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Abstract:

We study the Coulomb branch of class Sk N = 1 SCFTs by constructing and analyzing
their spectral curves.
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1 Introduction

A very exiting development in the last 20 years has been the achievement of exact results
in N = 2 gauge theories in four dimensions. See [1, 2] for a recent review. Starting with
the groundbreaking work of Seiberg and Witten [3, 4], who solved 4D N = 2 gauge theories
in the IR, and continuing with the microscopic derivation of Nekrasov [5], today we can
compute several observables in the UV thanks to the work of Pestun [6] who was able to
calculate using Localization techniques the partition function of N = 2 gauge theories on
S4.

In the seminal paper [7], Gaiotto obtained the so called class S of N = 2 SCFTs Tg,n
[7, 8] by compactifying (a twisted version of) the 6D (2, 0) SCFT on a Riemann surface
Cg,n, of genus g and n punctures. For these SCFTs, the parameter space of exactly marginal
gauge couplings is identified with the moduli space of complex structures of the Riemann
surface modulo the group of generalized S-duality transformations of the 4D theory. This
development led to the discovery of the AGT correspondence [9, 10], where the partition
functions on S4 of the Tg,n theories are equal to Liouville/Toda field theory correlators on
the corresponding Riemann surface Cg,n. Finally, in [11–13] another striking 4D/2D duality
was discovered. The superconformal index of the 4D theory associated with the Riemann
surface can be reinterpreted as a correlation function in a 2D topological QFT living on the
Riemann surface. See [14] for a recent review. Invariance of the index under generalized
S-duality transformations translates into associativity of the operator algebra of the 2D
TQFT.

A very important long term quest is to understand whether it is possible to make
similar progress with N = 1 gauge theories which have a far more rich and interesting
phase structure [15, 16] and also to search for possible relations they may have with 2D
CFTs and integrable models. The class Sk of N = 1 SCFTs recently proposed by Gaiotto
and Razamat [17] provides a very promising starting point. The theories in class Sk are
obtained via compactification of the 6D (1, 0) SCFTs labeled by N, k on a Riemann surface
with punctures, where these theories are obtained from the 6D (2, 0) SCFT by orbifolding.
Thus class Sk theories can be understood as an orbifolded version of class S theories. Most
importantly, in [17] the authors were able to recast the index for class Sk as a 2D TFT. See
[18, 19] for works in similar spirit and generalizations.

Some of the powerful tools that led to the N = 2 success story include the Seiberg-
Witten (spectral) curve, which is an auxiliary curve that contains all the information about
the low energy effective theory, and the fact that N = 2 theories have string/M-theory
constructions (realizations). In particular, Witten’s M-theory approach [20] provides a way
to realize the SW curve geometrically as an M5-brane configuration and a simple way to
obtain it.

Already in [15], Intriligator and Seiberg pointed out that the SW curve techniques
can be applied to the Coulomb branches of N = 1 theories as well. N = 1 holomorphicity
arguments constrain the form of the superpotential in the same way thatN = 2 holomorphy
constrains the form of the prepotential [16]. In the Coulomb phase of N = 1 gauge theories
there are massless photons in the low-energy theory, whose couplings to the matter fields are
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described by the usual gauge kinetic term τijW
i αW j

α, with τij the effective gauge couplings
which are holomorphic functions of the matter fields. In the N = 1 case the determination
of the τij does not imply a complete solution of the theory, but still provides very important
information about the low energy theory. Witten’s M-theory approach to the SW curve [20]
has already been generalized and used to study N = 1 theories [21, 22]. See also [23, 24]
for a more recent construction of a large set of N = 1 SCFTs. Finally, much progress has
been recently made for N = 1 spectral curves and their relations to generalized Hitchin
systems [25–27].

In this paper, inspired by the work of [17] we wish to understand the 4D/2D interplay
from the point of view of the SW curves. This is how it was originally discovered for the
N = 2 class S in [7]. We compute the spectral curves for theories in class Sk and generalize
Gaiotto’s construction for the N = 2 theories of class S [7] by orbifolding. We then study
how the spectral curves decompose in different S-duality frames. An important object of
interest is the type of punctures. For N = 2 theories in class S we have punctures labelled
by Young diagrams, including minimal and maximal punctures that correspond to simple
poles with symmetry U(1) and SU(N) respectively. As we will discover in the sections to
come, for class Sk the minimal punctures do not correspond to simple poles, but to branch
points. We find that the spectral curves have a novel k-cut structure1.

The paper is organized as follows. We begin with a short review of class Sk in section
2. In section 3 we show how to orbifold the SW curves of theories from class S with a
Lagrangian description. We study the four-punctured sphere, the maximal and minimal
punctures. Most importantly we discuss the novel cut structure imposed by the orbifold.
In section 4 we take the weak coupling limit and discover the free trinion theory, the curve
for the free orbifloded hypermultiplets. Next in section 5, we begin with the curve of the
four-punctured sphere and close one of the simple punctures. In section 6 we study the
(M + 2)-punctured sphere with M minimal punctures. Finally, in section 7 we discuss the
strong coupling limit and obtain the strongly coupled non-Lagrangian trinions T kN .

2 Review

In this section we review the necessary background, including what is known for the theories
in class Sk. We begin with the M-theory construction where implementing the orbifold is
very simple (geometric), then continue with orbifolding on the gauge theory side.

2.1 M-theory realization

The easiest way to introduce the theories in class Sk is to begin with the type IIA string
theory brane setup in table 1, which was originally considered in [35, 36]. Without imposing
the Ak−1 orbifold we describe the N = 2 theories in class S [7]. The SU(2)R R-symmetry
of the N = 2 theories corresponds to the rotation symmetry of x7, x8 and x9 and gets
broken by the orbifold to the U(1)R symmetry of x7, x8 rotations. Rotation on the x4, x5

1It is not the first time that an extra Zk symmetry creates cuts on the SW curve. Already for N = 2

theories cuts appear as a consequence of outer-automorphism Zs symmetry of the Dynkin diagram [28] to
which the theory corresponds. See also [29–34].
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x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 (x10)
M NS5 branes − − − − − − . . . . .
N D4-branes − − − − . . − . . . −
Ak−1 orbifold . . . . − − . − − . .

Table 1. Type IIA brane configuration for the 4D N = 1 theories of class Sk.

plane corresponds to the U(1)r symmetry of the N = 2 theories, which is preserved in the
presence the orbifold singularity.

Following [20], we wish to derive the SW curves using the uplift to M-theory of table
1, and we define the holomorphic coordinates

v ≡ x4 + ix5 , s ≡ x6 + ix10 and w ≡ x7 + ix8 (2.1)

in terms of which we will write the spectral curves. It is also useful to define the exponen-
tiated

t ≡ e−
s

R10 , (2.2)

where R10 is the M-theory circle. See [37] for the conventions we follow. In order to account
for the orbifold action, we impose the identification

(v , w) ∼
(
e

2πi
k v , e−

2πi
k w
)
. (2.3)

The coordinate x9 is not part of a complex coordinate, which is consistent with [35, 36].

m1

m2

m4

m3
a1

a2

D 4

D 4

NS 5 NS5

R4
/Z2

−m4

−m3

−m1

−m2

−a2

−a1

Figure 1. The IIA brane set-up from which we calculate the IR curve Σ for the SU(2) case. The
thick dashed line depicts the Zk orbifold point, for k = 2. For each D4 brane the mirror images are
also depicted using grey dotted lines.

For k = 1 using the set-up above we can obtain the spectral curve Σ, which is the
spectral curve in the IR, by thinking of a single M5 brane with non-trivial topology and
the appropriate boundary conditions (given by the asymptotic positions of the D4 and the
NS5 branes) wrapping Σ. Following Gaiotto [7] for SCFTs, after a change of variables, we
can rewrite the IR curve Σ as a curve that describes N M5 branes wrapping a different
Riemann surface Cg,n with genus g and n punctures, referred to as the Gaiotto curve or the
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UV curve. We can equivalently think that N = 2 SCFTs are obtained using M-theory on
R3,1 × CY2 × R3 by wrapping M5 branes on the CY2. The CY2 = T ∗Cg,n is the cotangent
bundle over the UV curve. In this construction, we also have to specify the SW differential
λSW through

Ω2 = dv ∧ ds = d (vds) = dλSW . (2.4)

In M-theory BPS states are described as open M2 branes (the mass of which is computed
by integrating the holomorphic worldvolume two-form of the M2 brane) attached to an M5
brane whose volume is minimized. The SW differential is obtained by solving the equation

vN =

N∑
`=2

vN−`φ`(t) (2.5)

where φ`(t) are meromorphic `-differentials with poles at the punctures and the meromor-
phic sections of L⊗`v have degree deg

(
L⊗`v

)
= −`p. This is related to the genus of Cg,n as

p = 2(g − 1) + n.

Following [23, 24], a large class of N = 1 theories can be obtained using M-theory on
R3,1×CY3×R1, where the CY3 is locally made out of two holomorphic line bundles on the
curve Lv⊕Lw −→ Cg,n.2 The holomorphic line bundles are such that their first Chern classes
are c1 (Lv) = p and c1 (Lw) = q. The condition c1 (CY3) = 0 leads to p+ q = 2(g − 1) + n,
which can also be reproduced from the field theory side [23, 38] using anomalies. The N = 1

spectral curve is an overdetermined algebraic system of equations [27, 39]

vN =
N∑
`=2

vN−`φv`(t) (2.6)

vawb =

N∑
i,j=2

ca,bi,j ϕi,j(t, u)va−iwb−j with a+ b = N , a, b ≥ 0

wN =
N∑
`=2

wN−`φw`(t)

with φa` (a = v, w) meromorphic sections of L⊗`a and ϕi,j(t, u) meromorphic sections of
L⊗iv ⊗ L

⊗j
w . In the case of N = 1 theories we have to specify the holomorphic three-form

Ω3 = dw ∧ dv ∧ ds , (2.7)

whose integral gives us the holomorphic τijW i αW j
α [21].

