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Abstract

The 3-loop heavy flavor corrections to deep-inelastic scattering are essential for consistent next-to-next-to-leading
order QCD analyses. We report on the present status of the calculation of these corrections at large virtualities Q2. We
also describe a series of mathematical, computer-algebraic and combinatorial methods and special function spaces,
needed to perform these calculations. Finally, we briefly discuss the status of measuring αs(MZ), the charm quark
mass mc, and the parton distribution functions at next-to-next-to-leading order from the world precision data on deep-
inelastic scattering.

Keywords: Deep-inelastic scattering, strong coupling constant, heavy flavor corrections, charm quark mass,
mathematical structures

1. Introduction

Deep-inelastic scattering (DIS) provides an important
method to determine the distribution function of the
partons inside nucleons and to measure the strong cou-
pling constant αs from the scaling violations of the nu-
cleon structure functions. Their heavy flavor correc-
tions also allow the determination of the charm quark
mass mc. Currently the world data on DIS have reached
a precision which needs the next-to-next-to-leading or-
der (NNLO) QCD corrections for an adequate descrip-
tion of the data. While the massless 3-loop correc-
tions are known [1–4], the heavy flavor Wilson coef-
ficients are only known to next-to-leading order [5]1.
Currently the NNLO corrections to the heavy flavor
Wilson coefficients are being calculated. In this sur-
vey we give a detailed account on this project, includ-
ing technical aspects of the computation, such as sys-
tematic analytic summation and integration techniques,
and their computer-algebraic implementation. On very

1For a numerical implementation in Mellin space see [6].

general grounds, Feynman integrals may be turned into
nested sums [7, 8]. In this context also new mathe-
matical function spaces and algebras are of importance,
which have been worked out along with the current
project. We also give a brief account on these struc-
tures2. Finally, we present recent phenomenological
applications determining the twist-2 parton distribution
functions at NNLO in the unpolarized case and at NLO
in the polarized case and measuring the strong cou-
pling constant αs(M2

Z) and the charm quark mass mc

from the world deep-inelastic scattering data. This sur-
vey summarizes main results of the research performed
in project B3:‘Structure functions in the continuum’ of
DFG Sonderforschungsbereich Transregio 9, Comput-
ergestützte Theoretische Teilchenphysik. Related stud-
ies using lattice gauge methods are given in [11].

The deep-inelastic scattering cross section is of the
form

d2σ

dxdQ2 ∼ LµνWµν, (1)

2For recent reviews see [9, 10].
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with x the momentum fraction of the parton in the nu-
cleon, q2 = −Q2 the virtuality of the exchanged gauge
boson, and Lµν and Wµν the leptonic and hadronic ten-
sors. While the leptonic tensor is a perturbative quantity,
the hadronic tensor is not. In the unpolarized electro-
magnetic case it is parameterized as [12]

Wµν =
1

4π

∫
d4ξ exp(iqξ)〈P, s|[Jem

µ (ξ), Jem
ν (0)|P, s〉

=
1
2x

(
gµν −

qµqν
q2

)
FL(x,Q2) +

2x
Q2

(
PµPν +

qµPν + qνPµ

2x
−

Q2

4x2 gµν
)
F2(x,Q2). (2)

The structure functions F2,L(x,Q2) in (2) are non-
perturbative inclusive quantities and contain light and
heavy flavor contributions. At sufficiently high values
of Q2, where the leading twist approximation is valid,
the structure functions can be represented by

F2,L(x,Q2) =
∑

j

C(2,L), j

(
x,

Q2

µ2 ,
m2

i

Q2

)
⊗ f j(x, µ2) (3)

in the MS-scheme.3 Here C j denote the Wilson coef-
ficients, µ the factorization scale, mi the heavy quark
masses, f j are the twist-2 parton densities and ⊗ is the
Mellin convolution

[A ⊗ B] (x) =

∫ 1

0
dx1

∫ 1

0
dx2δ(x − x1 x2)A(x1)B(x2), (4)

which decouples into a product under the Mellin trans-
form

M[A(x)](N) =

∫ 1

0
dxxN−1A(x) . (5)

The Wilson coefficients C j contain both the contribu-
tions due to inclusive massless partons, C j, as well as
the massive quark contributions, H j,

C j = C j + H j . (6)

As has been shown in [14], at large scales Q2 � m2,
with m the heavy quark mass, the heavy quark contri-
butions H j factorize into massive operator matrix ele-
ments (OMEs) and the massless Wilson coefficients. In
the case of the structure function F2(x,Q2) this factor-
ization applies starting from Q2/m2 >

∼ 10, while for the
structure function FL(x,Q2) [15, 16] it applies at much
larger scales of Q2/m2 >

∼ 800 only [14].

3For genuine scheme-invariant representations of structure func-
tions see e.g. [13].

In the following we review the status of the calcula-
tion of the 3-loop QCD corrections of the heavy flavor
contributions to the deep-inelastic structure functions at
large values of Q2 and of the 3-loop matching coeffi-
cients in the variable flavor number scheme (VFNS).
First we give a survey on the basic relations and discuss
the calculation of finite Mellin moments [17]. We turn
then to the calculation of these quantities for general
values of the Mellin variable N, which requires tech-
niques very different from those applied for the individ-
ual moments. We first line out different computational
methods and discuss then the analytical results having
been obtained so far, including numerical predictions.
The solution of the corresponding Feynman integrals re-
quests special function spaces which we review together
with main relations for these quantities. Finally we give
a brief summary on the status of the parton distribution
functions (PDFs) both in the unpolarized and polarized
case and on the determination of the strong coupling
constant αs(MZ) and the charm quark mass mc using the
world DIS and related hard scattering data.

2. O(a3
s) Heavy Flavor Corrections to Deep-Inelastic

Scattering

The leading order QCD heavy flavor corrections to
deep inelastic scattering were calculated in Refs. [18]
in the later 1970s. They are given by the leading order
gauge boson gluon fusion process. In 1992 the next-
to-leading order (NLO) corrections were accomplished
in Refs. [5] in semi-analytic form and presented for the
flavor-tagged process in x-space. A numerical imple-
mentation of these corrections in Mellin-N has been
given in [6]. In the case of the contributions to the
inclusive structure functions F2,L(x,Q2) further virtual
corrections contribute, cf. [19].

