DESY 14-152, DO-TH 14/20, SFB/CPP-14-67 , LPN 14-110, arXiv:1409.1435 [hep-phl]

3-loop Massive O(T%) Contributions to the DIS Operator Matrix Element A,,

J. Ablingerb, J. Bliimlein?, A. De Freitas?, A. Hasselhuhn®?, A. von Manteuffel¢, M. Round®®*, C. Schneider’

“Deutsches Elektronen—Synchrotron, DESY, Platanenallee 6, D-15738 Zeuthen, Germany
b Institute for Symbolic Computation (RISC), Johannes Kepler University, Altenbergerstrafie 69, A-4040 Linz, Austria
CPRISMA Cluster of Excellence, Institute of Physics, J. Gutenberg University Mainz, D-55099 Mainz, Germany

Abstract

Contributions to heavy flavour transition matrix elements in the variable flavour number scheme are considered at
3-loop order. In particular a calculation of the diagrams with two equal masses that contribute to the massive operator
matrix element Ag)’ 0 is performed. In the Mellin space result one finds finite nested binomial sums. In x-space these
sums correspond to iterated integrals over an alphabet containing also square-root valued letters.
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1. Introduction

Perturbative QCD contributions to the deep-inelastic
structure functions play an important role in understand-
ing the structure of the proton; to measure as(M%) [1],
the parton distribution functions [2], and the mass of the
charm quark m, [4] at high precision. This applies to
the data analyses at HERA [5] and future measurements
at planned ep-facilities like the EIC [6] and LHeC [7].
At the present accuracy the QCD corrections both for
the light and heavy flavours are requested to be known
to 3-loop order. Feynman diagrams with two massive
lines begin contributing to the structure functions at 3-
loops. Both diagrams with two equal and two unequal
masses contribute. Although this work focuses only on
the equal mass diagrams there has also been progress
on the unequal mass diagrams [8]. One may work in the
asymptotic regime of large virtuality Q> > m?. Here
Q? denotes the virtuality of the exchanged gauge boson
and m is the heavy quark mass. For the structure func-
tion F,(x, Q%) it is known that the asymptotic regime
holds to percent-level accuracy at NLO and for scales
Q*/m*>10[9].
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The heavy flavour Wilson coeflicients are known to
factorise into light flavour coefficients C;(, ;) and pro-
cess independent operator matrix elements (OMEs) A;;,
see [9, 10] for the corresponding relations. The light
flavour Wilson coefficients have been calculated to 3-
loop order in Ref. [11].

For the equal mass diagrams that contribute to
F>(x,0%) a set of fixed Mellin moments has been
calculated [12] in the asymptotic regime. Mean-
while the complete set of logarithmic contributions
to Fo(x, QZ) is known [13] and for a significant
list of operator matrix elements (OMEs) and Wil-
son coeflicients; LOPS 13 [13, 14], L@’Ns [15],

g2 72 q,
(3),PS (3) (3),PS (3) (3).NS
Hq,2 [16], Aqg,Q’Aqq,Q [14], qu,Q (171, Aqq,Q [15],

and AS;’PS [16] the result at general values of the Mellin

variable N has been computed in complete form.'

In various calculations one may want to treat heavy
quarks as light flavours at large enough energies. This
is particularly the case for a series of reactions at high
energy hadron colliders. The corresponding transi-
tion is described in the variable flavour number scheme
(VENS), decoupling one heavy quark at the time [10,
12, 18]%. Since the masses of the charm and bot-
tom quarks form no strong hierarchy because m?/ mi ~
1/10, one rather has to decouple them together. This
is needed in particular for processes, where m,. and m;,

!For the notation see [12].
2The value of the decoupling scale in the VENS is process depen-
dent and is usually not the heavy quark’s mass [19].
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contribute in the same Feynman diagram. Here a gener-
alization of the VENS is needed [8].

