arXiv:1610.00710v1 [hep-ph] 3 Oct 2016

PREPARED FOR SUBMISSION TO JHEP MCTP-16-23

Covariant diagrams for one-loop matching

Zhengkang Zhang®®
@ Michigan Center for Theoretical Physics (MCTP), University of Michigan,
450 Church Street, Ann Arbor, MI 48109, USA

® Deutsches Elektronen-Synchrotron (DESY),
Notkestrafie 85, 22607 Hamburg, Germany

E-mail: zzkevin@umich.edu

ABSTRACT: We present a diagrammatic formulation of recently-revived covariant func-
tional approaches to one-loop matching from an ultraviolet (UV) theory to a low-energy
effective field theory. Various terms following from a covariant derivative expansion (CDE)
are represented by diagrams which, unlike conventional Feynman diagrams, involve gauge-
covariant quantities and are thus dubbed “covariant diagrams.” The use of covariant dia-
grams helps organize and simplify one-loop matching calculations, which we illustrate with
examples. Of particular interest is the derivation of UV model-independent universal re-
sults, which reduce matching calculations of specific UV models to applications of master
formulas. We show how such derivation can be done in a more concise manner than the
previous literature, and discuss how additional structures that are not directly captured
by existing universal results, including mixed heavy-light loops, open covariant derivatives,
and mixed statistics, can be easily accounted for.
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1 Introduction

Matching from an ultraviolet (UV) theory to a low-energy effective field theory (EFT)

beyond tree level has gained renewed interest in recent years. On the phenomenological

side, one-loop matching is in many cases necessary for accurate translation of experimental

constraints on the Standard Model (SM) EFT parameter space into those on specific new

physics models. On the theoretical side, it is interesting to realize that matching calculations

can be accomplished in more elegant and oftentimes simpler ways than using Feynman



diagrams. For the latter aspect, the idea is to directly tackle the path integral, and identify
and expand heavy fields’ contributions to the functional determinant arising at one-loop
level to obtain effective operators involving the light fields. Such functional approaches to
matching have at least two important virtues:

e By performing a covariant derivative expansion (CDE), one can work with gauge-
covariant quantities in all steps of the calculation, and thus automatically arrive at
gauge-invariant effective operators in the end. This is unlike conventional Feynman
diagram methods, where gauge-invariant final results are obtained only after putting
together individual pieces which may not be separately gauge-invariant.

e The generality of such approaches has brought up the possibility of obtaining universal
results. With general assumptions on the form of the UV theory, evaluation of the
functional determinants involved proceeds in a model-independent way, which can
thus be done once and for all. The result will be widely-applicable master formulas,
from which matching calculations for specific models are reduced to matrix algebra.

The development and use of covariant functional approaches to matching dates back
to the 1980s; see e.g. [1-3]. The subject was revived recently, thanks to the work [4]
by Henning, Lu and Murayama (HLM). Following the CDE approach of Gaillard [1] and
Cheyette [3], HLM presented in [4] a universal master formula for one-loop matching, as-
suming degenerate mass spectrum for the heavy particles. Applications of this master
formula to various examples have been illustrated by HLM in [4], and also by others in [5—
7]. The HLM master formula was generalized by Drozd, Ellis, Quevillon and You [8] to the
case of nondegenerate heavy particle masses. The same Gaillard-Cheyette CDE approach
is followed in [8], and the resulting master formula is dubbed the “Universal One-Loop Ef-
fective Action” (UOLEA), to emphasize the universality of the approach, as discussed in
the second bullet point above. The UOLEA was applied to the example of integrating out
nondegenerate stops in [8].

It was later pointed out, however, that the HLM /UOLEA master formulas, in their orig-
inal forms at least, do not capture possible contributions from mixed heavy-light loops [9]
(see also [10]). The reason can be most easily understood by noting that light fields are
treated as background fields in [4, 8] and are thus not allowed to run in loops. Fixes to
this problem were soon proposed, following different CDEs [11], or alternatively still within
the UOLEA framework [12]. Although technically quite different, both approaches in [11]
and [12] share a similar spirit, namely to include quantum fluctuations of light fields also,
and then identify and subtract off nonlocal pieces from the functional determinant to obtain
local effective operators. These studies provide, at the very least, a proof of principle that
mixed heavy-light loops can be accounted for in covariant functional approaches to match-
ing. This latter point was further corroborated recently in [13], following an alternative
CDE approach that builds upon [14, 15]. Compared with [11, 12], matching calculations
are simplified in [13] partly due to the use of expansion by regions techniques [16-18],
which allow local pieces of the functional determinant to be directly identified, so that no
subtraction procedure is needed.



These recent developments of functional matching techniques are, unfortunately, also
accompanied by different levels of technical complication compared with [4, 8]. It should be
emphasized that the motivation for studying functional matching lies not only in theoretical
curiosity, but also, at least equally importantly, in practical usefulness. In this latter respect,
the goal is to develop a set of tools for matching that is easy to use even for those not
necessarily familiar with all the technical subtleties of functional methods. There are at
least two possibilities for achieving this goal:

e Ideally we wish to obtain a truly wuniversal master formula, as an extension of the
results presented in |4, 8]. Such an extension requires incorporation of not only mixed
heavy-light contributions mentioned above, but also e.g. open covariant derivatives
(covariant derivatives acting openly to the right as opposed to appearing in commu-
tators) and mixed statistics (both bosonic and fermionic fields in the loop).

e Even if deriving such extended universal results turns out to be too involved to be
completed very soon, we may still take advantage of the covariant feature of functional
approaches, and consider alternatives to Feynman diagram methods that simplify
calculations and offer useful intuition, even though on a case-by-case basis. This will

also bring new options for more efficient automation of matching calculations!.

It is the purpose of this paper to present a tool that will be useful for making progress
along both these lines. The idea is to have a diagrammatic formulation of one-loop func-
tional matching which is as systematic as the conventional Feynman diagram approach,
but differs crucially from the latter by preserving gauge covariance in intermediate steps.
It is perhaps not surprising that this is possible, since recent studies of functional match-
ing [11-13] all follow diagrammatic intuitions to some extent. We will show explicitly how
to establish such a gauge-covariant diagrammatic formulation, building upon the approach
of [13] (which we provide a more rigorous derivation of)?, and how to use it in one-loop
matching calculations. The diagrams introduced are dubbed “covariant diagrams” — they
are in a sense gauge-covariant versions of Feynman diagrams. Just like Feynman diagrams,
which keep track of terms in an expansion of correlation functions, covariant diagrams keep
track of terms in a CDE in functional matching. Let us clarify that enumerating and com-
puting covariant diagrams is equivalent to selecting and evaluating various terms of interest
that result from a CDE. But as we will see, it is both technically simpler and concep-
tually more intuitive than the latter, and meanwhile preserves the universality feature of
functional matching procedures.

1.1 Outline of the paper

For the sake of pedagogy, we will present many details of derivations and computations.
The hope is that readers can easily reproduce all the intermediate steps as well as final
results in this paper, and readily apply the techniques to other examples of interest. Given

1See e.g. [19] for recent progress on automation of Feynman diagrammatic matching.
2The approach of [4, 8] also allows for a diagrammatic formulation, which is however more complicated
technically and will not be discussed further.



the considerable length that results, we provide an extended outline of the paper to guide
the reading.

e In Section 2, we reproduce the functional matching procedure of [13], expanding the
latter with a more formal and rigorous functional derivation. Readers familiar with
the general idea and procedure of functional matching may wish to briefly look at the
following key equations and skip the technical details in a first reading:

— Eq. (2.1);
— Egs. (2.8) and (2.10), with ®, defined in Eq. (2.9) and Quv defined in Eq. (2.7);

— Egs. (2.16) and (2.17), with Qgpr defined in Eq. (2.13);

— Eqgs. (2.18) and (2.29), with Ay, and Xpr g defined in Eq. (2.23);

— Egs. (2.33) and (2.34), with the meaning of “hard” and “soft” explained below
Eq. (2.30);

— Eq. (2.36);

— Eq. (2.41), with X defined in Eq. (2.37).

e In Section 3, we derive a diagrammatic formulation of covariant functional matching.
The basic ingredients are obtained in Section 3.1, and additional structures are grad-
ually added in the subsequent subsections. Section 3.5 is the core of the paper, where
we summarize the derivation and present a step-by-step recipe for using covariant
diagrams in one-loop matching calculations.

e In Section 4, we work out several examples to demonstrate the use of the covariant

diagrams and the simplification that results.

— The UOLEA master formula is rederived in Section 4.1, with a much simpler pro-
cedure compared with [8]. Also, fewer master integrals are involved in the final
results, and explicit expressions in terms of heavy particle masses are simplified

in many cases.

— The rest of Section 4 contains examples of matching specific UV models to EFTs,
with the aim to show that covariant diagrams are capable of dealing with several
additional structures not captured by previous universal results in a straightfor-

ward manner.

With these examples, it is reasonable to expect that the use of covariant diagrams
will be helpful for organizing and simplifying derivations of extended universal mas-
ter formulas — such calculations are underway and will be presented elsewhere. On
the other hand, our examples show that even before extended universal results are
available, one can already use covariant diagrams to easily perform matching calcula-
tions for specific models in a gauge-covariant manner, as an alternative to Feynman

diagrammatic matching.

e We conclude in Section 5, and tabulate some useful master integrals and explicit
expressions of the UOLEA operator coefficients in the appendices.



2 Gauge-covariant functional matching

The problem of matching can be formulated as follows: given an UV Lagrangian Lyy[®, ¢]
for a set of heavy fields ® of masses {M;} and a set of light fields ¢ of masses {m; } < {M;},

Lerr[¢] =7 st. Truvies] =Terron) . (2.1)

Here I't, yv is the one-light-particle-irreducible (1LPI) effective action calculated in the UV
theory, while I'gpr is the one-particle-irreducible (1PI) effective action (a.k.a. quantum ac-
tion) calculated in the low-energy EFT. They will be computed as functionals of background
fields ¢y, by the standard procedures of the background field method (see e.g. [20, 21]).
Eq. (2.1) ensures that the UV theory and the EFT give identical physical predictions re-
garding the light fields.

In this section, we shall focus on the simplest case of real scalar fields for illustration.
The results derived below can be easily generalized to other types of fields.

2.1 Calculating I't, uv|¢b)

To compute I't, yv[¢p), we start from the path integral,
ZUV[JCI)7 J¢] — /[D(p] [DQZ)] eifddx(l:UV[q>7¢]+Jd>(I)+J¢¢) , (22)

and separate all fields contained in the heavy and light field multiplets into classical back-
grounds (labeled by subscripts “b”) and quantum fluctuations (labeled by primes),

P=d, +, S=dptd. (2.3)

The background fields and sources are related by

- 0Lyuv

0Lyv
0= od

[P, Pp] + Jo = W[‘Pb,qﬁb] +Js. (2.4)

The 1LPI effective action I', yv[¢p] is obtained as the Legendre transform of the path

integral with respect to the light fields,

T'Luvon] = —ilog Zuv[Je = 0, Jy] — / A% Jypn, - (2.5)

Note that Jg is set to zero because we are interested in correlation functions with no external
sources of the heavy fields.

