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ABSTRACT: Cross sections for top quarks provide very interesting physics opportunities,
being both sensitive to new physics and also perturbatively tractable due to the large top
quark mass. Rigorous factorization theorems for top cross sections can be derived in several
kinematic scenarios, including the boosted regime in the peak region that we consider here.
In the context of the corresponding factorization theorem for ete™ collisions we extract the
last missing ingredient that is needed to evaluate the cross section differential in the jet-
mass at two-loop order and with next-to-next-to-leading logarithmic resummation, namely the
matching coefficient at the scale p ~ m,. This coefficient exhibits an amplitude level rapidity
logarithm starting at O(a?) due to virtual top quark loops, which we treat using rapidity
renormalization group (RG) evolution. Interestingly, this rapidity RG evolution appears in
the matching coefficient between two effective theories around the heavy quark mass scale
W My
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1 Introduction

The top quark mass is one of the most important parameters in the Standard Model. As
the heaviest observed fermion, the top quark provides an important probe for the Higgs sec-
tor, and gives dominant contributions to many electroweak observables, thus providing strong
benchmark constraints for extensions of the Standard Model. Furthermore, the mass of the
top quark and the Higgs boson represent crucial parameters in studies of the stability of the
Standard Model vacuum [1-4]. Precision measurements of the top quark mass are a difficult
task due to challenges from both experimental and theoretical sides, mainly related to the fact
that the top quark is a colored particle.

The current value of the top quark mass from a combined analysis of Tevatron and LHC
data is my = 173.34 £ 0.76 GeV [5], see also [6, 7]. The precision obtained in this result relies
on Monte Carlo (MC) based template and matrix element methods, which aim to account
for essentially all of the kinematic final state information in the top quark events. However,
this approach does not account for the relation of the extracted MC top quark parameter to
an unambiguous field theoretic QCD top mass definition [8-10]. At the time of writing, no
procedure to systematically quantify and improve this relation exists. While it seems unlikely
that the template and matrix element analyses can be based on first principle QCD calculations
which can be systematically improved to specify the top mass scheme unambiguously, it is quite
plausible that other highly sensitive top mass observables can be devised which can clarify the
issue by making high precision theoretical calculations feasible.

One method to determine m; in a well-defined mass scheme from a kinematic spectrum
with small uncertainties has been discussed in Refs. [8, 11, 12]. Here the hemisphere dijet invari-
ant mass distribution in the peak region for the production of boosted tops in electron-positron
annihilation was suggested as an observable and it was shown that hadron level predictions of
the double differential distribution can be carried out in a stable manner within a constrained
set of top quark mass schemes. It was in particular demonstrated that the location of the
peak of the distribution is highly sensitive to the top quark mass, and that only specific low-
scale short-distance mass definitions are suitable for high-precision extractions. Although the
effective theory setup developed therein was devised for the context of a future ete™ collider,
the approach can be extended to the environment at hadron colliders taking into account the
complications related to initial state radiation, underlying event, parton distribution functions
and dependence on jet algorithms and jet radius [13]. In Refs. [11, 12] the calculation for
ete” annihilation was carried out at Next-to-Leading Logarithmic (NLL) accuracy with the
perturbative ingredients at O(a;). In this paper we provide a result for the O(a?) matching
correction at the scale u ~ m; for the eTe -collider setup. Taken together with the known
O(a?) results for the jet function in the heavy-quark limit from Ref. [14], for the massless
soft function from Refs. [15-17], and input from previous form factor calculations for massless
quark production [18, 19], our result provides the last missing ingredient needed to extend the
eTe™ boosted top jet analysis to O(a?). In turn, with known results, these fixed order con-
tributions can be accompanied with resummation of logarithms up to next-to-next-to-leading
logarithmic order (NNLL).

Boosted top quark production with subsequent decays in the peak region of the invari-
ant mass distributions involves physical effects in a range of widely separated energy scales.
The hierarchy between the production energy @), the top mass m;, the decay width I'y and the
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Figure 1. Scales and effective theories with associated structures in the factorization theorem for
boosted top production (Q > m;) with jet invariant masses close to the top mass. The superscripts
(5) and (6) indicate the number of dynamic flavors in the theory. Note that in this context SCET just
plays a role of an intermediate EFT with all invariant mass fluctuations above or of order the mass
scale, in which the observable is not yet measured. For definiteness we also display the scaling of the
EFT modes in light-cone coordinates.

hadronization scale Aqcp is given by @ > m; > I't > Aqcp. Given this hierarchy of scales, the
cross section contains large logarithms of ratios of these scales which spoil the perturbative ex-
pansion in ag. This necessitates to replace fixed order computations by resummed calculations.
The Effective Field Theory (EFT) setup devised in Ref. [11, 12] disentangles the fluctuations
at the different scales and allows us to resum the logarithms through renormalization group
evolution (RGE).

We are interested in the peak region where each of the jet invariant masses, for the top s
and antitop sz, is close to the top quark mass, i.e.,
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ét,f <K myg. (11)
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For this kinematic region both of the hierarchies 8,7 ~ I'y and 8,7 > I’y are allowed. The
sequence of the EFTs and the corresponding modes relevant for this problem are displayed
in Fig. 1. First, hard modes with fluctuations with virtualities of order ~ () are integrated
out in QCD. The corresponding low-energy theory containing collinear and soft modes is Soft
Collinear Effective Theory (SCET) [20-23], which allows to resum large logarithms between
Q@ and my. In a second step all fluctuations with virtualities of order ~ m; are integrated out,
and SCET is thus matched onto boosted Heavy Quark Effective Theory (hbHQET), an EFT
with ultracollinear and ultrasoft modes at a lower invariant mass scale, which allows to resum
logarithms between m; and 3,7 The factorization theorem for the double differential cross

section in ete™ collisions reads

1 do
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Here o denotes the tree level cross section for ete™ — ¢g. The terms Hg and H,, are hard
functions related to the matching from QCD to SCET at the scale p ~ @ and from SCET
to bHQET at the scale p ~ m, respectively. The terms Jp and S denote the jet and soft
functions, respectively, which are nonlocal matrix elements in bHQET. Note that we use Jp

for the heavy-quark jet function, rather than the symbol B employed in Refs. [11, 12, 14].
Here Jp describes the dynamics of the ultracollinear radiation inside the ¢ or ¢ jet at the scale
i ~ §¢. The function S incorporates the ultrasoft cross talk between the two jets at the scale
p ~ ms;/Q, which is O(Aqcep) in the peak region, and perturbative in the tail above the
peak. In Eq. (1.2) the RGE between the characteristic scale of each function and the common
renormalization scale u are implicit. We stress that in SCET the top quark is considered as
dynamical and hence the RGE takes place with six active flavors, while for the ingredients that
arise in bHQET there are only five dynamical flavors in the evolution. Note that it is possible
that the O(mas/Q) power corrections indicated in Eq. (1.2) are absent, but we are not aware
of a rigorous proof at this time.

It is through the residual mass term dm appearing in the bHQET jet functions Jp that the
top quark mass scheme is specified unambiguously beyond tree-level. For order-by-order stable
perturbative behavior, the top quark mass scheme employed should be free of the O(Aqcp)
renormalon ambiguity, thus excluding the pole mass (specified by dm = 0) as a choice. Fur-
thermore, the parametric scaling of higher order corrections defining the mass scheme must be
set by scales associated to the measurement, namely 8,7, I's < my, in order not to violate the
power counting required for the factorization. This excludes employing the MS mass where
these corrections scale as dm ~ agzmy. Valid options include the jet mass scheme [11, 12, 14] or
the MSR mass scheme [8, 14] which matches continuously onto MS. These two mass schemes
have an adjustable cutoff parameter R which controls the scaling of higher order corrections.

The exact algorithm to determine the two jet regions and the precise form of the observable
is irrelevant for the structure of Eq. (1.2), but matters for the explicit perturbative expressions
of its ingredients. In the analysis of Ref. [12] all particles were assigned to either of the two
top jets depending on which hemisphere with respect to the thrust axis they enter. Thus
the observable considered was physically close to event-shape distributions. The analysis of
Ref. [12] for this inclusive jet observable was carried out at NLL, i.e. including perturbative
ingredients at O(a,) and NLL resummation. At the time of writing the hard function Hg, the
bHQET jet function and the soft function are already known up to O(a?2) [14, 15, 18] or beyond,
while resummation can be carried out to NNLL.! Thus, the only relevant correction missing to
perform a complete NNLL' analysis for the double hemisphere invariant mass distribution and
similar observables in the peak region is the hard function H,, at O(a2). This correction will
affect the normalization of the differential cross section, while the shape of the cross section

'If the non-cusp anomalous dimension for either the heavy quark jet function or H,, were known at O(ag’)
then this would become N®LL resummation, up to the missing four-loop cusp anomalous dimension which is
known to give a negligibly small correction, see e.g. [24, 25].



is determined mainly by the jet and soft functions. Here NNLL' refers to NNLL resummation
with O(a?) fixed-order matching and matrix element corrections.