In this proceedings recent results on contributions to
OMEs containing two massive fermion lines of equal
quark masses are given. In Section 2 we discuss the con-
tributions of O(a3T#Cr) and O(@;T#Cy) to the OME
Ag, o with the restriction of equal fermion masses. Sec-
tion 3 contains the conclusions.

2. The O(c T;C r,4) Contributions to A, ¢

The contributions to the OME A, o proportional to
a3T#Cra were given in [20]. Following the conventions
of [12, 21] Ag, o is defined as the expectation value,

Agg,Q = <g|0g|g>’ (1)

O, = 2" *SSp(F,y, oDy, -+ Dy, FY, ) — trace terms,

HUN-17 un
2)

with the external gluon lines on-shell. S represents the
symmetrisation with respect to the Lorentz indices and
Sp is the trace over colour indices. For further details
see [12, 21] and references therein. For completeness
the colour factors are, Cr = (Nf. -1)/2N.,C4 = N, and
Tr = 1/2 in an SU(N,) gauge theory and N, = 3 in
QCD.

In total 12 unique diagrams contribute to the
a3T#Cra contribution of interest. Most of the dia-
grams were computed directly. The momentum inte-
gration was performed by introducing Feynman param-
eters. Then a Mellin-Barnes representation was applied
to the structures that arise. These representations re-
quested specific ways to close the contour depending
on other variables involved. Calculating each Mellin-
Barnes integral by the residue theorem led to a large
number of nested sums. These sums were handled with
the summation technologies encoded in the package
Sigma [22, 23], which uses advanced symbolic sum-
mation algorithms in the setting of difference fields [24,
25, 26, 27, 28, 29, 30, 31, 32]. In addition the packages
EvaluateMultiSums, SumProduction [33, 34, 35],
and pSUM [36] which are all based on Sigma, were used.

The remaining diagrams were solved using the
integration-by-parts routines in Reduze2 [37, 38]° and
calculating the corresponding master integrals using
differential equations and also applying Mellin-Barnes
techniques.

Of the main results in [20], here the constant part
of the unrenormalised OME is given. If the unrenor-

malised OME corresponding to A, o is denoted ng,Q

3The package Reduze?2 uses Fermat [39] and GiNac [40].

then one may expand in the coupling,

2 1 = 2
Ageo =511 +(=D"] {1 + ZaﬁA;’;’,Q}, 3)

k=1

for a; = a¢/4m. The contribution at 3-loop order reads,

A 1 1 1
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Here € = D —4 denotes the dimensional parameter. One
of our new results is the coefficient of T% in aSg) 0 Ex-
pressed in Mellin space it is,
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(2 + N + N?)?

FN = D+ Pv o)

F. 6)

Secondly, the Q; denote polynomials in N, see [20] for
expressions. Thirdly, the T% contribution is described
using harmonic sums [41, 42] §; = S z(N),

N . b k
sy = 37 CEEPS 40 @
Se=1, b.aeZ\{0).

In addition to the harmonic sums there is an inverse bi-
nomial type-sum in the T12v contribution [43]*4,

N e s
1 (ZN) 481G-1)
— — (®)
4N\ N ; i2<2i1)
Harmonic sums are related linearly to harmonic poly-
logarithms Hz(x) [45] in x-space by the Mellin trans-
form. They can be represented as the following iterated
integrals,

H(a 1)
Hb.d 0= | =, ©)
HO;x)=1, a,be{-1,0,1}.

To include (8) as the transform of an iterated inte-
gral, one must extend to generalised multiple polylog-
arithms [43, 46] including root-valued letters. For our
purposes the following letter is needed,
w ! (10)
9 = —7
(1=t

see [43] for further details.
If the Mellin transform is denoted by,

1
MLFOIN) = fo dex £, (11

then in x-space (8) can be built by applying the Mellin
convolution to,

1 (2N 1 1
4_N(N)_5M[x/x(1—x)]’ (12

“4For recent surveys on the mathematical structures occurring in
zero- and single scale higher order calculations see [44].

i4sl(z— 1 M[(H(Wg,o;l —x) ]
x—1 .

