indeed provides the completeat8U(N),y representations with
vanishing monodromy charge.

Once we accept this parametrization of sectors with vamgshionodromy charge through
pairs (Y’, Y”) of Young diagrams, it is easy to count. Indeed, we have attak toN = 9 that
the total number of elements i is given by the series A082936 in [18],

1 3n
0 [
T8 = 35 nIZNso(N/n)( n), (3.4)
whereg(n) is Euler’s phi function. WheiN = 7, for example, we obtaili/?| = 5538 represen-
tations of the &ine algebra SU(7) with vanishing monodromy charge.

3.1.2 Necklace representation of orbits

The partition functiorZy involves a summation over orbita} of weightsa € jﬁ’, for the dfine
algebra SUY),n under the actiori(216) of the identification curreniThe right way to proceed
is therefore to group the elementsﬂfj into orbits{a}. It turns out that the orbits possess
a nice representation in terms écklacesvith N black and A white beads. A necklace is
constructed from thefine Dynkin labels Jo, 11, ..., An_1] Of any representation within a given
orbit. We stated the relation between the row lengthasd the Dynkin labels; in the previous
section. The additional entr, of the afine Dynkin label is simply given by, = 2N- Y71 4.
Necklaces are direct graphical representations of flieeaDynkin labels. The entries of the
affine Dynkin label determine the number of white beads whichsegarated by the black
beads, i.e. the structure of a necklace Ag:white beads, black bead; white beads, black
bead, etc.

AN-1

Ao

A1

12



A necklace represents the whole odai}, since the action of the identification currentorre-
sponds to a rotation of the necklace but not a modificatiomefecklace itself. The identifi-
cation of orbits with necklaces enables us to find a simpleéda for the number

Ol =) 3—;2 > u(Na/m) (3n”) (3.5)

Na|N a NN,

of orbitsOy = jﬁ/ZN. Here,u denotes the classical Mobius function.

Let us stress that the numbdO4g| counts the number of inequivalent branching functions
and not the number of representations of our chiral algdbwee assume that a branching func-
tion associated to an orbit of length can be decomposed into characterdlgil, inequivalent
representations, then the numberidfy sectors is given by

N 1 3n
RY1=4) 3 Zu(Na/n)( . )

NalN @0 7a N,

This formula produces the correct results at least wkes prime. The factor of 4 in front of
the sum stems from the summation oer

3.2 Representations and characters

Having parametrized and counted the orbits Afd) we will discuss the associated branch-
ing functions and the closely related characters of theathigebraly in more detail. By
definition, the character of @/ representatioR is obtained through

X2 (@ %) = tre (g ~5%) (3.6)

whereLg” denotes the zero mode of the coset Virasoro algebralarsidthe zero mode of the
current(2.211). The subscriptrefers to the choice of a representation of the chiral akgéby.

As usual in coset conformal field theory we can obtain brarglfiinctions by decompos-
ing the characterg™(q, x, z) of the numerator N= SO(2M); into characterg®(q, z) of the
denominator D= SU(N),y,

N-1
(G xz) = trA(ng-z%xﬂol_[ ;] = > XY@ 30 2) (3.7)
i=1 Aa

Here we have twisted the characters of the numerator fre@darmodel with the zero modes
Hio of the Cartan currents of D in Chevalley basis (construatexh fermions). By the very def-
inition of the coset chiral algebr#/y this implies that states of the coset algebra possess van-
ishingHjo charge. In other words, all the dependence on the variaptasthe right hand side

of the previous equation is contained in the charagtBrsf the denominator algebra SN)y.
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The summation in eq[(3.7) runs over representaten$ the denominator algebra, i.e. over
weightsa = [, ..., An_1] of SU(N) subject to the conditiol ;! 1s < 2N. Note that the gen-
erator of the latter carry no charge with respect to the Ug¢inentJ(z) so that the corresponding
characters are independenbofThe labelA runs through the four sectofs= id, v, sp,cof the
SO(2M) current algebra at levél = 1, as before.

Let us note the following fundamental properties of the bhamg functions introduced in

eq. (3.7),
XY@ x) =0 if Q,(a) 0, (3.8)
X&/a)(q’ X) = X?é/,b)(q’ X) |f B = A ) b = )/n(a) (39)

for some choice of. Using these two properties, we can rewrite £q.1(3.7) in o f

@xz)= > X0 XSG 2) (3.10)
{a},Qy(a):O

where the sum extends over orbjts of denominator labels under the identification current
whose monodromy charge vanishes and we defined

Sa(@2) = Y xP(@.2). (3.11)
be{a}

In order to progress, we must now insert explicit formulastfe various characters. The
functions on the left hand side of eq. (3.10) are actually w&sy to construct from the free
fermion representation which gives

X9 %, 2) = x4 (0, X, 2)
= [ a2 [@sxBz0q12)a « x 132012 | (3.12)

XeSU(N) n=1

Xo(G: %, ) £ x£ (0 X, Z)

_ l—[ (qmle/e l_l(l + X32Mg") (1 + X—1/3za(><)q”-1)), (3.13)

XeSU(N) n=1

where
#2X) = Ztltl(x)zzrz(x) .. ZK;IN_—ll(X) (3.14)

anda(X) = (a1(X), ..., an_1(X)) is a root vector of SUY). Of course, we can obtain explicit
formulas for the charactefgy, A =id,v by taking the sum and fierence of the expressions in
the first line.
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Ll — T 2]
an B ) — LI T] [4]

Figure 1: Pairs of Young diagram¥’(Y”’) inducingY € 73 for N = 2.

Characters of the denominator algebra BYJ( are a little bit more complicated but of
course also well known. In terms of the string functi@f&) of the denominator theory, the
characters can be written as

XB@z)= > DO 2), (3.15)
ASPTKM
K 2 11 K@Y +/kaY)
®a(q,2i)= Z q§|,3 +4/K l_lzl - , (316)
BYeMV i=1

whereP andM (M) denote the weight and (co)root lattice of )( respectively, and;’ are
the simple coroots of SW). By comparing the-expansion of the right-hand side of equation
(3.10) with that of expressionis (3]12,3.13), we findxtkaependence of the branching functions
order by order ik andq.

3.3 Examples with smallN

In order to illustrate the constructions we outlined abave # prepare for our search of chiral
primaries, we want to work out some explicit results with< 5. Let us recall that the central
charge of the models witN = 2 andN = 3 satisfiexy < 3 so that these two models are part
of the minimal series oV = (2, 2) superconformal theories. The other two cades; 4 and

N = 5, however, are outside this range and hence our resultaherew.

N=2

ForN = 2, there are 77| = 3 representations of SU@vith vanishing monodromy charge.
Such representations can be constructed from pairs of Ydiaggams Y, Y”’) by eq. (3.2), as
shown in figuré IL. Under the action gfe Z, these representations form two orbits. The first
one is long, i.eNjg; = N = 2 and it consists of[0], [4]}. There is a second orbit of length
Nz = 1 which is given by{[2]}.