This construction simplifies greatly for N = 1 SCFTs in [17] class Sk. These are
obtained as orbifolds of N = 2 theories and thus M-theory on R3,1×

(
CY2 × R2

)
/Zk ×R1,

with the orbifold action given in (2.3). In this case the Lw bundle is trivial and the
meromorphic sections on L⊗`w are global, c1 (Lw) = 0, so the second and the third lines

2Sometimes also written as O(−p)⊕O(−q)→ Cg,n.
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in (2.6) will not play any role in our discussion [35, 36]. Moreover, exactly because Lw is
trivial, i.e. a direct product with T ∗Cg,n, the holomorphic three-form can be written as

Ω3 = f(w)dw ∧ dλSW , (2.8)

with f(w) ∼
∑

i δ(w − wi). The wi are the positions of the D4 branes on the w plane,
which we take to be all at the origin wi = 0. This allows us integrate separately

∫
Ω3 =∫

f(w)dw
∫
dλSW ∼

∫
dλSW and, up to an overall normalization that we drop, to just

consider integrating λSW as for the theories with N = 2 supersymmetry. According to
[35, 36], this remains true even when we resolve the orbifold.

2.2 Field theory

i+1

i

i-1

i

i+1

i+2

i+1

i

i

i+1

i+2

i-1

k-i-2

k-i-1

k-iQ̃(i , 2)

Q(i+ 1,2)
Q̃(i , 1)

Q(i , 1)

c=0 c=1 c=2 c=3 c=4

Φ(i ,2)

α1 α4

γi−1

γi

βi−1

βi−2

Figure 2. The quiver diagram for the orbifolded linear quiver of N = 2 with M = 4. The color
groups are labelled by (i, c) where i = 1, . . . , k is the Zk orbifold index that labels the mirror images
and c = 0, . . . ,M is the label from the original N = 2 theory.

The field theory side is understood following [40]. We begin the study of the N =

1 SCFTs in class Sk by considering some theories with a Lagrangian description. An
important such family of theories is described by quiver diagrams depicted in figure 2. The
ovals correspond to gauge groups and the square boxes stand for flavor symmetries. For
k = 1, these are the N = 2 linear quivers with superpotential

WS =

M−1∑
c=1

(
Q(c−1)Φ(c)Q̃(c−1) − Q̃(c)Φ(c)Q(c)

)
, (2.9)

where the index c = 1, . . . ,M − 1 labels the different color groups of the linear quiver,
obtained in IIA by using M NS5 branes. The nodes c = 0,M correspond to semi-infinite
stacks of D4-branes. The chiral field Q(c) corresponds to an arrow pointing left from node
(c+ 1) in the quiver diagram to node (c) and Q̃(c) corresponds to an arrow pointing right
from node (c) to node (c + 1). The relative minus sign is crucial for preserving N = 2

supersymmetry.
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Imposing the Zk orbifold breaks supersymmetry to N = 1 and the superpotential
becomes

WSk =
k∑
i=1

M−1∑
c=1

(
Q(i,c−1)Φ(i,c)Q̃(i,c−1) − Q̃(i,c)Φ(i,c)Q(i+1,c)

)
. (2.10)

A chiral field Q(i,c) corresponds to an arrow pointing left into the node (i, c) and Q̃(i,c)

corresponds to an arrow pointing right from the node (i, c). The chiral field Φ(i,c) points
from (i + 1, c) to (i, c). The transformation properties of all the fields in the Lagrangian
for the various gauge and global symmetries are summarized in table 2. In particular, in
class Sk we have a large number of global U(1) symmetries [17], the action of which on the
various bi-fundamental fields (arrows) is depicted by grey, blue and red arrows in figure 2.

SU(N)(i,c−1) SU(N)(i,c) SU(N)(i+1,c) U(1)t U(1)αc U(1)βi+1−c U(1)γi

V(i,c) 1 adj. 1 0 0 0 0
Φ(i,c) 1 � � −1 0 −1 +1

Q(i,c−1) � � 1 +1/2 −1 +1 0
Q̃(i,c−1) � 1 � +1/2 +1 0 −1

Table 2. The symmetries of the fields of the orbifolded linear quivers in class Sk. Apart from the
color structure that can be read from the quiver diagram in figure 2, there is a number of U(1) global
symmetries which can also be read from the extra arrows that intersect the bi-fundamentals.

2.3 Coulomb moduli parameters and mass parameters

From the study of N = 2 theories we are used to the fact that the SW curves are param-
eterized by the vacuum expectation values of gauge invariant operators 〈trφ`〉 ∼ u` that
parametrize the Coulomb branch of the theory. There, solving the theory amounts to cal-
culating the vev 〈φ〉 = a of the Coulomb moduli as a function of the u, a(u), as well as their
magnetic duals aD(u). This is done by computing the A- and B-cycle integrals, see section
3.5 for a review, and at weak coupling we find a ∼ √u2. The a(u) in the IIA/M-theory
picture correspond to the positions of the D4/M5 branes.

After orbifolding, the gauge invariant operators whose vevs parameterize the Coulomb
branch of the theory are 3

〈tr
(
Φ(1,c) · · ·Φ(k,c)

)`〉 ∼ u`k,c , (2.11)

where the index c = 0, . . . ,M labels the different color groups in the IIA setup withM NS5
branes. Notice that the bi-fundamental field Φ(i,c) of the N = 1 orbifold daughter theory

3More rigorously, the Coulomb moduli parameters u which appear in the spectral curve in the later
sections are accompanied by a certain linear combination of the product of these operators with the same
total mass dimension together with the correction from the mass parameters. In (2.11) we omit these
corrections and write the relation symbolically.
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is embedded into the adjoint N = 2 field Φ(c) of the original (mother) theory [40] as

Φ(c) =


Φ(1,c)

Φ(2,c)

. . .
Φ(k−1,c)

Φ(k,c)

 . (2.12)

If we diagonalize the vacuum expectation value of this field by a proper unitary matrix U4,
we obtain

〈U−1Φ(c)U〉 = diag
(
a(c)1, a(c)2, · · · , a(c)N

)
⊗ diag

(
1, e

2πi
k , e

4πi
k · · · e

2πi(k−1)
k

)
. (2.13)

For c = 1, 2, · · · ,M − 1, the components e
2πin
k a(c)I of this matrix are essentially what

appear as Coulomb moduli parameters in the spectral curves in the rest of the sections. For
c = 0,M , they are mass parameters, which will be denoted as a(0)I = mI and a(M)I = mN+I

when we consider the case M = 2 in later sections. These are the positions of the D4/M5
branes (all the mirror images) in the IIA/M-theory setup.

3 The four-punctured sphere

In this section we construct the SW curve for the orbifolded N = 2 SCQCD with SU(N)

gauge group and Nf = 2N flavors. We will refer to it as SCQCDk. This is the class Sk
generalization of the four-punctured sphere of Gaiotto.

3.1 The curves

Let us begin by recalling the SW curve of the N = 2 SCQCD with SU(N) gauge group
and Nf = 2N flavors. Following Witten [20] this curve can be easily written by considering
the M-theory uplift of the type IIA setup in table 1. This curve is derived based on the
asymptotic behavior at large v and is given by

N∏
i=1

(v−mi) t
2 + (−(1 + q)vN + qMvN−1 +

N∑
`=2

u`v
N−`) t + q

2N∏
i=N+1

(v−mi) = 0 , (3.1)

where mi with i = 1, . . . , Nf = 2N denote the masses of the fundamental flavor hypermul-
tiplets, u` with ` = 2, . . . , N the Coulomb branch vacuum expectation values of 〈φ`〉 and
q = e2πiτ the UV coupling constant. The parameter M =

∑2N
i=1mi is the sum of all the

masses. We moreover find it convenient to define the parameters c
(`)
m for some parameter

m to be the singlet combinations or Casimirs of some symmetry, here the flavor symmetry,

c
(`)
L =

∑
1=i1<i2<...<i`≤N

mi1mi2 . . .mi` , c
(`)
R =

∑
N+1=i1<i2<...<i`≤2N

mi1mi2 . . .mi` , (3.2)

4The unitary matrix U was included in the original U(Nk) gauge transformation but not in the U(N)k

gauge transformation of the orbifolded theory.
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in terms of which we write M = c
(1)
L + c

(1)
R .