Fully analytic representations at 2-loop order could
be obtained in the region of large virtualities using the
factorization [14]. Results were given in the unpolar-
ized [14, 19–22] and polarized case [23, 24] for neutral
current interactions and in the charged current case [25].
The latter results had to be corrected for part of the terms
in [26].4 The calculation in this case requests proper
current crossing, cf. [29]. As a preparatory step to cal-
culate the 3-loop corrections, the 2-loop OMEs had to
be calculated in the dimensional parameter ε = D − 4
up to O(ε) [30], which required more advanced analytic
summation technologies.

Let us now turn to the asymptotic heavy flavor Wilson
coefficients in the inclusive case and to the OMEs at 3-
loop order.

4For the corresponding 1-loop results, see [27, 28].



J. Blümlein et al. / Nuclear Physics B Proceedings Supplement 00 (2014) 1–17 3

2.1. General Formalism
The Wilson coefficients in the region Q2 � m2 are given
by [17]

LNS
2,q (NF ) = a2

s

[
ANS,(2)

qq,Q (NF ) + ĈNS,(2)
2,q (NF )

]
+ a3

s

[
ANS,(3)

qq,Q (NF )

+ ANS,(2)
qq,Q (NF )CNS,(1)

2,q (NF ) + ĈNS,(3)
2,q (NF )

]
(7)

L̃PS
2,q(NF ) = a3

s

[
ÃPS,(3)

qq,Q (NF ) + A(2)
gq,Q(NF )C̃(1)

2,g(NF + 1)

+ ˆ̃CPS,(3)
2,q (NF )

]
(8)

L̃S
2,g(NF ) = a2

s A(1)
gg,Q(NF )C̃(1)

2,g(NF + 1) + a3
s

[
Ã(3)

qg,Q(NF )

+ A(1)
gg,Q(NF )C̃(2)

2,g(NF + 1) + A(2)
gg,Q(NF )C̃(1)

2,g(NF + 1)

+ A(1)
Qg(NF )C̃PS,(2)

2,q (NF + 1) + ˆ̃C(3)
2,g(NF )

]
(9)

HPS
2,q (NF ) = a2

s

[
APS,(2)

Qq (NF ) + C̃PS,(2)
2,q (NF + 1)

]
+ a3

s

[
APS,(3)

Qq (NF )

+ C̃PS,(3)
2,q (NF + 1) + A(2)

gq,Q(NF )C̃(1)
2,g(NF + 1)

+APS,(2)
Qq (NF )CNS,(1)

2,q (NF + 1)
]

(10)

HS
2,g(NF ) = as

[
A(1)

Qg(NF ) + C̃(1)
2,g(NF + 1)

]
+ a2

s

[
A(2)

Qg(NF )

+ A(1)
Qg(NF ) CNS,(1)

2,q (NF + 1) + A(1)
gg,Q(NF )C̃(1)

2,g(NF + 1)

+ C̃(2)
2,g(NF + 1)

]
+ a3

s

[
A(3)

Qg(NF ) + A(2)
Qg(NF )

× CNS,(1)
2,q (NF + 1) + A(2)

gg,Q(NF )C̃(1)
2,g(NF + 1)

+ A(1)
Qg(NF )

[
CNS,(2)

2,q (NF + 1) + C̃PS,(2)
2,q (NF + 1)

]
+ A(1)

gg,Q(NF ) C̃(2)
2,g(NF + 1) + C̃(3)

2,g(NF + 1)
]
. (11)

Here as = αs/(4π) denotes the strong coupling con-
stant and we used the convention f̂ (NF) = f (NF + 1) −
f (NF), f̃ (NF) = f (NF)/NF ,

ˆ̃f (NF) = [̂ f̃ ](NF). Since the
massless Wilson coefficients are known [1, 4], only the
massive OMEs Ai j at 3-loop order have to be calculated.

In many applications in collider physics one is inter-
ested in describing the process of a heavy quark becom-
ing light at large virtualities. Here one would like to
match the universal terms for the parton distributions
and their combinations within this transition for one
heavy quark turning into an effectively massless state at
the time.5 The relations between the parton distribution
functions for NF and NF + 1 massless quarks, respec-
tively, describing the variable flavor number scheme
(VFNS) at a matching scale µ2 read [17, 22]

fk(NF + 1) + fk(NF + 1) =

ANS
qq,Q

(
NF ,

µ2

m2

)
·
[
fk(NF ) + fk(NF )

]
+ ÃPS

qq,Q

(
NF ,

µ2

m2

)
· Σ(NF , µ

2)

+Ãqg,Q

(
NF ,

µ2

m2

)
·G(NF , µ

2),

fQ(NF ) + fQ(NF + 1) =

APS
Qq

(
NF ,

µ2

m2

)
· Σ(NF , µ

2) + AQg

(
NF ,

µ2

m2 ,N
)
·G(NF , µ

2),

5For the corresponding relations in the case of two heavy quarks
becoming light, see Ref. [31].

Σ(NF + 1) =[
ANS

qq,Q

(
NF ,

µ2

m2

)
+ NF ÃPS

qq,Q

(
NF ,

µ2

m2

)
+ APS

Qq

(
NF ,

µ2

m2

)]
· Σ(NF , µ

2)

+

[
NF Ãqg,Q

(
NF ,

µ2

m2

)
+ AQg

(
NF ,

µ2

m2

)]
·G(NF , µ

2), (12)

G(NF + 1) =

Agq,Q

(
NF ,

µ2

m2

)
· Σ(NF , µ

2) + Agg,Q

(
NF ,

µ2

m2

)
·G(NF , µ

2), (13)

∆(NF + 1) =

fk(NF + 1, µ2) + fk(NF + 1, µ2) −
1

NF + 1
Σ(NF + 1, µ2), (14)

with k = u, d, s denoting the massless quark flavors. We
would like to note that usually the appropriate scale µ2

is different from that of the heavy quark mass m2 [32].
At the 3-loop level the eight OMEs to be calculated

consist of 2964 Feynman diagrams with local operator
insertions [33], cf. [17]. They are generated using an
extension [17] of QGRAF [34]. The results for the in-
dividual diagrams are then written in FORM [35]. The
color algebra is carried out using the code Color [36].
In the FORM-code [17] the Dirac-algebra is performed. It
has exits both to the calculation of individual moments
and for a structure allowing to calculate them for gen-
eral values of the Mellin variable N in D dimensions. In
this way one first obtains the unrenormalized massive
OMEs. In the following we will focus on the case of a
single heavy quark mass. Recently, also the case of two
heavy quark masses has been dealt with in [31]. Let us
illustrate the structure of the unrenormalized OME for
the flavor pure singlet case [17, 37] as an example :

