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Abstract

In [I] we proposed a formula for the 3-point structure constants of Toda field theory, derived using
topological strings and the AGT-W correspondence from the partition functions of the non-Lagrangian
Ty theories on S*. In this article, we show how the semi-degeneration of one of the three primary fields on
the Toda side corresponds to a particular Higgsing of the Ty theories and derive the well-known formula
by Fateev and Litvinov.
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1 Introduction

Obtaining the 3-point functions of the Toda CFT is a long standing problem in mathematical physics.
Attacking this problem purely by using 2D CFT techniques is a notoriously difficult task and results
exist only for particular specializations of the external momenta. Only the cases of degenerate or semi-
degenerate primaries are known [2H4]. Our strategy in this paper, following [I], will be to employ string
theory techniques, in particular topological stings and 5-brane web physics, that through the AGT-W
correspondence will allow us tackle this problem using tools of a very different nature.

The AGT-W correspondence [56] is a relation between 4D N = 2 SU(N) quiver gauge theories and 2D
W Toda CFT. The correlation functions of the 2D Toda CFT are obtained from the partition functions
of the corresponding 4D N = 2 gauge theories as

25" _ / da]| 283, (0, €1.)| o (Ve (21) - Vi (20)) o (1)

where the Omega deformation parameters are related to the Toda coupling constantl] via €1 = b and
€2 = b~ 1. The conformal blocks of the 2D CFTs are given by the appropriate instanton partition functions
of Nekrasov [56], while the three point structure constants should be obtained by the S* partition functions
of the Ty superconformal theories [7,[8]. These partition functions were until recently [IL[89] unknown,
with the sole exception of the W5 case, i.e. the Liouville case, whose three point structure constants are
given by the famous DOZZ formula [I0LIT].

1We also use the notation €+ = €1 + e2. When we specialize €1 = b and e2 = b~1 in order to connect the topological
string expressions to the Toda expressions, we have e; = b+ b~1 = Q.
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Figure 1: This figure depicts the identification of the a weights appearing on the Toda CFT side with
the position of the flavor branes on the Ty side, here drawn for the case N = 5.

A similar relation between 5D gauge theories and 2D ¢-CFT exists [8,[12H24], which relates the 5D
Nekrasov partition functions on S* x S! to correlation functions the of g-deformed Liouville/Toda field
theory:
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where 8 = —logq is the circumference of the S*. The exponentiated Omega background parameters
q= 67ﬂ61 5 t= 61862 5 (3)

are used in this case. The partition function on Z $*xS" ig the 5D superconformal index, which as discussed
in [25] can also be computed using topological string theory techniques
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In [8] we computed the partition functions of the 5D T theories on S* x St (see also [9]) and suggested
that they should be interpreted as the 3-point structure constants of g-deformed Toda. We read them
off from the toric-web diagrams of the Ty junctions of [26] by employing the refined topological vertex
formalism of [27,28]. In a subsequent paper [I], we showed how to take the 4D limit, corresponding to
B — 0 or equivalently to ¢ — 1, obtaining the partition function of 4D T theories on S4

x
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where by “const” we mean a function of €1, €2 and § that is independent of the mass parameters of the
theory. The degree of divergence was determined as proportional to the quadratic Casimir of SU(NV)3

XN = — Z [(mz - mj)2 + (nj — ni)Q + (li - lj)Q] = —Nz (ai - Q, o — Q) . (6)

where Q := Qp = (b+ b~ 1)p with the SU(IN) Weyl vector p defined in (Ag). After the first equality of
([@), we have introduced the mass parameters m;, n; and I; of the T theory, which, as shown in figure []



are connected to the Toda theory parameters [I]
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It is important to note, that the mass parameters are not all independent, but obey

N N N
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which is reflected in the fact that the sum of the weights h; of the fundamental SU(NN) representation is
zero. Then the structure constants of three primary operators in the ¢g-Toda theory is given by the Ty
partition functions on S* x S! as

3
Cq(a1,a2,a3) = const X H Yq(aj) (1 — q)_Xsz€[4X51 , (9)
j=1

where we have used the following special functions that capture the non-trivial Weyl transformation
properties of the structure constants:

—(e,p)
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with the functions Y, defined in (A24]) and the product is taken over all positive roots e of SU(N). The
partition function on S* x S!, or the superconformal index, for the T theory is given by an integral over
the refined topological string amplitud
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after removing the decoupled degrees of freedom, referred to as “non-full spin content” in [§],
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The partition function Z{¢ captures additional degrees of freedom that are contained in the topological
string calculation but then decouple from the 5D theory. Interestingly enough, as noted in [I], these

2Multiplied by an appropriate power of the refined MacMahon function M (t, q), see (A30) for a definition.



Figure 2: The figure illustrates the desired Higgsing procedure for the general T diagram. We denote
7-branes by crossed circles. The left part of the figure shows the original T 5-brane web diagram, while
the right one depicts the web diagram obtained by letting N — 1 of the left 5-branes terminate on the same
7-brane.

degrees of freedom are responsible for the Weyl covariance of the Toda structure constants. Here and
elsewhere, we shall use the shorthand notation

[f(ur o un @) o= fun s ta) flug a7 g7 (13)
while the functions M are defined in (A9)). Inserting (IIJ) into (@), we find the nice expression
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The topological string amplitude is th\?p obtained from the Ty web-diagram by using the refined topo-
logical vertex formalism and reads
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where the “perturbative” partition functiond is
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and the “instanton” one is
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where the agj ) are defined via flz(.j ) = e_Bagj), while the Nf ., are given in (A38). The “interior” Coulomb
moduli flgi) — e B are independent, while the “border” ones are given by
“ L. AP =T[ M. AN =[] L. (18)
k=1 k=1 k=1

3We put the words “perturbative” and “instanton” inside quotation marks because for the T there is not really a notion
of instanton expansion, since there is no coupling constant.




Figure 3: On the left we depict the sphere with three full punctures that corresponds to the un-Higgsed TN
with SU(N)? global symmetry. On the right we show the sphere with two full punctures and one L-shaped
{N — 1,1} puncture. This particular Higgsing of Tn leads to a theory with with SUN) x SU(N) x U(1)
global symmetry. The partition function of this theory will lead to the Toda 3-point function with one
semi-degenerate primary insertion.

where Mj, := e #™* and similarly for N and Ly. See appendix [A] for more details on the parametrization
of the T’y junction.

The formula (@) for the structure constants of three Toda primary fields, has the correct symmetry
properties, the zeros that it should and, for N = 2, gives the known answer for the Liouville CFT [I].
w sums over the partitions I/i(j ), followed by
(4
7 (
K3

However, it is very implicit as one has first to perform
an W dimensional integral over the Coulomb moduli A”’ (the number of faces in the left diagram
in figure2)), and finally take the 4D or ¢ — 1 limit (B]). In this article, we show how to derive from (@) the
formula by Fateev and Litvinov [2H4] for the structure constants with one semi-degenerate primary (20).
This provides a very strong check of the results in [IJ.

This article is organized as follows. We begin by presenting in section 2] the formula by Fateev and
Litvinov that we wish to obtain as well as its generalization to the ¢-deformed Toda theory. We then argue
in section [ that the semi-degeneration of the primary field on the 2D CFT side is obtained on the 4D /5D
side by Higgsing the Ty theory. Specifically, we Higgs the left part of the Ty web diagram, as illustrated
in figure 2l The original, i.e. non-Higgsed, T partition function on S* x S is given by a W
dimensional integral over the Coulomb moduli, but the Higgsing “pinches” the integration contours and
gets rid of all of them as we show in section [ for the T3 case and in appendix [C] for the T, case. The
general Ty case is then presented in section In deriving these results, we need to perform w
sums over partitions, but the semi-degeneration trivializes W of them. Finally, we succeed in
performing the N — 1 leftover sums using the Kaneko-Macdonald-Warnaar sl(N) g¢-binomial identities,

which we present in [§l and prove their applicability to our case in appendix [Bl

2 The formula of Fateev and Litvinov

In this section we introduce the formula by Fateev and Litvinov [2H4] for the Toda 3-point structure con-
stants with one semi-degenerate primary that we want to re-derive using our formula (@). The coordinate
dependence of the 3-point functions of three primary fields V4, is fixed by conformal symmetry up to an
overall coefficient C(au1, aa, axg) called the 3-point structure constants

_ _ _ Clo, g, a3)
(Vo (21, 21) Vaa, (22, 22) Vs (23, 23)) = 210 21T A2=50) 5 [2(A1FA3—A0) 1, [2(BaFAa—A1)

(19)

where z;; := 2; — z; and A; is the conformal dimension of the primary V,,. Using 2D CFT techniques it
has so far only been possible to derive the formula for the 3-point structure constants of the W Toda
CFT in some special cases, see [2H4] for the state of the art. The formula for the structure constants in the



semi-degenerate case, in which one of the three weights becomes proportional to the first w; or to the last
wy—1 fundamental SU(N) weight was derived in [2]. Specifically, one setd] a1 = Nwy or o = Nrwn_1
and obtains

(2@*2?:1 o‘ivp)
b

C(Nswn_1,002,03) = (mw(bQ)bQ_%2) X

y T (O)NIT(N32) [Tog TUQ — a2,€))Y((Q — a3, €))
ngzl T(%+ (aQ - Qa hl) + (a?) - Qa h]))

(20)
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where the functions v and T are to be found in appendix [A3l For our conventions concerning SU(N),
see appendix In [1], we argued that the g-deformation of ([20) should be given by

) (2972%1 i)
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We want to emphasize that the g-deformed version of Toda field theory does not have a known Lagrangian
description. Thus, everything is defined algebraically in analogy to the usual case via a deformation of the
Wy algebra, see [29] and references therein. Since no Lagrangian description is known for the ¢g-deformed
Toda field theory, we can compute everything, up to overall factors containing the cosmological constant.
Therefore, we defined the 5D correlation functions ZI)) up to the muy(b?) term, since they together form
the b — b~ ! invariant combination. Explicitly, we have for the g-deformed 3-point structure constants

B (29*25':1 Oti,P)
Cylar, az, ) 3 (rpuy(¥?) ™ 7 Clou, s, ), (22)

so that it is clear how one can put back the appropriate 7uy(b?) factors for a given correlation function.