In the case at hand, it is actually possible to derive expéixpressions for the branching

15



functionsX™ from the general decomposition formula(3.10), see appéhdi

X('d+V [oD (q’ X) (q) Z(+1)nq2n
nez
X&/+v[2)(q, Z(+1)n+1q2(n+3) (Xn+3 oy (n+3))
1 gs 3(n+ (3.17)
(SPiC[O)(q’ X) = m Z(il)”qi(mz) ,

nez

(SptC[Z])(q’ Z(+1)n+1q2(n+6) (Xn+6 =X (n+6))

neZ
From these expressions we can redidtioe conformal weights of the ground states in all 8
sectors. Similarly, we can also determine the maximal v&ube U(1) charge can assume
among the ground states of these sectors. In particulag tivertwo sectors with=id. The
sector {d, [0]) is the vacuum sector with = 0 andQ = 0.

As discussed at the end of section 2.2, the branching fure@ssociated with the fixed

points A, a.) = (A, [2]) can be decomposed into two characters of our algéba For A =id
andv, for example, these characters read

w _ 6(n 2(n )
Xid,[2,) = U(Q) Z q (n3)" 2003

nez

Xﬁfi[z],a = ) Z qe(”+a) x20+3)
NeZ (318)

W _ 6(n+2 20 )
Xw[21.1) = U(Q) Z q (n+d)" @00+

nez

wW _ 6(n+ 2(n+ )
X(V,[Z],Z) = n(q) Z g ( 6) X 6

nez

It is easy to check that these formulas agree with the expres&.15) and (2.16) whex= 1.
Let us also display the necklace patterns for the two offdis[4]} and{[2]}. The dfine
Dynkin labels for these orbits are,[d] (or [0, 4]) and [2 2]. These correspond to the following

two necklaces,

(0.0) (2/3,1/3)
(3/2.1/2)  (1/6.1/6)
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In the two lines below the necklace we use tuplexQ) to display the ground state enerljy
and maximal U(1) charg® among the ground states of the sectors withd (first line) and
A=v (second line). In principle, there are also two sectors Widsp, cwhich we do not show
here. The label ‘CP’ we placed in the center of the two neddaill be explained in the next
section.

Let us finally also spell out the full partition function ofdimodel. In the case at hand, our
general expression (2119) reads as follows

_ W 2 "% 2 W 2
Zy = Z( ol + Wz’ + Wik 2)
A

1
(o)

see appendik_Al3 for a few more details. The resummationiigat the second line is in
principle straight-forward. The final result coincidesihe usual partition function of a free
boson compactified on a circle of radiug2

K K2
> ataixeR with ke=-+, r=2V3  (319)

nwezZ

N=3

After having gone through the example Wf= 2 quite carefully, we can now be a bit more
sketchy withN = 3. In this case we obtaifig| = 10 representations of SUgith vanish-
ing monodromy charge. They can be grouped into four orbiieet of which have length
N = 3 while the last one has lengti,, = 1. More explicitly, the orbits are given by
{[0,0],[6,0],[0,6]},{[1,1], [4,1],[1,4]}, {[3,0],[0,3],[3,3]} and{[2,2]}. The reader is invited to
recover this list from pairs of Young diagran¥sandY”, as explained in section 3.1.1 above.
The four orbits are associated with the following four neckls

[0,0] [1,1] [3,0] [2,2]

(0,0) (2/3,1/3) (1/3,1/3) (1/9,0)
(3/2,1/2) (1/6,1/6) (5/6,1/2) (11/18 1/2)

The lines below these diagrams display again some infoomatbout the associated branch-
ing functionsX?Ka) for A=id andA=v, namely the ground state enerfggnd the maximun@ of
the U(1) charge. These results can be reééfom the branching functions which we computed
numerically, see appendix B.1 for the first few terms.

According to the general formula{2]13), the functifntakes the form

= _ W 2 W 2 W 2 11 vW 2
Z5(q) = Z (IXa ool + X Rl + XK 0yl + 31X A2 ) - (3.20)
A
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Once again, the-dependent branching functions for the short orbit can lm®ukposed into a
sum of'Wy characters. For instance, the branching fun@lion

,ﬁmnmmgo:1+(bﬂ3+3%6+5+3xw3+2x“%q+om%, (3.21)

can be written as the sum of three characters,

~ NS,ext
Xoopzn(0X) = 3(chli3™ +chyg ) = 1+ (2% + 3+ x23) q+O(?)

(3.22)

N ~ NS,ext: _
X?ig,[Z,Z],p)(q’ X) = %(Chlls/f;t + Ch11/18) = (X + X3+ 1+ x 3+ x¥3) g+ O(cP)

for p = 2,3. Here, the cP® are extendedVv = 2 characters, as defined in [7]. After the
resolution of the fixed point in the secto (2, 2]), we obtain the partition function

— W 2 W 2 W 2 wW 2 wW 2
256 %) = ) (Wkoop + Wiknap + Wikl + Wikl + 20k a2).  (3:23)
A

where all summands are considered as functions of §ahd x. Of course, forx = 1 we
recover the expression (2119) for the modular invariantifo@m function we described above.

N=4
ForN = 4 there exist twelve dlierent orbits which are labeled by the following necklaces

[0,0,0] [1,0,1] [0,2,0] [2,1,0] [0,1,2] [4,0,0] [2,0,2]

0,00  (2/3.1/3) (1/20) (1/3,1/3) (1/3,1/3) (L2/3)  (1/6,0)
(3/21/2) (1/6,1/6) (1,1/2) (5/6,1/2) (5/6,1/2) (1/21/2) (2/3,1/2)

[1,2,1] [2,3,0] [3,1,1] [0,4,0] [2,2,2]

(1,2/3)  (1/2,1/3) (3/4,2/3) (2/3,2/3) (1/3,1/3)
(1/2,1/2) (1,5/6) (1/4,1/6) (7/6,5/6) (5/6,1/2)
Note that in this case there are two short orbits. While thvét ¢j0,4,0], [4,0,4]} has length
N0 = 2, the elemend. = {[2,2,2]} is fixed under the action of and hence gives an orbit of
lengthNz 22 = 1. The branching functions of all orbits are displayed ineppixB.2. Note that

5In comparison with appendixB.1, we have reintroduced totofay /%4 in X% (c3 = 8/3).
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4 x 2 of these branching functions should be decomposed intsumeof'Wy characters since
they are associated to short orbits. For the remaining dheshranching functions coincide
with the characters. We shall not discuss the resolutiorxeéifpoints and the partition function
of the system in any more detalil.