ˆ̂A(3),PS
Qq =(
m̂2

µ2

)3ε/2 [
γ̂(0)

qg γ
(0)
gq

6ε3

(
γ(0)

gg − γ
(0)
qq + 6β0 + 16β0,Q

)
+

1
ε2

(
−

4γ̂(1),PS
qq

3

×
[
β0 + β0,Q

]
−
γ(0)

gq γ̂
(1)
qg

3
+
γ̂(0)

qg

6

[
2γ̂(1)

gq − γ
(1)
gq

]
+ δm(−1)

1 γ̂(0)
qg γ

(0)
gq

)

+
1
ε

(
γ̂(2),PS

qq

3
− NF

ˆ̃γ(2),PS
qq

3
+ γ̂(0)

qg a(2)
gq,Q − γ

(0)
gq a(2)

Qg − 4(β0 + β0,Q)a(2),PS
Qq

−
γ̂(0)

qg γ
(0)
gq ζ2

16

[
γ(0)

gg − γ
(0)
qq + 6β0

]
+ δm(0)

1 γ̂(0)
qg γ

(0)
gq − δm

(−1)
1 γ̂(1),PS

qq

)
+a(3),PS

Qq

]
. (15)

Here γ(k)
i j denote anomalous dimensions, βk and βk,Q are

the expansion coefficients in the massless and massive
case, δm( j)

i are the expansion coefficients of the running
mass, and a(k)

i j (ā(k)
i j ) are the constant and O(ε) parts of the

lower order unrenormalized OMEs, respectively. From
the single pole term O(ε−1) the contributions ∝ NF of
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the 3-loop anomalous dimensions are obtained as a by-
product of the calculation. In the case of γPS

qq and γqg the
complete anomalous dimensions are obtained.

The renormalization of the massive OMEs comprises
four steps [17]:

• mass renormalization [38]

• coupling constant renormalization

• renormalization of the local operator

• treatment of the collinear singularities.

The external legs of the OMEs are massless on-shell
partons6 and the scale of the diagram is set by the heavy
quark mass. As mass effects are involved, we treat
the coupling renormalization using the background field
method first [40], which leads to a MOM scheme [17].
The transition to the MS scheme is performed using the
relation

ZMS
2

g (NF + 1)aMS
s (µ2) = ZMOM2

g (NF + 1)aMOM
s (µ2) . (16)

The Z-factors for the ultraviolet and collinear singulari-
ties, unlike in the massless case, are here not inverse to
each other.

2.2. Moments
We first discuss the calculation of finite moments of
the different OMEs. They are calculated projecting the
results of the FORM-calculation on a massive tadpole,
which is then evaluated using the code MATAD [41].
The calculation requests about a factor of 5 more mem-
ory and computational time going from N → N + 2.
The present resources allow to compute moments up
to N = 10, ..., 14 depending on the OME [17]. For
transversity [42] corresponding results have been de-
rived in [43]. As a representative of the moments we
show the 10th moment of the constant part of the un-
renormalized OME A(3)

Qg, a(3)
Qg(N = 10), [17]:

a(3)
Qg(10) =

TFC2
A

(
6830363463566924692253659
685850575063965696000000

−
563692
81675

B4 +
483988

9075
ζ4

−
103652031822049723

415451499724800
ζ3 −

20114890664357
581101290000

ζ2

)

+TFCFCA

(
872201479486471797889957487

2992802509370032128000000
+

1286792
81675

B4

6External massive on-shell partons have been considered in
Ref. [39].

−
643396
9075

ζ4 −
761897167477437907
33236119977984000

ζ3 +
15455008277
660342375

ζ2

)

+TFC2
F

(
−

247930147349635960148869654541
148143724213816590336000000

−
11808
3025

B4

+
53136
3025

ζ4 +
9636017147214304991

7122025709568000
ζ3 +

14699237127551
15689734830000

ζ2

)

+T 2
FCA

(
23231189758106199645229
633397356480430080000

+
123553074914173

5755172290560
ζ3

+
4206955789
377338500

ζ2

)

+T 2
FCF

(
−

18319931182630444611912149
1410892611560158003200000

−
502987059528463
113048027136000

ζ3

+
24683221051
46695639375

ζ2

)
−

896
1485

T 3
Fζ3

+NFT 2
FCA

(
297277185134077151
15532837481700000

−
1505896
245025

ζ3 +
189965849
188669250

ζ2

)

+NFT 2
FCF

(
−

1178560772273339822317
107642563748181000000

+
62292104
13476375

ζ3

−
49652772817
93391278750

ζ2

)
. (17)

Here NF denotes the number of massless flavors and the
color factors are CA = Nc,CF = (N2

c − 1)/(2Nc),TF =
1/2 for S U(Nc) and Nc = 3 for QCD, ζk =∑∞

l=1 1/lk, k ≥ 2 denote the values of the Riemann ζ-
function at the integers k, cf. [44], and the constant B4
is given by

B4 = −4ζ2 ln2(2) +
2
3

ln4(2) −
13
2
ζ4 + 16Li4

(
1
2

)
, (18)

and Lin(x) =
∑∞

k=1 xk/kn denotes the polylogarithm [45,
46].

2.3. Results for general values of N
The renormalized OMEs (15) at 3-loop order have the
form

A(3)
i j =

3∑
k=0

â(3,3−k)
i j lnk

(
m2

µ2

)
, (19)

with µ2 the renormalization scale. All logarithmic con-
tributions can be predicted from the 2-loop results and
the 3-loop anomalous dimensions, as well as a series of
contributions to the constant term. They have been dis-
cussed in detail in Ref. [16]. It remains to calculate the
constant term of the unrenormalized OMEs. Before we
come to the physical results we outline the calculation
methods used.
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2.3.1. Calculation Methods
In the case of general values of N we have reduced all
Feynman diagrams to master integrals by the integra-
tion by parts (IBP) relations [47, 48] using an extended
version of Reduze2 [49]7 allowing for the treatment of
local operators, resumming them into a generating func-
tion. We generally refer to this representation in the case
of the more involved diagrams, while simpler ones have
been calculated directly without any reduction.