3 Higgsing the Ty theories

In this section we argue that a particular way of Higgsing the T theories, as depicted in figure 2]
corresponds to the degeneration that we are in interested on the Toda side. We do this by using the
physics of (p,q) 5-brane webs, considering their symmetries and counting the dimension of their moduli
spaces, both Higgs and Coulomb. In the next sections we will use the intuition we acquired here to
explicitly substitute the values dictated by the web diagram, (32) and (28], in the formula (@) in order to
explicitly obtain the formula ([20) by Fateev and Litvinov. The physics of the (p, q) 5-brane webs that we
will need in this section is well known and extensively studied, in the context that we need, in [9126]30,31].
We give a short review of their relevant results.

A very useful way of realizing 4D N = 2 quiver gauge theories in string theory is by using type ITA
string theory and the Hanany-Witten construction [32] of D4 branes suspended between NS5 branes [33].
This configuration can be lifted to M-theory, where both the D4 and the NS5 branes become a single
M5 brane with non-trivial topology, physically realizing the Seiberg-Witten curve in which all the low
energy data are encoded [33]. Similarly, 5D A/ = 1 gauge theories can be realized using type IIB string
theory with D5 branes suspended between NS5 branes forming (p, ¢) 5-brane webs [341[835]. A large class
of N'=2 SCFTs, called class S, can be reformulated (from the realization in [33] with a single M5 brane

4We use a slightly different convention than [2]. One has to change » — % to obtain the same expressions.
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Figure 4: On the left part of this figure, we see N 5-branes ending on n 7-branes in bunches of {1, ..., 4,
5-branes each. On the right side of the figure, we depict the Young diagram {€},05, ... £, } that gives the
flavor symmetry of the corresponding puncture. Having n bunches of 5-branes, each ending of a 7-brane
leads to a puncture in the Gaiotto curve with flavor symmetry S(U (k1) x --- x U(k,)), where the widths
k; of the boxes are equal to the numbers of stacks with the same number of branes per stack.

/
gll ki+1

with non-trivial topology) as a compactification of N M5 branes on a sphere [36]. This point of view is
very useful since intersections of these N M5 branes with other M5 branes can be thought of as insertions
of defect operators on the world volume of the M5 branes and thus punctures on the sphere. The name
simple puncture is used for defects that are obtained from the intersection of the original N M5 branes
with a single M5 brane (originating from D4’s ending on an NS5 in the Hanany-Witten construction),
while full or maximal punctures stem from defects corresponding to intersections with N semi-infinite M5
branes (external flavor semi-infinite D4’s in [33)]).

More general punctures, naturally labeled by Young diagrams consisting of N boxes, are also possible
[3637]. In the (p, q) 5-brane web language, they can be described when additional 7-branes are introduced
[26]. Semi-infinite (p,q) 5-branes are equivalent to (p, ¢) 5-branes ending on (p, q) 7-branes [38]. Consider
N 5-branes and let them end on n 7-branes, as shown on the left of figure @ The j*" 7-brane carries £;
5-branes. We define the numbers E;- as a permutation of the £; such that they are ordered

G>ly>- >0

ju )

(23)

and arrange them as the columns of a Young diagramld {¢/, ¢}, ... ¢}, see the right hand side of figure @
As we started with IV 5-branes, the Ez»s must obey the condition 2?21 E; = N. The integers k, are defined
recursively

ko = {# f; : f;‘ = f;cl-i-»»»ka,l-rl} ) (24)

and are equal to the number of columns of equal height. Since the diagonal U(1) of the whole set of the N
5-branes is not realized on the low energy theory [38], the flavor symmetry of the corresponding puncture
in the Gaiotto curve is S(U(k1) x --- x U(k,)) [36].

Having this toolkit at hand, the authors of [26] where able to show that the Coulomb branch of the
T'n theories, corresponding to normalizable deformations of the web which do not change its shape at
infinity, has dimension equal to the number of faces in the T web diagram, see the left part of figure
2 and has dimension W, as it should [37]. Moreover, they where able to count the dimension

of the Higgs branch of the T theories (that was known to be LQN_Q [37]) by terminating all the
external semi-infinite 5-branes on 7-branes and counting the independent degrees of freedom for moving
them around on the web-plane. Finally, the global symmetry SU(N)? of the T theories is realized on
the 7-branes.

Beginning with the T 5-brane webs which correspond to the sphere with three full punctures (labeled
by the Young diagrams {1"}) and grouping the N parallel 5 branes of the punctures into smaller bunches

5In this article, we draw the Young diagrams in the English notation. By {c1,...,cr} we mean a Young diagram with
r columns for which the j-th column has c; boxes, j = 1,...,7. Furthermore, we use the notation {a®} for the partition
{a,...,a} with b columns.



Figure 5: In this figure we present the dot diagrams of Ty with three different Higgsings. On the left
we have the un-Higgsed dot diagram with three full punctures, SU(4)3 global symmetry and three Coulomb
moduli. In the middle, the four D5 branes end on two D7 branes with two D5 branes on each, which
corresponds to the Young diagram {2,2}. This theory has apparent global symmetry SU(4)? x SU(2) and
one closed polygon corresponding to one leftover Coulomb modulus. Finally, on the right we have the
fully-Higgsed theory with three D5 branes on the first D7 brane and one D5 brane on the second D7. This
theory has no Coulomb moduli left.

(labeled by the Young diagrams {¢},¢,,...,¢,}), the authors of [26] obtained 5-brane configurations
which realize 5D theories with Eg 7 s flavor symmetry. These theories have Coulomb and Higgs branches
of smaller dimension than the original T and can be counted using a generalization of the s-rule [39-41]
by using the so called dot diagramsﬁ. These theories where further studied in [9,B80,31]. For us, the
important result from [26] is that the dimension of the Higgs moduli space of a puncture corresponding
to the Young diagram depicted in figure [ is

n

dimpMp, =Y (G - 1)¢;, (25)

j=1

and that the Coulomb branch is the number of closed dual polygons in the dot diagram.

We need to decide which puncture (Young diagram {¢;,¢,, ..., ¢, }) corresponds to the Fateev-Litvinov
semi-degenerate primary operator. This puncture should have only U(1) symmetry (for N > 2). Thus, it
can be obtained by grouping the N5-branes in two bunches of unequal number of 5-branes, N —1 and 1
respectively, forming the L-shaped Young diagram {N — 1,1} shown in figure Bl For N = 2, the puncture
has an SU(2) flavor symmetry, while for N > 3 the flavor symmetry gets reduced to U(1), as required for

the semi-degenerate field. The Higgs moduli space of this configuration has dimHMsgml_deg =1 which is
consistent with the fact that we have only one parameter s in the CFT side. Finally, the dot diagrams tell
us that the dimension of the Coulomb branch in this case is zero, which, as we will see later, is consistent
with what one gets by just substituting (29)) in ().

Now, let us discuss what happens with the Kéhler moduli that parametrize the T partition functions
as we bring together N — 1 parallel horizontal external D5 branes on a single D7 brane. These we
will then translate in the language of mass parameters m;,n;,l; (i = 1,...,N) and Coulomb moduli
ar (r=1,...,(N=D(N=-2)/3) using the dictionary of appendix [A.J] and in particular equation (A.4) and,
finally, to the Toda weights a 23 using (7). We follow closely the discussion in [30]. For simplicity, we
begin with two parallel D5 branes that originally end on different D7 branes. This process is depicted in
figure B First we need to shrink uy of Us = e=#%2 to zero while still having two 7-branes. In the process
of sending the uy of Uy = e~ Pu1 to zero, one of the two D7 branes will meet a D5 brane and the two
parallel D5 branes will fractionate on the D7 branes. After moving the cut piece to infinity it effectively
decouple from the rest of the web.

6The dot diagrams are the dual graphs of the web diagrams with the additional information about the 7-branes encoded
in white and black dots.
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Figure 6: This figure shows the way two 5-branes are brought on the same 7-brane [9].