In this paper we carry out the computation of the O(a2) correction to H,,. In Sec. 2 we
outline two methods to perform the computation. Instead of directly calculating the current
matching factor between bHQET and SCET, we can also exploit the knowledge of the QCD
heavy quark form factor calculated in Refs. [26, 27] and various properties of the EFT to
extract the hard function. In Sec. 3 we carry out the computation at O(a?) using this method
and show how to handle issues associated with the number of active quark flavors. This yields
the result given in Eq. (3.8) in terms of the pole mass. In the two loop expression for H,, we

2 2
a?C’FTF 111(622) ln0’1’2<'u> . (1.3)
m

m2

find terms of the form

The large logarithm In(Q?/m?) is induced by the separation in rapidity of soft mass-shell
fluctuations with the scaling (p*,p~,pL) ~ (m,m,m) from collinear mass-shell fluctuations
with (p*,p~,p1) ~ (m?/Q,Q,m). It can not be eliminated by a choice of y or summed by the
RGE in p. This effect is directly related to virtual top quark loops which first appear at O(a?),
and has been discussed in detail in Refs. [28, 29] together with other subtleties concerning the
incorporation of a massive quark in primary massless jet production in SCET. In Sec. 4 we
will explicitly carry out the matching calculation for the O(a2CrTFr) correction with primary
massive top quarks, and demonstrate how the amplitudes factorize into collinear and soft
components which each involve a single rapidity scale. We show that this factorization is the
same as that for massless external quarks, computed in Ref. [29], up to a different constant
term that appears in the collinear corrections. The direct computation of the SCET soft and
collinear diagrams at O(a?CpTr) can be performed elegantly by first computing the virtual
correction for the radiation of a “massive gluon” at one-loop and performing in a second step a
dispersion integral. In Sec. 5 we show how to resum the type of rapidity logarithm in Eq. (1.3)
using the framework of the rapidity renormalization group established in Refs. [30, 31]. We
also demonstrate that the residual scale dependence of H,, on p significantly decreases when
employing the complete two-loop correction, and assess the impact of the rapidity logarithm.
We conclude in Sec. 6.

2 Setup and Notation

As described in Refs. [11, 12] for the description of the peak region we first match QCD onto
SCET, and then SCET onto bHQET. The relevant current operators needed to define the hard
functions in Eq. (1.2) are

Jocp = Y(z) Ty (x),
JscrET = XnSHT Sxa
JoHQET = ho, WY, THY,Wih, (2.1)

where T = 4% and T = ~tv5. The jet fields xn = Wii&, and ya = W& describe the
collinear radiation in SCET, and contain the massive collinear quarks &, and &; [32, 33] and



Wilson lines W, » where in position space W(z) = Pexp (ig [y ds7 - An(ns + x)). The
ultracollinear radiation in bHQET is described by the heavy quark fields h,, _ and by Wy 5
The wide-angle radiation in SCET is described by soft Wilson lines S, 5, where in position
space S;[L(x) = Pexp (ig [, dsn - As(ns + z)), and ultrasoft Wilson lines Y, 5 are the analogs
with ultrasoft gluon fields in bHQET. The difference between the SCET fields and bHQET
fields is that SCET still contains soft and collinear fluctuations at the top mass scale, i.e.
the SCET fields contain mass mode fluctuations which scale as (p*,p~,p.) ~ (m, m,m) and
(Q,m%/Q,m) or (m?/Q,Q, m) which are absent in bHQET. This makes our EFT above the
top mass scale an SCETyy type theory. There are six flavors in the MS running coupling in
QCD and SCET, and five flavors in bHQET.

The notation above differs from Ref. [12] which used a hybrid of SCET; and SCETY;,
where the current operator was written as

JSCET = XY, SIS Vi xn - (2.2)

Here the Wilson lines S, 5 describe exclusively soft mass mode fluctuations and have ultrasoft
zero-bin subtractions. In Eq. (2.1) the SCET operator only describes soft fluctuations above
and of order of the mass scale m, and not far below m. This simplifies the setup for the
matching coeflicient calculation, which in particular can be viewed as going from a six flavor
theory to a five flavor theory.

The matching coefficients between these effective theories are defined by

Jees = c5m) gl 1+ 0(m/Q)] (2.3)

TS = ol gl L1+ 03/m))]. (2.4)

Here both the currents and Wilson coefficients refer to the renormalized quantities. When we
refer to the bare objects we will indicate this explicitly as e.g. in js(g%%’nlﬂ). For all quantities
we consider we use the renormalized coupling constant. When we want to separate the color

structures of the matching coefficients we will do so in the following way:

Cglri'l) — 1+ CS,TLH-U + CC(QC%’M—H) + CC(QCFCAJZH-I) + anCFmTF,nz-l—l) + CC(QCFTF,HH-U

Y

P 1 ) TR | gCRCan) | GO 4 Cr T (g )
N——
O(as) O(a2)

In all the objects above the coupling is renormalized in the MS scheme with the number of
dynamical flavors, ny, being either n; or (n; 4+ 1) as indicated by the superscript. Here n; is
the number of light quarks, and the additional flavor indicates the heavy quark (here the top
quark). The choice for the number of flavors in each of the expressions above is motivated by
the scales at which these objects live compared to the top mass. Note that we have kept the
number of flavors appearing in C,, unspecified, as it can be expressed in either the n;- or the
(n; + 1)-flavor scheme. We will be explicit about which scheme we are using in the equations
below.
The hard functions in Eq. (1.2) are related to the Wilson coefficients via

Ho(Qu1) = |Col2,  Ha (m fi,u) — IOl (2.6)



Here the dependence on @ in the hard function H,, appears due to the boost factor Q/m.

In Eq. (1.2) all the functions live at their respective scales and are evolved to a common
scale pgna through renormalization group running. While the jet and the soft functions have
convolution running [12], the large logarithms of the hard matching coefficients are summed
by multiplicative evolution factors,

n;+1 n
Hevol(QymuUJﬁnal;MQnU'maVnym) EHCSH_ )(QvﬂQ) U( 1) (Q HQ, Mm) (2'7>

X H}ﬁ”) (m, 97 Hm; VQ, Vm> Uqgnl) <Q) Hm, ﬂﬁnal) y
m m

for pg ~ @, pm ~ m and panal < fm. On the LHS the dependence on pg and p,, only comes
from higher order corrections when the objects in Eq. (2.7) are truncated at a given order in
resummed perturbation theory. The same is true for the rapidity scales v and v,,, which are
induced by the rapidity RGE that will be discussed further below and in Sec. 5.1. We will
frequently drop these arguments that appear after the semicolon. The evolution factors here
obey the RG equations

d n n n
udﬂU( F(Q, pg. ) = 7§{é+1)(Q,M) UI({(;+1)(Q7MQ’M)7

d
:udiUlgnl) (Qa 122 Hﬁnal) = +’Y1()m) (Q’ :u> Ué”l) (Q’ 122 Hﬁnal) ) (28)
1 m m m

where ’yq() ") s the anomalous dimension for the squared current in bHQET.

Egs. (2.3) and (2.4) suggest two different methods that one can use to calculate the O(a?)
piece of O, or equivalently Hp,:

1) Indirect calculation using the known result for Cg and the matriz elements for the QCD
and bHQET current operators in pure dimensional reqularization:

Using Eq. (2.3) and (2.4), and taking matrix elements of the operators with onshell top-
quark states as in [11], we have

(ijggl ) = C(nl+1 C(m <‘7bHQET> (2.9)

Using the relation between bare and renormalized bHQET currents

n (bare, n,
<ijQET> ZIS)HZ()QET <*7bHQETl ) (2.10)

we get

n;+1)

olm) — <"7(§ch )
m _C(nl+1) jbare,m) ’
Q bHQET< DHQET )

(2.11)

Note that the terms on the RHS involve objects with different flavor number schemes for
(n)

the strong coupling, which must all be converted to n;-flavors to get Cp,'’. Here we work in
dimensional regularization for both UV and IR divergences and renormalize the quantities in
the MS scheme. With this regulator we can use the known two loop result for the heavy form

factor (Jqeop) given in Refs. [26, 27]. The result for Cg is also known [18, 19] in MS, and the



(n1)

result for ZbHQET can be determined by RG consistency as discussed below. Loop graphs in
bHQET factorize into ultrasoft and ultra-collinear contributions, and in general each involve at
most a single dimensionfull scale. The use of dimensional regularization for both the UV and
IR, and employing onshell external quarks, imply that these loop corrections in bHQET are

scaleless and vanish, such that <L7b(ggg?)> = 1. In general, the IR divergences in the QCD and
(bare, n;)

bHQET matrix elements will match up, and the UV divergences in (ijQET ) are eliminated

by the counterterm Zé?{%ET. In dimensional regularization with 1/eir = 1/eyy, this implies a

cancellation of 1/e poles between <jQ7gg 2 ) and Z}()TIL{Z(SET. Thus we can use the simpler relation
+1)
(T )
Dt C5

clm) — (2.12)

2) Direct calculation by matching the SCET and bHQET current operators:
Using Eq. (2.4) we can also just directly compute the Wilson coefficient from a matching

calculation, computing partonic matrix elements using the same IR regulator in SCET and
bHQET,

+1) +1
<JS?J’ET ) _ Fgar

O = (m)
(% bHQET) F bﬁlQET

(2.13)

These matrix elements are form factors in the respective theories which we denote by F. We
will use the same notation for the color structures in the perturbative expansion of Fscgr and
Fonqer as in Eq. (2.5). We define the relation between bare and renormalized SCET currents
by

n;+1 n;+1 bare, n;+1
(Tatii) = Z§t ) (T ™) | (2.14)

As usual the bare currents are p-independent, so from Eqs. (2.10), (2.13) and (2.14) the u-RG
(m1)

equation for Cy,"’ can be written as

d n n n Q n
ualncfn” AW (Q, ) — %SHZ()QET( ,uﬂ(aé 0y =45 (Q,m, p) (2.15)

where the current anomalous dimensions are computed order-by-order from the counterterms
in the standard fashion

ni+1 d n;+1 Q d n
IYSCZI;_T) (Q :u) w diln Zécl];—T) > 71()H().QET ( ) #) dfhl Z}ng()QET (2.16)

The anomalous dimension for the SCET current is known to 3-loop order [34]. Up to two loops

the result reads

(ni+1) (ng+1) 2
n Qg C O
Ve (@, p) = 4(“)F [—4Lg +6] + <(“)> {C% [3 — 4n? + 48(3]
T 47
268 472 961 1172
+CFCA[_<9_ 3>LQ+ 27 3 ]

(2.17)

80 260  4x?
9 27 3 '

+(nl+1)CFTF{ Lop— —— —



where Lo = In[(—Q? — i0)/u?]. The bHQET anomalous dimension can be derived using one
of the consistency relations [12] for the factorization theorem in Eq. (1.2):

Yo = YbHQET + %SHQET =29y + 275, (2.18)

where ~g indicates the soft function anomalous dimension for one hemisphere. Using the results
for v, given in Eq. (41) of Ref. [14] and for g given in Eq. (19) of Ref. [35] (which can be
derived via consistency from the two-loop jet function anomalous dimension [36]) we find

Q " (p)Cr od™ (1) \” 80
’YbHQET(Ea,U) = T[— 4L +4] + i mCrTF 9 L 9

2 472 1 472
+0F0A[— <68—”>L+96—”+8<3]}+0(a§), (2.19)

9 3 9 3
where L = In[(—Q? — i0)/m?].