The different Feynman integrals or the master inte-
grals are calculated by the following techniques. In the
simpler cases they integrate to Beta-functions or (gen-
eralized) hypergeometric functions [53, 54], after suit-
able binomial decompositions and using special vari-
able transformations [55]

2F1(a, b; c; x) =
Γ(c)

Γ(b)Γ(c − b)

∫ 1

0
dzzb−1(1 − z)c−b−1(1 − zx)−a

(20)

p+1Fq+1(c, (a); d, (b); x) =
Γ(d)

Γ(d)Γ(d − c)

∫ 1

0
dzzc−1

×(1 − z)d−c−1
pFq((a); (b); zx) . (21)

More complicated integrals can be mapped to Appell
and Kampé de Fériet functions [56]. These functions
are represented in terms of multiple sums. Subse-
quently the expansion in the dimensional parameter
ε = D − 4 has to be performed. There are special
algorithms to perform the ε-expansion under certain
conditions [57–62]. However, for general summand
structures the expansion has been built into the pack-
age Sigma [63, 64]. The multiply nested infinite and
finite sums have to be evaluated. This is done using
the packages Sigma based on difference field and ring
theory [65–73], EvaluateMultiSum, SumProduction
[74] and ρSum [75]. The infinite sums need limiting pro-
cesses and thus require the asymptotic expansion of the
respective sums. Furthermore, one would like to map to
basis representations. This can be done with the help of
the package HarmonicSums [76–79].

In general it turns out that the higher transcendental
functions which would be needed in representing the oc-
curring Feynman diagrams at intermediary steps are not
found in the literature, but may be represented in terms
of a few Mellin-Barnes integrals [80]

1
(A + B)α

=
1

2πi

∫ c+i∞

c−i∞
dzAzB−α−z Γ(−z)Γ(α + z)

Γ(α)
(22)

7Reduze2 uses the packages Fermat [50] and Ginac [51]. IBP-
reductions have also been implemented in the codes [52].

using algorithms implemented in [81, 82]. Taking
residues one arrives at nested sums, which may again
be solved using Sigma.

In some of the cases very large numbers of interme-
diary nested sums over hypergeometric terms emerge,
which leads to very large computation times for Sigma,
associated with a large memory request. Since Sigma
solves sum by sum, a behaviour of this kind may be re-
lated to the fact that several sums (integrals) have to be
solved at once. At the side of step-by-step summation,
multi-summation algorithms [8, 83] may be applied. We
have successfully computed the corresponding integrals
using an implementation of the multi-variate Almkvist-
Zeilberger theorem [79, 84]. It allows for multivariate
integrals of the type

k∏
i=1

∫ bi

ai

dxi(P(xn))N
m∏

l=1

(pl(xn))rl , N ∈ N\{0}, rl ∈ R (23)

to derive a difference equation in N with polynomial co-
efficients in N and ε, Qk,

l∑
k=0

Qk(N, ε)F(N + k) = 0. (24)

Here P(xi) and pl(xi) are polynomials and rl will con-
tain the parameter ε. A term (pl(xi))r is called hyper-
exponential. Sometimes it may be practical to search
for inhomogeneous difference equations instead of (24).
The corresponding difference equations are solved us-
ing Sigma, and sequentially expanding in ε.

A further method consists in deriving systems of lin-
ear differential equations for the master integrals [85].
In part they may be obtained by the IBP-relations hav-
ing been derived before. These systems may be turned
into systems of difference equations and solved using
the packages Sigma and OreSys [86]. We have also
used the method of hyperlogarithms [87], extended to
the case of massive Feynman diagrams containing lo-
cal operator insertions [88, 89], by which a series of
diagrams having no poles in ε can be calculated. Fur-
thermore, guessing methods [90] are helpful to set up
difference equations in a series of cases, see also [91].

In complicated cases several of the above methods
are combined. It is needless to say that both the direct
calculation of different Feynman integrals as well as the
calculation of the master integrals may require computer
memory in the multi-ten Gbyte region and run-times of
several days to weeks.

2.3.2. 3-Loop anomalous dimensions
The contributions ∝ NF of the 3-loop anomalous di-
mensions can be obtained from the single pole terms of
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the unrenormalized OMEs. Fixed moments have been
computed in [17] in the present massive calculation and
found to agree with previous results given in [92]. For
general values of N we show as one example the result
in the pure singlet case

γ(2),PS
qq (N) = 1

2 [1 + (−1)N ]
{

C2
FTF NF

{
−

8
(
N2 + N + 2

)
Q1S 2

1

(N − 1)N3(N + 1)3(N + 2)

+
32Q8S 1

(N − 1)N4(N + 1)4(N + 2)3 −
8Q12

(N − 1)N5(N + 1)5(N + 2)3

−
8Q6S 2

(N − 1)N3(N + 1)3(N + 2)2 + 32F
[

1
3

S 3
1 − S 2S 1 −

7
3

S 3 + 2S 2,1

+6ζ3

]}
+ CFT 2

F N2
F

{
−

64Q9

27(N − 1)N4(N + 1)4(N + 2)3

+
64Q7S 1

9(N − 1)N3(N + 1)3(N + 2)2 − F
32
3

[S 2
1 + S 2]

}
+CFCATF NF

{ 8
(
N2 + N + 2

)
Q3S 2

1

3(N − 1)2N3(N + 1)3(N + 2)2

−
16Q11S 1

9(N − 1)2N4(N + 1)4(N + 2)2 +
16Q13

27(N − 1)2N5(N + 1)5(N + 2)4

+(−1)N

×

[
128Q2S 1

3(N − 1)N2(N + 1)3(N + 2)3 −
128Q10

9(N − 1)N3(N + 1)5(N + 2)4

]
+

8
(
N2 + N + 2

)
Q4S 2

3(N − 1)2N3(N + 1)3(N + 2)2 +
32Q5S −2

(N − 1)N3(N + 1)3(N + 2)2

+
16

(
N2 + N + 2

)(
23N2 + 23N + 58

)
3(N − 1)N2(N + 1)2(N + 2)

S 3

+
32

(
N2 + N + 2

)(
7N2 + 7N + 10

)
S −3

(N − 1)N2(N + 1)2(N + 2)

−
64

(
N2 + N + 2

)(
3N2 + 3N + 2

)
S −2,1

(N − 1)N2(N + 1)2(N + 2)

+32F
[
−

1
3

S 3
1 + S 2S 1 + 2S −2S 1 − 2S 2,1 − 6ζ3

]}}
. (25)

Here F and Qi denote polynomials in N, see [37] and
S ~a ≡ S ~a(N) are harmonic sums, cf. (29). Eq. (25)
agrees with the result of [3] and has been firstly re-
calculated in [37]. We also recalculated the contribu-
tions ∝ NF to γ(3)

gq [93], γ(3),NS
qq and for the transversity

anomalous dimension γ(3,NS,TR)
qq [94]. In the latter case

it was the first calculation ab initio, while previously
the anomalous dimension had been calculated referring
to the principle of maximal transcendentality in [95].
The 2-loop anomalous dimensions [96, 97] are obtained
completely. All results agree with the foregoing litera-
ture [2, 3, 92, 98–100].