For the unrefined topological strings, i.e. for e; = —e;, shrinking the length of a 5-brane that is
parametrizecﬂ by U = e~ " corresponds to setting U = 1. This is not true any more in the case of the
refined topological string where zero size will correspond either to U = \/f/_q orU = m [42H45]. It turns
out that both choices are equivalent as is extensively discussed in [30]. In this paper we wish to consider
only the parameter space that corresponds to Toda with Q = €1 + €3 > 0, i.e. ¥/q > 1, and thus we have

to pick U = /Y.
For the T3 case the situation is exactly the same as the simple example depicted in figure The
following two Kahler parameters

Q(l) = AilMlNl and Ql(;ll) = AM;lNl_l (26)

m;l
are the ones we have to shrink, where A = [151) is the Coulomb modulus of T5. See appendix [AT] for
notations and figure [0 for the web diagram of T5. Thus, we have to set

t
Qi = Qi = ﬁ - 27)

In general for Ty as depicted in figure [[3 we must tune

QY. = l(J)\/E with  i=1,...,N—2, j—=1,....N—1—i. (28)

Going back to the Toda side, we wish to semi-degenerate the weight o, i.e. set it to

e — MEL=29 i=1,...,N—1,

—(N=1)x+51Q i=N, (29)

a] = N%wN_l <~ m; = {

where the implications from (7)) of the semi-degeneration on the mass parameters are written on the right.
For the T3 case that implies for the exponentiated mass parameters that

- _t -
My=K-=e¢P>=Q  and M;=K (30)
q
which is consistent with (26) and ([27) when the Coulomb moduli is tuned to the value

A= KNl\/E (31)

This is compatible with the statement that after Higgsing, the T35 the dimension of the Coulomb branch
is zero, and also with the fact that we will discuss in next section, the contour integral gets pinched once
one substitutes ([29) in (@)). In the general Ty case, Higgsing forces the Coulomb parameters to become

j
AZ(_J) = K¢ (E) H Ny, (32)
1 k=1

"The parameter u in the exponent is the length of the 5 brane segment.

i(N—i—j)




where i,j =1,...,N —2,i+j < N —1 and K = e #*. This implies that the Kahler parameters obey

3).
A remark on the physicality condition for the Wy Toda weights « is in order. Denoting by A(a) the
conformal dimension of the primary field V, the formula for the two point functions

2m)N=15(a + o — 2Q) + Weyl-reflections

(Voo (2, ') Va2 2)) = &

|z — 2|44 () ’ (33)
tells us that requiring that Vg be the conjugate field to V,, leads to the following reality condition
§R(a) =9 — mi,ng, l; € iR. (34)

On the Toda side, the physicality condition for the Toda weights ([B34) implies through the dictionary
(@ that the mass parameters are purely imaginary. On the (p,q) 5-brane web diagram side, distances
are measured by the real part of the mass parameters, see equations (2.7-2.12) of [I7] for a review of the
conventions. When the 5-branes are on top of each other, i.e. when their distance is zerdd, Ty has SU(N)3
symmetry [26] and we can have physical Toda states. Since Q = Q Zf\;l w; and since semi-degeneration
requires that o = Nsawpn_1, we see that semi-degeneration/Higgsing is incompatible with the physicality
condition ([B34)). This is compatible with CFT intuition [40].

U2 UQU
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Figure 7: The figure illustrates the change of the Kdher parameters upon flopping.

We wish to conclude this section by stressing that the formulas we are dealing with have different
domains with different convergent expansions depending on the values of the masses, just like in (A19]).
In the topological string language they correspond to different geometries that are related to each other
by flopping. For each Kéahler parameter U, we distinguish between the region |U| > 1 and the one with
|U| < 1; to each is associated a different (p, q) 5-brane web diagram. Going from one region to the other
involves “flopping” which transforms the K&ahler parameters as depicted in figure [[l See [47] for a recent
discussion of the topic. In the next section, we explain how the contour in (@) is to be chosen and we
argue that the contour is dictated by the choice of the flopping frame.

4 The Higgsed 73 theory and the semi-degenerate W3 3-point
functions

In this section, we illustrate the relationships between Higgsing and semi-degeneration with the simplest
example, namely T3. For this, we show how semi-degeneration of the masses m; “pinches” the contour
integral, so that the result is given by only one residue. Furthermore, we discuss the relationship between
the potential residues from the contour integral and the different Higgsed geometries.

8See section 4 and 11 of [46] for a detailed discussion of the physicality condition in the Liouville case.
91In the refined topological vertex, the Seiberg-Witten curve is replaced by its quantum version in which zero distance is
understood as integer multiples of €.

10



Let us first make a trivial example to illustrate our situation. Let g be a meromorphic function in a
domain D C C that has only simple poles at the points a, b and p;, meaning that it can be written as

f(z)
9(z) = ; (35)
(z—a)(z =0 [L;(z — pi)
where f is a holomorphic function in D. Let C be a closed contour in D that encircles a as well as the p;
but not b. We write a = p+ § and b = p — d and take the limit 6 — 0, thus letting the two points a and b
collide on the contour C on both sides, as depicted in figure Bl If we now compute the contour integral of

Figure 8: The figure shows an example of contour pinching. As the poles at a and at b collide, the
contour integral diverges, which is why we regulate it by multiplying with a — b. In the limit a — b, the
integral is given by a single residue.

g around C and multiply it by a — b, we obtain

od o — f(a) (a—b)f(pi)
@0 5000 = [t 2 o L)
g _ S0y, [(a — b)Res(g(2), a)] . (36)

[L,(p—pi) a—b

Thus, in the limit a — b, the contour gets pinched at the point a = b = p and the integral is given by a
single residue. This is essentially the contour integral version of the identity lim._,o m = 7d(x).
This example can also be easily generalized to the case in which g has not only simple poles, but we will
not need it.

We now want to explain how this simple example applies to our integral formulas for the correlation

functions of T5. In the T3 case, formula (I4)) for the structure constants reads

Figure 9: This figure shows the two flopping frames for T3 for which it is possible to choose an integration
contour for A that gets pinched in the semi-degenerate limit. The geometry on the left corresponds to the
domain [B8), while the one on the right corresponds to [B9). One can obtain the right geometry from the
left one by applying two flopping moves, see figure[7, to the encircled segments.

11



dA 2| Ht

C = const x ¢ —— |M(t Z3°P)? 37

(s az,aa) = const x o5 (4 0) 27 (1)

where Agl) = A = e "2 We first need to determine the contour. As we discussed in the previous section,

for each flopping frame, the Kdher parameters are subject to specific constraints. In our case, we have
two relevant flopping frames as shown in figure @ The first one is valid for

-2 5
M; N - 2
L : ’~~ > 1, MM¢4>1, (38)
A Mo Ny
while the second one requires
2 T 1 2
i B MM@J>1, wffr (39)
M1N1 AM2L3

They are related to each other by two flopping moves as illustrated in figure[7l For a given flopping frame,
the contour integral in A has to be chosen such that the inequalities (38) or ([89) are satisfied. As we will
show in the rest of this section, picking different flopping frames, i.e. picking different contours, leads to
having different poles contribute to the integral, which however leaves the final answer invariant up to a
sign.

Let us now turn our attention to the poles in the contour integral. From (I, we get for N = 3 the
following expression for the topological string amplitude

[H1gi<j§3M (1»]\:4_1]) }M (A2IZ\7_?) M (éAQI%f_?) ‘2

- 2
M (i) v (i) [ (V35 (/545)
[ IRl il Bl [Ti-s [me@ (a—mp —ny —Q/2) Ngl,(l) (a+mp + 15 — Q/Q)]

5 <N1i2> : (z%il) i { :
z \VaLs N3Lr Nf§1>u§1> (0) Nfél),,;l) (0) Nfg),,g) (0)

Nﬂ(l) o (a+no—1 — Q)N FONC (a+mnz —1l2— Q)

|Ztop|2 |Zpert| |Zlnst|2

Nﬁ 2 I3) NP 2 —1 (40)
V(l)u(l)( a—ng+13) e (1)( a+m 1)

Since we wish to evaluate the contour integral (7)) in the semi-degenerate limit ar; = 33ws, we introduce
a regulator 6 and parametrize the three masses labeling the positions of the branes on the left as

mi=x+0—Q, mo =x—90, mg = —2x+Q, (41)
which implies that the exponentiated masses M; = e~ #™i are
N = f(e—wé o M=Re®, =K, (42)
with K = e~ #*. The semi-degenerate limit then corresponds to 6 — 0. For these values of the masses,
the numerator of |Z;°P|? in (@0) goes to zero, just like the term a — b in (36), since
|IM(MM;H? = (1 — e 25%) x reg. ~ § x reg. (43)
where “reg” are terms that don’t vanish for § — 0. Let us now analyze the poles in the integrand of (0]

and determine which ones will contribute in the semi-degenerate limit. We make the assumption that
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only poles from the “perturbative” part, i.e. the first line of ({@0]), are relevant for this computation, which
will be justified by the final result. We need to find poles that lie on different sides of the contour and
that collide when the regulator is removed. The relevant poles in the integrand come from the zeroes of
the functions |M(u)|? in the first line of @0). Since, in order to obtain the Toda theory from topological
strings we wish to have b > 0, so that |q| < 1 and [t| > 1, we get from (AI9) the expression

IM(ust,q)* = M(ust, )M (w5t ) = T (1 —ut /) (1 —u e g, (44)

ij=1
Thus, the zeroes of [M(u)|? are to be found on the points
u=t"q", u=t"TgTnt (45)

for m,n € Ng = {0,1,2,...}. We see that there are two classes of poles of |Z%P|?2| namely those that
condense around zero in the A complex plane and those that condense around infinity.