N=5

SinceN = 5 is the first prime number beyond the minimal model boundfitied case in our
discussion is the most important one. Foe 5 there are 41 dierent orbits which are labeled
by the following necklaces:

[0,000 [1001] [01,1,0] [2010 [1,200] [01,02] [0,021]

(0,00  (2/3,1/3) (7/150) (1/3,1/3) (6/5,2/3) (1/3,1/3) (6/5,2/3)
(3/2,1/2) (1/6,1/6) (29/30,1/2) (5/6,1/2) (7/10,1/6) (5/6,1/2) (7/10,1/6)

[3,1,0,0] [2002] [1,1,1,1] [1,03,0] [0301] [0,2,2,0] [0,0,1,3]

(1,2/3) (1/5,0) (1,2/3) (4/5,1/3) (4/5,1/3) (2/3,2/3) (1,2/3)
(1/2,1/2) (7/10,1/2) (1/2,1/2) (13/10,5/6) (13/10,5/6) (7/6,5/6) (1/2,1/2)

5,000 [3011] [2201] [2120 [1,310 [1,1,03] [1,022]

(2/3,2/3) (4/5,2/3) (2/3,2/3) (8/151/3) (4/3,1) (4/5,2/3) (2/3,2/3)
(7/6,5/6) (3/10,1/6) (7/6,5/6) (31/30,5/6) (5/6,5/6) (3/10,1/6) (7/6,5/6)

[0,50,0 [0,212] [0131] [41,01] [4020] [3,210] [3,00,3]

LRl B )

(L1)  (8/151/3) (4/3,1) (2/51/3) (4/150) (17/151) (3/5,1/3)
(3/2,7/6) (31/30,5/6) (5/6,5/6) (9/10,5/6) (23/30,1/2) (19/30,1/2) (11/10,5/6)
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[2,400 [2112] [2031 [1302] [1.221] [1,1,4,0 [0,3,3,0]

LALLM L3 R

(13/15,2/3) (2/5,1/3) (6/5,1)  (6/5,1) (16/151) (4/5,2/3) (3/5,0)
(41/30,7/6) (9/10,5/6) (7/10,1/2) (7/10,1/2) (17/30,1/2) (13/10,7/6) (11/10,5/6)

0,123] [3202] [3121] [2311] [2230 [2222]

ICHEICHE

(17/15,1)  (L,2/3) (13/152/3) (2/3,2/3) (7/151/3) (1/3,0)
(19/30,1/2) (1/2,1/2) (11/30,1/6) (7/6,5/6) (29/30,5/6) (5/6,5/6)

As usual, the length of the orbat. = {[2,2,2,2} is Np = 1. All other orbits are of maximal
lengthN. The first few terms of the branching functions are displaypeappendiXx B.B.

Let us briefly describe how to resolve the fixed point when wekweith x-dependent
branching functions and characters. One may find the foligueixpression for the branching
function

ng R22ay =1+ (Ay? + 193 + 36y*3 + 47)q + O(4P), (3.24)

in appendiX B.B. It can be written as a sum of five functions,
X?i/(|j/,[2,2,2,2],1) =1+ (33/4/3 + 8y2/3 +11)q+ O(qz),

X %,[2,2,2,2],;)) = (Y + 4y + 7¥?° + 9)q + O()
for p = 2,...,5, which we propose for the characters. Here we have intextitlte shorthand
y" = X"+ x". Note that forx = 1 the codficients ofq in the characters must equal ¥65= 33.
Then, after resolution of the fixed point, we get

z=)( ), Ral> + k22210 + MR 222F)- (3.26)

A {a8)e0s/{[2,2,2,2]}
This concludes our brief discussion of branching functjamaracters and partition functions
for the examples withN < 5.

(3.25)

4  Chiral primary fields

In this section we will describe the main results of this wokile have described the chiral
symmetry'Wy and the complete modular invariant partition functigpfor a family of field
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theories withNV = (2, 2) superconformal symmetry. Our goal now is to determinectheal
primaries of these models. Since we know how the spectrurheofrtodel is built from the
various representations of the chiral algefitd, all that is left to do is to find (anti-)chiral
primaries in the individual sectors. In principle this isagghtforward once the characters of
the chiral algebra are known. Indeed, fér< 5, the chiral primaries can be reaff tom the
g-expanded branching functions listed in appemndix B. Inisaét.1, we show that there exists
an upper bound on the conformal weight of a chiral primaryoider to organize the chiral
primaries, we will then define and discuss in section 4.2 tasscofregular chiral primaries.
In section 4.B, we discuss a few examples and show thall fer 3 there are no other chiral
primaries besides the regular ones. This will change fasriee withN > 4, as we shall show
in sectior 4.4.

4.1 Bound on the dimension of chiral primaries

There are a few general results on the dimension of chiralgmies that are useful to discuss
before we get into concrete examples. In My 2 superconformal field theory, the conformal
weight of chiral primaries is bounded from above by

h(ges) < 2 @.1)

wherec is the central charge of the Virasoro algebral [19]. This lbisnindependent of the
sector in which the chiral primary resides.

In order to derive stronger sector dependent bounds, w# tieatthe fields in the numerator
theory satisfyhN > 3|QN|. States that make it into the coset sectar{&}) contain the highest
weight vector of a SU),n representatiob € {a} in the orbit ofa. The latter has weiglt? and
chargeQp = 0. For the dimensioh and charge of the coset fields we obtain the constraint
h+hD = h" > 31Q"| = 3/Q| and consequently for coset stagem the sector 4, {a}),

h(#) > 3Q(#)] — Minseray (nD) .

For (anti-)chiral primaries., with h(¢cp) = 1Q(¢ep)l this inequality implies that

Cz(b))
6N |~

2h(pep) < Mingegy())  or  h(gep) < minoe{a}( (4.2)

In addition to this constraint, the U(1) charges must al$isfsdQ| = k/6 (k € Np). It is easy to
see that this implies

minoe{a} (CZ(b)) €7

if the sector A, {a}) is to contain a chiral primary and is odd. For evefN a similar condition
holds withN replaced byN/2.
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As we shall see below there exist some important sectorstiazhathis bound is so strong
that it does not permit chiral primaries above the grountestan other sectors, however, our
bound [4.2) is much less powerful. This applies in partictdathose that are associated with
the fixed pointa,. In fact, in the representaticm, the quadratic Casimir assumes its largest

eigenvalue
Co(a) _ o
6N 6
Hence, in the fixed point sectors our bound(4.2) coincideis thie universal bound (4.1). This

appears to leave a lot of room for chiral primaries.

Cy(a,) = %N(NZ -1) or

4.2 Regular chiral primaries

As we stressed before, there exists a large set of chiralapies that may be constructed
very explicitly for any value ofN. Their description is particularly simple when we use our
parametrization of orbits in terms of two Young diagra¥fiandY”’, see section 3.1. We will
determineW sectors containing regular chiral primaries in the firstsgdbion and then count
regular chiral primaries of the full (non-chiral) conforhfigld theory in the second.

4.2.1 Parametrization and properties

In section 3 we constructed all solutioag J of the vanishing monodromy conditida) =

0 in terms of a pair of Young diagran¥$ = Y’(a) andY” = Y”(a). As indicated in our notation
we now think of these Young diagrams as functions of the séab®la. This map is obtained
by reversing our formuld (3.2) for the construction¥gf) from Y’ andY”. As we shall show
below, for elements of the following subset

Sn=f{a=(ls,....1NIY'(a) = Y'(a); Q@) = 0} c Iy (4.3)

we can find a regular chiral primary in the coset secté¢$d}) with A =id if |Y’| is even and
A = v otherwise.

There is a relatively simple geometrical construction @& ¥oung diagram¥(a) that can
be obtained withy’ = Y”. In fact, it follows from eq.[(32) that a Young diagrar(a), a € Sy
is obtained fromY’ by first completingY” to anr’ x N rectangular Young diagram and then
attaching the (rotated) ‘complementary’ diagral;,, ..., N — I7) from the left to the original
Young diagran¥’. An example is shown in figuié 2.