2.3.3. The operator matrix element at general values of
the Mellin variable N

Complete results for general value of N have been ob-
tained for all the leading NF contributions to the OMEs
[101, 102], the bubble topologies [103] and the O(T 2

F)
contributions to the OME A(3)

gg [104]. This includes also

the asymptotic Wilson coefficients LPS
2,q and LS

2,g. While
in the former cases all terms can be expressed in terms
of nested harmonic sums [105, 106], in the contributions
of O(T 2

F) [104] also binomially weighted sums [107]
contribute. The corresponding term is given by(

2N
N

)
1

4N

N∑
k=1

4kS 1(k − 1)

k2
(

2k
k

) − 7ζ3

 . (26)

The 3-loop OMEs A(3),NS
qq,Q , A(3),NS,TR

qq,Q and the Wilson

coefficient LNS
2,q and the OME A(3)

gq,Q have been calculated

in Refs. [93, 94] and the pure singlet OME A(3),PS
Qq and

Wilson coefficient in HPS
2,q in Ref. [37]. In the former

cases the nested harmonic sums are sufficient to repre-
sent the OMEs and asymptotic Wilson coefficients. In
the latter case also generalized harmonic sums [78, 108]
contribute. As an example we show the constant part of
the unrenormalized massive pure singlet OME at 3-loop
order:

a(3),PS
Qq (N) =

CFT 2
F

[
32

27(N − 1)(N + 3)(N + 4)(N + 5)

( P15
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−
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+
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−
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(
1
2

)
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F

+
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+
4P30
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)
+

32P6S 1S −2
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]
. (27)

Here G and Pi denote polynomials in N [37] and S ~a(~b)
are generalized harmonic sums, cf. (31). In x-space
the above contributions due to generalized harmonic
sums transform into generalized harmonic polyloga-
rithms [78]. Their specific combination can be reduced
to usual harmonic polylogarithms H~a [109] of argument
1 − 2x. In the case of the non-singlet contributions [94]
the general N result has also been calculated in the po-
larized case, which is possible solving the γ5-problem
via the Ward-Takahashi identity [110].
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Figure 1: xa(3),PS
Qq (x) in the low x region (solid red line) and leading

terms approximating this quantity; dotted line: ‘leading’ small x ap-
proximation O(ln(x)/x), dashed line: adding the O(1/x)-term, dash-
dotted line: adding all other logarithmic contributions; from [37].

Let us consider the constant part to the unrenormalized
OME APS

Qq in x-space shown in Figure 1. The leading
small-x contribution can be determined under some as-
sumptions [111] (for a discussion see [37]), based on
an earlier result in Ref. [112]. Our explicit calculation
confirms this leading order prediction. However, it de-
scribes the function a(3),PS

Qq nowhere. The next term in
the small-x expansion [37] yields a good description
at x ' 10−4 and many more sub-leading terms have
to be added to cover the small-x regime, which is a
quite common observation in the case of many quan-
tities [113, 114].

The calculation of the OMEs A(3)
gg,Q and A(3)

Qg, as well
as of the Wilson coefficient HS

2,g is currently underway.
We now turn to phenomenological applications and

consider the contributions of the completed massive
Wilson coefficients in the asymptotic region to the struc-
ture function F2(x,Q2). In Figure 2 the O(a2

s) contribu-
tion by LS

g,2 is shown.
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Figure 2: The O(a2
s ) contribution by LS

g,2 to the structure function

F2(x,Q2) using the parton distribution functions [115] and mc =

1.59 GeV; from [16].

Comparing to the contribution of the Wilson coefficient
in 3-loop order, depicted in Figure 3, it turns out that
the 3-loop contribution is larger than the 2-loop contri-
bution, which is due to a newly arising small x term.
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Figure 3: The O(a3
s ) contribution by LS

g,2 to the structure function

F2(x,Q2) using the parton distribution functions [115] and mc =

1.59 GeV; from [16].

In the physical region of HERA, the widest having been
explored so far, x ≥ Q2/S , S ' 105GeV2, the correc-
tions are O(0.01) and below. One should keep in mind
that the experimental error of the F2-data at HERA is
of the same size [116]. Furthermore, measurements at
the planned facilities EIC [117, 118] and LHeC [119],
operating at high luminosities, will have even smaller
experimental errors. The pure singlet contributions due
to LPS

q,2 shown in Figure 4 are smaller than those of LS
g,2.

The next terms are those due to LNS
q,2 depicted in Fig-

ure 5. Both the inclusive heavy flavor 2- and 3-loop
corrections are negative. The 3-loop corrections enlarge
the effect towards small values of x. In the kinematic

region at HERA the effects are below ∼ 0.005.
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Figure 4: The O(a3
s ) contribution by LPS

q,2 to the structure function

F2(x,Q2) using the parton distribution functions [115] and mc =

1.59 GeV; from [16].
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Figure 5: The flavor non-singlet contribution of the Wilson coefficient
LNS

q,2 to the structure function F2(x,Q2) at the 2- and up to the 3-loop
order using the NNLO parton distribution functions of Ref. [115] in
the on-shell scheme for mc = 1.59 GeV. Here we do not display the
O(a0

s ) terms; from [94].

In the flavor non-singlet case all OMEs contributing to
the matching relation in the VFNS up to 3-loop order
(12) have been calculated. It is illustrated in Figure 6 for
2- and 3-loop order in dependence of the matching scale
Q2. While at 2-loop order the corrections are very small
in the low x region, it grows to large x to up to O(0.005).
The 3-loop corrections are larger due to the gluonic and
singlet corrections and vary between negative and posi-
tive values of O(0.005) with more pronounced profiles,
also in the small x region.

Finally, the heavy flavor pure singlet contributions to
F2(x,Q2) are illustrated in Figure 7. The corrections are
negative both at 2- and 3-loop order and grow with Q2

towards small values of x. In the kinematic range of
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HERA the corrections amount to O(−0.03).
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Figure 6: The ratio of the distribution x(u + ū) for four and
three quark flavors at 2- and 3-loop order in the variable flavor
number scheme matched at different scales of Q2 as a function
of x using the parton distribution functions of Ref. [115] and
the on-mass-shell definition of the charm quark mass mc =

1.59 GeV; from [94].
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Figure 7: The charm contribution by the Wilson coefficient HPS
Q,2 to

the structure function F2(x,Q2) as a function of x and Q2 choosing
Q2 = µ2,mc = 1.59GeV (on-shell scheme) using the parton distribu-
tion functions [37].