With the separation in Eq. (2.3), the UV theory Lagrangian plus source terms can be
written as

1 )
Luv[®, ¢+ Je P+ Jyd = Luv[Py, ¢b]+J<I>‘I)b+J¢¢b_§ (@7 ¢') Quv[®p, ¢1) +...



where the quadratic operator

2
— LGV (), ] 65<§§J¢V [P, D1]

Quv ([P, db] = :
- 5555%\/ (@, &1 —5(5%[(1’19, ®b)

(2.7)

Note that in Eq. (2.6), terms linear in ¢’ or ® vanish due to Eq. (2.4). We therefore obtain
the tree-level result as the stationary point approximation,

treeL]q)7 J¢] /[D‘I)] [D(;S]eifddw(ﬁUV[‘bb,¢b]+J<I>¢’b+J¢>¢b) x eifddx(EUv[(I’b,qﬁb]+Jq><I>b+J¢¢b)

= TLGvien] = /ddx Luv [Dc[dw], ¢, (2.8)
up to an irrelevant constant term, where ®.[¢p] (subscript “c” for “classical”) is defined by
dLyy dLuv[®, 4]

Pe[pp)] = Pp[Jp = 0] e [Pc[dn], o] = =0. (29

P=P, [¢b]7 ¢:¢b

0P 0P

In other words, ®.[¢p] solves the classical equations of motion for the heavy fields when the
light fields are treated as backgrounds.

Up to one-loop level, we have

ZuvlJe, Jg] ~ tree/[D‘I’ |[D¢'] eXp{ % A (2T ¢'T) Quv (@b, o) )
Z5v (det Quy (@, én)) E
= T ow ) = 10g det Quv [®c[¢b], B1) | (2.10)

which is familiar from standard calculations of 1PI effective actions.

2.2 Calculating 'gpr[dp)
On the EFT side, suppose

Lrprld] = LES[0] + LEDP[G] + ... (2.11)

where L8829, and CE%OTOP contain effective operators generated at tree and one-loop level,
respectively. The path integral can be evaluated up to one-loop level,

Zgrr[Jy) = /[D¢]eifddr(£EFT[¢]+J¢¢)

~ ¢t [ da(Lerr[dp]+Tson) /[ng’] o5 Jdlz ¢’ Qs [on] ¢/

-

x eifddw(ﬁgﬁ%[¢b]+£E§°T°p[¢b}+J¢¢b)(det tree [n]) 2, (2.12)

where the quadratic operator

82LErT

Qprr(dp] = — 502

[Pb] - (2.13)



Again, in the exponent, terms linear in ¢’ vanish due to the relation

OLEFT
0¢

We therefore obtain the 1PI effective action in the EFT up to one-loop level,

[¢n] +Jp = 0. (2.14)

FEFT[¢b] = —ilog ZEFT[J¢] — /dd.’IJ Jsbp

= [ s (Cnlon + LEPIn]) + 5 logdet Qflon] . (219
Tl = [ dletilon, (216)
TR o) = [ ol {on] + 5 log et Qfelon). .17

The meaning of the above equations is clear. The tree-level quantum action is given by the
tree-level terms in the classical action, while at one-loop level, the quantum action contains
two pieces — one-loop-size effective operators used at tree level, and tree-level-size effective
operators used at one-loop level.

2.3 Matching FL,UV[¢b] and FEFT[¢b]

Equating Egs. (2.8), (2.10) and Egs. (2.16), (2.17), we obtain the EFT Lagrangian that
satisfies the matching condition (2.1). At tree level,

LES[8] = Luv [®c[d], 6] — Luv|[Pc[d], 6], (2.18)

where @C[gb] is the local operator expansion of the nonlocal object ®.[¢]. The extra step
from ®.[¢] to B[¢] is necessary so that Lppr[¢] consists of local operators. As a trivial
example, suppose

1

Lov[®, 6] = Lo[g] + ST Flg] - 5@ (—P? + M?) @, (2.19)

where P, = iD,. The advantage of introducing this notation is that P, is a hermitian

operator. ®.[¢] is obtained by solving the classical equation of motion [see Eq. (2.9)],

1
— P2 + M?2

dLuv
od

=F[¢] - (-P*+M*) =0 = &¢]= F[¢]. (2.20)

This is a nonlocal quantity due to the appearance of P? in the denominator. The corre-
sponding local operator expansion, which should appear in the EFT, reads

A;?F[qﬁ]JrLP? L Fl¢] +... (2.21)

(i)c [¢] M2 M2

Moving on to one-loop level, we have

/ dlz LEP[g] = % log det Quy [®c[], ¢] — % log det QU< [¢] . (2.22)



To proceed, we follow [13] and block-diagonalize Quy. With the following short-hand
notation for the elements of Quv,

Ly [0, g) 555;;[3@) _ (AH[¢’¢] XHL@’Q”), (223)

Quv[d ¢l = | ¥ :
o (%m,@ L (e,6))  \Xenl®,6] Arfe,o

it is easy to show that

Ay — XgrATIX 0 1 0
viguyv = | T T AT AL with V = L (2.24)
0 Ap _AleLH 1

Note that for real scalar fields, Xg; = Xy and both are hermitian. When generalized
to complex fields, Xpr = XzH. With Eq. (2.24), the first term on the RHS of Eq. (2.22)
becomes

%log det Quy [®c[¢], 6] = %log det (A — Xpp A7 Xom) + %log detAr,  (2.25)

where the arguments [<I>C[<;S], qﬁ] — [@C[qb], qb] have been dropped on the RHS for simplicity.
Note that ®.[¢] should be replaced by ®.[¢] to form local operators of the EFT.

Let us now look at the second term on the RHS of Eq. (2.22). With Egs. (2.13)
and (2.18), we have

02 Lyy [Dc[0], ¢ 5 (6Lyuv s 508 6 Loy ¢ <

i516] = — UV(S[¢2 ]:&z»( Y [kl 0] + e 5;V[q>c[¢],¢])
8 (6Luv s  PLyv s 5D (0] 2Ly
= (el o] ) = -0 (bl o) - T G (bl o)
= Ap[®c[8], ] — XeuAp Xup[Pc[0)], ] - (2.26)

When going from the first line to the second, we have used ‘%g\’ [éc (@], qb] = 5%2," [<I>C[¢)], gi)] =
0 — this is true because the EoM can be solved order by order in ﬁ to obtain a local op-
erator expansion ®.[¢]. To arrive at the last line of Eq. (2.26), note that

9 < 2
0 = g (S5e[dulol.o] ) = i [dclol. o) + AT SR [dudol o

op \ 0P dpoP d0p  0D2
. 5D, .
= 5‘1:%?5] — _XLHA;{l [(i)c[qb]’ ¢] — —XLHAI*{l [(i)c[(b],(b} , (2.27)

where A;{l is the local operator expansion of AEI. We therefore obtain

i i A
~3 log det Qies[¢] = —3 log det (AL - XLHAHlXHL)

= —% logdet Ap, — %logdet (]1 — AleLHAI_{IXHL>



= —% logdet Ar, — %logdet (]l - A;IlXHLAleLH)

= —%logdet Ar + %logdetAH — %logdet (AH - XHLAleLH> ,
(2.28)

with the arguments [‘i)c (9], gzﬂ implicit. Adding this equation to Eq. (2.25), we finally obtain,
according to Eq. (2.22),

[t cirio) -

)
+

i logdet(AH — XHLAleLH) —log det(AH — XHLAleLH))

VR

log det Agr (2.29)

N | =

where again, the arguments [(i)c[¢]7 (b] are implicit. As expected, logdet A;, which comes
from pure light loops cancels between the two terms.

2.4 Hard vs. soft

The formula obtained above for one-loop matching using functional methods, Eq. (2.29),
is quite abstract. To make use of it, a key observation, as emphasized in [13], is that with
dimensional regularization (which we adopt, together with the MS scheme, throughout this
paper), each “log det” can be separated into “hard” and “soft” region contributions, namely

logdet X = logdet X/, 4 + logdet X|_ g . (2.30)

What “hard” and “soft” mean is the following: for the “loop integrals” that appear in the
computation of logdet X, which involve heavy and light particle masses {M;}, {m; }, and
a “loop momentum” (i.e. integration variable) g,

e the hard region contribution is obtained by first expanding the integrand for |¢?| ~
M2 > |m?|, and then performing the integration over the full momentum space;

e the soft region contribution is obtained by first expanding the integrand for |¢?| ~
\mf,| < M2, and then performing the integration over the full momentum space.

The nontrivial identity (2.30) is known as the method of expansion by regions, which has
been well-known in Feynman diagrammatic multi-loop calculations; see e.g. [16-18]. As a
simple one-loop example, consider the following IR- and UV-finite integral (in d = 4 — €
dimensions):

/ddq ! _ Loy m M
(2m)? (¢2 — M?)(q%2 —m?2)2 1672 | M2 — m? & m?2 (M? — m?)? & m?2
i 1 M? _

The hard and soft regions yield IR- and UV-divergent integrals, respectively:



d’q 1
hard N / (2m)d (q2 — M?2)g* (1+...)

i 1 (/2 M?
=— (241 —-1log— M4
1671'2M2<e+ Ogu2>+0( )

(2.32a)

soft:/(;ij&l[_]\;(qg_zzg)g%-..l

i 1 2 m?
= — [ = +log — M=), (2.32
167r2M2< e+0g,u2>+o( ), (2.32b)

where % = % — v+ log4m with € = 4 — d. However, the % singularities cancel when the two
equations are added, and the finite result of the original integral is reproduced.
Now we can simplify Eq. (2.29). The crucial statements are

log det(AH — XHLAleLH) = log det(AH — XHLAZIXLH) ‘soft , (2.33&)
logdet Ay = logdet Ap| s = 0. (2.33b)

It is not hard to understand that replacing Ay by Ay singles out the soft part, because
M; dependence comes only from Ay, and a local operator expansion corresponds to the
limit M; — oco. On the other hand, logdet Ag|, s vanishes because for pure heavy loops,
expanding in the soft region gives rise to scaleless integrals. Combining Egs. (2.29), (2.30)
and (2.33), we finally arrive at the following formula,

-100 i -
/ Az Lol o] = 5 logdet(An — Xur A Xpn)|

- % Tr log(An — Xur A7 Xon (2.34)

) |hard :
2.5 Evaluating the functional trace

The initial steps of evaluating the functional trace (2.34) are standard, which we reproduce
here for the sake of completeness. Recall that entries of the infinite-dimensional matrix
Ay — Xy LAle LH, which we shall call A to simplify notation, are labeled by spacetime
indices z (momentum indices ¢q) when the UV theory Lagrangian is written in position
(momentum) space, i.e. in terms of ®(z), ¢(z) (Cf)(q), #(q)), plus possible internal indices.
A contains x and 70, in position space, which become operators & and p in general. We
evaluate its trace using the momentum eigenstate basis, and follow standard manipulations
familiar from quantum mechanics,

d d
W@ = [t A ) = [a [ G ala) el e A 0

d ddq iq-x . —1iq-x d ddq .
= [ d n)d e tr A(x,i0;) e = [ d @n)d tr A(z,i0; + q)
d