To implement the orbifold we follow [35, 36]. Orbifolding imposes the identification

v ∼ e
2πi
k v . (3.3)

For each mass mi there are k mirror images on the v-plane and thus we must replace

(v −mi) −→
k∏

n=1

(v −m(n)
i ) = (vk −mk

i ) . (3.4)

The equality follows because also the (mirror images of the) mass parameters obey the
orbifold condition and get identified as

m
(n)
i = e

2πin
k mi , n = 1, . . . , k (3.5)

Combining the replacement (3.4) with equation (3.1) gives

N∏
i=1

(vk −mk
i )t

2 + P (v)t+ q

2N∏
i=N+1

(vk −mk
i ) = 0 . (3.6)

The polynomial P (v) has degree Nk because of the orbifold

P (v) = −(1 + q)vNk + u1v
Nk−1 + · · ·+ uNk−1v + uNk , (3.7)

but its monomials must respect the orbifold Zk symmetry, as they must eventually be
matched to the vevs of the gauge invariant operators (2.11) that parameterize the Coulomb
branch.5 Any polynomial in X = vk will do that, so P (v) = PN (X) with

PN (X) = −(1 + q)XN +

N∑
`=1

u`kX
N−` . (3.8)

Thus the spectral curve that describes the Coulomb branch of SU(N) SCQCDk reads

N∏
i=1

(vk −mi
k)t2 +

(
−(1 + q)vNk +

N∑
`=1

u`kv
(N−`)k

)
t+ q

2N∏
i=N+1

(vk −mi
k) = 0 . (3.9)

We now want, following Gaiotto [7], to rewrite this curve as the four-punctured sphere
C(k)0,4 in class Sk. The first step in order to achieve this is to rewrite the spectral curve (3.9),
which is a polynomial in t, as a polynomial in v

vNk +

N∑
`=1

(−1)`P`(t)

(t− 1)(t− q)
v(N−`)k = 0 , (3.10)

5Note that in this paper we only study the Coulomb branch of the Sk theories. We do not turn on vevs
for the mesons or the baryons.
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t 4t 3t 2t 1

1 q

∞ 0 ∞ 0

1 q

Figure 3. The spectral curve for N = 2 SCQCD with SU(2) gauge group and Nf = 4 flavors.
On the left we depict the SW curve Σ. On the right we depict the four-punctured sphere C0,4, the
Gaiotto curve, whose double-cover is Σ.

where

P`(t) = c
(`,k)
L t2 + (−1)`ukt+ qc

(`,k)
R (3.11)

with the parameters cL, cR defining the singlet combinations of the masses like in (3.2)

c
(`,k)
L =

∑
1≤i1<i2<···<i`≤N

mi1
kmi2

k · · ·mi`
k , (3.12)

c
(`,k)
R =

∑
N+1≤j1<j2<···<j`≤2N

mj1
kmj2

k · · ·mj`
k . (3.13)

Then we make the substitution v = xt in (3.10), reparametrize t→ az+b
cz+d and x→ (cz+d)2x

and find6

xNk =
N∑
`=1

p(`,2)(z)

(cz + d)`k(αz + β)(ζz + ξ)(az + b)`k
x(N−`)k ≡

N∑
`=1

φ`k(z)x
(N−`)k . (3.14)

This change of variables leaves invariant the SW differential for ad− bc = 1. Moreover, the
p(`,2)(z) are degree two polynomials in z

p(`,2)(z) = (−1)`+1(az + b)2c
(`,k)
L − (az + b)(cz + d)u`k + (−1)`+1(cz + d)2qc

(`,k)
R . (3.15)

Thus φ`k(z) are meromorphic sections of the line bundle L⊗`kv of degree −2`k, deg(Lv) = −2

and the space parametrized by z is a four-punctured sphere7 C(k)0,4 in class Sk.

3.2 Pole structure: Maximal and minimal punctures

Let us for simplicity begin with the SU(2) SCQCDk theory. As we will discover for the the-
ories in class Sk, the distinction between maximal and minimal punctures already appears
for N = 2. This is in stark contrast with the SU(2) punctures of class S theories, which
are indistinguishable8. The generalization of what we will do below to any N is trivial for

6with α = a− c, β = b− d, ζ = a− cq, ξ = b− dq.
7Recall that p+ q = 2(g − 1) + n and that for us c1 (Lw) = q = 0.
8The SU(2) punctures in class S are indistinguishable only after we shift v appropriately, (3.23).
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the maximal punctures. The minimal punctures require more work and will be addressed
in section 3.3.2.

We review shortly the N = 2 case as a warmup. The SW curve is obtained from (3.1)

(v −m1)(v −m2)t
2 +

(
−(1 + q)v2 + qMv + U

)
t+ q(v −m3)(v −m4) = 0 . (3.16)

With this curve at hand, we look for its simple poles (positions of the punctures) and study
its behavior close to them. To do so we view the curve as a polynomial in v

(t− 1)(t− q)v2 − P1(t)v + P2(t) = 0 (3.17)

with

P1(t) = (m1 +m2)t
2 − qM t+ q(m3 +m4) , (3.18a)

P2(t) = m1m2t
2 + u t+ qm3m4 . (3.18b)

and M = m1 +m2 +m3 +m4. Solving for v gives two solutions

v± =
P1(t)±

(
P1(t)

2 − 4(t− 1)(t− q)P2(t)
)1/2

2(t− 1)(t− q)
, (3.19)

which define a two-sheeted cover of a sphere parametrized by t. At t = 1, q these become

v± t=1 ∼
{
m1 +m2

t− 1
,
P2(1)

P1(1)

}
and v± t=q ∼

{
−q(m3 +m4)

t− q
,
P2(q)

P1(q)

}
. (3.20)

Consequently, v has a simple pole on only one sheet close to t = 1, q and it is regular on
the other sheet. The residues are

Res v± t=1 = {m1 +m2 , 0} and Res v± t=q = {−q(m3 +m4) , 0} . (3.21)

In the limits t→ 0,∞ the solutions v± are

v± t→∞ = {m1 , m2} , v± t→0 = {m3 , m4} . (3.22)

Gaiotto’s shift: It is possible to shift v by a t-dependent function,

ṽ = v − 1

2

P1

(t− 1)(t− q)
, (3.23)

such that ṽ is the solution to

ṽ2 =
P 2
1 − 4(t− 1)(t− q)P2

4(t− 1)2(t− q)2
. (3.24)

The SW differential λSW , as reviewed in section 2.1, is given by the uniquely defined
holomorphic two-from

ω = ds ∧ dv = d log t ∧ dv = d (vd log t) = dλSW ⇐⇒ λSW = v
dt

t
+ const(v) (3.25)
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where const(v) means a constant with respect to v, which can depend on t. The shifted
λSW in terms of ṽ has poles on both sheets. Parametrizing v = xt, we finally find that the
poles of the SU(2) four-punctured sphere are

xt=0 ∼
m3 −m4

2t
{+1,−1} , xt=∞ ∼

t(m1 −m2)

2
{+1,−1} (3.26)

xt=1 ∼
m1 +m2

2(t− 1)
{+1,−1} , xt=q ∼ −

(m3 +m4)

2(t− q)
{+1,−1} . (3.27)

The shift in v leaves the physics unchanged9 but reveals the full SU(2) flavor symmetry
of the punctures at t = 1, q. The poles have residues which sum to zero. They have the
properties of an element of the Cartan subgroup of SU(2) and thus get associated to its
fugacities, making the connection between the punctures and the SU(2) flavor symmetries.

Back to class Sk: After performing the orbifold, the spectral curve becomes

(vk −mk
1)(vk −mk

2)t2 + P (v)t+ q
k∏

n=1

(vk −mk
3)(vk −mk

4) = 0 . (3.28)

When k > 1, the curve (3.28) has 2k solutions for v(t), which are given by

v
(n)
± = e

2πin
k v± with vk± =

P1(t)±
√

∆

2(t− 1)(t− q)
(3.29)

where n = 1 . . . k, ∆ is the discriminant of the quadratic equation (3.28) for X = vk

∆ = (P1(t))
2 − 4(t− 1)(t− q)P2(t) (3.30)

and P1,2 generalize the polynomials (3.18a)-(3.18b)

P1(t) = t2c
(1,k)
L − ukt+ qc

(1,k)
R , P2(t) = t2c

(2,k)
L + u2kt+ qc

(2,k)
R . (3.31)

Let us begin by looking at (3.29) close to t = 0, where

vk± t=0
=
{
mk

3 , m
k
4

}
⇒ v

(n)
± t=0

=
{
m

(n)
3 ,m

(n)
4

}
(3.32)

for m(n)
i introduced in (3.5). Similarly, at t→∞, v takes values

v
(n)
± t→∞ =

{
m

(n)
1 ,m

(n)
2

}
. (3.33)

These are the maximal punctures of the curve parameterized by t in class Sk. At these
punctures, the differential λSW has a simple pole on all 2k sheets of the spectral curve. The
maximal punctures are parameterized by k mirror images of U(2). The generalization to
the SU(N) case is immediate

lim
t→∞

v
(n)
1,...,N =

{
m

(n)
1 ,m

(n)
2 , . . . ,m

(n)
N

}
, (3.34)

lim
t→0

v
(n)
1,...,N =

{
m

(n)
N+1,m

(n)
N+2, . . . ,m

(n)
2N

}
. (3.35)

9The two-form dv ∧ dt is invariant under the shift (3.23).
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We thus have k mirror images of U(N).

At this point it is important to discuss the following. For N = 2 theories in class S, we
shifted v to ṽ removing the U(1) part (the sum of the masses) from the maximal puncture.
For N = 1 theories in class Sk shifting v is not possible any more! The orbifold breaks
translational invariance on the v-plane and the origin v = 0 is fixed on the orbifold point.

Close to t = 1, q, the behavior of the curve changes to

vk+ t→1 ∼
1

t− 1

P1(1)

1− q
− P2(1)

P1(1)
, vk− t→1 ∼

P2(1)

P1(1)
, (3.36)

vk+ t→q ∼
1

t− q
P1(q)

q − 1
− P2(q)

P1(q)
, vk− t→q ∼

P2(q)

P1(q)
. (3.37)

These are the minimal punctures of class Sk. Note first of all that they do not correspond
to simple poles of the SW differential (3.25), but to branch points as v+ ∼ (t− t•)−1/k with
t• = 1, q. Moreover, let us stress that it is not possible to make a closed curve around them
staying on one sheet. Only when we dive through the cuts to all the different sheets we can
form a closed loop, and the integral of λSW along this loop gives zero.