We now pick our contour according to the two different choices of flopping frames in figure On
one hand, if we choose the first geometry, the contour has to lie in the domain (B8]), which in the semi-
degenerate limit implies

_ st
‘KNleﬁ'S‘ <|A] < ‘KNleﬁ'S—
q

. Al > ]frligle*%] . (46)

On the other hand, the other geometry forces the contour to be in the domain (39), which means that
‘R—li;lew%’ <|A| < ‘k—li;le—ﬂé’ . |Al> ’f(meﬂéﬂ . (47)

When we then take the limit § — 0, some poles from the exterior of the contour integral with coincide

with some from the interior, leading to a divergence that will cancel the zero of (@), just like in the simple
example of equation ([B6]). We easily see that the relevant terms in the denominator of the first line of (0

are
’M (\/EAM11N11> M (\/EAM;N;) M (\/EAM1E3) M (\/EAMQEP,)

The other zeroes in the denominator will not pinch the integral once the regulator 4 is set to zero and can
be ignored, just like the p; terms in ([36). Numbering the functions M as 1 to 4 in (8] from left to right,
using (45) and the parametrization [#I), we know that we have first order poles in the integrand if

(48)

3

1 A = KNye Py mtagn—s | A = KNje Pgmtign=2

(1) (
(2) A = KNpjePoym—agnts | ( A = KN ePogmtag—n—z
(3) (
(4) (

)
)
) A=K 'efymignty
) A — K71Lg167ﬁ5tm+§qw7§ 7 (49)

3 A= ROl igd
) A= RUElesemo i

3

3

for m,n € Ny. We have labeled with a = those sets of poles that coalesce around A = co. The choice of
the domain (@8) or [@T) does not fully constrain the form of the contour. We argue that it is natural to
choose the contour such that for generic values of the parameters it lies between the sets of poles in ([49])
that condense around zero and those that condense around infinity. For the first choice of the domain
(6), we show a possible contour in figure [0l The contour has to also pass between two poles coming
the lines 3 and 4, which will not lead to pinching in the limit § — 0. We see that, due to set of poles 1

13



Figure 10: The figure shows the integration contour for the choice of allowed domain [@6l). The allowed
domain is the shaded region, shown here for |K| = |N1| = |Ls| = 1. As the variable & is sent to zero, the
contour gets pinched between two zeroes and the contributions are given by a residues on one of the poles
of type 1 whose position is indicated by a black circle. The set of poles are labeled according to (9.

colliding with the set of poles 2 for m = n = 0, the integral gets pinched as § — 0 and that the result is

given by the residue at
A= \/Ef(me—ﬂé. (50)

We see that for the choice of contour in figure[IT] the fact that for 6 — 0 we get an overlap between a pole
from 3 and a pole from 4 is of no consequence since they both lie of the same side of the contour. The
geometry corresponding to the residue at (50) is depicted in figure [Tl Let us now compute the residue of

Figure 11: The figure shows the Higgsed geometry corresponding to the residue ([B0). For this residue,
the Kdhler parameters take the values (27]).

|25°P12 at ([B) directly. We can use the fact that for a function f that has no pole at Bt*q', we have

f(A) _ _
Res (W,A Btkql) = |M(t, )|2f( tk l) (51)

Here | M (t,q)|” is the norm squared of the refined MacMahon function defined in (A30) and the function
g, is defined as

2 7 l _ _
g (t q) := lim |M( I (t qlﬂ’q H (te/st

u—1 —k z —Jit- 1 ’ (52)

where we have used the shift properties (A23]) of the M functions and the last equality is only valid
for k,l € Np. The above expression can be continued for negative k and [ with g,; = —g_4_4 _;_;. In
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particular g_,, o = gy _,, = 0 for n > 1. Therefore, choosing the contour to lie in the first domain (48],
letting ¢ — 0 and using (&)

. dA 2 top|2 __ top2 —B6
lim 5o M) 257 = M () Res (12577 A = [T R Ne (53)
]

TR M ()

2 ’ZénStHA:\/{RNI :

One can observe that due to (A.38]), the sum over 1/§1) in ‘Zé““ﬁ A= TN, drops out and we obtain the
q

result
o I vl
ins NoLi\ * ([ NiLs\ °
(25) |a=/TEN, — >\ 75 Vol
q 1 . N3Lo NoLs3
« NEI(D(TLQ, —+ ll — %)NEQUI (7’L2 —+ ZQ — %)Ngl/2 (nl —+ lg — %) (54)
N7, (0N, (0)

where we denoted 1/( ) = V1, z/él) = s.

We also calculated the contour integral for the second choice of the flopping frame, i.e. the domain
2
(@6). We find that for that choice of the contour, the result is given by the residue of ’Z;,Op’

A= \/g Rl (55)

which, together with ([@I) implies for § — 0 the Higgsed geometry shown in figure Computing the

Figure 12: The figure shows the Higgsed geometry corresponding to the residue (G5)).

residue, we find that the “perturbative” contribution, i.e. the prefactor of ’Zén“f in (B4), is the same

as before. Furthermore, we find after relabeling 1/( ) & 1/%1) and using (A39) that the “instanton”
contribution in (B4)) is unchanged, i.e.

(ZénSt)‘A:\/Ef(Nl — mst ’A_\/_K 1L 1 - (56)

In order to complete the computation, we need to calculate the sum in (B4]) over the two remaining
partitions. For this purpose, we shall use the following identity that we shall state in full generality in
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section [l and prove in appendix [Bt

5 (IR (1T

vi,V2 128 %1

_ M(Ulvl)M(éleQ)M(UQ%)M(é‘/QUB)M(U1V1U2V2)M(§V1U2V2U3)
M) M\ [EV) M LU0 M(, V0 Va) M| 502 VaUs) M( [0 Vi U2 VaUs)
where U; := e~#%. Upon making the following substitutions in (57))
Uk\/EM, vl\ﬁf{, VQ\/EK (58)
t K q N3Lo qd NyLg

where k£ = 1,2, 3, we arrive at

el NE  (uy — @J2) NG, (uz — Q/2) Ny, (uz — @/2)
N, (0)NZ,,, (0)

Va3

(57)

o - R,
SN M(EE)M(BEIM(BIMG S MG )M G
Inserting the above into (B3)), we arrive at
_ 3 N 2
lim ¢ ——- [M(t )" |25 = ik 3)H1;i<j§3Ail (NNj{Ni) Aj )
’Hi,j:l M(NiLjK_l)’
_ (=) YaB) [Ticicjes Talni —ny)Tq(lai — l4—j)’ (60)

3
A Hi,j:l Ty —ni — la—y)
where we have used (A24), (A25)) and defined the exponent

2 2 2 3 2
@32(%—3%) + Z (%-f—nj—ni) +(%+l4—j_l4—i)‘|_z (%+ni+l4—j_%)

1<i<j<3 ij=1

3 QQ 3 QQ
=2Q <3%+Z’i(7’bi+l4_i)> —7 = -2Q (2Q—ZO@,P> _75 (61)
=1

i=1

where in the last line we have used our SU(3) conventions, see appendix and equation (7). Now we
employ (A31)) and rearrange the prefactors of (60) to obtain the g-deformed W3 Fateev-Litvinov structure
constants (2I) in the form conjectured by [J:

Cq(-?)%CUQ, Qo, (13) =

2 2p—1 1.9 2Q_Z?:1ai1p 9 top 2
~ (i) (G- - ™) i f S a2 (62)
op—1 1.9 (29*2?:1 O‘iv/))
(=) - T5(0) 4 (35) [leno Ta((Q — @2,€)) T4 ((Q — 3, ))
(1—q)2@ 1} o Tale+ (02— Q i) + (a5 — Q. hy))

Taking the 4D limit ¢ — 1 then leads to the usual formula (20), up to a prefactor depending on b and the
cosmological constant p.
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5 The general Ty case

Having computed the structure constants for the T3 case in the previous section, we now want to turn our
attention to the general case. Starting with 7, we have to consider multiple integrals and we relegate the
investigation of the subtleties that are associated to them to appendix [Cl

We begin by considering the integration contour. From (A.4), we take the parametrization of the
relevant Kéahler parameters for the Ty geometry depicted on the left of figure

G) -1 iG-D 10)
o) = APATY QY. = AP AL (63)
{ () iG-1)" mii () 7G-1)

A9 A0 AD -1

where the “boundary” A’s are to be expressed via the masses through equation (AJ]). We choose to

perform the contour integral in the flopping frame of figure[2l which implies that the /IS) that we integrate
over have to be in the domain in which

ofd) L. (64)

1, ‘Qiﬁf >

where 7,7 < 1 and i + 7 < N. As before, we are interested in the semi-degenerate limit. This, we
parametrize the masses as follows

N4+1-2i
2

N-1
M; = Kd; t for i=1,...,N—1, My =KVN (9 7 (65)
q t

where the d; = e 5% are regulators satisfying Hf\;l d; =1 and K = e #*. The numerator of |Z“’p|2 has

(N=2)(N-1)
2

a zero of order in the limit d; — 0 since

I G =TT ()5 w0

1<i<j<N J 1<i<j<N-1

and |/\/l ((f/ q)n) ‘2 = 0 for n > 0. These zeroes can all be canceled by divergences coming from the pinching
of the W integrals if we choose the contour carefully, see for instance figure [[4] for an example in

the Ty case.Thus the final answer is obtained by taking the residues in the integration variables /IS) at

J
Ay>::ki(i) I] % (67)
q k=1

Computing the residues, we obtain the result

i(N—i—j)
2

N—2N—1-1 dA (m)
. 2 top2 _
Jim, f 11 Il [ %mw<nh2|
. 2 il
ME)

X

sl e

o - ~ 2
‘Hgﬂ M(NkLN-H—kK_l)‘ NN-i+1Lit

N'fl@ (7’LN + 1 — %) |:HN 2 Nl[i+1l/ (7’LN_1' + li+1 — %):| Nguz\;,l (nl +IN — %) 2

N-1
Hi:l Nfiw (O)

X
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Here v; for i = 1,..., N — 1 denote the partitions corresponding to the N — 1 brane junctions not affected
by Higgsing at the given pole. For our choice of flopping frame, see figure Bl these partitions are readily
identified as v; := y N9 ,i=1,...,N — 1, see figure 4 of [I] for the notation.