_ / i / (gﬂgd tr Az, idy — q) | (2.35)

~10 -



where “tr” is over internal indices only, and we have used (z|q) = e~**. The last equality

follows from a conventional change of integration variable ¢ — —q. As a result,

oo i [ d% -
Lepr' 9] = 5 /W trlog(Ap — XuLAL' Xen) o p - (2.36)

At this point, there is one additional transformation that can be made [1, 3, 4, 8], but
is optional. The idea is to put all covariant derivatives P, into commutators, e.g. [P, P, ],
[P, X ()], by sandwiching the trlog between e’% and e~F% (which trivially become 1’s
when acting on identities on both sides) and using the Baker-Campbell-Hausdorff (BCH)
formula. This transformation is convenient in the sense that all intermediate steps from here
on will involve P,’s only through commutators, as does the final result®. But meanwhile, it
makes the computation more tedious because of a plethora of terms resulting from applying
the BCH formula. This is especially true when the quadratic operator Quy contains open
covariant derivatives, namely P,’s acting openly to the right as opposed to appearing in
commutators, in addition to those from kinetic terms. Another disadvantage is that with
the introduction of 9; which does not commute with ¢, the logarithm cannot be expanded
in a simple way due to the fact that log(AB) # log A +log B when [A,B] # 0%. As a
way out, an auxiliary integral is introduced in [4, 8], which nevertheless complicates the
integrations to be done. Therefore, we choose to follow [11, 13| and proceed without making
this additional transformation.

2.6 Covariant derivative expansion (CDE)
The next step is to perform a CDE, i.e. to make an expansion in power series of P, while
keeping P, intact (as opposed to separating it into id,, and gA,). Suppose, quite generally,
Ay =—-P?>+ M?*+ Xy, (2.37)
where
M:diag (Ml,Mg,...) (238)
is the mass matrix of the heavy field multiplet ®°. In general, Xy may take the form
Xn|®,6, P] = Un|®, ¢+ P25 [®, 6+ Z}f![®, ¢ P+ Pu P 27 [, 6] + 211 [@, 6] P, PP+

(2.39)
In the hard region, the logarithm in Eq. (2.36) can be expanded as follows:

log(AH — XHLAleLH) = log(—q2 —{—M2 +2q- P — p? + Xy — XHLAleLH)

P—P—q

3Recall that P, as a operator acts on everything to its right, so e.g. iD,¢’s in the final result for LerT
really mean [P,, ¢]. On the other hand, gauge field strengths can be written as [P,, P,] up to normalization.

“Recall that “tr” is over internal indices only, so tr [J,, f(q)] # 0. Also, [ % 0g, f(@) = [ (‘21;;1(1 (@)

may not vanish due to UV divergences.

5Tt is always possible to simultaneously diagonalize the P, and M matrices, since mass mixing can only
happen among fields with identical gauge quantum numbers, as far as unbroken gauge symmetries are
concerned. On the other hand, if the UV theory is written in the broken phase of a spontaneously broken
gauge symmetry, there could also be mass mixing induced by spontaneous symmetry breaking. In that
case, gauge fields associated with the broken symmetries would not appear in P, in the first place, so the
diagonalization is still possible.

— 11 —



zlog(—q2+M2) +log[1— (qQ—M2)_1(2q-P—P2+XH _XHLAzlAXLH):|
n

[(qz—M2)_1(2q'P—P2—}—XH—XHLAleLH)] (2.40)

S

=log(—¢* + M?) =)

n=1

where the substitution P — P — ¢ is assumed in Xy and XHLAEIXLH. Therefore, up to
an additive constant,

oo =1 de _
e = 5o S [ el -
n=1

n
(2q .P—P?+ XH|P—>P—q - XHLAZIXLH‘P—HD_(])}

.(2.41
hard ( )

As before, Xy gr.pm and Ay have arguments [fi)c[gb],gb]. Eq. (2.41) holds for the special
case of real scalars but can be straightforwardly generalized. It will be our starting point
for deriving a covariant diagrammatic formulation of one-loop matching in the next section.

3 Covariant diagrams

3.1 Pure heavy loops

We first look at the simplest case, where the following three restrictions are satisfied:

o Xy = Xrg =0, i.e. no mixed heavy-light contributions to one-loop matching. This
already covers a broad class of UV models where heavy fields do not couple linearly
to light degrees of freedom and ®. = 0.

e Xy does not contain open covariant derivatives, i.e. Xy = Up; see Eq. (2.39).
e The field multiplet ¢ contains only bosonic fields.

After developing the basics of covariant diagrams for this simplest case, we will lift the
above restrictions one by one in the next three subsections.

For real scalars, we can directly use Eq. (2.41), which becomes, under the above re-
strictions,

T d _ n
Lo (4] =—2tr2i/(;i:)d[(q2—M2) I(QQ‘P—P2+UH):| . (3.1)
n=1

Note that, with no light masses involved, the hard part of the integral is trivially equal to
the original integral. A key observation is that each term in the sum in Eq. (3.1) factorizes
into a loop integral over ¢ and a trace involving P, and Uy that gives rise to effective
operators. The nonvanishing loop integrals involved have the generic form

d’q g - gheme an ;..
/ @ (@ = Mg — . = 4 T (3.2)
i j

where gHt--#2nc is the completely symmetric tensor, e.g. gHP? = gt gP? + ghPg¥? + gh? g*P.

Eq. (3.2) defines the master integrals Z[g*"<];"7"

ij.. - We use the symbol “Z” to distinguish
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from the master integrals in [8] which are denoted by “I” and involve an extra auxiliary
integral. Some useful master integrals are summarized in Appendix A.
Eq. (3.1) has a straightforward diagrammatic representation as a sum of one-loop dia-

grams with propagators and vertex insertions 2¢- P, —P? and Ug. The loop integral

can be read off from a diagram simply by counting the numbers of propagators (for each
species) and 2q - P vertices. As a result of evaluating the loop integral as in Eq. (3.2),
various terms in gtt--#2ne Lorentz-contract the P,’s from 2¢- P insertions in different ways,
and all possibilities are summed over. We can keep track of such contractions by connecting
two 2q - P vertices by a dotted line. The above procedure can be easily understood with an

example,

il
= —5 5 ZIaT7 tr((2P") Unt i3 (2P) Un i), (3.3)

where the diagram is read clockwise, and filled and empty circles represent 2q - P and
Up insertions, respectively (recall that P, is diagonal in the field multiplet space and
hence does not change the propagator label). Eq. (3.3) represents a term in the expan-
sion (3.1). The only element in Eq. (3.3) which we have not discussed is the symmetry
factor %, coming from 2 = 1 (four propagators) multiplied by 2 (two identical contribu-
tions tr((2P*) Un i (2P,) Un ji) and tr(Up 5 (2P,) Un i (2P"))). An easy way to find this
symmetry factor is to note the Zy symmetry of the diagram under rotation. It is not hard to
show that in general, the presence of a Zg symmetry of a diagram under rotation indicates
a symmetry factor é We see that our diagrammatic formulation automatically collects
terms from the CDE containing equivalent operator traces, and thus makes finding such
factors a trivial task.

One can draw all possible diagrams like the one in Eq. (3.3) to keep track of terms in
the expansion (3.1) up to a certain order. However, in many cases this is not necessary,
as a smaller set of diagrams is already sufficient to solve for coefficients of all independent
effective operators in the final result. This is because the number of independent structures
one can write down with open covariant derivatives can be greater than the number of
independent operators with covariant derivatives appearing only in commutators (recall that
the final result can always be written in a form that involves P,’s only via commutators).
For example, there is only one independent operator involving two P,’s and two U’s, namely
tr([P*,U][P,,U]). Eq. (3.3), from which the coefficient of tr(P*UP,U) can be obtained, is
sufficient to determine the coefficient of the operator tr([P*, U][P,, U]), although the latter
also contains another structure tr(P2U?) corresponding to additional covariant diagrams.
While we do not have an algorithm to determine, in full generality, the minimal set of
diagrams to be computed, there is a useful prescription that works at least for all examples
in this paper: all diagrams with either —P? insertions or adjacent P, contractions, namely
those that yield tr(...P*P,...), can be dropped. In many though not all cases, this
prescription reduces the diagrams to a minimal set.

The above discussion can also be applied to other types of bosonic fields. A complex

scalar is equivalent to a multiplet of two real scalars, e.g. its real and imaginary parts. In
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practice it is often more convenient to use a multiplet consisting of the complex scalar itself
and an appropriately-defined complex conjugate field. We will see explicitly how this is
done in the next section. For vector bosons, with the addition of the R, gauge fixing term,
the UV Lagrangian contains the following terms quadratic in the quantum fluctuations,

1
- % Vo {(—9‘“5 ) (= (P*)ap + M0ap) — (1 - g) (P“P%) . + U;;ib} vy (3.4)

It is convenient to use the Feynman gauge £ = 1, where Ay takes the form of Eq. (2.37) as
in the scalar case, so that the same procedure of using covariant diagrams can be followed °.
The only nontrivial extension is that vector boson fields carry Lorentz indices, which are
regarded as additional internal indices and should be contracted with —g,5 (note minus
sign!) when computing traces. This can be seen as follows,

log{(—g*")(—=P* + M) + U}, = log{(—g*")(=¢* + My +2¢- P — P*) + U’}
= log{(—¢g")(—¢* + M})}
+10g{0,” = (—=g10)(@® = M)~ ((—9°") (20 - P = P*) + U} }, (3.5)

with internal indices a, b dropped for simplicity. As an example, when only vector fields are
considered, the trace in Eq. (3.3) should be understood as

tr (P“ UHij P,u UHji) =
(_galﬁl)(_gazﬁz)(_ga3ﬁ3)(_ga4ﬂ4) tr((_g&mlP“)(Uf[lg?)(_gﬁQQSPM)(U§3ﬁ4)) ) (3'6)

with all Lorentz indices written out explicitly. The “tr” in the second line of Eq. (3.6) then
indicates a trace over the remaining internal indices.

A summary of the building blocks of covariant diagrams and the operator structures
they represent in the restricted case discussed in this subsection can be found in Table 1 of
Section 3.5.