As mentioned above, the two-loop expression of C,, contains large logarithms of the form
a2CrTrIn(-m?/Q?*) ~ O(as) which cannot be resummed using the RGE in p. They are
rapidity logarithms and originate from a separation of the soft and collinear mass modes which
have the same invariant mass but different rapidity. These rapidity logarithms only appear
inside H,,, and not for the other soft, jet, and hard functions in Eq. (1.2). Our focus here
will be on the leading rapidity logarithms, which start contributing with the O(a2CrTF)
piece. The latter comes from virtual top quark loops, and hence we only need to compute the

correction Fégﬂ? yrutl) , while the bHQET graphs give no contribution for this color structure,

ie. Félc{’ggFT’m) =0.

To set up the stage for rapidity resummation we can factorize the current operators and
its matrix elements into products of soft and collinear diagrams,

(T by — (glpt Dy, (gl gDy
(TR0 = (T ) (T, (T (2.20)

where the {n,s,n} labels in bHQET indicate n-ucollinear, ultrasoft, and n-ucollinear contri-
butions respectively. Note that in order to split up these corrections we must choose an IR
regulator which preserves the SCET; nature of the theory. We will regulate the IR divergences
using a gluon mass A, which thus differs from the use of pure dimensional regularization dis-
cussed above for method 1. In SCETy; the individual soft and collinear diagrams have rapidity
divergences, and using the regulator of Refs. [30, 31] the coefficients will depend on a rapidity
renormalization scale v. Thus Eq. (2.13) can be decomposed into individual contributions
involving n-collinear, n-collinear, and soft amplitudes,

nl+1
ci) = LﬁSLET i : (2.21)
<~7bHQET>

This leads to

(0 @\ _ ) Y ) Y A v
Cm <m7 m7l’l’> Cm,’n, (m7 M? Q) Cm’s <m7 M? m) Cm”n, <m7 M? Q) ) (2'22)



where we included the dependence on scales and renormalization parameters. Thus we see
that the logarithmic dependence on the (/m boost variable is factorized by the rapidity
regularization parameter v into collinear factors that depend on ) and a soft factor which
does not. To sum the rapidity logarithms we can follow the standard approach of matching
and running.

We define hard functions H,, (nl ‘C ) |
functions obey related RG equatlons

The individual Wilson coefficient and hard

dy ™Mt f my dy M m,i
The r-anomalous dimensions appearing here can be computed directly from the SCET and
bHQET counterterms and depend only on m and p. Taking Eqgs. (2.10) and (2.14) and intro-
ducing individual counterterm factors for each of the collinear and soft component amplitudes,
noting that the bare coefficients are V—independent, and using Eq. (2.21) we get

d n n;+1) n
A m, ) = v IO = i (T v (e

dy gty Ay o) -
= v Zscpr; v Zyiger s i=mns. (224)
As we will see in detail below, individual contributions on the right hand side of Eq. (2.24)
contain IR divergences, but they will always cancel to leave an IR finite result for the ,YVC,%

when we fully expand in either the n;-flavor or (n; 4+ 1)-flavor scheme for the strong coupling.

3 Two Loop Determination of H,, from QCD heavy form factor

In this section we use the first method outlined in Sec. 2 to determine the bHQET matching

coefficient, C,,, at two loops. From Eq. (2.12) the ingredients we need are the UV renormalized

QCD two-loop heavy quark form factor, <.7(gncl$ 2 ), in dimensional regularization and the SCET

(n+1)

matching coefficient, C In the following we abbreviate the appearing logarithms as

L= ln<_Q;2_i0>, L = 1n<ZL22>, Lg=1In <_Q;_20> . (3.1)

From Refs. [26, 27] we extract the renormalized two loop QCD heavy quark form factor

result in the high energy limit, Q? > m?, evaluated at an arbitrary scale p > m, abbreviating

agnl+1) = agnlJrl)(,u), 2

(ni+1) 2 3
Folp ) =1+ = { L= 2Ly = 3L A 2Ly — At et (L — )L

+<L2 — 3L +87T2)LL2 +<47T2>L 8+7T2+4C} +(9(62)}

O[(nH_l) 2 1 5
& QL% —4L +2
+ ( . ) CF{ [ +2] +

®Note that in Ref. [26] the counterterm for the renormalization of the coupling constant contains an extra

1 3 5 272
—2L3— (4L, —8)L* + 8Ln— 144+ —- | L
€

factor I'(1 + €), so that also additional finite terms are subtracted compared to the conventional MS renormal-
ization.
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4
— 44(3 — 87°In2 — 533 + (’)(e)}

(m+1) \ 2 2 2
af 1[ 11 11] 1[[/67 = 9 11
CrCad—|——Lt—|+-|[= - )-=4+L —og|+ =1L
+< A ) FA{€2|: 3 +3}+e[(9 3) 9 "3 €3]+9

11 233 72 11 233 272 2545 1172
L, —— 4?2 kg el ) == — 263 | L
+<3m 18+3> +<3m (9 3>m+ 51 T 9 <3>

1595 7x2 134 4
—7r+3C3+47r21n2—7T+O(6)}

11 230 1772
27 54 60

—ELZﬁ o> o +4C3>Lm—

+<a3 > CFanF{E[L—Ll] —i—l[— 20L—|—20] - - <4Lm—38>L2
€

47 37 3] €| 9 9] 9 3 9
4 76 418 4r? 4 88 42 424 14r?
— (=L - =L+ —+—|L+-L> —|——— )L+ — — ——
<3m 9 +27+9>+3m<9 9) Tor T o
16
—3C3+O(f)}
(ni+1)\ 2
oY 118 8 4 4 38
- CpTr{ —|=Lm L — =Ly | — L3 — ( =L, — = |L? — (4L? — 4L,
(%) e (e —g] 5= (=)= (13
+530+27r2 L+ 4L 16 4> I +1532 4w2+0() (3.2)
5 T 5 N |m+ — — — €) . .
27 3 " 39 27 9

Note that we keep the O(e) part of the one loop piece in F&’%H) since it yields a contribution
when considering the cross terms in the expansion of the ratio in Eq. (2.12). (One can avoid
considering these cross terms and obtain the same answer by taking the logarithm of Eq. (2.12).)
We remark that in these expressions the pole mass scheme has been used for the top quark
mass m.

The other ingredient we need is the well known two-loop expression for Cg, widely used
in the SCET literature, and obtained with the aid of the massless form factor calculation of

Refs. [18, 19],

(ni+1) 2
(ny+1) Qs (u)Cr 2 ™
14— P 124300 -8+ —
Co + e o3l -8+
(ni+1) 2 2 2
Qs (1) 2 [1 4 3 25 7w\ o, 45 3w
= ~LE - 3L I P R TR 12
+< A )CF{2Q3Q+2 6 )R 217 G | Lo
255  Tm? 837
Tty T 30e - 360}
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(ni+1) 2 2 2

ol () 11 233 72\ ., (2545 1lr

A A KN — (=)L == L
+< A ) AF{QQ 8 3)"eT (s Ty

51157 337x° | 313(3 11774}

648 108 9 45

(n+1) 2 2

al"m () 4 5 38 , (418 dr
_— T 1)¢— =L —Lo — 4+ —|L
+< i ) CrTr(n + ){ 9 o+ 9 57 + 5 Q

4 2372 4
085 37 N gg} (3.3)

62 " 27 T o
(

The remaining quantities in Eq. (2.12) are the coefficient Cy; Y we wish to determine, and
the counterterm ZéHl()QET The contributions to these two quantities can be easily distinguished

() )

since ZbHQET only has terms with powers of 1/¢, whereas C’T(n is given by the finite O(e®) con-

tribution. Therefore, it is straightforward to distinguish these two quantities unambiguously.
Since we wish to determine these with n; active flavors, we must convert the strong coupling

in ( Q%lg 2 ) and Cc(gnlﬂ) to the n;-flavor scheme using the decoupling relation

( )

o (1) = of “(u){1+a§ 0 [0, 0) - T L o >}, (3.4)
where the one-loop vacuum polarization at zero momentum transfer for a massive quark pair
is given by