The fact that v− is finite on t• = 1, q is a consequence of the fact that we cannot shift
v, and is the same as for the N = 2 case in equation (3.20). The fact that the integral
along the closed loop around the minimal puncture is zero is a novel feature of class Sk,
the physics of which is not fully elucidated. To understand the minimal punctures better
we study the cut structure on the curve.

3.3 Cut structure

3.3.1 The SU(2) case

After having discussed the pole structure of the curve, we turn to the study of branch cuts.
As we will immediately demonstrate, our orbifolded curves have two types of branch cuts.
They have the cuts that are inherited from the parent N = 2 theory and moreover they
have novel branch cuts that appear due to the orbifold. The cut structure can be seen in
figure 4. We will first present everything for the SU(2) SCQCDk, the spectral curve of
which (3.28) is a 2k polynomial in v.

Branch cuts inherited from the N = 2 theory: The 2k solutions of (3.28) can be
separated into the following two types (3.29)

vk± =
P1(t)±

√
∆

2(t− 1)(t− q)
, ∆ = (P1(t))

2 − 4(t− 1)(t− q)P2(t) . (3.38)

The 2k branches covering the t-sphere therefore comprise k plus-type sheets and k minus-
type sheets, which are joined by branch cuts. The branch points are given by loci on
the t-sphere where the solutions vk± become equal, which are the four solutions t = ti,
i = 1, . . . , 4 of ∆(ti) = 0. For later convenience, we fix the convention of ti in appendix A.
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Novel branch cuts due to the orbifold: By computing the asymptotic behavior of the
curve (3.28), we can see that the solutions in v near t = 1 and t = q are (3.36) and (3.37)

vk+ ∼
1

t− t•
near t• = 1, q, (3.39)

vk− = non-singular at t• = 1, q . (3.40)

Therefore the v− solution does not have a pole associated with the simple puncture nor
a branch cut. On the one hand, the v+ sheets develop singularities (t− t•)−1/k and have
branch cuts. To find similar branch cuts for the v− solution, let t = tb, t̃b be two solutions
of P2(t) = 0, where P2(t) is defined in (3.31). These are

tb =
−u2k −

√
u22k − 4qc

(2,k)
L c

(2,k)
R

2c
(2,k)
L

, t̃b =
−u2k +

√
u22k − 4qc

(2,k)
L c

(2,k)
R

2c
(2,k)
L

. (3.41)

Near one of these points t = tb, vk± behave as

vk+ ∼
P1(tb)

(tb − 1)(tb − q)
, vk− ∼

c
(2,k)
L (tb − t̃b)(t− tb)

P1(tb)
(3.42)

and similarly around t = t̃b by exchanging tb and t̃b. The two solutions of P2(t) = 0 create
two branching points on the v− sheets as v− ∼ (t− tb)1/k. The complete system of cuts is
illustrated in figure 4.

We summarize all the possible distinguished points in table 3 and depict them on the
spectral curve in figure 4, along with the cut structure.

� Maximal puncture (t− t�)−1

• Minimal puncture (t− t•)−
1
k

F Novel branching point tb (t− tb)
1
k

∗ N = 2 branching point ti (t− ti)
1
2

Table 3. All the distinguished points on the spectral curve of SU(2) SCQCDk.

Schematically, what we have discovered is the following

λSW =

(∑
�

m�
z − z�

+
∑
•

µ•
k
√
z − z•

+ . . .

)
dz . (3.43)

This equation should be understood as follows: λSW is not globally defined on the sphere
C(k)0,4 . The domain of z is taken around each singularity from the correct sheet (patch). The
differential λSW is globally defined only on the spectral curve in the cotangent bundle over
the UV curve T ∗Cg,n; only on the IR curve Σ.
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t 4t 3t 2t 1

∞ 0

1 q 1 q

t b
~t b

∞ 0

Figure 4. The IR spectral curve of N = 1 SU(2) SCQCDk obtained as a 2kth cover of the
four-punctured sphere in class Sk. On the left we draw the IR curve Σ and explicitly denote the
branch cut structure. On the right side we depict only the four-punctured sphere C(k)0,4 .

3.3.2 The SU(3) case

Let us now turn to the case of SU(3) SCQCDk. The spectral curve takes the form

(t− 1)(t− q)v3k − P1(t)v
2k + P2(t)v

k − P3(t) = 0 (3.44)

The 3k solutions can be separated into the following three types v(i=1,2,3)

3(t−1)(t− q) (vi)
k = P1(t)−

ωi

21/3

(√
∆̃(t)− f6(t)

)1/3

+
21/3f4(t)

ωi

(√
∆̃(t)− f6(t)

)1/3
, (3.45)

where ωi = ω2i with ω = 1+i
√
3

2 ,

∆̃(t) = 4(f4(t))
3 + (f6(t))

2 (3.46)

is the discriminant of the cubic equation for vk up to an overall (t− 1)2(t− q)2 factor and
fn(t) are order n polynomials

f4(t) = −(P1(t))
2 + 3(t− 1)(t− q)P2(t), (3.47)

f6(t) = 2(P1(t))
3 − 9(t− 1)(t− q)P1(t)P2(t) + 27(t− 1)2(t− q)2P3(t) . (3.48)

These solutions describe the covering structure of four-punctured sphere C(k)0,4 with coordi-
nate t. Below we study the branching structure of the resulting spectral curve, which is
depicted in figure 5.

Branch cuts inherited from the N = 2 theory: The branch points are given by loci
on the t-sphere where two of the three solutions vk(1,2,3) become equal. These points are
precisely the zeros of the discriminant (3.46) of the cubic equation (3.44) in vk, ∆̃(tj) = 0.
They create branch cuts which connect pairwise the sheets vk(i) defined by the three solutions
(3.45). The discriminant of the cubic equation has eight zeros

4(f4(t))
3 + (f6(t))

2 = (t− 1)2(t− q)2
8∏
j=1

(t− tj) (3.49)

which we denote as t = tj , j = 1, . . . , 8. These eight branching points are therefore
intersection points of the three types of sheets.
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Novel branch cuts due to the orbifold: Let us now study the asymptotic behavior
of the solutions in v in the vicinity of t = 1, q. At these points, the solutions become very
simple because polynomials reduce to f4(t) = −(P1(t))

2 and f6(t) = 2(P1(t))
3 and

v2,3(t) = non-singular at t• = 1, q, (3.50)

v1(t) ∼
P

1/k
1 (t•)

(t− t•)1/k
near t• = 1, q, (3.51)

since 1 − ω − 1/ω = 0. The v1 sheets therefore develop singularities and branch cuts
(t− t•)−1/k. The other 2k sheets of different type do not have branching at these points.

We also have the special points t = tb, t̃b on the curve that are solutions to the equation
P3(t) = 0. At these points, for example t = tb, the original equation for the curve reduces
to

vk
(

(tb − 1)(tb − q)v2k − P1(tb)v
k + P2(tb)

)
= 0 (3.52)

and similarly for t = t̃b. Thus k of the solutions become

(v2)
k = 0 . (3.53)

On the sheets v2 the curve then develops branching points of the type

v2 ∼ (t− tb)1/k . (3.54)

Note that the v3 sheets do not have any further branching points introduced by the orbifold.
This is because only k solutions are zero in equation (3.52) (unless P2(tb) = 0).

t 4t 3t 2t 1
∞ 0

1 q

t b
~t b

t 8t 7t 6t 5

∞ 0

1 q

Figure 5. The IR spectral curve of N = 1 SU(3) SCQCDk obtained as a 3kth cover of the
four-punctured sphere in class Sk. On the left we draw the IR curve Σ and the branch cuts and on
the right the four-punctured sphere C(k)0,4 .

3.4 The Genus of the IR curve

To extract physical information from these curves we need to compute the A- and B- cycle
integrals. This is done in the next section. Before however, we need to know the independent
cycles of the spectral curve (3.9). The genus is computed via the Riemann-Hurwitz formula

g(Σ) = 1−Nk +
b

2
, (3.55)
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where Nk is the degree of (3.9) as a polynomial in v, b is the branching index

b =
∑
vn

(ν(vn)− 1) , (3.56)

vn are the ramification points on Σ and ν(vn) is the ramification index at vn, which is
the number of sheets that meet at vn. First for the N = 2 curve in (3.28) we have four
branching points ti. They correspond to 4k ramification points vs(ti) with ν(vs(ti)) = 2

and branching index b = 4k. The four additional branching points that appear because
of the orbifold, t• = 1, q and tF = tb, t̃b, correspond to v with ramification index k and
b = 2(k − 1). The genus of the curve (3.28) is thus 2k − 1. Then, the N = 3 curve (3.44)
is a degree 3k polynomial in v and has 8k points with ramification index 2 and four points
with ramification index k. Thus, its genus is 3k − 1. Finally, for arbitrary N the genus of
the curve (3.9) is Nk − 1.

3.5 Various cycles and their integrals

In this section we wish to clarify the structure of the non-trivial cycles in the spectral curve
and their relation to the physical parameters.