3.2 Mixed heavy-light loops

Next, we allow Xgr, g to be nonzero, while still assuming the absence of open covariant
derivatives. Specifically, we consider

Xy =Ugr, Xew=Urm, (3.7a)
AL=-P 4+m?+ X, =—-P>+m’>+Up. (3.7b)

where
m = diag (m1,ma,...) (3.8)

is the mass matrix of the light field multiplet ¢. The additional piece in Eq. (2.41) becomes

5The associated Goldstone boson and ghost fields can also be treated in the same way as scalars, except
that ghost loops come with a factor of (—1) due to the Grassmannian Gaussian integral.
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— XHLAZIXLH’P%P_(I = UHL(q2 —m? — 2q - P+ P? - UL)_lULH

S Uiy [q—g(m2 t20 PP U] Gl (39)
n=0

The expansion above is suitable in the hard region where |¢?| > |m?|. Eq. (3.9) as a whole
can be thought of as a new type of insertion in the heavy loop, in addition to 2¢ - P, —P?,
Uy considered in the previous subsection. Equivalently, the expansion of Eq. (3.9) instructs
us to draw one-loop diagrams involving both heavy and light propagators which represent
qz_ﬁ and q%, respectively. 2¢ - P, —P? and Uy can be inserted in heavy propagators as
before, while 2¢ - P, —P?, U, and m? can be inserted in light propagators. Uy (Urg)
connects an incoming heavy (light) propagator and an outgoing light (heavy) propagator,
when the diagrams are read clockwise. Loop integrals now have the form

ddq qILI e qMQnC nin;..n
= ghehzne TgPne| L 3.10
/ (2m)d (g2 — M2)mi (g2 — M]Q)nj — () g la ]zj...O ( )

an]ninj...nL
ij...0
summarized in Appendix A. Note that these loop integrals do not depend on light particle

Eq. (3.10) defines an extended set of master integrals Z|[gq , some of which are

masses because the latter are treated as vertex insertions. This implies, in particular, that

in the case of massless particles, there is no need to keep m? nonzero as an IR regulator.
As a simple example, we show a mixed heavy-light version of Eq. (3.3),

1
=3 Zlq*)i5 tr((2P*) Unpiw (2P) Upm i) (3.11)

where light propagators are represented by dashed lines, and labeled by primed indices.
Note the absence of a nontrivial symmetry factor in this case. The additional building
blocks of covariant diagrams discussed in this subsection are summarized in Table 2 of
Section 3.5.

3.3 Open covariant derivatives

In addition to Uy g1, u, considered above, the Xp g, matrices may also contain
terms involving open covariant derivatives; see Eq. (2.39). These terms are slightly different
from the U terms because they are modified by the substitution P — P — ¢. For example,
terms in Eq. (2.39) with one open covariant derivative become

Pz + ZP, — P2 + Z1'P, — q, 2 — ZIPq, | (3.12)

resulting in two types of vertex insertions: P,Z% and ZE‘PH are just like U insertions, while
—qMZfI and —Z;rﬁqﬂ are similar to 2¢ - P insertions. In the latter case, the g,’s involved
are part of the loop integral, which gives rise to gH!#2nc. Lorentz contractions are thus
possible not only between P,’s from 2¢- P insertions, but also Zg)“’s from —q, 2%, —Z}fqu

~15 —



insertions. We shall use the same symbol for the two types of Z(T) insertions — they are
distinguished by whether or not a contraction is indicated (by a dotted line as before). As
a simple example,

J
i 1
= 5 Il (P Ziy; Zl i P, (3.13a)
i
J
i
. = 5 TN (2 Zhy i) (3.13b)

7
where light and dark gray squares represent (P,)Z% and ZE‘(P#) insertions, respectively.

Here and in the following, “[g?"]”

is dropped when writing master integrals with n. = 0.
We have focused on pure heavy loops in the discussion above for concreteness, but
there is no essential difference for mixed heavy-light loops, which may involve ZI(})L LH.L-
A summary of possible Z(f) insertions (up to one-open-covariant-derivative terms) can be
found in Table 3 of Section 3.5. Also, it is straightforward to extend the procedure to terms
in the X matrices with more than one open covariant derivatives, though more complex

notation may be needed to keep track of Lorentz contractions.

3.4 Loops with fermions

Up to now we have considered loops with bosonic fields only. Fermionic fields have a
different form of quadratic operator Quy, with e.g. —P + M in the case of Dirac fermions
in place of —P? + M?. There are at least two approaches one can follow. One is to square
the quadratic operator to match the general form in the bosonic case. To give an example
for illustration, suppose

Luv[¥,¢] = Lolg] + V(P — M — Xpu[o]) ¥, (3.14)

where ¢ denotes collectively light fields, and ¥ is a heavy Dirac fermion. We assume
Xu =Xue+ Xn,o with Xg . (Xp,) containing terms with even (odd) numbers of gamma
matrices. There is no mixed heavy-light contribution to matching in this case, so

Sppo? = —i Trlog(P — M — Xp). (3.15)

Note the different overall sign compared with bosonic case, due to the Grassmannian nature
of the ¥ field. Using the fact that traces of gamma matrices are invariant under changing
signs of all gamma matrices, we have

] i
Sgpoor — -3 [Trlog(P — M — Xpo — Xuro) + Trlog(—P — M — Xy + Xp,0)]
i
=3 Tr log(*PQ + M?*+2MX e+ Xg(Xue — Xuo) — [P Xue) + {P, Xn,o})

i i
=3 Trlog(—P? + M? — 5(;WG;W +2M Xy,
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+XH(XH,€ - XH,O) - [PvXH,E] + {Pa XH,O}) ) (316)

where G, = [Dy, Dy] = —igG,, and o' = L[v*,7"]. The calculation then proceeds as in
the bosonic case, with —%O"LWG;W +2MXpge + Xu(Xpe — Xuo) — [P, Xgel + {P, Xuo}
playing the role of Xp.

In this paper, however, we follow an alternative strategy so as to derive a more straight-
forward diagrammatic formulation of one-loop functional matching. Still using the example
above and, for the moment, further assuming Xy = Uy does not contain open covariant
derivatives for simplicity, we repeat the steps in Sections 2.5 and 2.6 without squaring the
quadratic operator,

. ) d?
Ellﬂl%)p = —i /(27;J)dtrlog(lb—g—M—UH)

d d
_ /(;Wq)dtrlog(qM) iy /éigdtrlog[l(gM)_l(PJrUH)]

o0 d
= const.+itrzrll/(;i;)]d [(—g—M)*l(_P—FUH)]"_ (3.17)
n=1

This is a fermionic version of Eq. (3.1), after the irrelevant constant term is dropped. The
diagrammatic representation in this case involves fermionic propagators (—g — M)~ and
vertex insertions — and Up. The rules of drawing covariant diagrams and reading off
their expressions are similar to the bosonic case, but we note the following three major
differences:

e The prefactor has a different sign due to the fermionic Gaussian integral. It is conve-
nient to denote the prefactor by —icg, as is common in the literature. We have seen
that for real bosonic degrees of freedom, c; = %, while for Dirac fermions, ¢; = —1.
In any case, ¢s; can be easily seen from the Gaussian integral involved. For example,

cs = —1 for ghost fields, and ¢; = —% for Weyl fermions.

e Each fermionic propagator contains two terms,

-1 _g+M M _Q,ufyu
(=4 — M) :q2—M2:q2—M2+q2—M2' (3.18)

The first term is just the bosonic propagator multiplied by M, while the second
term involves g, in the numerator which modifies the loop integral compared with
the bosonic case. The situation is the same as that of Eq. (3.12) in the previous
subsection. We shall continue to use dotted lines to indicate contractions among
Lorentz vectors associated with g, (in this case 4*). Our rule is to take the first or
second term in Eq. (3.18) depending on whether the fermionic propagator is connected
to a dotted line. To give an example,

1

= 1513 M?*tr U3y, (3.19a)
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= i LTI () Un () Un). (3.19b)

where % is a symmetry factor, and it is understood that M; = M in the master

integrals. As before, we have used empty circles for Uy insertions.

e Covariant derivative insertions are in the form of —F which, unlike 2q - P, is ¢-
independent and thus decouples from the loop integral. We shall continue to use
filled circles to denote covariant derivative insertions in fermion propagators, but
they should not be contracted (i.e. connected by dotted lines) with each other in this
case.

With the new features discussed above taken into account, it is straightforward to generalize
the procedures of the previous two subsections to incorporate mixed heavy-light loops and
additional structures in the X matrices in the fermionic case. Mixed bosonic-fermionic loops
can also be handled — the derivation in this case is actually very similar to that of mixed
heavy-light loops. The sign of ¢g is determined by the propagator from which one starts
reading a diagram, with no ambiguity. For example, one may have tr(...Ugp...Upp...)
or tr(...Upp...Ugp...), depending on whether one starts reading the diagram from a
bosonic (B) or fermionic (F) propagator. The values of the two traces are opposite to each
other, since Ugp and Upp are fermionic and anticommuting (while all ...’s are bosonic),
so they give the same result when multiplied by opposite spin factors.

The new ingredients for building covariant diagrams involving Dirac fermions are sum-
marized in Table 4 of Section 3.5. We further note that, as in the bosonic case discussed in
Section 3.1, the prescription of dropping terms involving tr(...P*P,...) can be adopted.
These terms can arise, for example, when two fermionic propagators are contracted which
are separated by two P insertions and one uncontracted fermionic propagator, provided that
the loop integral is convergent — this is because fy“PP’yu = 4P? + O(e) where € = 4 — d.

3.5 Summary: recipe for one-loop matching

All derivations from Section 2 to Section 3.4 are done once and for all. Now we summa-
rize the results obtained into a recipe that can be easily followed without repeating the
derivations.

Starting from an UV Lagrangian Lyy[®, @] involving heavy fields ® of masses {M;}
and light fields ¢ of masses {m;} < {M;}, the low-energy EFT can be obtained up to one
loop level with the following procedure:

1. Solve the classical equation of motion %[@C[qﬂ,qﬂ = 0 for ®.[¢] as an expan-

sion of local operators”. The tree-level effective Lagrangian is given by Egg?r [¢] =

Luv [®c[¢], ¢].

"From here on we omit the hat in ®.[¢] and simply write ®.[¢]. The distinction between the two was
important in our derivation in Section 2, but will not be relevant in the rest of the paper.
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Element of diagram Symbol Expression
heavy propagator (bosonic) i 1

i gl
P insertion (bosonic, heavy) : 2P,0;;
U insertion (heavy-heavy) LOL Un ij

Table 1. Building blocks of covariant diagrams for integrating out heavy bosonic fields (and
fermionic fields as well if one follows the approach of Eq. (3.16) to square their quadratic operator),
in the absence of mixed heavy-light contributions and open covariant derivatives in the X matrix, as
derived in Section 3.1. All previous universal results in the literature [4, 8] can be easily reproduced
by computing one-loop covariant diagrams built from these elements; see Section 4.1.

2. Expand all fields about classical backgrounds, ® = ®, + &', ¢ = ¢y, + ¢/, and extract
the X matriz from terms in Lyy that are quadratic in the quantum fluctuations,

1 o’ Xy X
Loviama. = —5 (@7, ) (K + X(n,an)) | ) with X = o o
LH XL

(3.20)
where K is the diagonal kinetic operator with elements —P? + M? (—P? + m?) for
heavy (light) bosons and —P + M; (=P + my) for heavy (light) fermions. Note that
the notation P, = iD,, is introduced, which is a hermitian operator. A field whose
%, such as a complex scalar or a Dirac
fermion, is usually represented by two fields in the field multiplet (e.g. itself and its

kinetic term has prefactor —1 rather than —

appropriately-defined conjugate), so that Eq. (3.20) still holds. For gauge boson fields,
add gauge-fixing terms and use the Feynman gauge ({ = 1). If the (hermitian) X
matrix contains open covariant derivatives (P,’s acting openly to the right instead of
appearing in commutators), cast it in the following form,

X =U+P,Z'+Z"P, + ... (3.21)
with U and Z matrices containing no open covariant derivatives.