Tr (%€ \ ¢ as(w)Tr[1 1 w2
M(m2, 0) — 2T T(e)= W2 EN 2 g 12, + o)|. (35
(%0 == ) T =5 |¢ te(ghnt ) TOE)] . 35)

We need to keep terms up to O(e) in Eq. (3.4) since they contribute in the dimensional
regularization scheme we are using when multiplying O(a;/€) IR divergent terms in Eq. (2.12).
Using these results in Eq. (2.12) we find the following expression for ZI(JIZ{Z)QET,

() (1) 2
o WOr Lo gy, <a34 (”)> 2L (212 — 41 +2)
€

7

() _
Zb?{lQET =1+ -

(n1) 2 2 2
as () 1 11 1[/67 7 49 7
& A S il [ R
+< A >CFCA{E2[ 3 3]+e[<9 3 g T3 %
(Y g { LA 4] L 20, 20 (3.6)
A FRER @37 73] Tel 97 9 '

This result can also be extracted from earlier literature using the consistency relation for RG
running between H,,, and the soft and the jet functions in Eq. (1.2). In particular, the 1/¢2
terms in Eq. (3.6) are given by a term involving the lowest order S-function, and the square of
the one-loop result (due to non-abelian exponentiation), while the 1/e terms are directly related
to the two-loop anomalous dimension given in Eq. (2.19). This provides a key cross-check for
Z]g%l()gET and hence for our result below for Cj,"

After cancellation of the 1/e and 1/€? terms in Eq. (2.12) with the help of Zé?{%ET, the
)

remaining O(e?) terms give the desired result for C’,(# Y. With the top-mass in the pole scheme
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618 108 T 79 T 1s0
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al™ () 4., 2 , (154 8« 1541 3772 52(s

Qs W oo Teid o3 — 2f I _ _
+< Ar > F"ZF{gm g rm T 97 Tg )JFm T 162 T o7 9

(ny) 2 2
(Y, [ S (B0, 0T s

89(3 4Tt }

T 9 ™ 9™ 27 3 162 27 9
4 40 112 —Q?*—i0
L> + —Lp+— |In{ ——— %, 3.7
e g o () 6
Finally we arrive at the main result of this section - the result for H,, = |Cy,|? in the n;-flavor
scheme with the top-mass in the pole scheme (agn’) = ag"l)(u))

(1) 2
o We (o2 —ar, 18+
47 3

() 3\ 2 2 2
s 2 !

305 79
+ 5 4107 — 1677 log 2 — 123 — gg}

H(”l)<m,%,u) =1+

m

(1) 2
as () 3 167  2x2 1165 567T
—= -y — - L
12877 32372 ) 78(3 4774
i log 2 +
01 " gy T OTlog 90

() 2 2
1 1541 T4n? 104
( 475“) CrnTr { L3, - gLfn (308+ or >Lm— Al 0<3}

27 9 81 27 9
(nz)( 2 2
u 5 4, 260 4w 5107 8272  8(3
L ——L — Yt — L+ = - = =
(47r> { 9 m (27+3 TR 27 9
8 224 Q?
(3 et 27)1 (m)} (3.8)
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As anticipated, all of the logarithms in this expression are minimized for u ~ m, except for
the contributions in the last line that involve the rapidity logarithm o2CrTr In(Q?/m?). To
understand the origin of this type of logarithm in the context of the renormalization group
requires a further factorization of H7(nn Y into soft and collinear pieces, as in Eq. (2.22). In the
next section we will carry out an independent calculation of the O(a?CrTr) terms in qi.
This sets up the rapidity renormalization group analysis of this term, which can be found in

Hgnl+1)

Sec. 5.1. In Sec. 5.2 we present the result for with the top mass renormalized in the

MS scheme.

4 Direct Computation of the O(a?CrTr) Result

4.1 Ingredients for the Calculation

In this section we perform a direct computation of the a2CrT piece of the matching coefficient
Cin(m,Q/m, 1) due to massive quark loops using the second method from Sec. 2. We carry
out the calculation in analogy to Refs. [28, 29], where the corresponding contribution to the
matching coefficient at the mass scale for massless external quarks (in the following called
“primary”) was computed. In this section we extend the calculation to the case of primary
massive quarks.

Starting from Eq. (2.13) we note that for the a?CpTr massive quark term, the bHQET
graphs expressed in the usual n;-flavor scheme do not give any contribution. The SCET graphs
do contribute, and should be expressed in the same scheme for the strong coupling. Using the
decoupling relation in Eq. (3.4) we obtain in the notation of Eq. (2.5)

CSHCFTF’W) <m7 %’ ,U) _ |:FS(8‘§£F,W+1) (Q’ m, A’M) (41)

(1) 2
as ' (u)Tr m 1,m+1
- 37 lIl< MZ ) FS(CE’ZI‘ )(Q,m,A,u)

QD om0

The second term on the right hand side accounts for the coupling conversion of the SCET
form factor from (n; + 1) to n; flavors.> As discussed in detail below, we will use a massive
gluon as an IR regulator A, such that O(e) terms in the coupling conversion in Eq. (3.4) can be
dropped. For the remainder of this section we will drop the superscript (n; + 1) on the SCET
form factors.

We adopt the calculational method of Refs. [28, 29], where the two loop graphs containing
a “secondary” massive quark bubble are calculated by starting with one-loop graphs describing
the radiation of a massive gluon with mass M and applying in a second step dispersion relations
to account for the gluon splitting into a pair of secondary massive quarks with masses m. The

3Note that the subscript “aénﬁl) — agn’)” used here and elsewhere stands for the plain replacement of the
couplings and does not involve any expansion based on Eq. (3.4).
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corresponding relation can be written as

. v %
(i g i 1 pa Y (-5 >1 (2, M
p? + ie po(m ’p)p2+ie T o) M2 p2— M2+ m [TI(m?, M7)]

v

(—i) (g“” -2k

e II(m?2,0). (4.2)

Here II(m?, p?) is the gluonic vacuum polarization due to the massive quark-antiquark bubble,
25 (m?, p?) = —i(p>gu — pupu)T(m?, p?)648 = /d4ﬂf PO T M=) TP (0)]0),  (4.3)

with the imaginary part in d = 4 — 2¢ dimensions given by

2\ "€ 93—2d_(3—d)/2 2 2\ (d—3)/2
5 o1 2,2y 2 p° 2 T B 4m _ 4m
Im [II(m?, p*)] = 0(p*>—4m?) ¢°Tp <ﬂ2> —I‘<d+1) <d 2+—p2 )(1 ea ) .
2

We note that the same method can be applied to account for any kind of secondary particles

(4.4)

by a corresponding choice of the polarization function II. Eq. (4.2) allows us to express the
contribution to the SCET form factor due to the massive quark loops as

FGETED) (0 . A) = FLOSCFTED) (9 )

()
g (M)TF 1>F(1,bare)

—<H(m270)— 3r ¢ )lscer (Q,m, A), (4.5)

where the “on-shell” form factor is

l dM? F(l,bare)

(OS,CrTE,bare) .
E o (Q,m) - M2 T SCET

SCET

(Q,m, M) Im[II(m?, M?)] . (4.6)

In Eq. (4.5) A denotes the gluon mass acting as our IR regulator, which we distinguish from the
gluon mass M used in the dispersion integration. Since total bare quantities are p-independent,
we do not add p as an argument to the components of bare quantities at a specific order. In
Fs(ggﬁare) the massive quark contributions to the coupling are renormalized with the onshell
subtraction, i.e. Fs(ggl})are) is given in the scheme with n; dynamic flavors. In Eq. (4.5) the
second term accounts for the change to n; + 1 dynamic flavors. The form factor itself is still
unrenormalized, as indicated by the (bare) superscript. We perform the MS renormalization
for the SCET current using Eq. (2.14). Incorporating Egs. (4.5) and (2.14) into Eq. (4.1) the

result for CT(HCF Trs™) can be written as
Ot (m, L) = BT (@ m) (4.7)
(n7)
as (wW)Tr1
- (12,0 = D) (R (@ )~ 2 Qo)
(CrTr) " (WTp | (m?\
+Zscpr (@mop) - —— ——1n e Fycpr(Q,m, A, p) .
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Figure 2. Non-vanishing EFT diagrams for the computation of the hard current at O(«,) with primary
massive quarks and secondary massive gluons with masses m and M, respectively. Soft-bin subtractions
are implied for the collinear diagrams.

Here the 1-loop form factor FS%’E?Q) is a UV and IR divergent amplitude, and Zégg? ) is the

SCET current counterterm in the (n; + 1)-flavor scheme. Using the explicit form of II(m?,0)
in Eq. (3.5) one can rewrite Eq. (4.7) as

et (m, D ) = RIS (@ m) + 285 (@.m. ) (48)
) o™ Te 1\ o)
+ ( I(m=,0) — T 31 € ZSCET(Quma 1,

where we see explicitly that the dependence on the IR regulator is canceled. Note that we
could have also carried out the computation employing the (n; + 1)-flavor scheme to determine
C{CFTrmH)  yhich involves converting the bHQET form factor from the ny to (n; + 1)-flavor
scheme. In this case the cancellation of IR divergences occurs in a different manner, and
involves the O(as) bHQET form factor. This approach is discussed in App. A.

Note that nothing in Eq. (4.8) depends on the low energy bHQET theory. Therefore the
result applies equally well to the case where one integrates out the heavy quark loop without
approaching the jet invariant mass threshold s; — m? and matches onto a n;-flavor SCET
theory instead of bHQET. In this case the matching coefficient only contains the contribution
from the massive quark loop and receives corrections starting at O(a2CrTF), so switching
between the n; and (n; + 1)-flavor schemes only affects the corrections at O(a?) and beyond.
This is in close analogy to the case of primary massless quarks discussed in detail in Refs. [28,

29].