Let us begin with a rapid review of the SW solution for the N = 2 theory with SU(2)

and Nf = 4: the moment the SW curve (3.16) and the SW differential (3.25) are known,
we can immediately obtain

a(u) =
1

2πi

∫
A
λSW , aD(u) =

1

2πi

∫
B
λSW and τ =

∂aD
∂a

(3.57)

where the A- and B- cycles are depicted in figure 6. Note that A-cycle can be equivalently
defined either as the cycle around the cut (t1, t2) or (t3, t4) up to cycles around the poles
at t = 0, q, 1,∞. In the massless limit, where the poles do not give any masses as their
residues, these two definitions become identical. For future comparison, we also define A1-
and A2- cycles on the upper and lower sheets, which are equivalent here (N = 2 case). The
relation a1(u) = −a2(u) reflects the difference of the sign of λSW on the upper and lower
sheets. This condition a1 = −a2 = a defines the zero on the v-plane and can always be

B

t 1 t 2
t 3 t 4

A1

v+

v−

A2

A1

A2

Figure 6. For the N = 2 theory with SU(2), Nf = 4 and with mi = 0 ∀ i = 1, . . . , 4 we depict here
the 2-sheeted cover of the four-punctured sphere with the A- and B-cycle defined by the red and the
blue contours.
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obtained since we have the freedom to shift v, as discussed in section 3.2. Using (3.19) and
(3.25), in the weak coupling and massless limit, we find

a =
√
u and aD =

1

πi

√
u log(q) (3.58)

which leads to
τ =

∂aD
∂a

=
1

πi
log(q) . (3.59)

Let us now turn to the class Sk theories. For simplicity we will confine ourselves to
the SU(2) case. We can define various non-trivial cycles as depicted in figure 7. The
A

(n)
i (i = 1, 2) and B(n) cycles are the counterparts of A-cycles and B-cycles in the above

mentioned N = 2 theory. On top of that, due to the novel branch cut described in section
3.3, there exist cycles which we denote as C(n)

i and D(n)
i (i = 1, 2). All these new cycles

have the label n = 1, · · · , k, which indicates the n-th sheets on which v
(n)
± are defined.

Although we have defined 7k cycles in total, these are not all topologically independent but
satisfy the following relations for n = 1, · · · , k

C
(n)
1 = C

(n)
2 = A

(n)
1 +A

(n)
2 ,

B(n) −B(n+1) = C
(n)
1 + C

(n+1)
2 +D

(n)
1 +D

(n)
2 ,

k∑
n=1

C
(n)
i =

k∑
n=1

D
(n)
i = 0 (3.60)

up to the cycles around the singularities at t = 0, q, 1,∞, where n = k + 1 should be
understood as n = 1. The relations above are still redundant, as we actually have 3k + 2

independent constraints. Therefore, we obtain 4k − 2 independent cycles. They generate
all the non-trivial cycles in the spectral curve, which has genus 2k − 1.

In order to understand figure 7 more intuitively and the relations (3.60) graphically,
we concentrate on the case k = 2 in figure 8. The structure of the spectral curve can

B

v+

(n)

v−

(n)

A1
(n)

A2
(n)

A1
(n)

A2
(n)

t 1 t 2 t 3 t 4

1 q

t bC1
(n)

(n)

C2
(n)

(n)D2

(n)D1
~t b

Figure 7. The various cycles, including the novel C and D cycles, on the spectral curve of the
SU(2) SCQCDk theory in class Sk.
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B

A2
(1)

A1
(1)

B

A1
(2)

A2
(2)

(1) (2)

D2
(1)

C1
(1)

C2
(1)

D1     
  (1)

Figure 8. The IR SU(2), k = 2 curve and its cycles: those in red and blue generalize the A- and B-
cycles of the N = 2 SU(2) Nf = 4 theory. Those in purple and orange are due to the Z2 orbifold.

be understood as follows: first, due to the branch cuts inherited from the N = 2 theory,
we obtain a torus. Due to the novel branch cuts, we have k = 2 copies of the N = 2

tori connected to each other at the branch cuts and we obtain the genus 3 Riemann surface
depicted in figure 8. All the cycles defined above are shown in this figure and we see that all
of the relations in (3.60) are satisfied. Their generalization to k > 2 is also straightforward.

Analogous to the N = 2 theory, the integrals around the A(n)
i and B(n) cycles give

a
(n)
i =

1

2πi

∫
A

(n)
i

λSW and a
(n)
D =

1

2πi

∫
B(n)

λSW . (3.61)

Note that in general a(n)1 + a
(n)
2 no longer vanishes. From the relation (3.60), this is equal

to the integral around C(n) cycles

1

2πi

∫
C(n)

λSW = a
(n)
1 + a

(n)
2 . (3.62)

The information of the D(n)
i cycle integrals is available from (3.60) and is given by

1

2πi

∫
D

(n)
1

λSW +
1

2πi

∫
D

(n)
2

λSW = (a
(n)
D +a

(n+1)
D )− (a

(n)
1 +a

(n)
2 )− (a

(n+1)
1 +a

(n+1)
2 ). (3.63)

Let us now compute the integrals around the A- and B- cycles in the weak coupling and
massless limit. For the A(n)

i cycles, the integrals around the cut (t3, t4) are approximated
by the contour integrals around t ∼ q ∼ 0. From equation (3.38) and the SW differential
(3.25), we obtain

a
(m)
1 = e

2πim
k

[
−uk −

√
u2k + 4u2k

]1/k
21/k

and a
(n)
2 = e

2πin
k

[
−uk +

√
u2k + 4u2k

]1/k
21/k

(3.64)

We then note that

a1,2
k =
−uk ∓

√
u2k + 4u2k

2
, (3.65)

which leads to the weak coupling relation between the Coulomb moduli parameters

uk = −(ak1 + ak2) and u2k = −ak1ak2 . (3.66)
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Unlike the original N = 2 theory, now the combination ak1 + ak2 is not vanishing. Since the
orbifold fixed point exists at v = 0, there is no freedom to shift v without also changing
this. In general, the center of mass of the two D4-branes can be different from the orbifold
fixed point and thus we have one more Coulomb moduli parameter uk.

The B(n) cycle integrals diverge as log q in the weak coupling limit, due to the contribu-
tion of the integral close to the point t = t3 ∼ q ∼ 0. Here, we estimate only the diverging
coefficient and ignore the finite part. For this purpose, it is enough to approximate the
integration range (t2, t3) by (1, q). Also, we estimate the value of v(n)± at t ∼ 0, which is
given by a(n)i as computed in equation (3.64). Therefore, we obtain

a
(n)
D ∼ e

2πin
k

2πi
log(q) (a1 − a2) , n = 1, . . . , k . (3.67)

From the way in which the 2k sheets are pairwise connected, the choice of each contour to
run on the two sheets in a pair connected by a branch cut gives

τ (n,n) =
∂a

(n)
D

∂a
(n)
1

= −
∂a

(n)
D

∂a
(n)
2

=
1

2πi
log(q) = τ (3.68)

all equal for n = 1, . . . , k. In the weak coupling limit all the YM coupling constants are
equal, as we are considering the theory on the orbifold point. In order to go away from
the orbifold point, the orbifold must be replaced by a k centered Taub-NUT and we would
have to include the appropriate B-fluxes.

4 Weak coupling limit and the Sk free trinion

The free trinion C(k)0,3 is a basic building block for class Sk theories and can be obtained from

the weak coupling limit of the SU(N) SCQCDk theory, the four-punctured sphere C(k)0,4 . For
simplicity, but without any loss of physics information, in this section we will present in
detail only the N = 2 case. The results generalize to any N immediately.

4.1 The curves and their punctures

At weak coupling the SW curve (3.28) becomes

(vk −mk
1)(vk −mk

2)t+ (−v2k + uk v
k + u2k) = 0 (4.1)

by sending q → 0 and removing the solution where t vanishes identically. In the limit
t→∞, the term that dominates is

(vk −mk
1)(vk −mk

2)t = 0 ⇒ v
(n)
± t→∞ = {m(n)

1 , m
(n)
2 } , n = 1, . . . , k . (4.2)

This maximal puncture is precisely identical to that in the previous section for the four-
punctured sphere C(k)0,4 . At the second maximal puncture, where t = 0, (4.1) reduces to

− v2k + uk v
k + u2k = 0 ⇒ vk± =

1

2

[
uk ±

(
u2k + 4u2k

)1/2]
. (4.3)
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From section 3.5, the weak coupling relations (3.66) between the Coulomb moduli imply

uk = ak1 + ak2 , u2k = −ak1ak2 ⇒ u2k + 4u2k = (ak1 − ak2)2 , (4.4)

so the solutions (4.3) can be rewritten

v
(n)
± t→0 = {a(n)1 , a

(n)
2 } . (4.5)

The SU(2) gauge groups in the weak coupling limit become ungauged flavor symmetry
groups and the Coulomb moduli should be replaced by mass parameters a1 → m3, a2 → m4.
This replacement brings the SW curve in equation (4.1) to the form

2∏
i=1

(vk −mi
k)t+

4∏
i=3

(vk −mi
k) = 0 (4.6)

which is identified as a free trinion theory. This is the spectral curve of four orbifolded free
hypermultiplets, with solutions vk at general t

vk± =
c
(1,k)
L t− c

(1,k)
R ±

√
∆

2(t− 1)
, ∆ = (c

(1,k)
L t− c

(1,k)
R )2 − 4(t− 1)(c

(2,k)
L t− c

(2,k)
R ) . (4.7)

The UV curve described by this equation is a three-punctured sphere C(k)0,3 . To see this, we
first rewrite the spectral curve (4.6) in the form

(t− 1)v2k − (c
(1,k)
L t− c

(1,k)
R )vk + (c

(2,k)
L t− c

(2,k)
R ) = 0 . (4.8)

Then substituting v = xt and reparametrizing t→ az+b
cz+d and x→ (cz+d)2x like in equation

(3.14) brings the curve into the form

x2k =
p1(z)

(cz + d)k(αz + β)(az + b)k
xk +

p′1(z)

(cz + d)2k(αz + β)(az + b)2k
, (4.9)

where p1 and p′1 are degree one polynomials of z. Thus z parametrizes the space C(k)0,3 .
The position z = −β/α, which corresponds to t = 1, is that of a minimal puncture.