3. Draw one-loop diagrams consisting of propagators and vertex insertions. In the sim-
plest case of pure heavy bosonic loops with no open covariant derivatives in X (Sec-
tion 3.1), only those listed in Table 1 are needed. Additional elements needed for
mixed heavy-light loops (Section 3.2), open covariant derivatives (up to P,Z*+ ZT“P#
terms, Section 3.3), and loops with Dirac fermions (Section 3.4) are listed in Tables 2,
3 and 4, respectively. These will be sufficient for the example calculations that we
show in the next section. In each diagram, at least one heavy propagator must be
present, and dotted lines emanating from all “contracted” propagators and vertex
insertions must be connected in pairs.

4. The value of a diagram is given by
1

—ics 5 Il )yt 0. (3.22)
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Element of diagram Symbol Expression
light propagator (bosonic) _i 1
light mass insertion (bosonic) _ilxi/_ m2 8y jr
il o

P insertion (bosonic, light) . 2P, 010
U insertion (heavy-light) _ioi/_ Urbrij
U insertion (light-heavy) dled ULmij
U insertion (light-light) _iiol/_ Urij

Table 2. Additional building blocks of covariant diagrams in the presence of mixed heavy-light con-
tributions to matching, as derived in Section 3.2. Example applications can be found in Sections 4.2,
4.3 and 4.5.

Element of diagram Symbol Expression

Z insertion (uncontracted, heavy-heavy) LD]_ P,z i

Z insertion (uncontracted, heavy-light) LEI‘Z/- P,Z%, i

Z insertion (uncontracted, light-heavy) _ZLDJ_ P2 i

Z insertion (uncontracted, light-light) i l‘/_ PuZy
Wi

Z insertion (contracted, heavy-heavy) t ~Ziyij
gl

Z insertion (contracted, heavy-light) T —Z Lij
1 o2

Z insertion (contracted, light-heavy) : ., -z Hij

. . . . -/L.-Dl- L

Z insertion (contracted, light-light) : =27 i

Z1 insertion (uncontracted, heavy-heavy) L.]_ ZELijP:U‘

Z1 insertion (uncontracted, heavy-light) L.Zl_ Z;ff}{ i Pu

Z1 insertion (uncontracted, light-heavy) Al ZELL,L-/J-PH

Z1 insertion (uncontracted, light-light) _Z‘.i.l'./_ Zy;/j/PM
! m J

Z1 insertion (contracted, heavy-heavy) : ., —Z}:ﬁj
gl

Z1 insertion (contracted, heavy-light) P —Zz’;ﬂj,
Smd

Z1 insertion (contracted, light-heavy) o —ZE“LL i
(|

N - L-ml- tu
ZT insertion (contracted, light-light) : —Zp i

Table 3. Additional building blocks of covariant diagrams in the presence of open covariant
derivatives in the X matrix, as derived in Section 3.3, up to one-open-covariant-derivative terms
P,ZF + ZJ”‘P,L. Example applications can be found in Section 4.3.
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Table 4.

Element of diagram Symbol Expression
heavy propagator (fermionic, uncontracted) i M;

7
heavy propagator (fermionic, contracted) : —H

-/

i
light propagator (fermionic) : —yH
light mass insertion (fermionic) _iixi/_ My Oyt 1
P insertion (fermionic, heavy) L.]_ —Péi;
P insertion (fermionic, light) _ii.il_ —Poij

Additional building blocks of covariant diagrams when Dirac fermions are involved in

matching, as derived in Section 3.4. These are used when the quadratic operator for fermionic fields
is not squared like in Eq. (3.16). Example applications can be found in Sections 4.4 and 4.5.

° % is a symmetry factor that is present if the diagram has a Zg symmetry under

rotation.

n;, nj, etc., ny and n. are the numbers of heavy propagators of type i, j, etc., light
propagators and (dotted) contraction lines, respectively. The master integrals are

defined by

ddq q,U«I e qﬂQnC .

— gM1---B2nc 2nc '(l‘zn]~~-nL
/ (@m)d (¢ — M2 (@ — M2 - (@) 9 Ilg™lij.o" " (3:23)
where gH1-#2ne is the completely symmetric tensor, e.g. g'r? = gM’gP? +

gH'P g’ + gh? g¥P. These master integrals can be worked out and tabulated as in

2nc]77

Appendix A. For simplicity, we will omit the argument “[¢q when n, = 0.

The operator structure O is obtained by starting from any propagator on the loop
and reading off expressions of propagators and vertex insertions (see Tables 1-
4) clockwise, with Lorentz indices contracted between elements connected by a
dotted line.

The spin factor cs, discussed in the first bullet point below Eq. (3.17), is deter-
mined by the propagator one starts from when reading the diagram. There are
no extra tricky minus signs as in conventional Feynman diagrams.

Note that in our formalism, no functional manipulations nor loop integrations are

needed — one simply reads off the elements of a diagram and look up the tabulated

master integrals.

5. Add up all diagrams with operator structures up to desired dimensionality. For spe-

cific applications one may wish to select and compute only a subset of diagrams con-

tributing to the effective operators of interest. As discussed in Sections 3.1 and 3.4,
diagrams giving rise to tr O = tr(... P2...) can be omitted. These include, e.g. those
with contractions between adjacent bosonic P insertions, or (when the loop integral is

convergent) between fermionic propagators separated by two fermionic P insertions
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and one uncontracted fermionic heavy propagator. Also note that diagrams which
are mirror images of each other are related by hermitian conjugation, so only one in
such a pair needs to be explicitly computed.

6. The tr(...P?...) terms omitted in the previous step can be recovered by requiring
the operator structures obtained organize into gauge-invariant operator traces where
P,’s only appear in commutators. However, instead of working out these extra terms
explicitly, it is often easier in practice to first write down all independent operator
traces expected in the final result, and then expand the commutators and match the
result of the previous step to solve for their coefficients.

7. Finally, to obtain EEPLOTOP[gZ)] for a specific Lyy|[®, ¢], evaluate the operator traces by
plugging in specific forms of the U and Z matrices, with ® set to ®.[¢]. The traces are
over internal indices of the fields, including Lorentz indices carried by vector bosons
which should be contracted using —gng as discussed in Section 3.1.

It should be emphasized that while the procedure above has been stated in the context of
matching a specific UV theory to an EFT, Steps 3-6 are actually universal and independent
of UV model details. The only assumption made about the UV Lagrangian is the (quite
general) form of its quadratic terms (see Step 2). Therefore, Steps 3-6 above also constitute
a recipe for deriving universal results of one-loop matching.

4 Examples

4.1 Universal One-Loop Effective Action (UOLEA) simplified

As a first application of the covariant diagrams techniques introduced in the previous sec-
tion, we reproduce the Universal One-Loop Effective Action (UOLEA) reported in |§]
(and [4] for the degenerate limit) with a simpler derivation. Recall that the UOLEA is
a universal master formula for one-loop matching up to dimension six level in the absence
of mixed heavy-light contributions and open covariant derivatives in the X matrix. We will
show that this master formula can be obtained as a sum of covariant diagrams easily built
from the ingredients in Table 1.

We begin by writing down all independent operator traces involving P, and Uy which
may contain terms with operator dimensions up to six,

nxs

+f3 [P, Gl [Py G+ f5 G, GG

+f7 [P UyllPs Usil + £ UigUpUki + 15 UG G g
+ A UiUnUUs + f13F Uy [P*, Ukl [Py, Uil

11 [P [P Ugl] [P [P, U] + B U UsGY G
4 P UG [PY UGy, + £13 (U [P, Uji] — (PP, Ui)Uji) [PV, Gyl

+ I U Ui U Up Up

LUOLEA = —ics tr {f§ Ui + fAGI Gl i + 17 UiiUji
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+ IR U U [P, U] [Py U] + FIR U 1P*, Ui Ura [P, Uil

A UijUijszszanm}, (4.1)
where U = Uy has operator dimension > 1, and G}, = —[P,, P,] = —igG .. Note that
Giw, like P,, is a diagonal matrix in the field multiplet space, and we use G vy 1o denote

its diagonal elements. We have adopted the notation in [8] for the universal coefficients
fn (N =2,...,19)8. In the following, we compute in turn terms in Eq. (4.1) with 0, 2, 4,
6 covariant derivatives, from which the universal coefficients can be extracted.

O(P%) terms (f2,48,10,16,19). Diagrams with no P insertions all share a similar structure,
from which six universal coefficients can be derived, each in terms of a single master integral:

G = —ic, T} tr Uy = fo= 1T}, (4.2a)
@ = —z‘cs%z}; tr(UyUs) = fi = I}j, (4.2b)
@ = —ics3 et (U UpUpi) - = fok = zljlklv (4.2¢)
<i> = —ics4 W (U UpUnUs) = fi" = 4 el (4.2d)
C:} = 2655121]1161137}0 tr(U Ui UnUiUni) =[5 = 51113113127 (4.2¢)
Q = —iCSGI}]lklz%rlz tr(Uy; Ui U Ui Ui Uni) = f13F™ = GIZIJI’“%TIL (4.2f)

We have omitted propagator labels i, 7,... in the diagrams above for simplicity, which can
be trivially restored. Note the symmetry factor % with S being the number of U insertions.