2

The remaining sums in ([68) will be now performed by using the summation identity (B.I8]) proven in
appendix [B.2] which we reproduce here for convenience

Theorem

N1 V«/UUZ i s
Z H +1) Nulw(m — c+/2) H Nl/»b+1l/1 Uiyr — <+/2) | N Q)VN ,(un — /o) =

[ Z TN UN_-1 =1 Vll/-b (0)
N—-1N—i M(Hl+]<_1 UV)M(%% . Hlij‘_l U, V)
71131M\/7U1+J H—] IUV) ( tlHH-J 1UV)'

Setting the parameters here to be equal to

Ny_is1Li K
t K dNN—j+1Lj41

fori=1,---Nand j=1,---N — 1, one straightforwardly obtains:

(69)

[Vl

e

v o bt \N—iv1Liva

Ni@ (TLN +1 — %) [HN 2 N€1+1V1 (ani +liv1 — %)] NguN*l (nl + iy — ;4)

T4 N, (0)
M(P)M(§ )

L 9 NN—it+1 ) (71)

_ j
H NN—j+1L

1<i<j<N M(#)M(iﬁm)

Substituting (7I) in (68) and expressing everything in term of the T, functions through formula (A227)
one obtains

N—2N—-1—1 dA(m)
. 2 top 2 __
jm f T H[——mwawh2|

=1 =1 2mi Al
_ (1 —q)?~ To(N3) H1§i<j§N[Tq(ni —n)Yg(Iny1—i — INy1-5)] (72)
AN [Ty Taloe — ni — Injay)
where the exponent

2 2 2

(g [ (o
s 2 (73)

Z< +nz+lN+1]%>
i,j=1

after a little algebra simplifies into

N 3
on =20 <w%+ S i+ zNH_Z-)) e (29 - Zai,p> Tt ()

i=1 i=1
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Now we will employ our SU(N) conventions, see appendix [A2] equation (7)) as well as equations (A25]),
(A31) and rearrange the prefactors to obtain the the g-deformed Fateev-Litvinov three-point function in
the form conjectured by [1]:

N—-1 op—1 1.9 20-3"3_ aip
Cy(Nxwn_1, a0, 03) = (ﬂ|M(t,q)|2) ((1—qb) b (l—qb ) b)( )
N—2N-1-lr ,7(m)
x Jim ¢ 111 = g MG o127 (75)
2p~ 1 —1,2 (29_2321 )
(1-¢)" (1-¢" )" 0N TG (N3) [T To((Q — 2,€)) Ty ((Q — 3, €))
(1—q)*? [T m; Taloe+ (2 — Q, i) + (s — Q, hy)) -

Taking the 4D limit ¢ — 1 here yields the Fateev-Litvinov formula (20)) for the semi-degenerate three-point
function of the Wy Toda field theory, up to a factor depending on b and the cosmological constant u.

6 Conclusions and Outlook

In this article, we used formula (@), taken from [I], for the Toda structure constants of three generic
primary operators to rederive the known formula for the structure constants involving one semi-degenerate
primary, which was originally obtained by Fateev and Litvinov in [2]. We showed in section 3] how the
degeneration of the primary fields on the Toda side corresponds to Higgsing on the (p,¢) 5-brane web
diagram side. After committing to the choice of the flopping frame which then dictates the form of the
contour, we demonstrated that in the semi-degenerate limit, the contour integral expressing the Toda
structure constants is given by a single residue. Then, using ¢-binomial identities (69]), we proved that the
sums over partitions still present in the residues can be computed exactly and that the final result (73]
agrees with the expression of Fateev and Litvinov after one takes the ¢ — 1 limit and reintroduces (22)
the terms depending on the cosmological constant . Thus, we have obtained a very non-trivial check of
the general formula for the Toda structure constants given in [I].

We would of course want to obtain further checks of ([@). A natural next step would involve rederiving
(3.11) of [], which is a generalization of [20)) for the T3 case. Specifically, if one generalizes the semi-
degenerate condition oy = Nkws to o = Nsaws — mbwy, where m is a positive integer, then one obtains
the expression

C(N swe — mbwy, azas) = E(aa, az|N ) mIm, (76)

where E is given by a generalization of (20)) as

) (29*21317:1 O‘ivp)
(g, az|N ), i=(rp)*™ (mry(bQ)b2_2b ) X
Y'(=mb)*Y(N20) [Ten0 T(Q — €2,€)) T((Q — a3, ¢))

[T ,—y Y (o — mbdy; + ¥ + (g — Q. h) + (s — Q. b))

(77)

and J,, is given by an 4m® dimensional Coulomb integral, see appendix B of [4]. It would be quite
interesting to obtain this formula using our formula (3.

Furthermore, another interesting direction involves investigating the semi-classical regime. In that
limit, the combinatorial functions Nf u factorize in a product

b o) _ _
8 (m3 b, b7 NS (ms b, b NG (ms b, b1 (78)
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Thus, the sums over partitions disentangle, allowing one to use generalizations of the g-binomial identities
to compute them. This direction is especially interesting because computing the correlation function in
the semi-classical limit could help derive the still unknown Lagrangian of the g-deformed Toda theory.
One should begin by looking for the Lagrangian of the g-deformed Liouville theory, returning to the work
of [I8/[19]. It could be that the 2D space has to be made non-commutative [48H50].

The ultimate goal is of course to compute the contour integral in (I4]) exactly for generic values of the
parameters, which requires finding a closed form expression for the “instanton” sum of (7). In order to
accomplish this, a suitable generalization of the g-binomial identities that we used in this article to perform
the sums in ([@) must be found. A more modest goal with which one can practice involves computing the
sums for the cases with Fjg 7 ¢ flavor symmetry studied in [9l26/30131], which are obtained from the general
T'n by a less severe Higgsing than the one we perform here.

In [I] we gave a formula for the 3-point functions of three Toda primary fields. Knowledge of all the
3-point correlation functions of primary fields is in itself not enough to obtain all generic 3-point functions,
thus solving the Toda CFT. In order to achieve that, we need to also compute the correlation functions of
descendants, which for the general Wy Toda CFTs is not that simple. It is however rather straightforward
to see from the topological strings point of view what are the steps that lead to them. Specifically, in
the computation of the topological partition function (IH), we have to let the partitions on the edge of
the diagram be arbitrary instead of empty, see figure 4 of [I]. This would lead to the general Ding-Iohara
algebra interwiners. The Ding-Iohara algebra [51] in the free boson representation with N free bosouns is
known to factorize [52] as

A=WxyoH (79)

where H is the Heisenberg algebra. This algebra is precisely the one needed to describe the descendent
operators in the context of the AGT-W relation, see [53,54]. In particular, it would be quite easy to
obtain the 3-point function of two primaries and one descendant and such 3-point functions will already
lead to many higher point functions thanks to the conformal bootstrap and addressing this problem is
work in progress [55]. Moreover, it would be important to better understand the ¢-deformed AGT-W
correspondence and its relation to topological strings by more actively studying the Ding-Iohara algebra
as in [56].

The degeneration we study in this paper, and in general Higgsing, can also be understood on the 4D /5D
side using co-dimension two half-BPS surface defects [57] as in [42L[58H60] and [611[62]. More concretely,
this can be done by studying the generalization of the 2D /4D story of [58H63], which is a generalization
of the AGT correspondence including surface operators, to the 3D /5D relation that was initiated by [I8]
and further studied by [I9H21]. See [64] for the latest advancements on the subject.

We finish by observing that the Higgsed geometry corresponding to the degeneration, see the right
side of figure [2 is related to the strip geometry, see figure 23 in [§], by the Hanany-Witten effect. We
refer to [65] for a nice discussion on the subject. The invariance of the topological string amplitude under
the Hanany-Witten transition is non-trivial and it would be important to see how one can relate formula
1)) for the g-deformed structure constants to the topological string amplitude for the strip, see equation
(4.66) of [g].
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A Notations, conventions and special functions

In this appendix, we summarize our conventions and the main properties of the special functions that we
use the most.

A.1 Parametrization of the Ty junction

We gather in this appendix all necessary formulas for the parametrizations of the Kdhler moduli of the
. . . 10 ) . .
Tn. First, the “interior” Coulomb moduli Ay) = e P are independent, while the “border” ones are

given by
i j i
A0 [0 AY =[[F AN =i (A1)
k=1 k=1
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The parameters labeling the positions of the flavors branes obey the relations

N _ N _ N ~ N N N
HMk:HNk:HLkilﬁzmk:an:Zlkio. (AQ)
k=1 k=1 k=1 k=1 k=1 k=1

Therefore, /Iéo) = /IS\?) = /IBN) =1 and we can invert relation (A as

_ 1[1(_0) _ A(i) _ A(_N*i)
M; = ——, N; = — 0 ) Li=———. (A.3)
o N i

All placements are illustrated in figure The Kéahler parameters associated to the edges of the Ty
junction are related to the /L(.J ) as follows

1) 1(9) F) ji-1 A6G-1) 70
QU = AVAL e ADATL g AT DAL, (A4)
nit = ZG-1) G+’ i 30) AG-1) mi = () 2G-1) :
AR AT AT AT
For each inner hexagon of (I3), the following two constraints are satisfied
Qe = Qi QR QLR = Qi Qi (4.5)

A.2 Conventions and notations for SU (V)