2.3.4. The case of two different heavy quark masses
Beginning with 3-loop order Feynman integrals with
two massive internal fermion lines contribute, which
give rise to non-factorizable heavy flavor effects. In par-
ticular these diagrams cannot be attributed to a single
heavy quark species. Due to the fact that m2

c/m
2
b ∼ 1/10,

charm will not have decoupled to a massless fermion at
the scale of mb. The VFNS generalizes in this case and
one has to decouple charm and bottom at large scales
together rather than individually [31]. Also a series of
moments for all OMEs in the 2-mass case has been cal-
culated. The computation proceeds along similar lines
as in the single mass case. The corresponding tadpoles
are calculated using the code qexp [120]. As an exam-
ple we show the 6th moment of the constant part of the
unrenormalized OME A(3)

Qg with x = m2
1/m

2
2, expanding

in the mass ratio x,
a(3)

Qg(N = 6) =

1
2

{
T 2
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) 1230328
138915

}
+ O

(
x4 ln3(x)

)
. (28)
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The scalar integrals contributing to all topologies of A(3)
gg

in the 2-mass case at general values of N have also been
calculated, which can be expressed in terms of general-
ized harmonic sums, where no expansion in the mass ra-
tio is performed. Indeed the expansion is possible fixing
the value of N. Since the expansion leads to problems at
general values of N one is forced to seek the complete
solution.
3. Mathematical Aspects of Higher Loop Calcula-

tions

Feynman integrals have representations in special num-
ber and function spaces, which obey a sequential order
growing with the complexity of the integrals defined by
their loop order, the number of legs and scales being in-
volved. This has been observed in various calculations
up to two-loop order and inclusive 2 → 2 processes,
mainly in QCD, until the mid 1990s, cf. e.g. [121, 122].

For zero scale quantities, like the expansion coeffi-
cients of the β-function or individual moments of oper-
ator matrix elements, one obtains a representation over
special numbers. Single scale quantities, like splitting
functions or Wilson coefficients in deep-inelastic scat-
tering or for the Drell-Yan process lead to 1-dimensional
function representations [123, 124].

Not much is known on basis representations in more
complex cases. The beginning of a systematic search
for basis representations falls in about this time [105,
106, 125, 126] after it has been recognized that using
the available function representations [45, 46, 127–130]
contained too complicated arguments for further inte-
gration or were even not complete. In the case of zero
scale quantities at lower loop order in the massless case,
multiple zeta values [44] are sufficient to represent the
results. In massive calculations at higher loop order
also cyclotomic zeta values [77, 131], generalized in-
finite sums [78] and constants associated to nested (in-
verse) binomial sums [107, 132] occur. Zero scale quan-
tities can be obtained as a fixed moment or in the limit
N → ∞ of convergent single scale quantities in Mellin
space or as special values of the associated iterated in-
tegrals at x = 1 or other (algebraic) arguments.

The harmonic sums are defined by [105, 106]

S b,~a(N) =

N∑
k=1

(sign(b))k

k|b|
S ~a(k), S ∅ = 1, b, ai ∈ Z\{0}. (29)

They have several generalizations. First one may define
the real representations of cyclotomic sums by [77]

S b1 ,b2 ,b3;~a,(N) =

N∑
k=1

(sign(b3))k

(b1k + b2)|b3 |
S ~a(k), S ∅ = 1, (30)

a = (c1, c2, c3); b1, c1 ∈ N\{0}, b2, c2 ∈ N, b3, c3 ∈ Z\{0}.

The generalized (cyclotomic) sums are given by [78]8

S b1 ,b2 ,b3;~a,(y, ~x; N) =

N∑
k=1

yk

(b1k + b2)|b3 |
S ~a(~x; k), S ∅ = 1,

xi, y ∈ C\{0}, a = (c1, c2, c3); b1, c1 ∈ N\{0}, b2, c2 ∈ N,
b3, c3 ∈ Z\{0}. (31)

They generalize the multiple polylogarithms studied in
[126, 133]. Even further generalizations contain the bi-
nomial coefficient

(
2k
k

)
as a weight factor either in the nu-

merator or denominator of the respective partial sum(s)
[107]. An example is given by

N∑
i=1

1

(i + 1)
(

2i
i

) i∑
j=1

(
2 j
j

)
1
j
S −2( j). (32)

The sums obey quasi-shuffle relations, i.e. their prod-
ucts are spanned by linear combinations of sums of the
same class and polynomials of sums of lower depth
[134]. These relations depend only on the sums’ index
pattern, not on their value and are also called algebraic
relations [135]. The linear combination is a sum over all
combinations of combined indices, which preserve the
order of indices in the factors. For harmonic sums one
obtains e.g.

S cS a,b = S c,a,b + S a,c,b + S a,b,c − S c∧a,c − S a,x∧b, (33)

a ∧ b = sign(a)sign(b)(|a| + |b|).

Similar quasi shuffle relations are obtained by the cy-
clotomic [77], generalized [78, 108] and (inverse) bi-
nomial harmonic sums [107]. All these nested sums
also obey structural relations, which depend on their
specific structure beyond their index set. They are
implied by multiple integer argument and differentia-
tion. The latter operation leads to equivalence classes
of sums. The structural relations have been worked out
in Refs. [7, 136] in the case of the harmonic sums and
in [77, 78] the cyclotomic and generalized (cyclotomic)
sums.

One may associate iterated integrals to all these sums
which are obtained by the Mellin transform

M[ f (x)](N) =

∫ 1

0
dxxN−1 f (x) . (34)

8The generalized harmonic sums without cyclotomy, i.e. for
b2, c2 = 0 were given in [108].
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In this way an alphabet of letters will be created, defin-
ing the respective Mellin transform linearly. In the case
of the harmonic sums the alphabet is formed by

A =

{
1
x
,

1
1 − x

,
1

1 + x

}
(35)

yielding the harmonic polylogarithms [109]

Hb,~a(x) =

∫ x

0
dx fb(x)H~a(x), H∅(x) = 1, fc(x) ∈ A . (36)

The alphabets corresponding to the cyclotomic polylog-
arithms extend A adding the inverse of the higher cyclo-
tomic polynomials, i.e.{

1
1 + x2 ,

1
1 − x + x2 ,

1
1 + x + x2 + x3 + x4 , ...