4.2 One-loop computation for secondary massive gluons

Having laid out the basic framework in the previous section we now start with calculating the
one loop SCET heavy quark form factors for a top-quark of mass m with a massive gluon of
mass M to be used in the dispersion relation. The complete unrenormalized SCET result for
the current form factor at O(ay) can be written as

1,bare 1,bar 1,bar 1,bare
FS(CET )(Q,m, M) = FS(CE?F;)@:O(Qv M) + FS(CE?FG) (Q,m, M) — FS(CET,n)z:O(Q7 M) . (4.9)

= §FSLRA) (m, M)
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The correction with primary massless quarks FS%E?EE) has been already calculated in Refs. [28,

31, 37-39] and reads in d = 4 — 2¢ dimensions

C 3 9 b5n?
R = 2 3 2 L -9y~ T+ - P+ 0@}, (410)
' 47 € € 6
where Lg = ln(#) and Ly =In (Ag—;) The corresponding one-loop counterterm in MS
reads
o as(u)Cr 2 3 2
Zscer =", a2 T ler: (4.11)

Fig. 2 illustrates the SCET graphs with massive gluons needed to compute Fs(é’g%re). For the
first three graphs in Fig. 2 the form factor contributions are defined as prefactors to the spinors,
Fi(l) U p Yy upy for i = n,n,s and are computed using the SCET Feynman rules for massive
quarks given in Ref. [32].

(1,bare)

Due to the eikonal structure the result for the soft diagram, Fj , is same as that for

primary massless quarks [here ji? = p2e7% /(47)],

A%k 1 1 1
pllbare) _ o 20 ~2e/ . 4.12
s PR | n)d T +id] [kt — ie] [K2 — M2 + i€] (4.12)

For the n-collinear diagram we get

d% Q—k 1 1
F(l bare) __ — 9 20 ~2€/ ) 4.13
" @) K2 — Q' — "2k +id] b +ie] [ — M2+ id (4.13)

We can decompose this contribution into a correction corresponding to the diagram with
primary massless quarks, and a UV and IR-finite difference of terms which can be computed
in 4 dimensions,

F,&Lbare) pllbare) (FT(LLbare) _ F(Lbare)) ‘ (4.14)

n,m=0 n,m=0

After performing a contour integration in kT, carrying out the kj -integration and rescaling
the label momentum as k= = 2@, the finite correction due to the mass of the primary quark
yields

FT(Ll,bare) _ F(lvbare) (415)

n,m=0
<1—z+M ) _2—(1—z)§‘2]

2 d
 asCF g pleVE / 1—=2
L arp(y gy £y,
asCp 1+4+a 1—a 1+4+a 1+a 1—a 1—a
= In 1 1 1
2m [ ( > ( ) 1—an< 2 )+1+an< 2 >+ +O(€)]7

with

4m?2
a= 1—%. (4.16)

In SCET loop graphs include soft 0-bin subtractions [40] which ensure that there is no double

(1,bare)

counting of infrared regions. For the soft 0-bin subtraction of Fp, the dependence on the
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primary quark mass drops out, and we obtain the same result as for primary massless quarks,
which is therefore fully contained in Fr(bln?ai)e). Note that the result in Eq. (4.15) does not
contain any rapidity divergences, so that rapidity logarithms arise only in the computation of
Jal)

nm—o- This can be understood from the fact that the corrections due to soft modes are the

same for massless and massive primary quarks, so that the rapidity divergences in the soft
sector and, by consistency, also in the collinear sectors have to agree in both cases.
The n-collinear diagram corresponds to switching £~ and k™ in Eq. (4.13). We perform a
decomposition analogous to Eq. (4.14),
F_(l,bare) F(l bare) + (F_(l,bare) . F£17bare)) (4 17)
n n * *

n,m=0 n,m=0

The difference correction due to the primary quark mass is again UV and IR-finite and does
not contain any rapidity divergences. Thus it yields for any choice of regulator the same result

as the n-collinear correction, i.e.

ngl,bare) . F(l,bare) _ F7(ll,bare) _ F(l,bare) ) (418)

n,m=0 n,m=0

Finally, we also have to consider the wave function corrections. In analogy to the computation
in Ref. [12] we have

50 syt [ A @P0-0 (@ 1@ 4 i)
N )4 QK% — M2 +i€][(k + p)2 —m2 +ie]

(4.19)

Using p? = m?+A? and decomposing the integrals into elementary one- and two-point functions
we obtain

Z(l) = igch/]%% 62(7(7%12_—:22){ [Ao(mQ) — AQ(MQ)] [2m2 + AQ]

+ Bo(m? + A%, M? m?) [ 1
—€

+2m?M? + M2A? - A‘ﬂ } : (4.20)

which uses the loop integrals

d?k 1
Ao(m?) = / (2m)? [k2 — m?2 + ie] |

d% 1 1
Bo(p*, M*,m?) = / (2m)4 [k% — M? +ie] [(p — k)% — m? +ie]

(4.21)

The wave function renormalization constant Zg(l) is defined by taking the on-shell limit A — 0

s 220 z% 5 2momQ3 + a2 20 + o(ah)] | (4.22)

where 5m§\(/?s Y i the one-loop renormalization constant for the quark mass m in the pole mass

scheme for the interaction with a massive gluon (with mass M). The wavefunction correction
Zél) can be written in terms of the wavefunction correction for primary massless quarks and a
UV and IR finite remainder,

zM =270 o+ (28 - 7)) (4.23)

~ 18 -



The remainder contribution in d = 4 dimensions reads

zW —Zé(1 _ asCr 5 5 [2(1+a)4(2—a)1n<1;a>

3 m=0 47 2a(1 — a?)
—2(1-a)*2+a)ln <1;“> +a (11— 14a® + 3a) + O(e)} o (4.24)

where a was given above in Eq. (4.16).
The complete finite correction at one-loop, which accounts for the mass of the primary
quark is given by the sum of the terms from Eqgs. (4.15) and (4.24),

are ,bare
O gn(m, M) =2 (F{0) — FLE) (m, 0 — (280 = 20 ) (md). (4.25)

n,m=0 13

This result will be used for our two-loop computation in the next section.

4.3 Two-loop computation for secondary massive quarks

In this section we use the one-loop results from Sec. 4.2 to calculate the two-loop graph with
the massive quark loop, and to determine the CpT contribution to C,,. First we compute
FS((OJETCF Trbare) Gia Eq. (4.6) using the one-loop result in Eq. (4.9). Again we can decompose
the two loop SCET form factor into a primary massless component and a correction for primary

massive top quarks:

Fopr ") = FQpr rty™ + SFLCT™™) (4.26)

The calculation for primary massless quarks has already been performed in Ref. [29]. We
display the result here for convenience:

(n1) 2
are s 2 18 8 1[4 16 16

3 9 €13 3 9
65 2] 56 242 4n? 8 16 16
4L 4AL — — — — |+ =L — | ==+ —|L— L} + | =—L+—|L?
LCA 27 9} 9 [27 9] 3Q+[3 +9}Q
8 130 2n? 875 812 20(3
— | 2L +8L - — - |L —t — - —= 3. 4.27
[3 * 27 9 ] Ot Er T 3 (4:27)
The contribution from the two-loop MS counterterm is known from the massless quark case
and reads
(ni+1) 2 2
2 1[4 8 1 20 656 7
z\CrTr) 0‘5’7(“) Crlp — =+ —=|=-Lo— = —| ——L — 4+ —
SCET A PR T atalze Ty T T e Tt

(4.28)

where L and L¢ are defined in Eq. (3.1). The 1/€" divergences in Eqgs. (4.27) and (4.28) differ,
and are reconciled only once we account for the additional scheme change correction in the
last term of Eq. (4.5). The 5F7SLCF Tr) term can be computed by inserting the one-loop massive
gluon correction term of Eq. (4.25) into the dispersive integral (4.6) which can be performed
in four dimensions. The result reads

(n1) 2 2
( 1241 1
SF(CrTe) (O‘(W) CpTr { _ 2o ;Cg} . (4.29)

4 81 27
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Thus the only modification in the massive quark loop contributions to the form factor for
primary massive quarks with respect to primary massless quarks is a simple constant term. In
particular no additional rapidity logarithm ~ In(Q?/m?) appears, which can be again traced
back to the universality of the soft corrections for massless and massive primary quarks.

C&CFTF,TLZ)

Assembling all the pieces above in Eq. (4.8) we get the following result for

() 2 2
CT(nCFTF,nz) (m, Qa M) = <as(,u)> CrTr {_ §L3 — 2[/%1 4 <130 + 27T> L, (4.30)
m

47 9™ 9 27 3
4 40 112 —Q?—i0 5107  4l7? 4¢3
— (=L + —L,, +— 1 — E——"
(3 m gt 27)“( m? >+162 27 9 [

which matches exactly with the CrTF result we obtained above in Eq. (3.7). In the next
section we decompose the SCET form factor result into soft and collinear pieces in order to
find the terms needed for the rapidity RGE analysis.