For the convenience of the reader we summarize here our SU(N) conventions. The weights of the funda-
mental representation of SU(N) are h; with sz\; h; = 0. We remind that the scalar product is defined
via (hi, hj) = 8;; — %. The simple roots are

eri=hr—hiy, k=1,...,N—1, (A.6)

and the positive roots e > 0 are contained in the set

AT = {hi — hj}i]ijzl = {el}i\;_ll U {ei + 61'.:,_1}1-]\;_12 J---u {61 + -+ €N_1} . (A.7)
The Weyl vector p for SU(N) is given by
1 1 & N+1-2
p::5;6:iiqZZI(hﬁhj):;fhi:wl+--.+w,1, (A.8)

and it obeys (p,e;) =1 for all 5. The N — 1 fundamental weights w; of SU(IV) are given by

wi =Y h, i=1,...,.N—1 (A.9)
k=1

and the corresponding finite dimensional representations are the i-fold antisymmetric tensor product of
the fundamental representation. They obey the scalar products (e;,w;) = d;;, ¢.e. they are a dual basis.
Furthermore, we find the following scalar products useful

N+ _i(N =) f1-4% <
(phj) = —=— =34 (pwi) = ——5—, (hj,wl)—{ RS (A.10)
as well as in(i, j) (N (4, 5)) N(N2 1)
min(i, j — max(z, j —
(wiawj) = N ) (/), /)) = T (A.ll)
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The Weyl group of SU(N) is isomorphic to Sy and is generated by the N —1 Weyl reflections associated
to the simple roots. If o is a weight, we define the Weyl reflections with respect to the simple root e;

(eia OL)

(e, ei)ei =a—(e,a)e;. (A.12)

W, = — 2

Furthermore, we define the affine Weyl reflections with respect to e; as follows
wioa:=0+w;-(a—Q)=w;-a+Qe;=a—(a—Q,e)e;, (A.13)

where Q := Qp = (b+b"1)p.

A.3 Special functions

In this section we gather the definitions and properties of all special functions used in the main text. First
we begin by defining the shifted factorialdl]

p

(@:q)p = [J(1 = 2¢"™") (A.14)

i=1

for positive p, which is continued to negative p according to

(z39)p = ! (A.15)

- (2gPi9)—p
In particular for p — oo, and for arbitrary number of ¢’s, we have (we require for convergence that |g;| < 1
for all ¢)

oo

(31, Gr)oo = H (l—zqil qff) (A.16)

i1=0,...,ip,=0

We can extend the definition of the shifted factorial for all values of ¢; by imposing the relations

1

1

TiQUyeees Qs g = . A7
( n % qT)OO (ﬂ]u q1,- -+, qr)oo ( )

Furthermore, they obey the following shifting properties

(‘r;qla- .- aqr)oo
452341, - -4 = . A.18
(J T)OO (:C;Q17"'aqulaqj+17"'7%“)oo ( )

We then define the function M(u;t,q) as

[15- (1 —ut—g?)~" for [t| < 1,|q| <1
oo 1—1 1 7
oo o1 ) i (T —ut ) for [t <1,|a[>1
M(U,t,q) T (uq7taq)oo - Hzo] 1(1 ut™ qj) for |t| > 17 |q| <1 ’ (A19)
sz:l(l —ut~iqt=9)"L for [t| > 1,|q| > 1
converging for all w. This function can be written as a plethystic exponential
e u™ qm
itq) = — A.20
Miustea) =exp | 30 | (A.20)

10A good source for the properties of the shifted factorials is [66].

23



which converges for all t and all q provided that |u| < q=*+0Ual=D¢(4=1) Here and elsewhere (z) = 1
if x > 0 and is zero otherwise. The following identity is obvious from the definition

M(u;q,4) = M(uYa;t, q). (A.21)
From the analytic properties of the shifted factorials (A7), we read the identities
M0 = o Mg = (4.22)
M(ut; t,q) M(ug=';t,q)
while from ([AJ8) we take the following shifting identities
M(ut;t, q) = (ug; Qoo M(u;t,q),  M(ud;t,q) = (ug; oo M(ust, q) (A.23)

We define the g-deformed Y function as

_# o St)2 0 (1 _ qm+n1€1+n262)(1 _ q€+—z+n161+n262)
Tq($|61,62) :(1 - q) ! 2( ’ ) H (1 - q€+/2+n161+n262)
nl,nzzo

2 A.24
L (o- )7 (Mgt 9) .

=(1—gq) a2
M(\/Eita)

where we have used the definition ([I3]) for the norm squared. From time to time we will use the short-hand

notation
t
A= |M(\/;; t,q)%. (A.25)

If follows from the definition (A.24)) that Yq(e+/2|€1, €2) = 1, that Ty(z|e1, €2) = Tq(e4 —z|e1, €2) and that
Tq(zler, e2) = Tq(x|ez, €1). Furthermore, from the shifting identities for M, we can easily prove that

1-2¢; 'z
1— 2 _
Ty(x + €11, €2) = (1 — qi) Ygez (Tex )Ty (zler, €2) (A.26)
together with a similar equation for the shift with es. Here, we have used the definition of the ¢g-deformed
I" and  functions

Ty (x) == (1— q)lz%, (@) = % —(1- q)”ﬂf% , (A.27)

valid for |g| < 1. They obey I'y(x +1) = 11%‘1;1"(1(30), implying v4(z + 1) = %yq(x). Because of

the normalization of Y, (z|e1, €2) and since the factors of the right hand side of (A.26) have a well defined
limit for ¢ — 1, we find by comparing functional identities that

1—‘2(%|61,62)2

Ty (1‘|€1,€2)F2 (e+ - x|61,62) ’

T,(z + €1]er, €2) i T (z|er, €2) := (A.28)
where I'y is the Barnes Double Gamma function. In particular, the usual function Y (z) introduced in [I1]
is equal to Y(z|b,b~1). We shall often just write Y,(z) instead of Y,(z|e1,€e2) and indicate in the text
whether the ¢; parameters are arbitrary or whether b =€; = ¢, .

We will also need to evaluate the derivative of Y,(x) at © = 0. Since the zero of Ty(x) at z = 0 is
due to the factor (1 — ¢*) in the numerator of (A.24)), we find that the only piece of the derivative that
survives is

B

T40) = 7= Xal0). (A.29)
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From this formula we can then obtain an identity useful for the calculations of the main text. Let us
define the norm squared of the refined McMahon function following [25]:

o Mt q)|2

u~>1 1—’U,

Then, from (A25) and (A29) we get for ¢; = b and ez = b~ *

Mt )2 = %(1 — ) ®)A10). (A31)

(e1—e)?
[M(t, )| = = M@ 5L = (1—q) e ATy(er). (A.30)

A.4 Combinatorial functions

We shall use in the following

S w « [Ny
A= 3ohe =3 )= 3= 1) = S (A.32)
=1 i=1

where £(A) is the number of rows of the partition A. We also define the relative arm-length a,(s), arm-
colength aj,(s), leg-length [,,(s) and leg-colength [}, (s) of a given box s of the partition A with respect to
another partition p as:

au(s) ==pwi—7j, ay,(s):=j—1, Lu(s) =l —i, 1,(s):=i—1. (A.33)

It is of course also possible to have A = . The (q, t)-deformed factorial of A depending on a partition A
is then given as a following product over its boxes:

£(N)
(459,05 == [[ (At % q)n, = [(1 - Ag® @ 1)) (A.34)
=1 SEA

The next piece of notation that we need are the (g, t)-deformations of the hook product of a Young
diagram A. There are two inequivalent ways for this number to be deformed to a two-variable polynomial,
namely:

hx(g,t) == H(l — qe¢EFy R\ (q,t) :== H(l — q)F1G)y (A.35)
SEX SEA
Our last definition is that of the 5D uplift of Nekrasov functions, which we write as

Nfu(m €1,€2) H 281nh [m+e(X —j+1)+eli —p)]

(1,7)EX

X H QSmhg m—i—el(j—ui)—i—eg()\;—i—l—l)} (A.36)
(i,9)en

— HQsinhg[anel (ax(s) + 1) —eal,( HQSmh —e1a,(s) + e (In(s) + 1)]
SEA sSEW

where the products are taken over boxes of partitions A and u, respectively. By pulling some factors out
of the products, the definition can also be rewritten as

[A+[p]

t1 2 HAEIZ 1t 112 1l 12— 1A]2 o
Nfﬂ(m;ﬁlaQ) 5:( aﬁ) { T q M H (1 — Ut q/\l g+1)
(4,7)EN

X H <1 —AjFis 1q‘“+]), (A.37)

(i,9)€n
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where U := e #™.  For particular values of the parameter m, the introduced functions behave like
Kronecker—4¢ functions, namely

NTo(—e+) = N3, (0) = oo, (A.38)

where €4 = €; + €2. Furthermore, they obey the exchange identities

Nﬁp(m7 —€2, 761) N t)\t( €+;€1,€2),
Nf#(_m;el’Q (-1 |/\‘+|“|Nﬂ Am —epsere), (A.39)
Nfu(m;%ﬂ) N (m;€1,€2).

Finally, there are two relations involving the functions we just defined, namely

At2 a2
2 2

1 _ (=DM
ha(a, R4 (a.t) N3, (0)

(A.40)

as well as

[Al

Wn=Wsaon= (o) TN ), (A41)

where U := ¢~ #™,

B The sl(N) Kaneko-Macdonald-Warnaar hypergeometric func-
tions

This appendix contains the derivation of the summation formula (69) used in the main text. It exploits
a binomial identity for the Kaneko-Macdonald-Warnaar extension of basic hypergeometric functions [67]
which generalizes the Kaneko-Macdonald s1(2) identity of [68-70].