}
. (37)

In addition, a series of numerator powers xi occur [77].
In the case of the generalized sums the new letters are
[78] {

1
x − ai

}
, ai ∈ R\{0}. (38)

One may even consider a combination of cyclotomic
and generalized harmonic polylogarithms, as implied by
the corresponding sums [78]. The nested (inverse) bino-
mial sums imply square-root valued letters like 1
√

x
√

1 ± x
,

1

x
√

1 ± x
,

1
√

2 − x
√

1 − x
, ...

 . (39)

The special numbers associated to these classes of sums
and iterated integrals are obtained in the limit N → ∞
and for x = 1, whenever these values exist. One for-
mally may also associate infinite objects, cf. [44]. The
numbers obey the quasi shuffle and shuffle algebras of
both spaces and a series of additional structural rela-
tions. Counting relations of the bases for the different
classes of nested sums, iterated integrals and numbers
have been derived to a large extent using Witt formu-
lae [137] and their corresponding modifications. The
relations, basis representations, argument relations and
conversions of the different objects quoted above are im-
plemented in the package HarmonicSums [76–79].

Data analyses are often performed using Mellin-
space codes, cf. e.g. [113]. Here the evolution equa-
tions can be solved analytically up to a given order in the
strong coupling constant. The N-space representation
for the structure function can be turned into the x-space
by a single numerical contour integral around the singu-
larities of the problem. This representation requests the

sum representations for complex argument N. The ana-
lytic continuation can be derived applying the shift rela-
tions of the sums for N → N + 1 and using their asymp-
totic representation in analytic form [7, 77, 78, 107]. In
the case of the harmonic sums also adaptive numerical
representations have been derived [138–140]. The latter
may be even obtained in the case of distributions given
numerically, cf. e.g. [6].

Data analyses in x-space require efficient numerical
implementations of the iterated integrals representing
the higher order splitting functions and Wilson coef-
ficients. In the case of the harmonic polylogarithms
the Bernoulli-improvement [141, 142] allows to map
the expressions onto functions like log(1 ± x) and their
logarithms and polynomials in x within the intervals
[0,
√

2 − 1], [
√

2 − 1, 1]. The corresponding represen-
tations for more involved iterated integrals have still to
be worked out. Numerical representations for harmonic
polylogarithms were given in [142–145]. Representa-
tions for generalized harmonic polylogarithms were de-
rived in [143, 146]. The mathematical structures de-
scribed in this section could be systematically found
calculating the corresponding Feynman integrals in dif-
ference fields in N-space [65–73], implemented in the
package Sigma [63, 64], or using Risch-type algorithms
in x-space [107, 147]. This also applies for new struc-
tures contained in Feynman integrals having not been
revealed yet. In this way the growing sets of func-
tion spaces describing the Feynman integrals may be
uniquely found and explored. Furthermore, for the ap-
plication of the results in data analyses precise and effi-
cient numerical implementations have to be derived.

4. Precision Parton Distribution Functions and
αs(M2

Z
) and mc

9

The world data on deep-inelastic scattering and related
hard processes at hadron colliders like the Drell-Yan
process and jet-production are so precise that NNLO
corrections are needed to extract the parton distribu-
tion functions, the strong coupling constant as(µ2) =

αs(µ2)/(4π) and also the charm quark mass mc. In the
following we give a brief survey on the present status on
the determination of these quantities.

The NNLO parton distributions have been deter-
mined by five groups (ABM, CT10, JR, MSTW,
NNPDF) also resolving the flavor dependence of the
sea-quarks.

9Main results summarized in this section have been worked out by
S. Alekhin, J.B., H. Böttcher and S.-O. Moch.
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Figure 8: The 1σ band for the 4-flavor NNLO ABM12 PDFs [115]
at the scale of µ = 2 GeV versus x obtained in this analysis (shaded
area) compared with the ones obtained by other groups (solid lines:
JR09 [156], dashed dots: MSTW [148], dashes: NN23 [149], dots:
CT10 [150]); from Ref. [115].
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Figure 9: The NLO polarized parton distributions [157] at the
input scale µ = 2 GeV (solid line) compared to results ob-
tained by GRSV (dashed–dotted line) [158], DSSV (long dashed–
dotted line) [159], AAC (dashed line) [160], and LSS (long dashed
line) [161]. The shaded areas represent the fully correlated 1σ error
bands calculated by Gaussian error propagation; from Ref. [157].

The most recent analyses were given in Refs. [115, 148–

151]10. A recent comparison has been performed in
[115] and the main results are shown in Figure 8. The
up- and down quark distributions are well understood.
In the case of the gluon distribution there are still signifi-
cant differences in the small-x region outside the present
errors. Here future NNLO analyses of the LHC jet data
based on the results of the calculation [154] will lead to
a decision. There are still also some significant differ-
ences in some analyses for the d̄ − ū distribution, which
can be well measured in the Drell-Yan process. The
strange quark distribution has the largest errors among
the sea quark distributions. Future neutrino and other
charged current data will improve it as well as better
collider data. For a recent analysis see [155].

In the polarized case so far only NLO analyses have
been possible [157–161]. Very recently the NNLO

αs(M2
Z)

Alekhin [166] 0.1143 ± 0.0013
BBG [163] 0.1134 +0.0019

−0.0021 val. analysis, N2LO
GRS [164] 0.112 val. analysis, N2LO
ABKM [152] 0.1135 ± 0.0014 HQ: FFNS NF = 3
JR14 [151] 0.1136 ± 0.0004 dynamical approach
JR14 [151] 0.1162 ± 0.0006 including NLO-jets
MSTW [167] 0.1171 ± 0.0014
Thorne [168] 0.1136 DIS+DY+HT∗

ABM11J [169] 0.1134 − 0.1149 Tevatron jets NLO
±0.0012

ABM12 [115] 0.1133 ± 0.0011
ABM12 [115] 0.1132 ± 0.0011 (without jets)
CTEQ [150] 0.1159...0.1162
CTEQ [150] 0.1140 (without jets)
NN21 [170] 0.1174 ± 0.0006
e+e− thr. [171] 0.1131 + 0.0028

− 0.0022
e+e− thr. [172] 0.1140 ± 0.0015
BBG [163] 0.1141 +0.0020

−0.0022 val. analysis N3LO
World Average 0.1185 ± 0.0006 (2013) [173]

Table 1: A survey on the present status on the determination of
αs(M2

Z ) from the deep-inelastic world data and related data at NNLO
and N3LO.

anomalous dimensions have been calculated [162] and
will allow for NNLO analyses in the future. In Fig-
ure 9 we compare the present polarized parton distri-
bution functions obtained from the inclusive and semi-
inclusive world data. While a reasonable agreement is
found for the valence quark distributions the present dif-
ferences are larger in the case of the gluon and sea quark
data. In particular the gluon distribution is strongly cor-
related with the value of the strong coupling constant.