O(P?) terms (fr11.1718)- The two P insertions must be contracted with each other. To
avoid adjacent contraction, at least two U insertions are needed:

8Some redundancies in the parameterization in [8] have been removed here. In particular, the terms

1% a[P" [PY, Uij]| [Pus [Po, Ujil] + 1 o [P*,[PY,Uij)| [Py, [Py, Ujs]] written out in [8] can be set to zero
because flé,a/b f12 .ap While the operator traces are symmetric in i, j. Also, f15 . and f{ikb introduced
in [8], which are associated with Us;[P*, U;x][P”, G, x;] and —[P*,Ui;]U;k[P”, G, x;], respectively, are

equal when k = ¢ (as dictated by G},, being diagonal).
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.22 )
= —zcsgz[(fﬁf tr(P*U;; P,Uji) C —zcsz[qZ]ff tr([P*, U] [Py, Uji))

= f =TI (4.3)
This diagram was in fact already worked out in Eq. (3.3). The meaning of “C” is that
with the addition of terms involving tr(... P?...), the RHS can be obtained from the LHS;
in other words, the RHS is the only independent gauge-invariant operator (or operator
combination) with all P,’s appearing in commutators which can contain the structure on

the LHS.
With three U insertions, still only a single diagram contributes:

= —ics2® I[¢|i;7 tr(Uij P*Ujk PuUs) - (4.4)

To derive the corresponding universal coefficient fi1; in the UOLEA, note that

TRt (U [P Ui [Py Ui)) D F13F te(Us PRU R PUg; + U PRPUR P Usj — Ugi PRU PLUS)
= (f{F ¢ G R (U PPU L PLUR)

ik ki jki
= f” + f - flz = 4I[q ]11321427 (45)

which can be solved simply by permuting the indices i — 7 — k and adding to the original
equation. We thus obtain fi; in terms of two master integrals,

= 2Tl + TR (4.6)

Finally, with four U insertions, there are two possible diagrams:

22
= —ics 7 Tl tr(P* Uy Uk PaUaUsi) (4.7a)

= —ics2’ I[q*]; 0 tr(P*Uij PuUj U Uy) - (4.7b)

They organize into two independent operator traces, which we have chosen to be

z]k:l tr(U . k[p# Ukl][P;u Uli}) + f”kl ( ij [Pu Ujk}Ukl[Pw U“])
5 ( z]kl + fljkl + fjkll) (P“UijUjkP UnUt;)
(f1 lz] n f]klz fJBkl kllj) tI‘(P‘LLUz]P U]kUklUlz) . (48)
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We therefore obtain the following two equations,
ikl ikl jkli kli jkli kL pkli
AT A =2 R A - A - AT = AT (49)

which are solved by

ijkl
7 = 2T’ + Zlalignd + Zleid’ ) - (4.10a)
ijkl
%= LT + 2o’ + 2ok + 2ol + Zlelier — Zle* ok
= ZlTi + LIl + Zla®ligi + Zla)iged - (4.10D)

We have dropped terms in fgkl that are antisymmetric under ij <+ kl, since the associated
operator trace is symmetric. We see that fi7 and fig together depend on only five master
integrals.

O(P*) terms (f3,9,12,13,14,15)- The four P insertions can be contracted among themselves
without U insertions:

24
= —icSZI[qﬂftr(P“P”PuPy) C —ics2Z[q")} tr([P*, PY][Pu, P,))

= f3=2Z¢"]}. (4.11)

Similarly, with one U insertion,

O = —ics2* I[¢")} tr (U P*PYP,P,) C —ic,8Z(q")} tr(Uy[P*, P"][P,, P.))

= fé=8TZ[¢"]?. (4.12)

= —ics2' I[q"]}} tr(P*PY P, P,U;;Ujs) (4.13a)

= —ics2' I[q"}7 tr(P* PV P,U;; P,Ujs) (4.13b)
. 24 4133

= iy Zlq";7 tr(P* P U PP, Uji) (4.13¢)
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24
= —ics o I[q"]3? tr(P*PYU; P, PUj;) - (4.13d)

These terms are contained in four independent operator traces, which we have chosen to be

Wt ([P [Py, U] [PV, [P, Ujil]) + fi} t0(Ui; U5 [P*, P[Py, P)))
+ iy tr([P*, Uy [PY, Uil [Py, B)]) + fib te((Ug [P, Uss] — [P*, UglUji) [PY, [Py, PJ]])
D (2f13 — fih — 4f) te(PHPYP,P,U5Us) + (2f1h + 4f1%) tr(P* PYP,U;; P, Uj;)
— [ te(P*P Uy P,P,Uj) + (415 + fi3) te(P*PYU; P, P,Uj;) . (4.14)

Solving the set of four equations,

2fth — fh —AfL =16 Z[¢"13 . 2f +afi] = 16 Z[¢"]%2,
— [ =8T¢ ., Afh+ £y =8I[¢", (4.15)

we obtain the four universal coefficients fi2,1314,15 in terms of just three master integrals:

fib = 4Z(¢"%, (4.16a)
= 4(Z[")B + 271g2 + 2704"3)) | (4.16b)
1= —8Zld"l}, (4.16¢)
1= 4(Zlg"F + Tlq"5).- (4.16d)

O(P®) terms (f56). Only pure gauge pieces are of interest here, since P% already has
operator dimension six. There are two diagrams contributing, which differ by Lorentz
contraction:

26
= —ics e Z1¢% tx(P*PY PPP,P,P,), (4.17a)

26
= —icSEI[QG]? tr(P*P"P°P,P,P,). (4.17b)

They follow from two independent operators, which are chosen as

fitr([P*, [Py, P [Py, [P*, PY]]) — fotx([Py, PY][P,, PP][P,, PM))

O fitr(P*PYPPP,P,P,) + (4f% — 3f¢) tr(P*P"P’P,P,P,). (4.18)
As a result, we have
.32 . .
P= T, AR 3= 32Tl (419)
which yield
; ;32
=167, fi= 3 T (420)
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Universal coefficient Operator Diagram(s)

=1 Uii Eq. (4.2a)
i = 2704} e, B (4.11)
Q=3I UiUsi Eq. (4.2b)
fi=16Z[¢" [P, G, [P, G Eq. (4.17)
fé = %I[qﬁ]? Gluy,iG/Vp,iG/pp,i
i = T2 [PH, Uj)[Py, Uji) Eq. (4.3)
ik
g =3I Uij U Ui Eq. (4.2¢)
fé=81Z[¢"? UaGH" G, ; Eq. (4.12)
= Ll UiiU Ui Uy Eq. (4.2d)
ik
1 =2(ZIP17 + ZIPlGR) | UiglP*, Ul[Pu, Ukl Eq. (4.4)
1y = 4Z[g" [P, [P, Uyl] [P, [Py, Ui
ij 4133
v,
220015 +270¢']5)) - Ea. (4.13)
31 = _81[q4]?j3 [PM’ Uij”Pya UJZ] Z/u,i
= (ZI"2 + Zq") (Ui [P*, Usi] — [P*, Ui)Uz) [P, G,
iéklm = %Izlylklnlﬁ UijUjk Ut Ui Ui Eq. (4.2¢)
ijkl _ 2 I[ 212112
_ )2
1 ( i Uij Uk [P*, U] [Py, Uy)
+ I[P + TPl )
ijkl ijkl E (4 7)
W = TR + T o
Z; 1221 l; 1212 Ui [P, Ujk|Un[ Py, Uni]
+ Ll )iji + Zla )i
e = Ll Ui Uk UiUpn Ui Uni Eq. (4.2f)

Table 5.  List of universal coefficients in terms of the master integrals defined in Eq. (3.23)
(Column 1). The UOLEA master formula for one-loop matching reported in [8] is reproduced
by adding up traces of the operators in Column 2 with the corresponding universal coefficients,
and multiplying the overall factor —ics; see Eq. (4.1). The covariant diagrams used to compute
each universal coefficient are listed in Column 3. See Appendix B for expressions of the universal
coefficients in terms of heavy particle masses.

We summarize the results of the four paragraphs above in Table 5. Complete agreement
is found between our explicit expressions of the universal coefficients in terms of heavy par-
ticle masses (listed in Appendix B) and those reported in [8], upon proper symmetrizations
allowed by symmetries of operator traces under exchanging particle labels (e.g. our gj F s
equal to & ( ;j Py fgki + fg ) in [8]). Note, however, that we have obtained the universal
coefficients in terms of much fewer master integrals, and many of their explicit expressions

are also simpler than those in [8].
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4.2 Integrating out a scalar triplet: the scalar sector

We next consider more specific examples where additional ingredients in Tables 2, 3 and 4
are involved in covariant diagrams. Our goal is to demonstrate the techniques, instead of
deriving complete universal master formulas. The latter task is left to future publications.

As a standard test case, a simple extension of the SM by a heavy electroweak scalar
triplet was used in several recent papers [11-13] to illustrate various functional approaches
to mixed heavy-light matching at work. The scalar sector of the model is given by

1 1 1
Lov D [Dudl® = m?|6 = Mel' + 5 (Du07)? — SM2R0" — 2Xg (270)?
+r¢I DT — n|p|> P D7 (4.21)
where ® is a heavy SU(2) triplet with zero hypercharge, and ¢ is the light SM Higgs
doublet with mass squared m? < 0. We shall focus on the following subset of dimension-six
effective operators? generated by integrating out ®,

1 1
Or = §(¢T<ﬁ>uq§)2, On = 5(8u|¢|2)2, Or = 61| D2 . (4.22)

where qSTﬁ“(ﬁ = ¢'(D,¢) — (D,¢")¢. Pure heavy contributions to the operator coefficients
can be easily obtained by applying the degenerate limit of the UOLEA, which is illustrated
in [4]. We will thus be interested in computing mixed heavy-light contributions. We first
reproduce, in the present subsection, the results in [11, 12| for terms independent of the SM
gauge couplings. Terms that depend on the SM gauge couplings, which involve treatment
of open covariant derivatives and were not obtained in [11, 12], will be computed in the
next subsection.
To begin with, we solve for ®.[¢] up to the order needed [counting x as O(M)],

K

02lo) = 1 r5070%0 -~ 20l (610%0) + D*(o10%0) | + O(M ), (4:23)

and extract the U matrix from the quadratic terms of Eq. (4.21),

@/b
1 N -
Loy, quaa. O =5 (@ T ¢T) (=P + M? + U@, 60, 00]) | ¢ | (4.24)
(]3/
where
M? = diag(M?25%°, m? m?), (4.25)
U U Ua (Ul
U - m (Unp)ixe| _ 6 (Ugp)ixe . (4.26)

(Urn)2x1 (UL)2x2 (qu;.)2><1 (Ug)2ax2

9We will not make any field or parameter redefinitions unless otherwise specified, so that the operator
coefficients are unambiguous.
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The internal index “b” (italicized) should not be confused with the subscript label “b” (for
background). The components of the U matrix, with ® set to ®.[¢], read

U = 21026 + Xo (DID 590 + 2 02®L) ~ O(¢?, ¢*, P2¢*,...), (4.27a)
—k ol + 2n ¢ O
Uhy = [TETOTHONN oy s P ), (4.27b)
¢ b b
Ko’y +2n¢ P
. = [2A917 e + 6 0T) — kLo + @O L 226!
¢ 22 ¢f (|62 Lz + 3 61) + 1 Blo? + 5 BIDL 1
~O(4% ¢, P?¢%, P¢*,...). (4.27¢)

Note that the two real components of the complex scalar ¢ should be written out separately
in the field multiplet. In practice, it is convenient to use ¢ and qg = io?¢*, since qB transforms
in the same way as ¢ under SU(2)r.