M [(H(Wg, 1;1 - x) ]
x-1 .
+2log(2)M [(—H(Vlgill_ x) ] (13)

using the +-distribution. Thus (8) is an iterated inte-
gral over the usual harmonic polylogarithm alphabet ex-
tended by square-root valued letters. This is the first
time such root valued letters have been found in 3-loop
Wilson coefficients for deep-inelastic scattering.

Further results, including the renormalised Tfp contri-
bution, can be found in [20].

3. Conclusions

The contributions proportional to T%C r.4 for the gluonic
massive operator matrix element at 3-loop order were
calculated. These are the diagrams with two massive
lines of equal mass.

To calculate the diagrams Mellin-Barnes integrals
were used leading to nested sums. These sums were
expressed in terms of harmonic sums and their gen-
eralisations using automated computer algebra tech-
niques. Both in intermediatary and final results there
are nested finite binomial sums, weighted by harmonic
sums. Moving to x-space the nested finite binomial
sums become generalised multiple polylogarithms with
square-root valued letters.

Acknowledgements

We would like to thank F. WiBbrock for discus-
sions. This work was supported in part by DFG Son-
derforschungsbereich Transregio 9, Computergestiitzte
Theoretische Teilchenphysik, the Austrian Science
Fund (FWF) grants P20347-N18 and SFB F50 (F5009-
N15), the European Commission through contract
PITN-GA-2010-264564 (LHCPhenoNet) and PITN-
GA-2012-316704 (HIGGSTOOLS), by the Research
Center “Elementary Forces and Mathematical Founda-
tions (EMG)” of J Gutenberg University Mainz and
DFG, and by FP7 ERC Starting Grant 257638 PAGAP.

References

[1] S. Bethke et al., Proceedings of the 2011 Workshop on Preci-
sion Measurements of a;, arXiv:1110.0016 [hep-ph];
S. Moch, S. Weinzierl et al., arXiv:1405.4781 [hep-ph].



[2]

[3]

[4]
[5]

[6]

[7]

[8]

[9]
[10]
[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

P. Jimenez-Delgado and E. Reya, Phys. Rev. D 89 (2014)
074049 [arXiv:1403.1852 [hep-phl]];

R. S. Thorne, Eur. Phys. J. C 74 (2014) 2958 [arXiv:1402.3536
(hep-ph]];

R. D. Ball et al. [NNPDF Collaboration], Nucl. Phys. B 877
(2013) 290 [arXiv:1308.0598 [hep-phl]];

J. Gao, M. Guzzi, J. Huston, H. -L. Lai, Z. Li, P. Nadolsky,
J. Pumplin and D. Stump et al., Phys. Rev. D 89 (2014) 033009
[arXiv:1302.6246 [hep-ph]];

S. Alekhin, J. Bliimlein and S. Moch, Phys. Rev. D 89 (2014)
054028 [arXiv:1310.3059 [hep-ph]].

S. Alekhin, J. Bliimlein, K. Daum, K. Lipka and S. Moch, Phys.
Lett. B 720 (2013) 172 [arXiv:1212.2355 [hep-ph]].

S. Alekhin, G. Altarelli, N. Amapane, J. Andersen, V. Andreev,
M. Arneodo, V. Avati and J. Baines et al., hep-ph/0601012; hep-
ph/0601013;

Z. J. Ajaltouni, S. Albino, G. Altarelli, F. Ambroglini,
J. Anderson, G. Antchev, M. Arneodo and P. Aspell et al.,
arXiv:0903.3861 [hep-ph].