Note that the conditioiy’(a) = Y”(a) is not invariant under the action of the identification
current. So, in order to find out whether a sect#r{@}) contains a regular chiral primary, one
has to check the conditiori(b) = Y”(b) for all b € {a}.

There are two important remarks we have to make concernagrécise relation between
coset sectors containing regular chiral primaries and etsnof the setSy. The first one

22



Figure 2: Generation of a representatior S4. The Young diagrany” with lengths [, 15) =
(2,1) (black) induces the SU(4) representatiowith lengths (4, 15, 13) = (4, 3, 1).

concerns the sectors obtained fream= [2,2,..., 2] that give rise to the unique fixed points
for N prime. A moment of thought about the construction we sket@imve shows that, can
never be inSy unlessN = 2. Hence the distinction between coset sectors and lahgla}}, as
well as all our discussion of fixed point resolutions, is redeévant for the discussion of regular
chiral primaries whem is a prime number.

More importantly, we want to stress that there exist offaifs Oy that contain two elements
from Sy. It is not too dfficult to list these orbits explicitly. From the general constion of
Sy we can infer that

a, =10,..,0,N,0,...,0] € Sy

forv=1,...,N— 1. Here, the only non-zero ently can appear in any positioni.e. 14, = N.
Field identifications can map, to ay_, so that we have now foundN — 1)/2] orbits that
contain two elements &y. One may also argue that these are the only ones that conta@ m
than one element &y

For coset sectord)( {a}) with a € Sy there exists a simple formula to compute their exact
conformal weight. By eql[(3l3) the quadratic Casimir of arespntatiora € Sy is simply
C,(a) = n’N. This implies that the conformal weight of the ground stades

C 4
aim) = o = 2 (4.4)

for a € Sy. Let us add that the numbaf = |Y’| = |Y”| of boxes inY’ is given in terms of the
representation label§(...,I;) of a by

rhgyzgwﬁﬁ (4.5)

with r’ = n/N and wheren = }''_, |; is the number of boxes &f = Y(a). With the help or sector
dependent bound from the previous subsection, seé_eg, {¥e2)an now show that in all the
sectors associated withe Sy, chiral primaries must be ground states of Héalgebra. In
fact, by combining the conformal weiglt (4.4) with the bodd), we find

%ﬁu_w

i
6

6"

= h(¥(aa)) < h(dep) < minbe{a}(

Hence, these sectors cannot contain any chiral primariagdition to the ones we will find
among their ground states.
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4.2.2 Counting of regular chiral primaries

Before we look into examples let us count the regular chir@aharies along with their confor-
mal weight. This will proceed in several steps. First we lsbalint the number of elements
in Sy, then we employ the result to count the number representatbour chiral algebray’
that contain a regular chiral primary and finally we detemrtime counting function for regular
chiral primaries from the full partition function of the melgat least folN prime.

Our description of the se$y in terms of Young diagram¥’ = Y” makes it an easy task
to determindSy|. The conditions for the choice &f andY” we spelled out before ed. (3.2).
They imply that diagram¥” corresponding to elements 8\ must fit into a rectangle of size
r’x ¢ withr’ + ¢ = N. Such Young diagrams are counted through the series

. N N N—lN_l N-1 N—l
TN(q):kZ;[kL—kZ;[ ) L:g;qk[ <, (4.6)

which is denoted by A161161 in [18]. Thebinomial codficient that multipliegi* counts all
Young diagramy” that fit into a rectangle with\ — 1 — k) x k boxes. The factoq corresponds
to attaching to each of these Young diagrams from the lefhglasicolumn ofk boxes. As a
consequence, the individual summands inleql (4.6) coumtithoer of Young diagrams fitting
into a rectangle withl — k) x k boxes. By the binomial theorem we find

pzd
[u

Su=Ta@)= ) (V=2
0

=~
I

Let us list also the cdicientstY of the functionTy(q) = X, TNg" for all values withN < 7,

11

11,2

11,231

11,2,3522
1123575431
11,2357,11,8,9,7,6,2,2.

Z Z2 Z2 Z2 Z2 Z
Il Il
N o o b~ WODN

Let us note in passing that, at larlye the codicientst) of Tn(q) coincide with the numbep,
of partitions ofn, i.e.

_ = 1 = .
lim o) = | [ 17 = D pa". (4.7)
k=1 q n=0

In order to count the number o’ representations that contain a regular chiral primary we
recall two facts discussed above. The first one concernsde fioint resolution. WheN > 2
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is prime, there is only one short orlaf and sincea. is not a element o8y the counting of
regular chiral primaries is not fected by the fixed point resolution. On the other hand, there
are a few orbits that contain two elementsSaf. These need to be subtracted from the counting
function Tn(q) in order to obtain a counting functiofy(q) for ‘W sectors containing regular

chiral primaries
|5%2]
() == Tna) = D g™, (4.8)
n=1

As explained above, the over-counting we are trying makeousfassociated with the Dynkin
labelsa, € Sy. Since the sectorA( a,) containing the associated regular chiral primary has
subtraction.

After this preparation we can now turn to the counting of (tag) chiral primaries. By their
very definition, (anti-)chiral primaries are fields in thevda-Schwarz sector of the theory for
which the conformal weighth and the U(1) charg€ satisfyh = +Q. Here, the upper sign
applies to chiral primaries while the lower one is relevamtdnti-chiral primaries. It is then
obvious that chiral primaries are counted by

2260 = Gz P % P T ATt KA1 (4.9)
whereZ{® denotes the contribution from the NS sector of the modelthe summandé=id
andA = v, to the full (resolved) partition function. For anti-chigimaries, the first two argu-
ments of the partition function in the integrand must beaegtl bygx? andgx?, respectively.

We know that this counting function for chiral primariesee®s contributions from the regular
ones. The latter have been determined above so that

2%(0, @ = Z"*%q, § + ZPa. @) = Tn (@) + ZP*(6, & - (4.10)

The counting functioly for regular chiral primaries has been constructed in €gs3) @hd
(4.8) above. If all chiral primaries were regular, there Wdue no additional contributions. But
we shall see below that this is not the case. Starting febm 4 not all chiral primaries are
regular. The additionaxceptionathiral primaries are counted &>,

4.3 Examples withN < 3: Minimal models

The aim of this and the following subsection is to illustrate general constructions through
the first two examples, namely = 2 andN = 3. These possess central chacge< 3 and
hence they belong to the minimal seriesMf= (2, 2) superconformal minimal models. For
models from this series the chiral primaries are well kno@uar only task is therefore to show
that the general constructions of regular chiral primadgesined in the previous subsection
allows us to recover all known chiral primaries.
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e — e (id, [0])

(1 — 1] v, [2])
Figure 3: The sets of Young diagrarvisandY for N = 2.

N=2

Let us start by reviewing briefly the case Mf= 2 which gives a CFT with Virasoro central
chargec, = 1 < 3. In section 3.3 we have listed all the sectors of this motteigawith the
conformal weight and maximal R-charge of their ground stafgom the results we can easily
deduce that there are only two sectors containing chirabgmies, namely the sectorisl,([0])
and {,[2], 1). Recall that the label([2]) labels a branching function that can be decomposed
into a sum of two characters. These characters, which wepagied in eq.[(3.18), show that
only one of the corresponding sectors contains a chiralggnMoreover, since the conformal
weight of all chiral primaries is bounded loy/6 = 1/6 there can be no chiral primaries among
the excited states of the model. Hence, we conclude that Insod&ins two chiral primaries.
One is the identity field, the other one a chiral primary ofgitth = 1/6.