B.1 The sl(N) KMW hypergeometric functions and their g-binomial identity

The Macdonald polynomials Py(x;q,t), which are referred to in the case of infinite alphabet x as the
Macdonald symmetric functions, are labeled by a number partition A = (A1,...,Agy)) and form an
especially convenient basis in the ring of symmetric functions of x = (xq,xa, ...) over the field F = Q(q, t)
of rational functions in two variables q and t [71].

Having many nice properties, the Macdonald polynomials have been applied in various areas of con-
temporary mathematics. One of them is the theory of sl(N) Kaneko-Macdonald-Warnaar analogues of
basic hypergeometric functions. These functions of type (r + 1,7) are defined as

Ay, . A,
r+1@r[ 51 ’ BH;q,t;x(l),...,x(Nl)} =
N-1
Aq,. .. AT t 1 s tksfl. ANE
Z k( 17—1 LA [ n() ,’—%)A()sz)(x(s);q,t) (B.1)
AL (qt N1l By B, ) -y e h)\(s)(cht)

N—-2 kg ksy1 (qtﬂ i—1ltks—kstu. q)

S1§1§) —

s=1 i=1 j=1

NOES\S

ks1- ; q))\gs)_)\;s“)
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where the summations are performed over partitions A(*), 1 < s < N — 1 whose lengths ks := £(\(*))

) 5\

i koo k11 for

satisfy 0 = ko < k1 < ky < --- < ky—1 and whose entries are ordered according to /\(
1 < s < N —1. We have used here the definitions (A.14)), (A.32)), (A.34), (A.35]).

In the following, it will be enough to restrict ourselves to a so-called principal specialization of a
Macdonald polynomial, for which the string of arguments x is set to X := z(1,t,...,t*71) with k = £()\):

. %9, t)a
Pz t) = Ao 8O B.2
A(qua ) z hA(q,t) ( )

The corresponding specialization of the sl(N) g-binomial theorem is then written as:
Theorem [See [67], Cor. 3.1]

N—1ks—ks—1
s s (14/2‘S CZN— 1tl+5+ks 1+-+kn_2—N. q)

o (B.3)

oo

A
Bo| “a,t gD xN-1| 2
1%®o q,t;x X L (25 ZN— Jtitsthe1tFhky 2N, 1)

1
ks—ks—1 i+s—r+k ckp—Kg1—2
(qzs - ZrtZJrS r+ks—14-t+kr—kri1 ,q)oo

X
1<s<r<N-2 i=1

3 — — 9
(Zs - ZT’LZ"'S r4+ks_1+-+kr—1 1; q)oo

where X(®) := z,(1,¢,...,t% 1) for 1 <s < N — 1.

B.2 The summation formula

It will be convenient for the subsequent argument to rewrite the above formula (B.3) in the topological
string conventions. This turns out to be possible due to the identities (A.19]), (A.40), (A.41]) and the
following lemma:

Lemma

1 kZ
111 (AP ry I N, () (B.4)
o 1 (AU=i+1)\ N’i@(—a—/ﬁﬁz) g,\l (—a+ kaez)

where £(\1) = k1, £(\2) = ko and A := e~F9,
Proof: Let us first notice that by using definition [A-37] as well as exchange identities [A.39] the right-
hand side of the above formula can be written as a following product:

tkluz\;kwu N§2A1( a)
Ni@ (—a — kiea) g/\l (—a + kaez)
L= AR L A g

- . (B.5)
H 1 _Aétlw—lqkl,z J+1

(i3 _Aét—kﬁ-i—lq—/\zri'j ’
3 1

(,5)EXa

In proving the lemma, we will deal with formal power series in variables t and ¢, so that we will not be
concerned with issues of convergence of the intermediate expressions, requiring only that t,q # 1. We also
extend the entries of partitions A; and As, such that

)\Li =0, i > kq, /\271' =0, 7> k. (BG)

So, let us start with the following obvious identity:

L0 ) 0 9 5 Wb O [T ST AL N

i,j=1 =1 j=1 i=k1+1 5=1 i=1 j=ko+1
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Taking the last two sums of the right-hand side, shifting their summation indices and using convention

(B.6), one gets:
00 k2 k1 0o oo ko
( Z Z+Z Z )tj i A11 )\2] ZZ{] i— kl —kzj +Zztj H—kz )\11)

i=k1+175=1 i=1 j=ko+1 i=1 j=1 i=1 j=1
1 "2
j—i—k - —it+k /\ i
_tll(_zt] i—k1 2] +Zt H—z 1 ))’ (BS)
j=1

where in the last step we used the sum of an infinite geometric progression. Substituting this back and
multiplying the whole expression by t~! — 1, we obtain:

k1 ke

Z tJ % /\11*>\2]) Zztj % /\11*/\2])

i,j=1 i=1 j=1
kz kl
_ thflfkl (1 _ qsz,j) + Zt*’H’]% (1 _ q)\l,i) . (Bg)
j=1 i=1

Now we will use the following identity which the reader can find for instance in [27]:

oD gt T = (g7 1) ) Mg (B.10)
=1 =1

Multiplying it by 2;11 tV~1q=*2s and subtracting from the result the same with A;, Ay set to zero, we
find:

Z O (=gt ) = (g7 = 1) Y e (Mg - ). (B.11)
=1 =1

Substituting this back as a left-hand side of (B.J) and dividing everything by q~! — 1, we obtain the
following:

ol (AL ha, S Jmiml iy L g
D ¥ (g =2 > (@ o)
7,7=1 1= 1] 1 q
/\1,i
+Zq1 Yotk L0 +th R (B.12)
—q

where one can now use the formula for finite geometric progression to get rid of the fractions in the
right-hand side:

oo kl kz A1 7,7)\2 N

Z (tj_l_)\iwiqi—AZJ -1 z) ZZ Z tJ i—l_tj—i) ql
i,j=1 i=1 j=1 =1
ko A2, ki1 A1
+Zztj—1—k1qi—/\2,j +Zzt—i+kzqa‘_ (B.13)
j=1i=1 i=1j=1
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For the left-hand side one now should employ an identity from [72] (our t and q are interchanged with
respect to the formula there):

3 (¢ g o) = T Ot 5 T 0l
1,7=1 SEAN SEAX2
S s Y e g
(4,5) €M (1,5) €Az

Interchanging the indices in the second summand of the right-hand side of (B.13]), changing the summation
order in the third summand and moving them to the left, one finally obtains:

Z (f)\;j —i _ gk z) Mgty Z ( )\;j-i-i—l_t—kl-i-i—l) q it

(4,7) €N (2,7)EAa
k1 ko Ai—A2j

,ZZ Z (Vi — i) gl (B.15)

=1 j=1 =1

Substituting here t, q — t",q", multiplying by (Aﬁ)r/r and using the series expansion of a logarithm
In(l—2) = —Zfol -, we get

1— AtPe—ighui—i+l 1— AL M Himlg= et
q q
Z In ( 1 _Aith—iq/\l,i*jJrl ) + Z In ( 1 _Ait—kri-i—lq*/\z,ﬂrj )
q q

(1,7) €A (4,5)EA2
1 2 Alz )‘271' i—g 1—
1 — Av—igi—1
ZZm(H L) (B.16)
1=1 j=1 =1

Exponentiation concludes the proof.
Having proven the above lemma, it is straightforward to show that (B3] is equivalent to:

S [T )] (fal e
ey t t

AN D)

AL AWN=1)
N—-1 \B
Nyoaan ((hicy —ki)ea —ey) s
) [H R (0) ]'NW”“ (=) (B.17)
i=1 A N\G@)
M(E= DRk T (aothe )) M (S - (0mD=thima s izi(zst’%))
71<i<_j<N—2M( =D =G+ ki1 =k . HJ (zsths ))M(é fi—i+ki—k; 7 Z(zétks))
N-1 i—(N=D+ki—kn—1 TTN=1(, ¢ks =D =(N=D4kimi—kn—1 . TTV L (5 ks
%y MG I Gt MG -t IR )
D=V ks ko T (ogthe ) )M (G - 6= (V= Dk =k T (248

Now we are in position to prove the required summation formula:
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Theorem

A

N—1
/U U;
O R K
A L AWN=1) Ba=1 Nw))\(z) (O)
N—2
X [H NSen yeo (it — €+/2)} v (UN —+/2) (B.18)
=1

zl]lM \/%UiJrj' z+] 1VU \[ Her] 1VU))

with N site parameters U; = e % and N — 1 link parameters V;. One can visualize the right-hand
side of this formula by noticing that the arguments of numerator are exactly all the simply-connected
combinations of even number of site and link parameters (multiplied by é when starting with a link
parameter), whereas the arguments of denominator are represented by all simply-connected combinations
of odd number of site and link parameters (multiplied by \/7 single site parameters are excluded).

Proof: We use a so-called specialization technique [71]. Let us make the following specialization of Uj;

(ko = 0):
t ok -
U; = atz -1, i=1,...,N—-1 (B.19)

and reparametrize the remaining variables as

Vj—\/?ztjt’% vk kit j=1,...,N—2 (B.20)

q1 t  2Zv-1
Uy =4/ — VN1 =4/—-A——t°N-2, B.21
o=y =y i a2 (B.21)

One can readily check that the formula (B.I8) then reproduces the established sl(N) g-binomial identity
(BIM). Upon the continuation (see, e.g. page 41 of [§]) from discrete to continuous values of parameters
(from compact to non-compact functions), this specialized identity is promoted to the summation formula
(BIR) with arbitrary U;, concluding our short argument.