C. Aidala et al. A High Luminosity, High Energy Electron-lon-
Collider, A White Paper Prepared for the NSAC LRP 2007,

D. Boer, M. Diehl, R. Milner, R. Venugopalan, W. Vo-
gelsang, D. Kaplan, H. Montgomery and S. Vigdor et al.,
arXiv:1108.1713 [nucl-th];

A. Accardi, J. L. Albacete, M. Anselmino, N. Armesto,
E. C. Aschenauer, A. Bacchetta, D. Boer and W. Brooks et al.,
arXiv:1212.1701 [nucl-ex].

J. L. Abelleira Fernandez et al. [LHeC Study Group Col-
laboration], J. Phys. G 39 (2012) 075001 [arXiv:1206.2913
[physics.acc-ph]].

J. Ablinger, J. Bliimlein, S. Klein,
F. Wilbrock, arXiv:1106.5937 [hep-ph];
J. Ablinger, J. Bliimlein, A. Hasselhuhn, S. Klein, C. Schneider
and F. WiBbrock, PoS (RADCOR2011) 031 [arXiv:1202.2700
[hep-ph]];

J. Bliimlein and F. WiBbrock, DESY 14-019;

J. Ablinger, J. Bliimlein, A. De Freitas, A. Hasselhuhn,
A. von Manteuffel, M. Round, C. Schneider and F. Wibrock,
arXiv:1407.2821 [hep-ph].

M. Buza, Y. Matiounine, J. Smith, R. Migneron and W. L. van
Neerven, Nucl. Phys. B 472 (1996) 611 [hep-ph/9601302].

M. Buza, Y. Matiounine, J. Smith and W. L. van Neerven, Eur.
Phys. J. C 1(1998) 301 [hep-ph/9612398].

J. A. M. Vermaseren, A. Vogt and S. Moch, Nucl. Phys. B 724
(2005) 3 [hep-ph/0504242].

I. Bierenbaum, J. Bliimlein and S. Klein, Nucl. Phys. B 820
(2009) 417 [arXiv:0904.3563 [hep-ph]].

A. Behring, I. Bierenbaum, J. Bliimlein, A. De Freitas, S. Klein
and F. Willbrock, arXiv:1403.6356 [hep-ph], Eur. Phys. Journ.
C (2014) in print.

J. Ablinger, J. Bliimlein, S. Klein, C. Schneider and
F. WiBbrock, Nucl. Phys. B 844 (2011) 26 [arXiv:1008.3347
[hep-ph]].

J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. Has-
selhuhn, A. von Manteuffel, M. Round, C. Schneider, and
F. Willbrock, Nucl. Phys. B886 (2014) 733 [arXiv:1406.4654
(hep-ph].

J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A. von Man-
teuffel and C. Schneider, arXiv:1409.1135 [hep-ph].

J. Ablinger, J. Bliimlein, A. De Freitas, A. Hasselhuhn, A. von
Manteuffel, M. Round, C. Schneider and F. Wilbrock, Nucl.
Phys. B 882 (2014) 263 [arXiv:1402.0359 [hep-ph]].

I. Bierenbaum, J. Bliimlein and S. Klein, Phys. Lett. B 672
(2009) 401 [arXiv:0901.0669 [hep-ph]].

C. Schneider and

[19]

[20]

[21]

[22]
(23]

[24]
[25]

[26]
[27]
(28]
[29]

[30]

[31]
[32]
(33]
[34]
[35]

[36]

[37]

[38]
[39]

[40]
[41]
[42]
[43]

[44]

[45]

[46]

J. Bliimlein and W. L. van Neerven, Phys. Lett. B 450 (1999)
417 [hep-ph/9811351].

J. Ablinger, J. Blmlein, A. De Freitas, A. Hasselhuhn, A. von
Manteuffel, M. Round and C. Schneider, Nucl. Phys. B 885
(2014) 280 [arXiv:1405.4259 [hep-ph]].

S. Klein, Mellin Moments of Heavy Flavor Contribu-
tions to Fa(x,0?) at NNLO, PhD Thesis, TU Dortmund,
arXiv:0910.3101 [hep-ph].