Let us reproduce this simple conclusion from the constonctif regular chiral primaries.
The construction we sketched above instructs us to listalhg diagram¥” that can fit into a
rectangle of size’ x ¢’ wherer’ + ¢ = N = 2. Obviously, there are only two such Young dia-
grams, namely the trivial one and the single box. These grei@el in the leftmost column of
figure[3. Applying the general prescriptidn (3.2) (wiH=Y’) we obtain two Young diagrams
Y in the second column. From the two columns we can reéfthe labels of the corresponding
coset sectorsq, {a}). These are displayed in the third column. As we explainen/ajthe first
label A is determined by the number of boxe'sof the Young diagranY’ in the first column.
Itis A =id if n” is even andA = v otherwise. The second entry contains the ofajtof the
SU(2), representation that is associated with the Young diagranm the second column. Ac-
cording to eq.[(4}4), the conformal weights of the correslog chiral primaries are given by
h(¥(aa) = [Y’|/6. In this case, we recovered all chiral primaries throughanstruction of the
regular ones. The counting function for chiral primariegiien by

Z(0, ) = 1+ (q@)"® = T2 ((ca@"°) (4.11)

and it obviously coincides with the counting function foguéar chiral primaries we stated in
the previous subsection.

26



. — ) (id, [0,0)])

I v, [1,1])

I (id, [3, 0])

B — (id, [0, 3])

Figure 4: The sets of Young diagrarvisandY for N = 3.

N=3

For N = 3 we can proceed similarly. In this case, the model has destteagec; = 8/3, still
below the critical valueec = 3. It is well known to possess 3 chiral primaries of conformal
weightsh = 0, 1/6, 1/3 [7] and one can verify this statement through a quick glaidbe data
we provided with the list of necklaces in section 3.3. Notat tihe three necklaces that are
associated with chiral primaries have been marked withetterks ‘CP’ in the center.

Let us now apply our general construction of regular chirghpries to the casél = 3.
To begin with, we must list all the Young diagran¥s that fit into a rectangle of size %t 2
or 2x 1. There are four such diagrams which are depicted in theatest column of figurél4.
Application of the constructiori (3.2) (with”” = Y’) gives four representations of SU(3), as
shown in the second column of figure 4. The correspondingtsestors are listed in the right
column. In this case two of the obtained sectors coincideesthe SU(3) sectors [03] and
[3, 0] are related by the simple current automorphism. Hencenaeup with three inequivalent
coset representations whose ground states can providelaregiral primary. Their labels are
displayed in the third column of figure 4.

We can easily scan the partition functiégngiven in eq.[(3.283) for chiral primaries from the
list in the third column of figurgl4 to obtain

ZP(,q) = 1+ (q@)™® + (aa)** . (4.12)

The answer agrees with the counting function for regularatiprimaries we proposed in the
previous subsection, i.e.

ZP(0. 9 = Z5""%a. @ = T((a)"®) - (qa)*.

The subtraction ofd@)*/® is explained by the field identificatioid( [3, 0]) = (id, [0, 3]).
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4.4 Exceptional chiral primaries for N > 4

ForN = 2, 3 the complete set of chiral primaries is given by the clagegilar chiral primaries.
While this class still plays a role for highé&t we shall find additional chiral primaries when
N > 4. We refer to them asxceptionathiral primaries.

N=4

ForN = 4 the central charge, = 5 exceeds the bourtd= 3 that can be reached with supersym-
metric minimal models. Therefore we can no longer rely orvkmoesults on the set of chiral
primaries. Let us therefore first apply our general consisas of regular chiral primaries and
then check whether they provide the complete set of chiralanes.

The analysis is summarized in figlie 5. In the first column wtedlil the Young diagramyg’
which can fit into rectangles of sizexB or 3x1 or 2x2. From these we build Young diagrams for
representations of SU(4) with the help of €g.(3.2). Theltsesue shown in the second column.
Taking the first two columns together we determine the listasfet sectors shown in the third
column. Note that\([4,0,0]) and {,[0, 0, 4]) refer to the same sector of the model since
[4,0,0] may be obtained from [@, 4] by applying the simple current automorphism. Hence,
our construction gives sevenfidirent coset sectors whose ground states are chiral primary.

In order to check whether we are missing any chiral primasfebe model, we must scan
the space of states with conformal weidght c,/6 = 5/6, or a little less if we used the sector
dependent bound (4.2). Sincgdb< 1, all chiral primaries must be ground states. Hence we can
perform the scan by looking through the pains@) we displayed when we listed the necklaces
for N = 4 in section 3.3. Those necklaces that give rise to chirahg@ries have already been
marked by a ‘CP’ in the center. Not surprisingly we find all #een regular chiral primaries
from the third column of figurgl5.

On the other hand, the scan we just performed gives one moed phiimary that does not
appear in the right column of figuké 5, namely a ground stath®toset sectoid, [2, 2, 2]).
This new chiral primary has conformal weight= Q = 1/3 and it is our first example of an
exceptional chiral primary. Our findings may be summarizetthe following expression

Z(, @ = 1+ @@Y° + 3" + 2@ + (a)¥® (4.13)
which is equal to
ZP(aq, q) = Z*"Y(a, @) + (qa)*>.

The additional termd@)*® counts the exceptional chiral primary. A word of cautiomisider.
In general, chiral primaries can appear in coset sectorshndrie fixed points of the theory. As
we discussed before, such fixed points must be resolvedt enalata priori clear whether this
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) — . (id, [0,0,0))

] — ] (v, [1,0,1])

I (id,[2, 1,0])
[(TT] — [ITT17 (v, [4,0,0])

] N (id, [0, 1,2])
] N (v,[0,0, 4])
i — L v, [1,2,1])
N (id, [0, 4, O])

Figure 5: The sets of Young diagrarvisandY for N = 4.

changes the multiplicity of the chiral primaries or not. o= 4 both the sectord, [0, 4, 0])
and (d, [2, 2, 2]) are fixed points and their ground states are chiral piymEne chiral primaries
appear with multiplicity one in botlﬁ(zi‘:,w’[o"w]) and X, 222 @S can be seen from the their
g-expansions in appendix B.2. The reslli(4.13)Z8tholds true provided that the fixed point
resolution doesotchange the multiplicities. Otherwise the counting of chirdmaries would
need to be modified accordingly.