Here, the solution vk+ of equation (4.7) is singular whereas vk− is regular

vk+ (t=1) ∼
1

t− 1
(c

(1,k)
L − c

(1,k)
R )−

c
(2,k)
L − c

(2,k)
R

c
(1,k)
L − c

(1,k)
R

, vk− (t=1) ∼
c
(k,2)
L − c

(k,2)
R

c
(k,1)
L − c

(k,1)
R

. (4.10)

This minimal puncture does not correspond to a simple pole of the SW differential (3.25),
but to a branch point with fractional power v+ ∼ (t− 1)−1/k. Moreover, the integral around
a closed cycle is zero. This puncture is therefore the same as the minimal punctures on
C(k)0,4 .

4.2 Cut structure

We now turn to the structure of the branch cuts for the free trinion.
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Figure 9. On the left we draw the IR curve Σ with its branch cut structure. On the right side we
depict the three-punctured sphere C(k)0,3 .

Cuts inherited from the N = 2 theory: There are two branch points t1,2, where the
v±(ti) solutions are equal and which are solutions of the “discriminant”

∆(ti) = (c
(1,k)
L ti − c

(1,k)
R )2 − 4(ti − 1)(c

(2,k)
L ti − c

(2,k)
R ) = 0 , i ∈ {1, 2} . (4.11)

These points are

t1,2 =
c
(1,k)
L c

(1,k)
R − 2(c

(2,k)
L + c

(2,k)
R )± 2

√
∆m

(mk
1 −mk

2)2
, (4.12)

with
∆m = (mk

1 −mk
3)(mk

2 −mk
3)(mk

1 −mk
4)(mk

2 −mk
4) . (4.13)

They are joined by a branch cut (t1, t2) in figure 9, which connects the v± sheets. We can
recover this cut in the weak coupling limit of the cut structure on C(k)0,4 in figure 4. Recall
that for the N = 2 SU(2) theory the A-cycle shrinks at weak coupling10. The cut (t3, t4)

in figure 4 therefore shrinks at t = 0, leaving only (t1, t2) in figure 9. Imposing the orbifold
v± → vk± generates k solutions, so (t1, t2) connects pairwise the sheets (v

(n)
+ , v

(n)
− )n=1,...,k.

Novel cuts due to the orbifold: The orbifold introduces a new branch cut. Equations
(4.10) show that vk+ (t→1) diverges and therefore t = 1 is a branching point. This is
connected to the point t = tb

tb =
mk

3m
k
4

mk
1m

k
2

=
c
(2,k)
R

c
(2,k)
L

, (4.14)

where the solution vk− vanishes while vk+ remains finite

vk− (t→tb) ∼
c
(2,k)
L (t− tb)

c
(1,k)
L tb − c

(1,k)
R

, vk+ (t→tb) ∼
c
(1,k)
L tb − c

(1,k)
R

tb − 1
. (4.15)

The locus on the t-space which corresponds to this cut can also be determined using the
knowledge that we have obtained the free trinion in the weak coupling limit of the curve
(3.28). The value tb in equation (3.41) goes to c

(2,k)
R /c

(2,k)
L , whereas t̃b → 0.

10This can be easily seen from the massless limit.
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5 Closing a minimal puncture and the free trinion theory

Trinions are the fundamental building blocks of class Sk theories and it is therefore impor-
tant to investigate the different ways to construct them. In the previous section we have
found the free trinion in the weak coupling limit of the four-punctured sphere C(k)0,4 . In
this section, we begin with the curve for SU(N) SCQCDk (3.9), which has two maximal
punctures at t = 0,∞ and two minimal punctures at t = q, 1, and close the puncture at
t = q. We compute the corresponding spectral curve of the resulting trinion.

Using the superconformal index as an avatar, Gaiotto and Razamat [17] found an
interacting trinion theory by closing a minimal puncture. From the point of view of the
index, this interacting trinion is different from the free trinion obtained at weak coupling.
The difference between the two trinion theories is due to an new quantum number, that
they introduce as “color”. The “color” is related to shifting the labels of the U(1)βi and/or
U(1)γi in table 2. In this paper we study the curves on the Coulomb branch and turn on
only glueball type operators tr

(
Φ(1,c) · · ·Φ(k,c)

)`, which are not charged under U(1)β and
U(1)γ and thus do not transform under the “color”. To feel a difference in color, one should
give vevs to mesons and go to the Higgs branch. In this paper we stay on the Coulomb
branch, without turning on vevs for the mesons, and present below the procedure of closing
a minimal puncture. The trinion which we find results to have the same structure as the
free trinion in section 4.

0
t=∞ t=0

(t 1, t 2)
t=(t 3 ,t 4)

v

1 t b
t=q ,~t b

∞

−∞

Figure 10. Closing a minimal puncture in the type IIA setup for SU(2) SCQCD.

Closing a puncture: The easiest way to understand the closure of a minimal puncture is
to consider the type IIA setup depicted in figure 10. This procedure corresponds to tuning
the position of the right flavor and color branes to be identical. They behave as if they
penetrate the NS5 brane on the right, whereby this becomes straight at the position t = q.

At the level of the curve (3.9), this is realized by properly tuning the mass parameters
and Coulomb moduli in such a way that v(t) does not have a singularity at t = q. Therefore,
we need to impose Pn(t = q) = 0, which leads to

unk = (−1)n−1(c
(n,k)
L q + c

(n,k)
R ) . (5.1)
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Under this tuning of parameters, the curve reduces to

N∏
i=1

(vk −mi
k)t+

2N∏
i=N+1

(vk −mi
k) = 0 (5.2)

after factoring out (t − q). This is indeed identical to the curve for the free trinion (4.6)
depicted in figure 9. Below we describe how the branching structure from figure 4 is modified
when closing a minimal puncture.

5.1 Cut structure

Here, we study the structure of the branch cuts modified by closing the puncture t = q of
the sphere C(k)0,4 . We consider N = 2 for simplicity. The cuts in figure 4 are modified by
tuning parameters as in (5.1). To see this process, we first set

uk = c
(1,k)
R + qc

(1,k)
L , u2k = −c(2,k)R − qc(2,k)L . (5.3)

Cuts inherited from the N = 2 theory: First, we consider the four branch points ti
which are the solutions of ∆ = 0 defined in (3.30). This factorizes as

∆ = (t− q)2
(

(tc
(1,k)
L − c

(1,k)
R )2 − 4(t− 1)(tc

(2,k)
L − c

(2,k)
R )

)
, (5.4)

thus two of the branch points approach the position t = q. To be consistent with the
convention in appendix A, we identify t3 and t4 to be these points. Note that t = q is
exactly the point where the closed minimal puncture was placed. Since there is no puncture
at t = q after tuning the Coulomb moduli, both the cut (t3, t4) and the puncture t = q

vanish by mutually cancelling their effect. The cut (t1, t2) however remains.

Novel cuts due to the orbifold: Next, we consider the cuts between (t•, tF). The
values tb and t̃b from equation (3.41) go to

tb =
c
(2,k)
R

c
(2,k)
L

, t̃b = q . (5.5)

Here again, we see that t̃b approaches t → q. Thus the branching points t = q and t = t̃b
collide and the branch cut that connects them disappears. Only the cut between t = 1 and
t = tb = c

(2,k)
R /c

(2,k)
L remains, which is the same as for the free trinion depicted in figure 9.

6 Curves with M > 2 minimal punctures

In this section we wish to study theories whose curve is the (M+2)-punctured sphere, with
two maximal and M minimal punctures. To do so, as reviewed in section 2.1, we begin
with the conformal N = 2 linear quivers with SU(N)M−1 gauge groups and superpotential
(2.9) and then impose the Zk orbifold. In the type IIA set-up these are obtained by having
M NS5 branes on which the N(M − 1) D4 color branes end. We use the N = 2 SW curves
computed in [37] and then orbifold by imposing the identifications (3.4). The positions of
the M NS5 branes along the x6 direction are parametrized by qα, with α = 1, . . . ,M − 1.
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Figure 11. The IR spectral curve of the orbifolded SU(2)2 quiver obtained as a 2kth cover of
the five-punctured sphere in class Sk. On the left we draw the IR curve Σ and explicitly denote the
branch cut structure. On the right side depict only the five-punctured sphere C(k)0,5 .

The resulting curves after the orbifold are

N∏
i=1

(vk −mk
i )t

M +
M−1∑
α=1

Pα(v) tM−α + (−1)M
M−1∏
α=1

qM−αα

2N∏
i=N+1

(vk −mk
i ) = 0 , (6.1)

where
Pα(v) = dαv

Nk + uk,αv
(N−1)k + . . .+ uNk,α (6.2)

and the coefficients dα are

dβ = (−1)β
∑

1≤α1<α2<...<αβ≤M
tα1tα2 . . . tαβ for qα =

tα+1

tα
, tα=1 = 1 . (6.3)

In terms of the parameters qα, d1 = −(1 +
∑M

α=2

∏α−1
β=1 qβ). Equation (6.1) is equivalent to

M∏
α=1

(t− tα)vNk = P1(t)v
(N−1)k − P2(t)v

(N−2)k + . . .+ (−1)N−1PN (t) . (6.4)

The M values tα are tα=1 = 1 and tα>1 =
∏α−1
β=1 qβ and Pi(t) are polynomials of order M .