10For earlier ABM-analyses see Refs. [152, 153].
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In this case a NNLO analysis will lead to further im-
provement. In these analyses proper normalization of
the denominator function of the measured asymmetries
and the treatment of the higher twist contributions is of
importance, since most of the present data stem from
the lower Q2 domain.

Finally, we discuss the determination of the strong
coupling constant αs(M2

Z) from deep inelastic and col-
lider data at NNLO. Valence analyses have been carried
out in [163, 164]. Here the gluon uncertainties can be
avoided. Sea-quark tail effects were studied in [165],
which yield a negligible contribution, however. An
early NNLO singlet analysis was carried out in [166].

Again, the higher twist effects have to be dealt with
in a careful manner. In the valence analyses one may
cut them away for the αs determination and analyze
these data separately to determine the higher twist con-
tributions to F p,d

2 , cf. [163, 165, 174]. Today many
singlet-analyses deliver comparably low values of αs

[115, 150–152, 166, 168, 169], fully consistent with
the results of the non-singlet analyses with values in
the range of 0.112–0.114. Exceptions are the results of
MSTW [167] and NNPDF [170]. We would like to note
that also the analysis of thrust data in e+e− annihilation
leads to small values of αs [171, 172] if compared to
the present world average. Theoretical uncertainties are
due to the heavy flavor treatment of O(0.0006) [152] and
higher order effects, comparing the central value in the
case of the valence N3LO analysis [163] with the value
at NNLO of + 0.0009. The reported error of the current
world average of 0.0006 [173] is thus too small. For
a survey on other determinations of αs see [175–177].
Low values of αs at NLO have recently been reported
from ATLAS and CMS from their jet data [178] with

αs(M2
Z) = 0.111 +0.0017

−0.0007 (40)

αs(M2
Z) = 0.1148 ± 0.0055. (41)

It will be interesting to see the results of the forthcom-
ing NNLO analyses. It is needless to say that both the
precise knowledge of αs(MZ) and the gluon distribu-
tion are instrumental for a detailed understanding of the
Higgs- and top-quark production cross sections at the
LHC [179, 180].

A determination of the charm quark mass from deep-
inelastic data has been performed in [181], modeling the
NNLO effects [111], assigning a corresponding theoret-
ical error. One obtains at NNLO

mc(mc) = 1.24 ± 0.03 (exp) +0.03
−0.02 (scale) +0.00

−0.07 (th.) (42)

fully compatible with the result in [182, 183], although
with a larger error. The theory error will be further im-
proved after the NNLO heavy flavor corrections of Sec-
tion 2 are fully available.

5. Conclusions

The present world data on deep-inelastic scattering and
upcoming collider data from the LHC allow for a very
precise determination of the strong coupling constant
αs with an accuracy of 1% accompanied with a pre-
cise determination of the parton distribution functions.
The corresponding QCD fits require NNLO analyses
for which also the heavy flavor corrections have to be
known at NNLO. Fortunately, for the structure function
F2(x,Q2) the asymptotic 3-loop corrections can be ap-
plied at Q2 >

∼ 23GeV2 for the charm contributions, which
yield the most important part. Recently we made im-
portant progress in calculating these corrections, after
having completed a series of moments for all quantities
in 2009. All logarithmic corrections are known and six
out of eight OMEs are completed for general values of
N as well as four out of five Wilson coefficients.

On the technical side, the calculation had to be ac-
companied by various innovative developments in sum-
mation and integration theory and new techniques in
treating massive 3-loop Feynman diagrams containing
local operator insertions. This also has led to the full
exploration of new mathematical function spaces. All
these techniques are of importance also in other mas-
sive calculations, e.g. for processes at the large hadron
collider LHC and a forthcoming linear collider like the
ILC. The ongoing computations are performed on a
number of main frames with now typically ∼ 400 Gbyte
RAM and 20 Tbyte fast discs. With the help of these
machines, using parallel processing, we can already re-
duce all diagrams to master integrals. We still have to
complete the calculation of master integrals using the
techniques being described in this article for the yet
open OMEs and Wilson coefficients. Finally, also the
graphs containing two different mass scales have to be
calculated to complete all the corrections.
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J. Blümlein et al. / Nuclear Physics B Proceedings Supplement 00 (2014) 1–17 14

References

[1] W. L. van Neerven and E. B. Zijlstra, Phys. Lett. B 272 (1991)
127; Phys. Lett. B 273 (1991) 476; Nucl. Phys. B 383 (1992)
525.

[2] S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. B 688
(2004) 101 [hep-ph/0403192].

[3] A. Vogt, S. Moch and J.A.M. Vermaseren, Nucl. Phys. B 691
(2004) 129 [hep-ph/0404111].

[4] J.A.M. Vermaseren, A. Vogt and S. Moch, Nucl. Phys. B 724
(2005) 3 [hep-ph/0504242].

[5] E. Laenen, S. Riemersma, J. Smith and W. L. van Neerven,
Nucl. Phys. B 392 (1993) 162, 229;
S. Riemersma, J. Smith and W. L. van Neerven, Phys. Lett. B
347 (1995) 143 [hep-ph/9411431].
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ables, (Gauthier-Villars, Paris, 1925);
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[98] J. Blümlein and J. A. M. Vermaseren, Phys. Lett. B 606 (2005)
130 [hep-ph/0411111].

[99] J. A. Gracey, Nucl. Phys. B 662 (2003) 247 [arXiv:hep-
ph/0304113]; Nucl. Phys. B 667 (2003) 242 [arXiv:hep-
ph/0306163]; JHEP 0610 (2006) 040 [arXiv:hep-ph/0609231];
Phys. Lett. B 643 (2006) 374 [arXiv:hep-ph/0611071].

[100] A. A. Bagaev, A. V. Bednyakov, A. F. Pikelner and
V. N. Velizhanin, Phys. Lett. B 714 (2012) 76 [arXiv:1206.2890
[hep-ph]].
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