C. Schneider, Sém. Lothar. Combin. 56 (2007) 1,article BS6b.
C. Schneider, in: Computer Algebra in Quantum Field The-
ory: Integration, Summation and Special Functions Texts
and Monographs in Symbolic Computation eds. C. Schneider
and J. Bliimlein (Springer, Wien, 2013) 325 arXiv:1304.4134
[cs.SC].

M. Karr, J. ACM 28 (1981) 305.

C. Schneider, Symbolic Summation in Difference Fields Ph.D.
Thesis RISC, Johannes Kepler University, Linz technical report
01-17 (2001).

C. Schneider, J. Differ. Equations Appl. 11 (2005) 799.
C. Schneider, J. Algebra Appl. 6 (2007) 415.

C. Schneider, J. Symbolic Comput. 43
611,[arXiv:0808.2543v1]; arXiv:1408.2776 [cs.SC].
C. Schneider, Appl. Algebra Engrg. Comm. Comput. 21 (2010)
1.

C. Schneider, in: Motives, Quantum Field Theory, and
Pseudodifferential Operators (Clay Mathematics Proceedings
vol 12) ed Carey A, Ellwood D, Paycha S and Rosenberg S
(Amer. Math. Soc) (2010), 285, arXiv:0808.2543.

C. Schneider, Ann. Comb. 14 (2010) 533[arXiv:0808.2596].

C. Schneider, in: Lecture Notes in Computer Science
(LNCS) eds. J. Guitierrez, J. Schicho, M. Weimann, in press,
arXiv:1307.7887 [cs.SC] (2013).

J. Ablinger, J. Bliimlein, S. Klein and C. Schneider, Nucl. Phys.
Proc. Suppl. 205-206 (2010) 110 [arXiv:1006.4797 [math-ph]]
J. Bliimlein, A. Hasselhuhn and C. Schneider, PoS (RADCOR
2011) 032 [arXiv:1202.4303 [math-ph]]
C. Schneider, J. Phys. Conf. Ser.
[arXiv:1310.0160 [cs.SC]].

C. Schneider, Advances in Applied Math. 34(4) (2005) 740;

J. Ablinger, J. Bliimlein, M. Round and C. Schneider,
PoS(LL2012)050, (2012) 14 p. [arXiv:1210.1685 [cs.SC]];

M. Round et al., in preparation.

C. Studerus, Comput. Phys. Commun. 181 (2010) 1293
[arXiv:0912.2546 [physics.comp-ph]].

A. von Manteuffel and C. Studerus, arXiv:1201.4330 [hep-ph].
R.H. Lewis, Computer Algebra System Fermat,
http://home.bway.net/lewis.

C. W. Bauer, A. Frink and R. Kreckel, Symbolic Computation
33 (2002) 1, ¢s/0004015 [cs-sc].

J. Bliimlein and S. Kurth, Phys. Rev. D 60 (1999) 014018
[arXiv:hep-ph/9810241].

J. A. M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037
[arXiv:hep-ph/9806280].

J. Ablinger, J. Bliimlein, C. G. Raab and C. Schneider,
arXiv:1407.1822 [hep-th].

J. Ablinger and J. Bliimlein, arXiv:1304.7071 [math-ph], in :
Integration,Summation and Special Functions in Quantum
Field Theory, eds. J. Bliimlein and C. Schneider, (Springer,
Wien, 2013) p. 1.

J. Ablinger, J. Bliimlein and C. Schneider, J. Phys. Conf. Ser.
523 (2014) 012060 [arXiv:1310.5645 [math-ph]].

E. Remiddi and J. A. M. Vermaseren, Int. J. Mod. Phys. A 15
(2000) 725 [hep-ph/9905237].

J. Ablinger, J. Bliimlein and C. Schneider, J. Math. Phys. 54
(2013) 082301 [arXiv:1302.0378 [math-ph]].

(2008)

523 (2014) 012037