4.4 Two Loop Ingredients for the Rapidity Renormalization Group

In order to determine the ingredients needed for the rapidity renormalization group analysis,
we now calculate the O(a2CpTr) SCET form factor contributions for the individual collinear
and soft sectors using dispersion relations. We will employ the symmetric n-regulator [30, 31]
to regulate the rapidity divergences in the individual sectors. This corresponds to modifying
the Wilson lines in the respective sectors according to

1 w?(v) V" 1 1 w(v) /2

W”:ﬁ.p_)(ﬁ.p)l-l—n’ Sn:n~73_>n-77‘ﬁ-77—n-77‘"/2,

(4.31)

and similarly for W5 and Sz. Here P* denotes the label momentum operator and w(v) is a
dimensionless book keeping coupling parameter satisfying

w(v), lim w(v)=1. (4.32)

v—uw(v) = — Jirmy

d n
dv 2

The one-loop form factor corrections for the radiation of a massive gluon have been already
calculated in Ref. [31] for massless quarks. Including the modification due to the quark mass
in Eq. (4.25) they read after expanding in n

1,bare 1,bare
FS(CET,v)z = FS(CET,% (4.33)
(ni+1) 2 2\ € 2
") Cr (2N f2 (v . 1
= . I'(e)e e p +1In o +2¢(2—€)+ 2V Sy

2 )

(nl""l) 2 2 € 2
(Lbare) _ Qs ' (p)w*(v)Cp vpe( 1 4 v B B

In the collinear results we have included the wave function contributions Z¢, /2 and Z, /2.
The soft-bin subtractions in the collinear diagrams vanish for the n-regulator.
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In direct analogy to Eq. (4.5) the corresponding two-loop expressions for the individual
soft and collinear sectors read

CrTr,b 1 [dM? b
Fiokr'? ™ (Qum) = — | S5y Figipr} (Qum. M) Im [T1(m?, 1%)]

3T €

- (.0 - FmQum, Ay, (4.34)

for i = n,n, s. Note that for this relation to make sense also the one-loop form factor corrections

asTr ]-) (1,bare)

with a massless gluon have to be decomposed according to Eq. (2.21). To achieve this goal
we use a gluon mass A < m as an infrared regulator which allows us to use the results in

Eq. (4.33). As discussed in Sec. 2, we absorb all divergences of the form 1/n, 7°/€" in the form

factors into separate counterterms Zégggp 3 for each sector, so that

(1) _ (1, bare) (1) (CrTr) _ 12(CrTF,bare) (CrTF)
Fscer.i = Fséur.s + ZsCeT,i» Fscrri = Fsorri  + Zscrr i - (4.35)

The explicit results for the counterterms at one-loop are given by

ZéIC)ET,n(Q7 m, Av M, 1/) = Zélc)Ele(Qa m, Aa M, V) ; (436)

s e ()]
()] t(55m))

(ni+1) 2
; Qg w) w*(v)Crp
ZéC)ET,s(Q,m,A,u, v) = ( 4)7T (v) {

while at two-loop they read

CrT) CpT
ZéCI]g}TIjZL(Qv m, A,;L, V) = ZéCI];TIT%(QamaAa:Ua V)

(n+1) 2 9 2
[ (1)]"w?(v) CpTr (1 4 20 8 A 4 o5 40 112
= - |l-—=+—+-Lph|=|--L2 - —=L,—-—+0
1672 n| 3 * 9¢ - 3 " w? +0()

37m 9 27
—l—l —gln V—Q -1 —1—1 1—0111]/—2 —i—l-l-ﬁ
2| 3 Q2 el 9 Q2 6 9 ’

CrT,
ZéCI];T},?g(Qa m, A7 M, V)

(ni+1) 202() CwT 2
_ o™ )] w0 () Cr F{1[8_40—16L ln<A> Sp2 80Lm+224+(9(6)}

1672 nl32 9 3 "\ 2 tytm oy 27
2 1[4 v? 107 1] 20 2 56 72
SR i P (N, V)[R [ Y (PR VUL O 4.37
63+62[3n<—u2+i0>+9}+6{ 9n<—u2+i0)+27 9]} (4.37)
Note that the sum Zggg? 7)1 + Zégg? % + Zégg? 2, reproduces the result for the SCET current

counterterm Zégg? ) in Eq. (4.28). These results for the individual collinear and soft coun-
terterms provide the necessary ingredients for determining the rapidity RGE for the collinear
and soft sectors below in Sec. 5.1.

4 Although the full e-dependence in the expression proportional to 1 /m should be in principle kept unexpanded,
this is only relevant to ensure that the coefficient of the 1/n pole is explicitly u-independent, which is also true
order by order in its € expansion. Therefore we show here only the terms up to (’)(60) which contain the
information we need later for the anomalous dimensions.
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5 Rapidity Evolution and Numerical Results

5.1 Rapidity Renormalization Group Evolution

In our result for the matching coefficient between bHQET and SCET at O(a?), given above
in Eq. (3.8), we encountered a large logarithm o2CpTrIn(m?/Q?). We discussed the setup
for the resummation of such logarithms above in Sec. 2. As shown in Sec. 4 these rapidity
logarithms are only related to contributions of the virtual massive quarks that appear in
the gluon vacuum polarization, and hence are the same as in the threshold corrections for
massless primary quarks in Ref. [29]. There it was anticipated that they can be resummed by
exponentiation, as is common for these kinds of logarithms. For example, for the radiation
of a massive gauge boson the rapidity renormalization group implies that this exponentiation
occurs to all orders in perturbation theory [28, 31, 37, 38]. The difference in our case is that
the rapidity logarithms start at two-loops, and hence involve the additional issue of one-loop
induced corrections due to the scheme change in the coupling constant.

Here we will show explicitly how to treat the rapidity logarithms at O(a2CrTFr) in a
rapidity renormalization group framework, and subsequently demonstrate that they indeed
exponentiate. We start from Eq. (2.24). Up to O(a?) we only have a contribution from the
CrTr dependent terms,

d d
’YS’? (m, p) = VEHI ZSCET,i — Vgln ZbHQET,i

V@ZSC)ETJ +0(ad), (5.1)

=v ;
dv SCET,: I

d _(cprr) o™ (W) Ty . (m? d
Z —— In{ —

1
where the second term accounts for coupling conversion from the (n; + 1)-flavor to n;-flavor
scheme. As before, in the n;-flavor scheme the bHQET graphs give no contribution. The results
from Sec. 4.4 can now be used to compute this v-anomalous dimension. Using Eq. (4.36) we
can calculate the one-loop correction,

d d I d o aﬁ"”l)(u) Cr A?
—Z =v—17Z S =——v—Z =" " In|— 2
Vqy “SCET,n = Vg, #SCET,a = ~ 5V, “SCET, s o ) (5.2)

which exhibits dependence on the infrared gluon-mass regulator A. The two-loop term above
can be calculated using Eq. (4.37) which gives

d _(cpTr) d _(cpTp) 1 d _opre)
Y Zscf:{n Y1 ZSCII;TI,:FL =YW ZSCETIjs
" (W) 2CETE (8 A2\ 4, 40 112
= e Tyl ) Fatm g bty 59

where Ly, is defined in Eq. (3.1). Together these results determine the v-anomalous dimensions:

Com, C L o,
NG O TR () = oy CFTF (my ) = =5 Vs O (m, )
[as())2CpTr (4 5 40 112
S A et St Y —L . 5.4
1672 3 m T 9 m + 27 (5-4)
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Note that the IR regulator has canceled out, and that here the coupling [as(12)]? can be taken
in either the n; or (n; + 1)-flavor scheme since the anomalous dimension starts at O(a?) and
the difference is higher order. This result suffices for solving the v-RGE equations at NNLL
order. Using Eq. (2.22) and Eq. (2.23) we can write an analog of Eq. (2.7) for the v-evolution
of Hp,. From Eq. (2.22) we have

) (, @ ) Z g Y ppm) Y\ ) v
Hm (m’ m’:u’> Hm,n<mhu7 Q) Hm7n(m’:u’ Q) Hm,s <m7:ua m> . (55)

With rapidity evolution this becomes

H (. @ oo 5.6
m <m7m7/~1’7VQ’V> ( )

= HTY:LZ% m, [, Vi@ H'r(nnl% m, uw, V7Q VRRG(VQ7 Vi, H) Hr(r:”g m, [, Vﬂ P
) Q ’ Q ) m
where on the LHS the dependence on vg and vy, comes from truncating the resummed pertur-
bation theory for objects on the RHS. Here the functions H,g? l,z = H,(: l,% and Hﬁ? fg) are given
up to O(a?) by

(1) 2
Hm (m,ﬂ%?) :1+O‘S(“)CF’(L2,L—Lm+4+7;>

m,n 47_(_
. al™ () 202 L g (9, ™ (1 117r2+24C .
Az Fghm —=m T g T g Jim 2 6 3 ) m
241 1372 5 16374
i — log 2 — —
+ 3 + 3 8m“ log 63 360 }
(n) 2 2 2
al™ (n) 11, 167 72\ 1165 287
= ) CuC0pd - =L AR | (i —30¢3 | L
+< 47T>AF{ g rm T\ qg T3 )tm 51 T 9 G ) L
12877 32372 89(3 ATt
- 412 log 2 + —2= —
648 108 "985t 9T T Rp

(ng) 2 2 2

o™ (1) 4., 2, (154 8« 1541 3772 52(s

Qs W oo Teid o3 — 2f I _ _
+< Ar > F”ZF{gm g m T\ o7 T g JFm T 1g0 T o7 9

() 2 2 2
{ 2 139 4
+ <0‘47T(“)> CFTF{QL%L—F <3+83>Lm+339—w+8@’