The SW differential at the maximal punctures t = 0,∞ behaves in the same way as
for the curves studied in the previous sections. It has simple poles on all of the Nk sheets
described by the solutions to equation (6.4), with residues m(n)

i . To gain insight about
the minimal punctures and the cut structure of this curve, it is helpful to begin by setting
N = 2. The generalization is then immediate.

6.1 The case N = 2

The polynomials Pi in equation (6.4) are

P1(t) = c
(1,k)
L tM − uk,1tM−1 + . . .− uk,M−1t+ (−1)M

M−1∏
α=1

qM−αα c
(1,k)
R , (6.5)

P2(t) = c
(2,k)
L tM + u2k,1t

M−1 + . . .+ u2k,M−1t+ (−1)M
M−1∏
α=1

qM−αα c
(2,k)
R . (6.6)
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The plus-type solutions from the set vk±

vk± =
P1(t)±

√
P1(t)2 − 4

∏M
α=1(t− tα)P2(t)

2
∏M
α=1(t− tα)

(6.7)

develop a pole as t→ tα

vk+(tα) ∼ P1(tα)

(t− tα)
∏
α 6=β(tα − tβ)

. (6.8)

The points t = tα are the positions of the minimal punctures, similar to those of the M = 2

cases studied previously. The solutions vk−(tα) ∼ P1(tα)/P2(tα) remain regular at these
points.

Branch cuts inherited from N = 2: The curve described by equation (6.4) has branch
points inherited from the N = 2 theory at the values t = ti, where

P1(ti)
2 − 4

M∏
α=1

(ti − tα)P2(ti) = 0 , i = 1, . . . , 2M . (6.9)

These points create M branch cuts that connect the sheets described by the vk± solutions.

Novel branch cuts: In addition to the N = 2 inherited cuts, the orbifold introduces
novel ones. These connect pairwise the branching points t = tα where vk+ solutions develop
a singularity, to M branching points t = tbα where vk− solutions vanish. The values tbα
where this happens are precisely the zeros of the polynomial P2(t). Therefore the curve
described by equation (6.4) has genus (M − 1)(2k − 1).

Due to these novel branch cuts, we have new cycles which generalize the C(n)
i and D(n)

i

in section 3.5. The case with two maximal punctures and three minimal punctures for
N = k = 2 is depicted in Figure 12. The C-cycle integrals correspond to the center of mass
of the color D4-branes while the D-cycles are related non-trivially to the other cycles like
in (3.63).

6.2 General N

One can easily generalize these results to any N . Equation (6.4) for the spectral curve
has N solutions vk(i), which are connected by (N − 1)M branch cuts inherited from the
mother N = 2 theory. One of these solutions diverges at all minimal punctures t = tα,
which are therefore branching points with fractional singularities. There exist furthermore
M solutions vk which vanish at the values t = tbα that are the zeroes of the polynomial
PN (t). The positions t = tα and t = tbα are thus branching points connected by M branch
cuts and the genus of the curve (6.4) is (M − 1)(Nk − 1).

We would like to conclude this section by counting the total number of parameters that
appear in our curves. The result of the counting is summarized in table 4, where the total
number of parameters the curves of the N = 1 class Sk is compared with those in the curves
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  (1)

Figure 12. The IR curve Σ for the SU(2)2 quiver with k = 2 and its novel cycles, due to the Z2

orbifold. We have taken the massless limit where the maximal punctures disappear.

of class S. The following comments are in order. When we count mass parameters and
Coulomb moduli in class Sk, we take into account that they satisfy the orbifold condition
and get identified as (3.5)

m
(n)
i = e

2πin
k mi , a

(n)
i = e

2πin
k ai , n = 1, . . . , k . (6.10)

This means that for each stack of N D4 branes and their mirror images we only have N
independent mass parameters in our curves and each full puncture has U(N) symmetry.
This is in contradistinction with the N = 2 case. As we already stressed in section 3.1, in
the case where we have an N = 2 theory with a single color group, we where allowed to shift
the origin of v so that it coincides with the center of mass of the color D4 branes with the
consequences: (i)

∑N
i=1 ai = 0, (ii) the mass parameters of a maximal puncture transform

in the SU(N) instead of the U(N) and (iii) the U(1) went from the maximal puncture to
the minimal puncture. In the case where we have more color groups we are not allowed any
more to set

∑N
i=1 ai = 0 for every color group. However, these trace combinations give the

bifundamental masses of the theory

m
(α)
bif ∼

N∑
i=1

a
(α)
i −

N∑
i=1

a
(α−1)
i with α = 2, . . . ,M . (6.11)

For N = 2 theories, the minimal punctures have U(1) symmetry parameterized by these
bifundamental masses. When we then turn to the N = 1 theories of class Sk, we can no
longer turn on bifundamental masses. There is no gauge invariant term for bifundamental
masses that could be added to the Lagrangian. However, the combinations

∑N
i=1 a

k
i are still

there and non-zero, they just have a different place in the curve. They are obtained when
performing the novel, C-cycle integrals. An example was explicitly calculated in (3.62).

7 Strong coupling and the non-Lagrangian T k
N theories

In this section, we study orbifolding the TN theories. The TN theories are some of the most
typical non-Lagrangian theories in class S and are described by N M5-branes wrapping a
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masses mi Coulomb moduli ui,j qj bif. masses total

class S 2N (M − 1)(N − 1) M − 1 M − 2 MN +N +M − 2

class Sk 2N (M − 1)N M − 1 0 MN +N +M − 1

Table 4. Counting the parameters that appear in the N = 2 class S and the N = 1 class Sk spectral
curves, for M + 2 punctured spheres. Notice that class Sk has one more parameter in total. This is
related to the fact that we are not allowed to shift v as the origin is set at the orbifold fixed point.

sphere with three maximal punctures. Their SW curves, which we use here, were computed
in [41]. See also [42]. Orbifolding means that we impose the identification v ∼ e

2πi
k v,

and we denote the theories obtained by T kN . In class S, the TN theories are obtained by
taking the strong coupling limit of SU(N)N−2 linear superconformal quivers. Similarly the
T kN theories are obtained by taking the strong coupling limit of SU(N)N−2k quivers. We
demonstrate this point explicitly for SU(N) SCQCDk for N = 2, 3.

It is important to stress that among the three maximal punctures at t = 0, 1,∞, the
Zk orbifold acts only on the two labelled by �, at t = 0,∞. These punctures correspond
to simple poles of λSW , while the t = 1 puncture labelled by corresponds to a fractional
singularity.11 We cannot help but wonder if there are theories in the class Sk that corre-
spond to three punctured spheres with either all orbifolded � simple poles punctures, or
all unorbifolded fractional singularities.

� Maximal puncture (t− t�)−1

Fractional maximal (t− t )−
1
k

Table 5. The two different kinds of maximal punctures on the T kN curve.

7.1 The curves

We begin with the SW curve for the TN theory obtained in [41], with N = 2, 3. The SW
curve of the T2 theory is given by

(v −m1)(v −m2)t
2 +

(
−2v2 + MT2

(1) v −M
T2
(2)

)
t+ (v −m3)(v −m4) = 0 , (7.1)

with MT2
(1) =

4∑
i=1

mi MT2
(2) =

∑
i<j

mimj . (7.2)

This is the curve of four free hypermultiplets which is also obtained as the strong coupling
limit q → 1 of the SW curve for SU(2) with Nf = 4 flavor. The SW curve of the T3 theory

11We wish to note that also [17] find that two out of three maximal punctures of the T kN theories are
the same while one is different using the superconformal index. From the point of view of the index the
difference lies on the different “color” of the punctures.
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is identified as the curve with E6 global symmetry [43] and is given by

(v −m1)(v −m2)(v −m3)t
2 +

(
−2v3 +MT3

(1) v
2 −MT3

(2) v − u
)
t

+(v −m4)(v −m5)(v −m6) = 0 (7.3)

with MT3
(1) =

6∑
i=1

mi MT3
(2) =

∑
i<j

mimj (7.4)

This curve is obtained in the strong coupling limit q → 1 of the SW curve for SU(3) with
Nf = 6 flavor, which is understood as Argyres-Seiberg duality [44].

Now, we propose that orbifolding the curve amounts to replacing

(v −mi) −→ (vk −mk
i ) =

k∏
n=1

(v −m(n)
i ) (7.5)

and

M
TkN
(1) =

2N∑
i=1

mk
i M

TkN
(2) =

∑
1≤i<j≤2N

mk
im

k
j (N = 2, 3) . (7.6)

The idea here is that the orbifold acts on the v coordinate. Thus we obtain

(vk −mk
1)(vk −mk

2)t2 +
(
−2v2k + M

Tk2
(1) v

k −MTk2
(2)

)
t+ (vk −mk

3)(vk −mk
4) = 0 ,(7.7)

for T k2 , while for T k3 we find

(vk −mk
1)(vk −mk

2)(vk −mk
3)t2 +

(
−2v3k +M

Tk3
(1) v

2k −MTk3
(2) v

k − u3k
)
t

+(vk −mk
4)(vk −mk

5)(vk −mk
6) = 0 . (7.8)

These results are interpreted in terms of the orbifolded version of Argyres-Seiberg duality.
It is straightforward to check that the spectral curves for T k2 and T k3 are obtained from
those of SCQCDk for N = 2 and N = 3 in the strong coupling limit.