N=5

As in the previous discussion we shall begin by listing adl tegular chiral primaries fax = 5.
After constructing all Young diagram$ which fit into rectangles of sizex 3, 3x 2, 1x 4 or
4 x 1 we apply eq.[(3]2) to obtain the 16 Young diagrarndt would take quite a bit of space
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to display all of them. So, let us simply produce a list of tberesponding Dynkin labels,

Ss ={(id, [0, 0,0, 0]), (v, [1,0,0, 1]), (id, [2, 0, 1, 0]), (id, [0, 1, O, 2]), (v, [O, O, 1, 3]),
(v, [1,1,1,1]), (v, [3,1,0,0]), (id, [5, 0,0, 0]), (id, [2, 2, O, 1]), (id, [0, 2, 2, O]),
(id,[1,0,2,2]),(id,[0,0,0,5]), (v, [0, 1,3, 1]), (v, [1, 3,1, 0]), (id, [0, 5, 0, O]),
(id,[0,0,5,0])} .

Note that bothifl, [5, 0, 0, 0]) and {d, [0, 0, 0, 5]) as well asid, [0, 5,0, 0]) and {d, [0, 0, 5, 0])
are identified by the simple current automorphism. Hence weldvexpect 14 coset sectors
whose ground states are (regular) chiral primary.

Let us now look for the complete set of chiral primaries. lis ttase, the sector independent
bound [4.1) restricts the conformal weight of chiral prirearto satisfyh < ¢5/6 = 4/3. Here
we inserted the central charge= 8. One can again do a little better using the sector dependent
bound [(4.2), but in the case at hand we also listed all carttdbs to branching functions up
to weighth = 4/3, see appendix B.3. The results show that once more alllghiraaries are
Wy ground states so that we can detect chiral primaries frontlaite that were provided in
section 3.B where we listed the necklacesNbe 5. We see 17 sectors of o0’y algebra
contain a chiral primary among its ground states. This isdhmore that the 14 regular chiral
primaries we described in the previous paragraph. The éxcegp chiral primaries correspond
to ground states of the sectows[B, 2,0, 2]), (id,[2, 3, 1, 1]) and ¢, [2, 2, 2, 2]) and they possess
conformal weightd = 1/2, h = 2/3 andh = 5/6, respectively.

From the resolved partition function (3126), we thus find

Zs" =1+ (a0)"* +2(0)"” + 4(d)"* + 5@ + 3(aA)** + aq (4.14)
= T5((00)") + (@@"2 + (@™ + (@@"° . (4.15)

The last three terms give the counting functieft® for exceptional chiral primaries. Let us
point out that one of the new chiral primaries is sitting desthe fixed point sectowv(a.),
something that could not happen with the regular chiral pries forN prime.

5 Conclusions

In this paper we described the chiral symmet#fy and the complete modular invariant parti-
tion functionZy for a family of field theories with\V = (2, 2) superconformal symmetry that
arise in the low energy limit of 1-dimensional adjoint QCDe\eveloped techniques to study
these theories foN > 4, where the theory does not correspond to a supersymmeinie m
mal model. Special attention was payed to the set of chiralgites which are counted by a
functionZy’(q) which we introduced in eq_(4.1L0).
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One of our main results is the discovery of exceptional tipiranaries forN = 4,5, which
lie outside the set of regular chiral primaries. In fact, warfd one such chiral primary for
N = 4 and three of them faN = 5. Regular chiral primaries were described in some detail in
sectior 4.R. These fields are counted by a funcTigy) which we defined in eql_(4.8).

Our research is motivated by the desire to constrain theghapdic dual of the supercon-
formal field theory under consideration. To this end, onelaidike to find all chiral primaries
in the limit of a large numbeN of colors. As we discussed in section 4, the counting functio
Ty for regular chiral primaries has a well-defined and simpteting behavior[(4.]7). A similar
analysis for the exceptional chiral primaries has not besfopmed yet. It is possible that such
chiral primaries do not survive the largelimit. We will return to this problem in a forthcoming
publication.
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Appendix

A Branching functions and fixed-point resolution for N = 2

In this appendix we explain how to compute the branchingtions forN = 2, how to resolve
the fixed point and how to recover the partition function obanpactified free boson. The first
subsection contains a list of relevant functions and idiesti Branching functions of the model
are computed in the second subsection before we discusattit@op function in the final part.

A.1 Notations
Throughout this appendix, we use the following notationtfata functions

\Pk(a|b)x = Z q%(n+%)sz(n+%)

nez

‘i’k(a|b)x = Z(_l)nq%(n+%)2xb(n+%) .

nez

Fork = 1, 2, these reduce to ordinary Jacobi theta functions,

Os(alb)y ;= Yi(alb)x, Os(alb)y := q”l(a|b)x )
02(alb)x = Pa(alb)x, 6a(alb)x := —iPx(alb)x.

Whenever we set = 1, we omit the second parameter in the brackets and the satsitspt.
Next, let us introduce Ramanujan’s theta function,

fab) = > (@h? (g) -T1 (1 ; é(ab)”) (1 ; %(ab)”) (1 - (ab)”).

nez neN

It is related to theta functions through
2
f(@.b) = q U ¥ 1),
2 ~
f(-a-b) = g Fu ¥y (all),

where the variableg andg on the right hand side are relateda@ndb throughab = g* and
a/b = g’u?. Ramanujan’s theta function obeys Weierstrass’ thrae-tetation [21],

f(a,b)f(c,d) = f(ad, bc)f(ac, bd) + a f(c/a, a’bd)f(d/a, a’bc)
wheneverb = cd, and Hirschhorn’s generalized quintuple product iderf2gj,
f(a, b)f(c,d) = f(ac bd)f(ac- b?, bd- a°)
da bc a 5 ch ad b 2
+af (5’ a(abco)) f (E’ b—C(abccl) ) +b f(B’ E(abco)) f (F’ aj(abccb )

for (ab)? = cd. This concludes our brief list of mathematical functiond &fentities.
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A.2 Branching functions

In order to illustrate how branching functions are computetus focus on the decomposition
of theid + v sector of the SO(6)WZW model. According to our general prescription (3.12),
the corresponding character reads

Xios (0% 2)
— q—1/8 1_[(1 + X1/3qn—1/2)(1 + X—1/3qn—1/2)(1 + X1/322qn—1/2)

neN
X (1 + X—1/3Z—2qn—1/2)(1 + X1/3Z—2qn—1/2)(1 + X—1/322qn—1/2) (Al)

— n—3 f (q1/2xl/3’ q1/2x—1/3) f (q1/2xl/322’ q1/2)(—1/(32—2) f (q1/2X1/3Z_2, q1/2)(—1/2322)

= 3 (qY2XY3, gH2x L) ( F(@&3, qx23)F (g2, qz%) + qY2xY32F (B3, x 23) f (q?2, Z_4))

wheren = n(q) is the Dedekind eta function. In the final step we insertedeYs&ass’ three-
term relation. Using Hirschhorn’s quintuple product, oae then write
f (q1/2X1/3, q1/2)(—1/3) f (q>(2/3, qx—2/3)
— f(q3/2X, q3/2)(—1) f (q3’ q3) + q1/2 f (q’ q5) (Xl/3 f (q5/2X, ql/ZX—l) + X—l/3 f (q5/2X_1, ql/ZX))

fora=q'2x"3, b= q"?x "3, c=qx/3 d = qx?® and

X1/3 f (ql/2X1/3, q1/2)(—1/3) f (q2X2/3, X—2/3)
— q1/2 f (q3/2X, q3/2X—l) f (1, qG) + f(qZ’ q4) (Xl/3 f (q5/2x’ ql/ZX—l) + X—l/3 f (q5/2x—1’ ql/ZX))

fora = g/?x1/3, b = gq¥?xY3, ¢ = ¢?x?3, d = x?3. In the second case we employed the
following obvious symmetry property df,

%f(u,%): Wf(Au,é).