162 3 3

4 40 112 Z
L2 4+ —L,+—|ln(==)¢, .
+<3 mty +27)n< 2) (5.7)
H) (o ) =14 o W)\ g [Bys 40 (M8 4r
ms M) = A FEFYgm T g tm T\ 97 T g )T
656 10m2  56(3 8 , 80 224 V2
20 S (22 o+ 2 Y (2 ) Y 5.8
R S Y <3m+9 T ) (58)
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and contain no large logarithms for © ~ m, and for vg ~ @ and v, ~ m, respectively. The
evolution factor VRrg sums the rapidity logs between v, and v, and is defined as follows

Invy
VRrG (Vf, Vi, 1) = exp { / dlnv [’yl,c”; + (71,0’?;)*] } i (5.9)
Iny;

The general result for VRra, and the result at NNLL, will be given below.
Similarly to the r-anomalous dimensions, we can also determine individual p-anomalous
dimensions for the collinear and soft sectors, i = n, s, n,

d d
’YST = M@IH ZSCET,i — M@IH ZbHQET, i - (5.10)

)

Repeating the steps below Eq. (5.1) we find

) (D 2CRT 8 40 2 2 8n?
,YEZTL,C’FTF<m’M’K>: [as™ (0)]*CF F{_(L +>ln<’/> —4Lm——7r}

Q 1672 379 Q? 3 9
:’Y,u,ﬁ( w ) (mvu> a):
(n1) 2 2 2
Con Cr T vy _ o WPCeTe (16, 80N, ( wP N 224 dx?
Tass <m“m) 1672 sim Ty )M\ T o) T e g

(5.11)

whose sum yields the same result for the O(a?CrTr) p-anomalous dimension of C’,(ff Y as the
difference of Egs. (2.19) and (2.17),

v Cum,CpT v s v
A CFTE (s, @) + 9w T (mo @) e O (s )

(1) 2 2
(o™ ()] "CrTr [ (16 80 260 4w
= 1672 f3Lm+ Lg—8Lpy — — — —&

— [ 2] =T @), (5.12)
with L, and Lg defined in Eq. (3.1).
Egs. (2.7) and (5.6) together include the evolution connected to H,, in the 2-dimensional
p-v plane, including that from invariant mass scales p,, to pg, that from invariant mass
scales [iy, tO ftfnal, and that from rapidity scales vg to vp,. As demonstrated in Ref. [31] the
combined p-v evolution can be performed along any path and the path independence implies
the consistency equation:

Mg e (&L + 6(g) ag)vm VY (5.13)
However, similar to the example of the massive Sudakov form factor considered in Ref. [31]
we can see from Eq. (5.4) that VS’? contains potentially large logarithms In(u/m) for an
arbitrary path in p-v-space. This is resolved by a prior resummation exploiting the fact that
the derivatives in Eq. (5.13) are proportional to the cusp anomalous dimension. Since C,, is a
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matching coefficient between a (n; + 1)-flavor and n;-flavor theory, we can express Eq. (5.13)
in terms of the difference between the cusp anomalous dimensions I'cysp o] in the (rn; 4 1) and
n;-flavor schemes. So for ’y,f;” we obtain

d d
g =¥ gy = =2 (Teuplal ) = Taus o)
a?CpTr (32 160
1672 <3 *t > O(ey) (5.14)

which can be checked using the explicit perturbative expression of I'cysp[aes] up to two loops,

(nf) (ng)\ 2 2
Fcusp[OZS } - An 4C’F + < An > 4CF |:< 9 3 >CA 9 TF + O(Oés) . (515)

Integrating Eq. (5.14) in p we obtain the resummed result for Vg’g,

Inp

NS (m, p) = —2 /

Inm

dlng/ (T (00D ()] — Teusp [ag’”)(u’ﬂ) G5 (m,m)

= — (@D (g1, m) = w0 (g1, m) ) + A (mym) (5.16)

Here the integration constant 'yS;" (m,m) is the correction in the anomalous dimension 'ygg”
that does not multiply a logarithm In(u?/m?). We are now in the position to write down a
general expression for Vgrg. Using Eq. (5.9) we find the all orders result

2
Vit (V0 Vi, ) = exp { D ) = 2t ) = 2 m )| (22 } G
’ 1%
Q

At NNLL order with the counting o (p)In(vp,/vg) ~ 1, we can expand this exponential to the
first non-trivial order. At the order we are working

[agnz+1) (m)] 2CFTF %
1672 27

Yo (m,m) = — +0(a}) (5.18)
as can be seen from Eq. (5.4), where we have for definiteness employed the (n; + 1)-flavor
scheme. The evolution function w at NNLL accuracy reads

(nf)
(ng) __To Di_ Bryos “(mo)
W) (p, o) = %o {1117‘ + (FO 50) e (r—1) (5.19)

T, A B, B [ (w0 ,
+<110 Bol'o 50+5§>327T2(T _1)}7

where r = aﬁ”f )(u) / ai”f )(,ug) and the coefficients 5; and I'; are evaluated with ny flavors.

To extend the analysis to N3LL resummation, one needs the currently unknown p-anomalous
dimension for the bHQET current operator and the result for the v-anomalous dimension
75’?;" (m,m) at O(a?). The latter can be inferred from the coefficient of the rapidity logarithm
appearing in a related DIS calculation [41] due to consistency (see Ref. [42]).
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5.2 Numerical Results

In this section we explore the impact of the two-loop correction to the hard function H,, on
the differential cross section and the corresponding improvement to the perturbative uncer-
tainties. To do this we examine the evolved hard function Heyol(Q, M, thfinal; 4Q, Hms VQ, Vm)
from Eq. (2.7). This function fully captures the multiplicative contributions for the differential

cross section factorization theorem in Eq. (1.2), including the matching at pg ~ @ in H, g”ﬂ),
the RG evolution from g down to g, ~ m in UI(%H), the matching at u,, encoded in H,,,

and through Ué”l) the RG evolution from pu,, down to a scale pgn, where the soft and jet
functions are evaluated.’® Since the ingredient that has not been previously analyzed is H,,, we
focus our numerical study on the impact of this function and the associated reduction in the

resulting p,, dependence. For o l)(m, Q/m, pim; vQ, vm) we employ Eq. (5.6), which provides

)

; with ¢ =n,n,s, plus

a decomposition of this function into collinear and soft components, Hfg
a kernel VRrg which carries out the RG evolution in rapidity from vg ~ @ to vy, ~ m.
We begin by converting the result for the collinear and soft components H, 7(77; ll.) in Egs. (5.7)

and (5.8) from the pole-mass scheme to the MS mass scheme with n; + 1 dynamic flavors via

1 angrl)(M)CF 2
Mpole = m(nl+ )(:UJ) <1 - T(BLm - 4)) + O(as) : (5'20)
The MS scheme is an appropriate renormalon-free short distance mass scheme to be employed
in the hard function H,,. For consistency we also convert the results in Egs. (5.7) and (5.8) to
the (n; + 1)-flavor scheme for the strong coupling. Together this yields up to O(a?)

(ni+1) 2
HT(TZZH—Fl)(m,M,V*Q) :1+w (L%L_Lm+4+ﬂ-)

Q 4rr 6
- (W)zc% {;th — L3 - <125 — 7§>L3n + (323 - 116”2 - 24C3>Lm
% + 13;2 —872log2 — 6¢3 — 12234}
+ (O‘gm: (“)>20ACF { - %th + (11687 . 7;2> L2 - <1éi5 n 289”2 - 3043) Lo
% + 3?37: + 472 log 2 + 8%& - 41787:)4}

dm 162 27 9

(ru+1) 2 4 p) 1072 3139 472 8
+ (O‘S W) CFTF{L3 + 212+ (6+ a )Lm+—ﬂ+<3

(1) ) 2 4 2% 154 872 1541 3772 52
+(w> CFanF{gLfn— 2 —|—(—|—7T>Lm— _oolm CB}

Ar 3m T gm 9 162 3 3
4 40 112 v v
CI2 4 — Lyt = JIn (22 ) L = gt (g, 7€ 21

5The soft or jet functions also contain an additional evolution which is not purely multiplicative [11]. This
evolution affects the shape of the do/ds;ds; distribution and was evaluated up to NNLL’ order in Ref. [14].
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(ni+1) 2 2
H}g‘;“)(m,u, %m) =1+ <a$ 1 (“)> CrTr {8L3 + 40,2 + <448 47T> L
’ s

g m T g m 27 9
656 10m2  56(3 8 5, 80 224 V2
— 2 (ZL2 4 —Lp+—— |In ()}, 5.22
T T Ty <3m+9 o) (5:22)

where Ly, = In(m?/p?) and m = m™+ (1) is the MS mass for n; + 1 active flavors. For the
bHQET evolution function Uy, when using the MS mass scheme, we expand the pole mass
appearing in the anomalous dimension in Eq. (2.19) in terms of /m(m;) to obtain

Q o™ (u)Cr al™ (1)) 80. 80
,YbHQET(%?M) = T[— 4L + 4] + Tar nCrlp ?L — 9

268  4x%\ - 196  4x?
CprCy| - | =— - —— )L+ ——-"+38
+Cp A[ <9 3> + 9 3 + <3]}

32a{™ ()™ (m)C2
(47)?

+0(a?), (5.23)

where L = In[(—Q? — i0)/m?]. For the v-anomalous dimensions the MS results are obtained
by the simple replacement m — m, since they start at two-loops. For our central results below
We Use [y, = Uy = My and ug = vg = Q.