From Eq. (4.27) it is clear that to obtain mixed heavy-light contributions to the oper-
ators Or, O, Og in Eq. (4.22), all of which contain four ¢’s and two covariant derivatives,
we need to compute one-loop covariant diagrams that are proportional to

UntUri, UntUrUrh, P2UnrUrn, P*UntUraUn, P*UniULULh, P*(UnULn)?.
(4.28)
Using the rules in Tables 1 and 2, we have (with M; = M in the master integrals from here
on)

= —iCSIilol tr(UHLULH), (4.29&)

= —Z'CSIZ»102 tr(UHLULULH), (4.29b)

= —icg 221—[(]2]?02 tr(PuUHLPMULH) C —icg ZI[QZ]?OZ tr([P”, UHL][P;UULH]) ,

(4.29¢)
—e
= —ics2*{ZT[¢*]jg tr (P U U P*Upr)
+Z[¢*)3 tr(PPUR Uy PuULy + P*Un P UL Un) }
C —ics{AZ[g*)3 tr([P*, UnL)[Pu, ULu)Un)
+2(Zl¢lig + Za*%) tr ([P, Un U] [Pu, Unl) } (4.29d)
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,-..\\ . O’,-..\\
. 1 . 1 .
R lb\_./o
./ b . o

\\_. \\_.
= —ics 22{Z[¢°]}g tr(P, UL U P*UL)

+I[¢*)5 tr(PPULU L P Up + PPULw PUnLUL) }
(@ —iCs{4I[q2]?g’ tr([P“, ULH][P;“ UHL}UL)

+2 (Z[¢*)io + Z(g°)) tr([P*, ULuUnL)[Py, UL)) },

- o /o'-x -e
\ .. .. \

..... + ‘\,+ : + \ :
_ oo’ _o Lol 7

. 1 1
= —iCg 22{§Z[q2};102 tl"(P”UHLULHPMUHLULH) + §I[q2]%1 tr(P“ULHUHLPuULHUHL)

(4.29)

+ I3 tr (PP UL P UL uUn ULy + P“ULHPuUHLULHUHL)}

C —ics{ Z[¢%)5 +AZIg’)%) tr([P*, UnL) [Py, ULe)Un UL )
+2Z[l5 +AZIg°)) tr ([P, ULul [P, UnL]ULuUn L)
+HZle)id + Zle*N + 221
tr ([P*, U ) Ut [Pas U )Upir + Ui [P Upi)Unn [P Unitl) ). (4.206)

Note that diagrams with m? insertions are of higher order and therefore not considered.
The results in the equations above are summarized in Table 6, where explicit expressions
for the coefficients and operators are also worked out. Summing up all terms in the table,
we obtain (with ¢s = 3 and p set to M)

1 3k2 1 k2 K2
1-loop L O 2 e e
Lerr 9] 2 1672 2M2’D“¢| + 1672 M4[(2M2 877+3A>OT
9k2 21k2
AT P | ) (———21 P ) } 4
+(=5373 — 61+ 10A) On + (=535 — 210 +252) Og (4.30)

in agreement with [9, 11, 12] 0.

Two comments are in order:

e The calculation above parallels that in [12]|. In particular, it is the same calculation in
the “Operator” column of Table 6 that is done in [12]; the coefficients part, however,
follows from a more straightforward computation here than in [12].

e While the calculation in this subsection was done in the context of the scalar triplet
model, most of the results obtained are universal. In fact, the only model-dependent
part is the expression after each “—” in the “Operator” column of Table 6. In this

There is an additional contribution to Lprc?[#] from LEES[#] O %(OT + 20Rr) — (1 —
wﬁ%)&—i((’)T + 20R) if one rescales the SM Higgs field ¢ — (1 — ﬁ%)(ﬁ to render its kinetic
term canonically normalized.
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Coefficient Operator
2 tr(Ug U

—ics i) = Tooo (1 — log %) ( I:EL LH) o
— UyeUgp O — 3722 (Or + 20R)
tr(UgULU,

e, IR = 1o ke (1 log 1) ( el L) y
— UjeUpUdg D 37 (Or + 20R)
tr([P*, Un L) [Py, ULnl)

—ics 2Z[q%) 3 = &= (_L) S pr UT“][P e ]

S q" 150 1672 2M?2 U s Ul

SKQU

D *6H2|D#¢|2 + 2 (OH + OR)

—iCs 41[(12]?3 =

Cs 1
1672 2M*

tI‘([P“7 UHLHPW ULH]UH)
[P, USG) [Py Ubg)U* © —126200p

1

—ics 2 (Zl®lis + Ze®Ii5) =

Cs 1
1672 3M*

tr([P*,UnLULn][Py, Un))
= [P, U5 UL [P, U] © —24K*00p

—ics 4 (%) =

cs 1 (5 M2
1672 M4( 5 +log 2 )

tr([P*, Uru)[Py, Unr]UL)
=[PP, US4 [P, UlS U,
5 22 [(£5 — 20)Or — 2504
+(4£5 — 100 Og]

—ics 2 (Z[¢°llg + Z1¢*)3%) =

oz (—2a7)

tr([P*, UruUpL][Py, UL))
— [P, UgeUlG] [Py, Uy)
> 4r2[(— 45 4+ 2)0)Or

—10)\0H - %OR]

tr([P*, Un L] [Py, ULalUnULn)

- 2124 2133y _ o 1
—ics(2Z[q%]iy +4Z[q%]) = 16m2 MO N [PH’U;%][RMU(ZIZ@]U(’;?PU;@ S —12x*0R
tr([P*, Uru)[Py, Unr)ULaUnr)
—ics(2T[q°1E + AT[)R) = 12 5 (8 —log 22) | — [P#, ULg)[Py, Ula UL, U,
D =2k Oy + 40R)
tr([P*, UnL)ULi [Py, Un)ULl
+Un[P*,UrulUnL[Pu, ULn))
—ics(Z[¢°id + Z1a®% + 2Z(0°10) = 1657 wars — [P UG UL [P, UL U

+qug> [PH’ qu,]U(ll;, [P,ua quJ
D 4/14(—50}1 + 403)

Table 6.

Summary of the results in Eq. (4.29) for mixed heavy-light contributions to one-loop

matching for the scalar triplet model. The SM gauge coupling-independent terms for the three
operators Or, O, Og in Eq. (4.22) are computed (in the MS scheme).

respect, Eq. (4.29) constitutes part of the derivation of a master formula for mixed

heavy-light matching (with degenerate heavy particle masses), which we plan to com-

plete in future work.
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4.3 Integrating out a scalar triplet: the gauge sector

Now we move on to the gauge sector of the scalar triplet model. To account for mixed heavy-
light contributions to one-loop matching that involve SM gauge interactions, we need to
extend the field multiplet to include the electroweak gauge bosons. The relevant quadratic
pieces of the UV theory Lagrangian then read

@/b
1 ¢
LUV, quad. D —§(<I>’“ ¢TI We B (-PP+M?*+ U+ P,ZF+ZP,) | & |, (4.31)
1b
W
/
By

where the arguments [®y, ¢y, czNSb, Wy, Byp) of the U and Z matrices have been dropped for
simplicity, and

M? = diag(M?,m?,m?,0,0), (4.32)
Ug (Ulghe  Ugty 0
U - Un  (Unp)ixa| | Uhg)axi (Ug)axa (U§€V)2x1 (UfB)zm (4.33)
(Urm)ax1 (UL)axa U (U;?;)lw v ugd |

« ba «
0 (Ulghxe Uy U

0 Oia Zhp’ 0
b
o [ Zh o i) _ [0z 0o (Z5)2a (Zig)oa | (43)
(ZfH)4x1 (Zf)4x4 0 Oixo 0 0
0 Oix2 0 0

Note that W and B vector bosons are massless in the SU(2)y x U(1)y symmetric phase
and, as discussed in Section 3.2, there is no need to retain their masses in the calculation
as IR regulators. Also, Lorentz indices «, 8 of the vector bosons are treated on the same
footing as internal indices. With ® set to ®.[¢], the relevant components of the U and Z
matrices are, in addition to those in Eq. (4.27),

Zgl(/llgﬁ = gﬂﬁigeadbq)g ~ O(g¢27 gP2¢27 g¢47 s ) ’ U<I>W = [Ppn ZgW] ) (4358‘)

b
g [o’o
Zhy = 9" ) O Uaw =[Py Zhl, (4.35b)
Z“ﬁz—uﬂil ¢ ~ O(q Usg = [P, 7" 4.35
B g 9 Q; (9 ¢)a oB [ s ¢B}‘ ( . C)
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We are interested in terms in Egllﬁl?p from mixed heavy-light matching that are O(g?P?¢*)

or O(g”?P%¢*) !, which can come from, schematically,
ZowZhyw C ZurZl,  P*ZewZby © P2ZunZl,;,
P ZewUby +he. € PZypUpy +he., UswUlby CUnpUpm;  (4.36a)
Z@WZ;WU¢<1> + h.c. C ZHLZ;[JULH + h.c.,
P2U} 4 Zyw Zhyy + . € PPUpp 212}, +he.,
PZ¢WU;WU¢¢ +h.c. CPZyUUryg + h.c.,
PUsZswUly +he. € PUpLZULy +hc.,
U<I>WU;WU¢><I> +h.c. CUxgULUrLH; (4.36b)
P Zsy 23, Use C PPUnLZ0 2} ULh,
PU;¢Z¢VU;VU¢<D +hec. CPUZ;ULUrg + hec.,
U;¢U¢VU;VU¢<I> C UnrUtULH, (4.36¢)

where V' = W, B. Note that the vector boson block of the U matrix (not explicitly written
out above) does not contribute, since each of Uy w g sw g already contains two powers of
SM gauge couplings, and additional insertions of U or Z, which are necessary in order to
have at least one heavy propagator in the loop, will bring in more powers of g or ¢'.

In Eq. (4.36), we have organized the operator structures by the total number of Z and
U insertions, which makes the enumeration straightforward. To proceed, however, it is
more convenient to group the terms in Eq. (4.36) by the powers of P and Z(). We will do
so in the following paragraphs, and compute each group in turn using the rules in Tables 1,
2, and 3. We will derive universal results before working out explicit forms of effective
operators for the scalar triplet model.

O(PZ%) terms. Two of the three terms are readily available from the first two rows of
Table 6,

M? 1
(1 ~log 7) {tr(UHLULH) +-5 tr(UHLULULH)}. (4.37)

Cs

1672

1-loop
Lgpr 2
The remaining term in this group easily follows from a single diagram,

N
\ . Cs M2\ 1
(\[Q /9 = —ics Tjg tr(Un Ui ULn) = = (1 —log ?)mtr(UHLUgULH)- (4.38)
AN
0/

O(P°Z?) terms. Both terms in this group are also straightforward to compute, with the
Z" and Z contracted so that no P,’s are picked up from vertex insertions:

\

..... . 2711 wo ot cs (3 1 M? 2 wo oot
U = —icsI[q ] tr(ZHLZHL,u) = W(g 1 log ?>M tr(ZHLZHL,u)?