Substituting these products back and simplifying, onevesrat

S0
Xid+\(/ a.%.2)

- wsan 2oy + 2auc2))

\Pf7(26)93(2|4)z+ T;—992(2|4)z . (A.2)

+ 177 (P3(3[1)x + P3(3] - 1)x)(

In this formulads(6)/17?, 6,(6)/n7%, W1(6)/7? and We(6)/n? are combinations of SU(2)string
functionsc) + ¢3, 2c, ¢ andc, respectively (see e.d. [23] for more information). Exgiess
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in round brackets can be then recognizedSas and S, which were defined in eq(3.111).
Indeed, taking into account the symmetry properties of i€} string functions,

CA CJ(A) C9+2k = C/—\/l

W =

whereJ is the SU(2) simple current, one readily sees from

SN 2 _ Z Z Z q4(n+§)228(n+§)

-2,0,2,4} nez

that

= (c3 + CJ) 63(214), + 25 65(214),
= C265(2/4), + C3 605(2/4),.

The decompositiori_(Al2) of the SO¢63haracter[{A.ll) thus leads to the following branching
functions

Xitgop (@ X =17 W1BL), Xz (@ %) = 771 (Pa(3l1)e + Wa(3 - 1)) -

Going along the same lines, one may compute the six remabrargching functions. These
are given by

Xidviop(@ X = 7 131k Xty @ ¥) = -7 (‘1’3(3|1)x + P43 - 1)x) ,
X?g/mc,[O]) (@, %) = 7' ¥2(311)x, X sprezp) (O X) = 7t (Pe(BlL)x + Pe(3 - 1)), (A.3)
X ciop(@ %) = 77" Po(311),, X oz (@X) = =7 (Po(3l1) - Pe(3) - 1)) -

A.3 The partition function

The 'unresolved’ partition functioﬁz of the N = 2 model is constructed from the branching
functions [A.3) according to the general prescription 82, 1

~ 1
Z= ) (XRol + 3 = 5 )y (IXg1opl” + 31X 2p?)

A=id,v,spc B=id+v,id—v,spt+c,sp-c
1 i . 1
= T77|2{|‘I’1(3|1)x|2 + P13 + [P2(3[L)ul? + P23 L) + E[|\113(3|:|_)X + (3] — 1)

+ P31 ) + P3(3) — Dl + [Po(3l1) + Po(3) — L)l + [Po(31) — Po(3] - 1)1}

As we explained before, the modelffars from a fixed point in the sectora,(2]) so thatZ,
does not describe the partition function of a well-defined Che multiplicities of some states
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inside the square brackets are non-integer. In order totberessue, let us add the following

modular-invariant contribution

1 ~ ~
des = W[l\y3(3ll)x - \P3(3| - 1)x|2 + |\P3(3ll)x - \P3(3| - 1)x|2

+ [Wo(3I1)x — Wo(3l — L)xl? + [Po(311)x + Po(3) — 1l - (A.4)

Note that this expression reducesZtp(x = 1) = 1 due to Euler’'s pentagonal number theorem.
Regrouping terms, we end up with

Z, =2y + 25 (A.5)
1

= W{wl(su)xﬁ + [P BD + W23 L)l + [F2BL + W33l + [¥a(3] - L

+ P31 + 1P5(3] = Dl + [Po(AL)el” + Wo(3] = Ll + [Pe(3Ll” + [Po(3] - 1)ul?]
With a little bit of additional &ort, this expression may be resummed into a more compact form

1 K K .
=5 > qraikTe with  ke=-x2, r=2v3  (A6)
|77| nwezZ
which is the well known partition function of a free bosontthas been compactified on a circle
of radiusr = 2V/3.

B Branching functions for N = 3,4,5

In this appendix we give thg-expansions of the branching functiaid” up to orderO(q/®).
In order to better readfbthe conformal weight$, we omit the overall factog /24 in the
XW’s. As shown in section 411, there are no chiral primarietwiinformal weight larger than
h=cy/6. Chiral primary fields (witth = Q) are marked by GP We restrict to the NS sector,
i.e. we only display the branching functioﬁ%w,a) (a € JY). Similar expansions exist for all
the branching function& 2’ in the R sector.

Bl N=3

The central charge is = 8/3. Chiral primaries exist only fan < 4/9. The expansion of the
branching function&™ o (@€ J?) is given by

(id-+v,

X?ivgw,[o,op =1+ 0(q") Ch
X1y = (x‘l/ 34 xY 3) q“® + O(g*3) CPys
X?ivgw,[s,op = (X_2/3 +1+ X2/3) q"° + O(g™®) CPy3

Xagw,[z,z]) =q"° + O(q'"*).
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B2 N=4

The central charge 15, = 5. The sector independent bound on the conformal weight biralc
primary state is therefore < 5/6.
The expansion of the branching functioh%fjw,a) (ae J7Y) is given by

X(Id+v[000]) 1+0(qY) Ch
Xagw’[l’o’l]) — (X1/3 + X—1/3) q1/6 + (X2/3 +1+ X—2/3) q2/3 + O(q7/6) CP1/6

W a2 1
KXidsvjoz0) = a7+ 0O()

W _ YW _ (23 -2/3 (L/3
KXidviz10) = Xidsvor2) = (X P+1+x? )q /

+ (x+ 23 4+ 233 4+ ) oP'® + O(g*°)

X vga00p = (x + x4 xR 4 x‘l) q‘? + O(q) CPy,

X0z = 97° + (x +2x3 4 2x713 4 x‘l) a?® + 0(q"®)

X+ 2xXY3 + 2x7 13 4 x‘l) q‘? + O(q)

NGAEE x‘2/3) q‘? + O(q)

W
X (id+v,[1,21]) —

(|d +v,[2,3,0]) —

(
= (¢
X iy = (X7 +x7%) g% + O(0®*)
(
= (x

Xitovpoaoy = (X2 + X% + 24 %% 4 x‘4/3) g?® +0(q"°) CPy3

2/3 + 24X 2/3) q1/3

(3x +5x3 + 5x° 18 4 3x‘1) a®® + O(q*?3) .

(|d+v [2,22]) —

B3 N=5

The central charge i = 8, and we expand up to ordéqg*?) in order to capture all contribu-
tions from chiral primaries with conformal weight< cs/6. In order to write the expansion of
branching functioniy, ., (@ € J5) we shall introduce the shorthagti= x + x".