For our numerical analysis of Hqyo we employ scale choices that are appropriate to the
peak region of the differential cross section within bHQET. We fix @ = pg = 1TeV, which
is a possible c.m. energy for a future linear collider, and pgna = 5GeV corresponding to
the scale of the soft radiation. We do not vary these two scales here since their impact
and associated uncertainties have been analyzed elsewhere [12]. They matter only for the
overall normalization and thus cancel in the normalized spectrum. In addition we use the MS
mass m¢(m¢) = 163 GeV or pole mass m; = 171.8 GeV using the two-loop conversion, and
a§5)(mz) = 0.114 [25, 43] and using two-loop conversion at u = m; to obtain agﬁ)(u). For
results with RG evolution that sums large logarithms we use the so called primed counting,
i.e. our results at NLL’ and NNLL’ include NLL and NNLL evolution kernels together with
the hard function boundary conditions at O(as) and O(a?), respectively. For the rapidity
evolution we use the expression in Eq. (5.17), and the default rapidity scales vg = @ and
Vm = my, where my is either the MS mass () or the pole mass.

To determine the impact on the normalization we first note that the two-loop fixed order
corrections to H,(g 1) turn out to be small, giving at the central scale p,, = m¢(m:) a 2%
correction and the fixed-order series

HD (mt, Q= mt) = 1+ 0.126(1-loop) + 0.015(2-loop) = 1.141. (5.24)
me

In the top-left panel of Fig. 3 we display the evolved hard function Hey, at the first three
orders in resummed perturbation theory for values of p,, in the range m;/2 < p,, < 2m;. We
use the MS mass scheme and the expressions for Hgﬁfl), va-zlﬁﬂ) and HT(TZZSH) from Egs. (5.21)
and (5.22). As already observed in Ref. [12], there is a significant correction when going from
LL to NLL’ order which more than doubles Heyo. From NLL’ to NNLL’ we observe that the
correction is notably smaller, indicating that the series has stabilized. Although the magnitude

of these corrections is not captured by the pu,, variation, it is of the size expected from studying
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Figure 3. Upper panels: Plots of the residual dependence on the matching scale ., for the unnormal-
ized (left) and normalized (right) evolved hard function Heyo at three different orders in the evolution,
using the MS mass. Lower left panel: Comparison of the scale dependence at NNLL/ for the MS mass
and the pole mass. Lower right panel: Impact of varying the ratio of rapidity scales vg /vy, by a factor
of two at NNLL’ as a function of ji,,, with the MS mass.

the uncertainty associated to the pgn, variation. The complete study of the pgna variation
requires including the jet and soft functions, which cancel the pgna dependence of Heyo to the
order one is working. We leave this for future work rather than taking it up here. We observe
that the u,, dependence significantly decreases as we go to higher order. This behavior is shown
best in the top-right panel of Fig. 3, where the same curves are plotted, but now normalized
t0 Hevol(tm = my) at the respective order. The two-loop result for the hard function Hf—: 1)
plays a key role in this reduction of the scale dependence at NNLL'. Note that the size of the
i, variation of the blue dashed curve at 2% correlates well with the size of the NNLO fixed
order correction in Eq. (5.24), which gives a +2% correction. Therefore it is reasonable to take
the pi,, variation of the solid red curve in this figure as an estimate of the O(a?) correction in
Eq. (5.24), which we take to be £0.2%.

In the lower-left panel of Fig. 3 we compare the dependence on p,,, at NNLL’ for the
MS mass with the corresponding result for the pole mass. In the pole mass case we em-
ploy Egs. (5.7) and (5.8) for ngfflyz, Hq(:lq—z and HT(,ZZ). We see that the pole mass exhibits a
larger sensitivity to the renormalization scale p,, implying a slightly slower convergence of the
perturbative series, potentially related to IR renormalon effects.

Finally, we can analyze the impact of the terms related to rapidity logarithms. For p,,
m¢(my¢), these terms yield a numerical contribution of —0.0014 in the fixed-order full hard
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function H,%”“)(mt, Q/my, i, = my) in Eq. (5.24). Due to a relatively small coefficient, they

do not give a significant correction in comparison with the remaining two-loop contributions
which give a numerical correction of 0.0166. Therefore, we anticipate the dependence on the
rapidity scales vg and v, to be rather mild. In the lower-right panel of Fig. 3 we plot Heyol at
NNLL' for the MS mass as a function of ,,, but now with three choices for vQ/Vm. To obtain
these results we varied vg up and down by a factor of two, but we note that equivalent results
are obtained by instead varying v, by a factor of two. We see that varying vg /v, by a factor of
2 gives a negligible effect compared to the residual u,, dependence at this order. Therefore, we
conclude that including an uncertainty from v-variation is not necessary to obtain an estimate
of the overall perturbative uncertainty of the cross section.

6 Conclusions

In the context of EFT factorization for boosted top quark production, we have extracted the
hard function H,, = |C,,|? describing virtual fluctuations at the top-mass scale, completely at
two-loop order using earlier results from Refs. [26, 27]. This result provides the last missing
ingredient needed to make NNLL' resummed predictions for the invariant mass distribution of
top-jets in the peak region using the factorization theorem of Refs. [11, 12] given in Eq. (1.2).
Particular focus was given to the contributions to H,, from heavy quark loops, which induce
terms with a large logarithm a2CrTrIn(Q?/m?) that can not be treated with standard RG
evolution in u. These terms were computed once more directly using collinear and soft matrix
elements in SCET, and we have shown how they can be factorized using a rapidity cutoff v, and
RG evolved using rapidity renormalization group equations. Interestingly, this factorization
and RG evolution occurs within the Wilson coefficient C), and hence at the amplitude level.
Using our result for H,, we have assessed the remaining perturbative uncertainty associated to
the top-mass scale, p,,, >~ m, and estimate it to be very small, £0.2%, predicting that the two-
loop result for H,, provides a very accurate result for this function. The total normalization
uncertainty in the differential cross section is expected to now be dominated by that from O(a?)
perturbative corrections to the low-scale soft and jet functions, which could be estimated by a
dedicated study of the residual pgn, dependence at NNLL' order.
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A Direct Calculation of C,, in the (n;, + 1)-flavor scheme

In Sec. 4 we directly computed the O(a?CrTr) massive quark correction to 07(,? 0 by using

form factors in the m;-flavor scheme. Since this coeflicient lives at the border between the
(n; + 1) and n;-flavor theories, we could just as well have carried out the calculation for C,, by
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using form factors in the (n; + 1)-flavor scheme, and then converted to an n;-flavor coupling
at the very end. Of course the same result is obtained in this approach, but there are a few
subtle differences in the calculation, which we discuss here.

In particular, in Sec. 4 we noted that for the O(a2CrTr) correction in the nj-flavor scheme,
the bPHQET graphs give no contribution. However, using the (n; + 1)-flavor scheme for the
strong coupling this is no longer the case. To see this, consider the ratio in Eq. (2.13) and
express the denominator in the (n;+1)-flavor scheme by inverting the decoupling relation given
in Eq. (3.4):

(ni+1) 2
n _ (1 as ' (W)TE, (m
) = alr V[ 14 2 U (). (A1)
Expanding in a, and using the notation in Eq. (2.5) we then get
Q CrTr,m+1
C'r(nCFTF’m—Fl) (m7 E? ,U’) = [FS(CETF o )(Qa m, A, ,LL) (A2)

(ni+1) 2
_Oés(M)TFm(mQ) Féﬁ%%T(Q )] s
37T 1% Qg ! — Qs t

Here the second term comes from converting the strong coupling constant to (n; + 1)-flavors in
the one-loop bHQET graph. Below we drop the flavors superscript on the form factors. Here
it should be understood that all the terms are now expressed in the (n; + 1)-flavor scheme.
Then combining Eq. (A.2) and Eq. (4.5), and Eq. (2.14) we get

O Tenet ) (1, D) = BRI () (4-3)

(ni+1)
g Tr1 bar Q
(et 0 ST e (2 )

3T €

(ny+1) 2
CpT o (W)Tr m 1 Q
ZéCETF)(QvN) B T— 1“( 2 > FkEH)QET( A M)

Note that both Fs%gfge) and Féll{)QET are IR divergent. This result can be simplified by noting

that in any flavor scheme the one-loop C,(ﬁ) is given by the difference of one-loop renormalized
SCET and bHQET amplitudes:

Q 1 -
O (m, =) = i (@um. A p) = Fitlopr (5.4 m) .

Using Eq. (A.4) in Eq. (A.3) we can then write down a simpler expression for cfCrTrm+l),

OfFr ) = Fiopr ™ (Q.m) + Zicis” (@ )

(ri+1)
Qs wTr1
- (H(m27 0) - 371_()F6> <F§é)ET(Q’ m, A7 :U’) - ZélC)ET(Q’ :U’))

(ni+1) 2
as' (wTr . (m (1) Q
37r1n<u> FbHQET< A M)
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OS,CrTE,bare (CrT:
= S(CETF =P (Q,m )+ZSCIF3TF (Q, 1)

gnlJrl) Te 1
+ <H(m270) - agﬂ()F > SCET(Q 1)

(ni+1) 2
as' (WTF (M7 o, @
+ a3 ln< 2 ) Cy, (m, m,,u) . (A.5)
(CrTr,m+1)

This result can be used to compute Cp, Comparing it with Eq. (4.8) we see that it

can be rewritten as

(ni+1)
CCrTrmt1) _ ((CeTem) . 05 (WTF 1n<“12> oW (A.6)

and hence is fully consistent with determining CLOFTrmt) o Eq. (4.8) and then simply
applying the coupling conversion in Eq. (A.1) in the result. Note that in this (n; + 1)-flavor
scheme approach the bHQET one-loop amplitude contributes and plays an important role in
obtaining the scheme conversion term involving CY) in the last line of Eq. (A.6).
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