Now with an analysis analogous to the one in section 3.2 we look for the punctures of
the curve. Around t = 1 the curve behaves as

v±|t→1 ∼

{
(mk

1 +mk
2)1/k

(t− 1)
1
k

,
(−mk

3 −mk
4)1/k

(t− 1)
1
k

}
(7.9)

for N = 2. We thus have a new type of puncture with a pole with fractional power that
gives us branch points. At t→ 0 and t→∞, the curve behaves as

lim
t→0

v
(n)
± =

{
m

(n)
3 , m

(n)
4

}
n=1,...,k

, lim
t→∞

v
(n)
± =

{
m

(n)
1 , m

(n)
2

}
n=1,...,k

(7.10)

which are the “orbifolded” U(2) maximal punctures encountered in the previous sections
and parameterized by k mirror images of U(2).

The cases with N ≥ 3 can be studied analogously. They are obtained as the strong
coupling limit of SU(N)N−2k quivers. When N = 3, the curve behaves as

vi=1,2,3|t→1 ∼

{
finite ,

(−c(1,k)R )1/k

(t− 1)
1
k

,
(c

(1,k)
L )1/k

(t− 1)
1
k

}
(7.11)
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Figure 13. The spectral curve of the trinion theory T kN . As opposed to the N = 2 case, here we
have two different kinds of maximal punctures.

around t = 1, with

c
(1,k)
R = mk

4 +mk
5 +mk

6 and c
(1,k)
L = mk

1 +mk
2 +mk

3 . (7.12)

We thus have a new type of maximal puncture with a pole with fractional power that gives
us branch points. At t→ 0 and t→∞, the curve behaves as

lim
t→0

v
(n)
i=1...N =

{
m

(n)
N+1, . . . ,m

(n)
2N

}
n=1,...,k

, lim
t→∞

v
(n)
i=1...N =

{
m

(n)
1 , . . . ,m

(n)
N

}
n=1,...,k

.

(7.13)
We summarize all the possible distinguished points in table 5 and depict them on the UV
curve in figure 13.

7.2 Cut structure

For simplicity we begin with the cut structure of the spectral curve for N = 2. In the strong
coupling limit q → 1 the discriminant (3.30) factorizes as

∆ = (t− 1)2
(

(c
(1,k)
L t− c

(1,k)
R )2 − 4(c

(2,k)
L t2 −MTk2

2 t+ c
(2,k)
R )

)
, (7.14)

which means that two of the four branch points approach the position t = 1. From the
convention (A.5), we identify these two points to be t2 and t3. The B-cycle thus shrinks
and the branch cuts (t1, t2) and (t3, t4) combine into one.

Turning to the novel cuts due to the orbifold, on top of the t = 1 branch points that
we have found above

v±|t→1 ∼

{
(mk

1 +mk
2)1/k

(t− 1)
1
k

,
(−mk

3 −mk
4)1/k

(t− 1)
1
k

}
(7.15)

we also have two branching points where v ∼ (t− tb)1/k. These are

tb, t̃b =
M

Tk2
(2) ±

√(
M

Tk2
(2)

)2
− 4mk

1m
k
2m

k
3m

k
4

2mk
1m

k
2

. (7.16)

The t = 1 branch points at v± ∼ (t− tb)−1/k (7.15) are therefore connected by branch cuts
to tb, t̃b, where v ∼ (t− tb)1/k.
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� Maximal puncture (t− t�)−1

• Minimal puncture (t− t•)−
1
k

F Branching point tb (t− tb)
1
k

Maximal puncture (t− t )−
1
k

Table 6. All the different punctures and novel branching points we discovered in the class Sk.

The generalization to N ≥ 3 can be obtained analogously. From the branch cuts that
are inherited from N = 2, N(N − 1)/2 remain. The novel cuts for N = 3 connect the t = 1

branch points, where the v2 and v3 solutions diverge (7.11), with the N = 3 version of tb, t̃b,
that is

tb, t̃b =
−u3k ±

√
u23k − 4c

(1,k)
L c

(1,k)
R

2c
(1,k)
L

, (7.17)

where c
(1,k)
L and c

(1,k)
R are defined in equation (7.12).

8 Conclusions and Outlook

In this paper we constructed spectral curves for the Gaiotto-RazamatN = 1 theories in class
Sk in the Coulomb branch. We first obtained the IR curve Σ for SCQCDk using Witten’s
M-theory approach [20, 21] and then rewrote it à la Gaiotto [7] as a four-punctured sphere,
the UV curve. By looking at it in different S-duality frames, we discovered that also for
class Sk pants decomposition is a valid operation, with trinion theories as the main building
blocks in a spirit similar to the N = 2 class S [7]. The new element is that the spectral
curves have a novel cut structure. Moreover, the minimal punctures, denoted with •, do
not correspond to simple poles, but to branch points with fractional 1/k power. What is
more, we discovered two kinds of maximal punctures. One of them � corresponds to simple
poles and is labeled by parameters that are k mirror images of U(N). The second one
is discovered only in the strong coupling limit and corresponds to a fractional singularity.
We summarize all the different punctures that we discovered in table 6.

Following Gaiotto and Razamat [17] we studied the consequences of taking the weak
coupling limit and closing a minimal puncture of the four-punctured sphere C(k)0,4 at the

level of the spectral curve. Both procedures led to the curve of the free trinion theory C(k)0,3 ,
with two maximal � and one minimal • punctures. Finally, we constructed theories that
correspond to orbifolding the TN theories from class S, which we refer to as T kN . They
can be obtained as the strong coupling limit of SU(N)N−2k quivers. Two of their maximal
punctures � are the same as the maximal punctures of C(k)0,4 , while one of them is very
different.

Class Sk theories represent a vast topic, which we have only begun to explore. Comput-
ing the spectral curves we discovered novel structures which require further study. Further-
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more, apart from the spectral curves there exist many other tools which we should employ
to investigate class Sk.

In table 6 we summarize all the punctures and novel branching points that we discovered
in this paper. But can there exist others? Is it possible to have arbitrary combinations of
these on a Riemann surface or are there restrictions? The rules of the game need to be
understood and a classification is required. The basic building blocks of theories in class
Sk are trinions. In this paper we discovered the free trinion and the T kN . From table 6 we
can imagine more possibilities. If they are allowed, we should try to understand them.

The curves that we have computed in this paper are for the theories at the orbifold
point. As we showed in section 3.5 all the k YM coupling constants τ (n)IR = τIR for all n
are equal to each other. It would be very interesting to generalize our work for theories
away from the orbifold point. That would involve replacing the orbifold by a Taub-NUT
and further specifying the appropriate periods of B-fluxes in the M-theory setup.

A very interesting but simple generalization of our work is to write down also the curves
for the more extended class of theories considered in [18, 19]. These theories, from the IIA
point of view, allow for an extra rotation by 90o from v to w of some of the NS5 branes
and thus the Lw bundle becomes non-trivial. This is work in progress.

In a very interesting paper [45] the spectral curve for an SU(2)3 trifundamental was
computed in two different ways. One way was à la Gaiotto [7] in which the vevs of the
trifundamentals are set to zero. The other way was à la Intriligator and Seiberg [15], where
the theory is in a phase where the trifundamentals acquire a vev. Amazingly, the authors
of [45] where able to show that the two curves are equivalent, up to some identification of
parameters. It would be very interesting to try to do the same for the N = 1 theories in the
class Sk. Computing Sk curves à la Intriligator and Seiberg [15] has the advantage that the
vevs for the mesons which are twisted operators (charged under “color”) under the orbifold
immediately appear in the curve.

Apart from the SW curves and the string/M-theory constructions that we discuss in
this paper, there are further powerful tools that have revolutionized the study of N = 2

theories. These include the Dijkgraaf-Vafa matrix models (old and new [46–49]) as well
as localization and topological strings. Studying the Dijkgraaf-Vafa matrix models for the
N = 1 theories in class Sk is a direction worth pursuing as it allows to search for relations
with CFT’s, having an eye on a possible AGTk correspondence. This is work in progress.
We also think that it is worth attempting to generalize the work of Pestun for the N = 1

theories in class Sk.

Topological strings have provided an alternative way to obtain the partition function of
5D N = 1 theories on S4× S1. The partition functions are read off from the corresponding
web-toric diagram. To use topological strings for the study of the N = 1 theories in class
Sk we need to uplift to the 5D Sk theories which are 5D N = 1 theories with an extra
defect in the 5th dimension. The toric diagram will have to be orbifolded and the partition
function in the presence of a defect [50] will have to be computed. See also [51].
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A SU(2) branching points

It is useful to “order” the solutions of the discriminant (3.30)

∆ = (t2c
(k)
L − ukt+ qc

(k)
R )2 − 4(t− 1)(t− q)(t2c(2k)L + u2kt+ qc

(2k)
R ) . (A.1)

First we take the most extreme case: the massless limit and the k = 1 case. Which
corresponds to the massless limit of the N = 2 SU(2) with Nf = 4 where uk = 0. In this
limit, the discriminant simplifies drastically to

∆ = −4(t− 1)(t− q)u2kt , (A.2)

and its solutions are ordered as

t1 =∞ , t2 = 1 , t3 = q , t4 = 0 . (A.3)

This ordering holds for q < 1.
For general orbifold k > 1, but still in the massless case

∆ = u2kt
2 − 4(t− 1)(t− q)u2kt = 0 (A.4)

if we further take the week coupling limit the solutions are ordered as

t1 =∞ , t2 = O(1) , t3 = O(q) , t4 = 0 . (A.5)

with

t2 =
u2k + 4u2k

4u2k
=

(
ak1 + ak2

)
2

ak1a
k
2

− 4 = O(1) . (A.6)
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