Xagw,[o,o,o,op =1+q+0(q*?) CPR,
Xitevoom = Y0 + (2 + 1)g™° + (y + 3yY%) g"° + O(q™?) CPys

Xag+v,[o,1,1,o1) = 715 + (y + 2y*3) 230 + O(g??15)

Xag+v,[2,0,l,0]) =2 +1)g" + (y+ 2y"°) g”°
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+ (Y2 +5y°2 +6)g*® + O(q'V®)
X?igw,[l,z,O,O]) = y73q710 + (v + 3y?" + 4) o + O(q ")

W W
X (id+v,[0,1,0,2]) — X (id+v,[2,0,1,0])

W W
X (id+v,[0,0,2,1]) — X (id+v,[1,2,0,0])

Xidrupi00y = O+ Y72 a2+ (2 + 2" + 3)q+ O(0*?)
Xigszoozy = A7° + (v +2y7%) "+ (27 + 4" + 7)”°+0(q ")
Xiirzy = 0+ 2y 072 + ("2 + 6y7° + 8) g + O(6*?)
Xag+v,[l,0,3,0]) = Xagw,[o,s,o,l])
Xiarozony = % +1)a"° + (v + 4y + 6y"°) g7 + O(q”®)
Xidrozz0y = V2 + ¥ +2) 7% + (v + 3y + 5y°) g"° + O(0*")
Xag+v,[0,0,1,3]) = Xagw,[s,l,o,op
Xiarsoooy = V2 + ¥+ 10 + (v +y +2y"%) q”° + O(@*")
Xag+v,[3,0,l,1]) = yPq¥ 0 + (y*° + 3y?° + 4)g*°

+ (2% + 7y + 13y3) g1¥1° 4+ O(q*V3)
Xiarz20my = %+ 2077 + 3)07° + (27 + 6y + 10y'7) g™ + O(¢”°)
Xidozazoy = 2 + 1) 0%+ (v + 4y + 7y°) g% + O(q7%'°)
X?igw,[l,S,l,O]) = (y° + 2y + 3y"3) oP/°

+ (2y2 + 6y"° + 11y?° + 13)g*® + O(q*V®)

Xag+v,[l,1,0,3]) = X?i/g+v,[3,0,1,1])

Xag+v,[l,0,2,2]) = Xagw,[z,z,o,l])

Xagw,[O,S,O,O]) = (Y’ + Y+ 2% + 2)q+ O(g*?)

KXtovtozazy = 0P+ DA+ (72 + dy + 7y°) 0 + O™

W W
X (id+v,[0,1,31]) — X (id+v,[1,3,1,0])

Xivaron = 02+ 1) 0% + (v*? + 3y + 5y"%) ¢”*° + O(q"®)

X?ig+v,[4,0,2,0]) — q4/15 + (y+ 2y1/3) q23/30 + (3y4/3 + 6y2/3 + 10)q19/l5 + O(q7/5)
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Xag+v,[3,2,1,o1) = (y+ 2y1/3) q19/30 + (y2 + 4y4/3 + 9y2/3 +11) q17/15 n O(q49/3°)
Xidrpoozy = O + 1A + (7 + 3y + 5y7) g%+ O((")
Xag+v,[2,4,o,01) = (yY"? +y* +2) g™ + O
Xidruzarzy = O +2)07° + (v + 5y + 9y'7°) ¢71° + O(q"°)
Xiarzozny = ¥ +2y7%) a7+ (v + 5y + 10y*° + 13)g”° + O(q ")
Xag+v,[l,3,0,2]) = X?i/(lj/+v,[2,0,3,1])
Xagw,[l,z,z,l]) = (y+ 2y1/3) CI17/30 + (y2 + 5y4/3 n 11y2/3 +14) q16/15 n O(q47/3°)
Xag+v,[1,1,4,01) = (y"° +2y?% + 2)g*°

+ (y7/3 + 4y5/3 +9y+ 13y1/3) q13/10 + O(q9/5)

Xagw,[o,s,s,op = g¥° + (y”° + 3y + 5y%) q'¥1% + O(q®®)

W W
X (id+v,[0,1,2,3]) — X (id+v,[3,2,1,0])

Xag+v,[3,2,0,2]) = (y+ 2y"°) g"? + (By*® + 7y?° + 9)q + O(q*?) CPy2
X anzny = Y00+ (Y + 672 + 8) G195 + O(q"%)

Xagw,[z,s,l,l]) = (y° + 3y"° + 4) f°

+ (4 + 127+ 19/ ¢° + O(c") CPys

Xigrpoaop = 077 + 1) A7+ (7 + dy + 7y'7) g% + O(q™ ™)
Xagw,[z,z,z,z]) =" + (v + 5y + 9% */°
+ (4y% + 12 + 36y + 47)g** + O(q*V1°) :

C SU(N), representations with zero monodromy charge

In this appendix we will prove the formula (3.3) for the quatit CasimirC,(Y) of a repre-
sentatiora € 7)) associated with a Young diagrarh As described in section 3 we pick up a
pair of SUN) Young diagram¥” andY” satisfying the conditions listed in the first paragraph
of section 3.1J1. From these two Young diagrams we build a diegram¥Y = (I,...,In-1)
through our prescription_(3.2).
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We now claim that the resulting Young diagrafipossesses

Y] =r"”N

boxes and that the eigenvalue of the S8)J@quadratic Casimir ofY takes the value

Co(Y) = N + Cy(Y’) = Co(Y") .

In order to prove these two statements, we use ed. (3.2) &bt

=

v 1
V=l = le(w )N =1 = 17) + E(r" -7 =11).
i i= 1=

Since
r’’-1 r’—-1 r
20 =W = D i = ) (=1 =0 =1
=1 i=1 =
we arrive at
|Y| = r’r/r + n’ + r’/(N — r’ — l;l./) + r"('i’ _ |;:,) _ (n/ _ r/’l;:,) — r,/N ’
which proves eq[(Cl1).

The quadratic Casimir o¥i is therefore given by
Co(Y) = 1 Nr'(N+1-r")+ Z Li(l; — 2i)
2 - 2 i i\l .

Let us compute the last term in the brackets,

D@ - 20)

r’ N—li’—l”
= Z(r” I+ 1= 20) + Z (= 2 +1))
i=1 i=1

I;/_I;/ I// _|//
1 2 -1y

=D -1-2N =1 +i) 4+ > L (A=2(N =17 +1))
i=1

i=1
N—I7 -1/ o1

= rZ(r" 7+ =2) = 0+ 2)+ ) (=i =i = 2N)(
i=1 i=1

i=1
r//_l r//_l

$2 3 D 1) = D = 1+ D~ 1)
i=1 i=1

=121+ 2+ 23+24+ 25,
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Using the identities analogous to €q.(C.4),

rr—1 r
S22 "2y _ 72 1112
D=1y = > -z,
i= i=1
(C.7)

r’-1

r//
P17 =) =2 ) il = = (2 =),
i=1

i=1

we can conclude

’

r
S+ Za= ) K =2)+ 20 (N =I))(N = I{ 1" + 1),
i=1

Ys = 22 il + (2N =2 =)0 + ("2 = 20"N)IY ,
=t (C.8)

r’-1

Sat+Ts= ) (7 =72 =13 = (' = 1770)
i=1
== P2 -1p).
i=1
When summed up, this contributions give
r’ r’
Z il = 2i) = =Nr"(N +1—r"”) + 2n'N + Z /(1! - 2i) — Z (7 - 2))  (C.9)
i i=1 i=1
and thus
1 r’ r’
Co(Y) = NI + 3 D=2y = Y ar -2 . (C.10)
i=1 i=1

SincelY’| = |Y”| = n” holds by construction, this expression is equivalent tq{@g).
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