Finally, let us remark that the summation formula (BIS8) for N = 2

as well as

Z (V1 U1U2)|’\ 'I'N (1)@( ;/2) @,\m( — <+/2) _ M(Ulvl)M(éleQ) (B.22)
A N,\(l))\(l) (0) M(\/EW)M(\/EUJGUQ)
reproduces the non-trivial part of (5.3) of [7], whereas, taken for N =3
S (nvam) " (o) el e (e
A A NYwam (0)NYe) ye (0)
M(U1V1)M(§V1U2)M(U2V2)M(éV2U3)M(U1V1U2V2)M(§V1U2V2U3) (B.23)

B M(SE)M(\[EVR)M(LUVIU) M ViU Va) M| [£0VaUs) M (/50 Vi U2 VaUs)

it is equivalent to the formula (6.7) conjectured in [9].
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C Higgsing and iterated integrals for the 7, case

We saw in section [ how for T3 the semi-degeneration of the mass parameters m; pinches the integral
contour so that the structure constants are given by a single residue. The purpose of this section is to
perform the same computation in the Ty case, so as to illustrate the complexities that arise when we are

confronted with iterated contour integrals. For simplicity of notation, we set A; = Agl), A = Agl) and
As = AgQ). From (I6]), we read the “perturbative” part of the the topological string partition function

= ﬁ ‘M(MzM )‘ ’M (NlAz)M(NA@Z)M(ZZ?g)M(i‘Z;Z)’Q
R TR TN s TN |
‘M (A1A2L4) M (Alxlzm) M (ilij%lﬂb) M (LlLZ%hNZ) ‘2

X N
M (528 ) M (/55580 ) m (ﬁ—ﬁ?;)M( CAR) [T, M (/T8
x ~ ~

e ) ) e

In addition, the “instanton” part (I7) takes for N = 4 the form

FoV 1+ 3107 4+ 3 1) ZRIES1Z e R
T N7 2171 2172 2173 T T 2171 2172 T T 2171
Zinst _ L3N, Lo No L1 N3
O = —
= \ LaN, LsNs LyNy
Q

B B B
Nl/él)l/gz) (—al +as t+as — ll — lQ — %) Nyéz)y(l) (ag —asg — l3 — %) N(Duél) (a1 —az +my — 5)
B B B B
NU§1)V£1) (O)NU£2)V§2) (O)N (3) (3) (O)Nyél)yél) (0)

2
pert
|2}

X

Ngyél) <a2 + l4 +mq — %) Ngyél) (a1 —ag +mo — %) N@ﬁyél) (ag + l4 —+ mo — %)
B B B
Nyémyéz) (O)Nyémyél) (O)Nyél)yél) (—a1 + 2az +l4)

Nfu)@ (—31 +ag —mg — Q) Ng ) (32 +ls+m3 — %) me@ (_al +ag —my — %)

Nf(l)u(l)( a; +2a; —Q+ l4) (1) (1)(231 —az — nl)Nf(l)V(l) (231 —ay—Q — nl)
2 3 1 2

Nﬁ(l) (*32 —ly—my— %) Nﬁ(l) (2) (al +az—li—lp—n — %) Nﬁ(l) (al —Mm2 — N1 — %)
% vy 0 vy vg v 0

Nil)uél) (31 +ag+ 1y — nl)Nfil) ) (a1 +as —Q+1y — nl)

Nil)@ ( —m3—niy — Q) Nﬁ(l)m ( — My —N1 — ) Ng (1) (fal +my +ny — %)
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Let us try to perform the contour integrals over the Coulomb moduli A;’s. We fix the contours over the
A;’s as explained in section [ by choosing the flopping frame shown in the left part of figure 2l Using the
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Ty parametrization of (A4]), we find the expressions for the Kahler parameters ng)z and Ql(i). The fact
that the lengths in the picture have to be positive, implies the following domain

M N- A A M A -

LS, ‘~—1 >1, 122051, ‘ 2 151, ‘A2M3L4‘>1, (C.3)
Al MgNl A2 1M3
AN, ’ AiA3 ‘ AsAj ‘ Ay A3N; 1 A3N, o1

3 ’ A2N1N2 , A1E1E2 A3L3 , ~1 ’ E2 .

The mass parameters for the 5-branes on the left side of the T, junction are parametrized as follows

4\ ? 4\ ? L /4\ 3 AN
M1K<a> di, M, K<a) dy , M3K<a> ds, M4K3<a> . (C4)

with H§:1 d; = 1. We set d; = e P% with 2?21 0; = 0. We will compute the integrals in the order Aj,
A5 and A3 and are interested in the result in the limit , — 0. Thus, in the calculation of the contour
integrals, we will only keep the residues that will diverge when the regulators §; are finally all set to
zero. Their divergences will be canceled in the limit by the zeroes coming from the ‘./\/l (MZM ]-_1) ’2 in the
numerator.

Let us now consider the contour integral over A;. The possible contributing poles come from the
following terms in the denominator of (CJ])

[ () I (V35| ©s

j=1 k=1

We number the terms with j = 1,2,3 as 1 to 3 and those with £k = 1,2,3 as 4 to 6 and we need to
investigate which of them might pinch the integral contour. Plugging (C4) into (C.3), we find that the
allowed domain for the contour of Ay is

o €\ 2 . 0\ 2 Lt 3
KNyds (- KNy, (- AyK g (=
q q q
(C.6)

The situation for imaginary 8, is depicted in figure [2 We see that for |[K| > 1 and imaginary masses n;
and [;, the two domains in (C6) do not overlap and after some contemplation we find that the contour
for A; can be chosen in such a way that in the limit §, — 0 only one residue contributes, namely the one
for

<|A1|< <|A1|<

a3

A = f(Nldlg : (C.7)

Thus, we can compute the integral over A; just as in the T3 case and, after some simplifications, obtain
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Figure 14: The figure presents our choice of the integration contour for A,. The allowed domains for
A, taken from (C.6) are shaded in blue. As the regulators 8, are taken to zero, the integral is given by
just one residue whose position is indicated by a small circle.

the integral expression

Jim fﬂ[w 0 o] 1267 = m, If[[IM(t,q)FQi?;k]Res(
= m f T o e | el ] G B G
0S5 ]M (;;]dv) M (% ;;;3) M (AQKL4d3) M (iAng2L4)’
M (2 i) M (340K Each ) M (32385) M (8855)[

o () v (8452 ([ ) M (12585 o (i) M (V528 |
M () M (s )|
() (fEa ) v ((4) A ) aa (1) s

where we have used (5I).

We must now perform the integration over Ay. We find that the relevant terms in the denominator of
the integrand in (C.8)) are

Aods q A2d3) ~ ~ (t - ~ )
M M -—— \M(AKd3Ls) M| —-AsKd>L
’ (K?Nl) (fK2N1 ( 2n 4) q o

A= I?Nldlé)

(C.8)

‘ lnst‘ o
2124 A=K Ry ¢

2

(C.9)

From the above, we read that there are two poles that are potentially relevant for the semi-degenerate
limit, namely those for

AQ:f@Nld;l%, Ay =K 'L;tdgt (C.10)

These are the two residues that could contribute due to pinching. We need now to set the exact integral
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contour for Ay to see which one of them actually contributes. Plugging (C3)) and (C4)) in (C1), we find

o 1 (¢ : o 1t : —17 t
K*Nyd; ™ | = K*Nyds~ | = Ly

q q q
The above constraints teach us that the contour can be chosen in such a way as to have the residue at
Ay = K2Nydz* t , but not in such a way as to have Ay = K~'L;'d3". This latter point is due to the

last constraint in m which implies that both poles that collide Ay = K~'L; ! when the regulators
are removed have to lie on the same side of the contour. The argument is the same as the one used in the
T3 case to exclude (B5) for the first flopping frame of figure @ Taking all this into consideration, we can
compute the integral over Ay in (C.8).

Finally, we have to compute the integral over A3. Arguments similar to the ones used for Ay tell us
that the contour should be chosen such as to have a pinching when the regulators are removed and we get
the residue at

W=

< |A2| < ) |A2| >

} . (C.11)

Ay — f(NlNle\/g. (C.12)

Performing the same kind of computation that led to (C.8), we obtain the integral in the semi-degenerate
limit

hm %H |:|M |2 dAk :| ‘Ziop‘2 _

M(~74) t
= — msuy o ia—i-n o . (C.13
o ()| P i 2 w1

Computing the “instanton” contribution to residues, we find that inserting the values of he Coulomb
moduli, namely (C.7), the left part of (CI0) as well as (C.I2) into (C2) immediately gets rid of the
sums over 1/§1), l/§2) and Vél) due to (A38). Thus, we obtain the “instanton” contribution to the contour
integral in the semi-degenerate limit

[+ |57

Zinst LsN;\ ° LyNy\ ° LiN;\ °
(21 )‘Al =R Nydi 4 A=K2N, £ Ag=K N1 Nay /T Z TalV TaN TaNs

Nf(l),,(z) (I3 4+ ng — %)Nf@)y(g) (o + ng — %)Ngy(l) (ly +n1 — %)Nf(B)@(ll +ng — x)
X —2 2 2 3 L 3 3 3 1 . (C.14)
NU(B)U(B) (O)NU(Q)U(Q) (O)Ny(l)y(l) (0)
1 1 2 2 3 3

We can now plug the summation formula (69) in (CI4)) and inserting the result in (CI3) we get the final
result

2

o, T v o] 257 - AT o M /) 2 1) (c19

2mi Ay 4 S F T 2
‘Hi,j:lM(NiLjK_l)‘

Thus, we obtain our general formula (G8]), specialized for N = 4.
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