HHijgher powers of ¢ or ¢’ are not possible at one loop, which can be easily seen by % dimension counting.
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(4.39a)

/.:—\\\
] .
‘\U.;j +he = —ics I[¢%]38 tr(Z}‘ILZzuULH) +he.
cs (3 1 M? P
~ 1672 (§ 4 log F) tr(Zy, 2y, ULn +hee.). (4.39b)

O(P'Z') terms. More diagrams contribute in this case, since the covariant derivative
can either come from an uncontracted Z(t) insertion, or be directly inserted. In the latter
case, the P and Z() insertions should be contracted. The four terms in this group are
calculated as follows:

\\ // \\ ’// \\ .//

= —ic.{(Z}) — 2Z[¢"1}) tr(Pu 2ty ULr) — 2Z(q°)i5 tr(Z4; , PuULm) } + hec.
c 3 1 M?
B 167Sr2 (Z 2 log - 5 112 ) (PuZiy ULt — Zy  PuUrn) + hec.
cs (3 1 ]\42
= T6r (Z 21872 ) Zy1)Urs +hec), (4.40a)
/ U p) P
! / E / E }
‘\ O’_} + ]‘ . / + l‘ - + ‘ ooooo + h C
o__- O._-7 o_-» 0._-’

= —ic{(Zi¢ — 2Z[¢°]3) tr(Pu 2% ULULm)
—2Z[¢*) 13 tx( 2, PLULULy + Zh UL P Ury) ) + hc.

cs 1 /3 1. M?
- iz e )
1672 M2\4 2 2
tI‘(QP Z’uLULULH - Zl'lfILP ULULH — Z[@LULP/;ULH) + h.c.
cs 1 /3 M2 "
- 167T2W< 71 o8 7 tr([Py, 2 JULULs — 28, Up[Py, U] + hc),  (4.40D)
\ \ \\ \\
P+ Cl + 0+ @ 0 +he
R4 , , )
= —’LCS tl“ UHLP ZMULH — QI 10 tr(UHLZ P ULH)

_21[ ]io tr(UHLZgULHPM )} +he.
2

cs 1 g1 1. M? 3 1. M
- 167Sr2 W{ (Z ) log ?) tr(UnrPuZiULn) + (_Z t3 log ?) tr(Upr.ZY P.ULw)

1
+§ tr(UHLZgULHPH) + h.C.}
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_ Cs 1{
1672 M2

(-3
O/Gl,‘-lJr(O D+(OD

M? " 1 "
— Zlog ?) e (Uni [P Z)Usin) + 5 ([P Unni) Z£Unir) + h.c.},

(4.40c)
(o . J/O .
+ - l/:' + l/:l +h.c.
\.O,
= —ics{(IZ-O - 2I[q ]Z-O)tr(UHLPMZ}jULULH)
2Z1¢Hi tr(Upr 24 P UL ULy + Un, ZY UL P ULp)
2Z[q*)% e (Unr Z4UrULu Py) } + hec.
cs 1 1 M?
. —) P.Z"
1672 M4 { (4 plog g ) wlUnL BuZ UrULn)
3.1, M2 " "
+<_Z +5log ?> o (Up 28 PUL ULy + U, ZEUL PULy)
5 M?
+<Z 51 ) tr(Unn ZLULULn Py) + hee. |
cs 1 3 M2
= = W{ (Z — 5 log ?) tT(UHL[PM Zg]ULULH — UHLZELUL[PN, ULH])
1
+§ tr([PM,UHL]ZgULULH) —i—h.C.}. (4.40d)

O(P%*Z?%) terms.

The number of diagrams increases further, but the calculation is still

quite manageable even if done by hand. Since the procedure should be clear by now, we

refrain from enumerating all the diagrams for the three terms in this group, but simply

report the final results:

P
N
/ \

U + (24 6) more

Cs {(5 1 M?

lOg ?> tr([P“, Z;ILHP,l“ ZIT-ILZ/])

1672 \\72 12
1 1. M?
+<—T8 +3log F) v([Pus Ziy )P, Z11))
11, M? 1 1. M?
f t
+<E — < log ?) (28, 21 [P P)) + (—% + = log F> tr(Zfy [P, A1) |
(4.41a)
//
\ +h.c. + (6 + 15) more
o
e 1
1672 M?2

5 1. M2 1
{(_7 + 7log )tr(UHL[P“7 [PuaZ[V/]]Z}L-ILu) —ctr

72

5 (P! Unt) 25 (P 2y, )
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7 1. M? v 1 v
+(=5 + < log F) tr(UnzlB Z)Po. 2f1)) + 5 e (Uil Po, Z2) [P Z7)

9 3
5 1. M? 1
+<% - ¢ log ?) (1P, UntPa Z01207;) = 5 (1P Uni) Z41Py, Z1,))
L 17 1. M2
_E tr(UHngzgjL[PmPu]) + (—% + 6 log ?> tr(UHLZZ[Py, PV]Z}L;L)
11 1 M?
+<% - 6 log ?) tr(UHL[P,u,Pu]ZgZ;IVL) + h.C.}, (4.41b)
(Q\
\
B + (4+17) more
‘s
|

c L i - L W)
16r2 MA\\72 12 B2

tr(UHL[P“, ZY [P Z} Ui + ((P*, Ui ) [P, 202} UL + h.c.))

6
17 1. M? -
+(_ﬂ + 1 log ?> tr([P'u’ UHL]ZLZLV[P/“ ULH])
11 1, M? v v
(35 + o8 ) (ULl P ZE)Pe, 211U + Unn [P Z4) Py 2 WUi)
1m 1. M? tv
+(T - § log ?) tr([PIM UHLHPIH Zg]ZL Upn + hC)
17 1. M? v
+<—% + 5 log ?) tr([Py, U] [Py, )2} Unpr + hic.)
1 ” v
—gtr(UHL[PH,Z*L‘]Z} [P, Upg] +hc.) — = te([Py, Un )24 21 [P, Upn])
1

1 v v
~I—Etr(UHLZ‘LLZ£ Uru(Py, P)]) — étr(UHLZ‘LLZz [P, P ULy + h.c.)}. (4.41c)

In the equations above, we have shown, for each term, the one diagram with zero P inser-
tions, and the number of diagrams with one and two P insertions (e.g. 2 and 6, respectively,
for the P2Z HLZ}{ ; term). The counting excludes hermitian conjugation and adjacent P,
contractions. Following the rules in Section 3.5, the reader should be able to easily draw all
the diagrams, and fill in the intermediate steps (which are straightforward though perhaps
a bit lengthy) that lead to the final results in Eq. (4.41).

All results presented in the four paragraphs above, namely Fqs. (4.37), (4.38), (4.39),
(4.40) and (4.41), are universal and model-independent. Now we focus on the scalar triplet
model, and work out the traces involved in these equations that yield the three effective
operators in Eq. (4.22):

tr(UnrUrn), tr([Py, 2% 1ULy) and hc., —tr([P,, Z4% [Py, Z1t;))

4K
- —QaﬁUg%ngfﬁ - —WQQ(OT +20R); (4.42a)
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tI‘(UHLULULH>, tr([PM, ZI}L[L]ULULH + h.C.),
tr(Up [Py, Z8Upi + h.c.), —tr(Ugp[Py, Z4][Py, Z1,] + hec.)

4K?
— —gasUSH U Uy + hc. D mg?(OT +20R); (4.42b)

tr(Un,UiUrn), tv(UnrL[Py, Z8ULULy) and h.c., —tr(UgL[Py, 24 [P,,,Z}“]ULH)
a o b a arra a
— —gas (U UL UL Uly + UlgUspU I Usy)
2

K
> 5 [6°(Or = 40R) + 4*(On — 205)] ; (4.42¢)
(25,201,
€\ 322
— —gap 2l 20, > = (1= 3) S5 6%(Or +208): (4.42d)

tr(ZI’fILZz#ULH +h.c.)
€\ 32x%
1 Z> 9’ (Or +20p); (4.42¢)
tr(Z4, UL [Py, Upp) + ), —te([P,, Unr)[Pa, 2121, + hec.)
aboy a 4K?
— —gas Zhi Ul [P Ugy] + hoc. D ~4729°(Or = O + O); (4.42f)

— *gaﬁzg%’o‘ZL%HU;@ +hec. D (

tr([Py, U] 25Uy +h.c.), —tr([P,, Unr] 24P, Z1,] + h.c.)
a bayrtba 4’%2
= ~9as P Ufg) 24 Ugiy) +hc. O £ 56%(Or +208) (4.42g)
tr(Upr Z4UL[Py, Ury] + hec.), —tr([P,, Unrl[P., 2821 Uy + hec)
a barrtb, a a a a
— —9as (U6 ZL Ul [P, Use) + Ule ZL g UL P, Uss)) + hec.
D 4k*¢*(Or — Oy + OR); (4.42h)
tr([Py, U] Z8ULUpy + h.c.), —tr(Ugp[Py, 24121 [Py, Upy] + h.c.)
a barrth a a a a
— _gaﬁ([P/u U(;@]Zgw U;MB/U@D + [PM’ U;Q]Zf;B UlﬂBUdﬂb) +h.c.
> —#2[g*(50r +40R) + ¢"*(On — 20p)] ; (4.42i)

tr([P*, Z5) [Pus Z)y1,,)

 —gualP*, Zighe )P 20500 5 (1 ) g2 0r + 208 (4.42))
tr(Ugy [P*, [Py, Z¥]] 2L, + hec.)

s —gas UL [P (P Z1) 28, + e 5 (1= ) % 2004+ 0n): (a2
tr([P*, Un )2y [Py, Z1;, ) + hc.)

— —gasl P USe ) Z50 Py, ZE5 ] + hie. D — (1 - i) 1]\3’/”2292(@ +20R);  (4.421)

tr(Upp[Py, Z4)[Pa, ZI¥, ] + hoc.)
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o Uba o 4K?
— —gasUlg[P*, Z55 1P, 2557, + hie. O —WgQ(OT +20R); (4.42m)
tr(Unr[P*, Z{][Pu, Z},)ULH)
a v ba b a a va a
= ~Yap (U];q)[P“, Zgi ) [P, ZMV]U@ + U;E@[P“a ZgB[Pu, Z;%V]U@)
5 - (1 - i)zf& [6*(Or — 40g) + (O — 205)] ; (4.42n)

tr ([P, Un [P Z5) 28 Upi + huc.)
a vba b a a Vo a
— —gap ([P", U1 [P, Z55 23 Uss + [P US| [P, 2581215, Uss) + hic.
D — (1 - i) 16k%g*(Or — Oy + OR); (4.420)

tr(Ug [P, Z¥)Z} [Py, U] + h.c.)
a v ba b a a va a
— —gas (U [P, Z4501 2100 [Py, U] + Ul [P*, Z581Z1% [P, Uls)) + hic.
D (1 — £>4/<;2 [gQ(E)OT +40R) + ¢?(Oy — QOR)} ; (4.42p)

tr([P*, Unt) ZY 2}, |Pu, Urs))
a v ba b a a 17Ke% a
— —gap ([P*, US| Z5 Z300 [P, Use) + [P US| Z58 Z1 [Py Uls))
€
5= (1= 5)262[¢%(Or — 40p) + ¢*(On — 20p)) (4.42q)

tr(Un [P, Z¥] [Py, Z11ULk)
a bo vb a a o v a
— —YaB (U;q) [Pllv Zgw ][Pﬂa Z(;WB]U@P + U;r&cb [P,/, ZgB][PMa Z(;BB]U@IJ)
2

2 —% [9(Or — 40R) + g*(O — 208)] ; (4.42r)

tr ([P, Un L) [Py, 28121 Uy + hoc)
a ba vb a a o v a
— —gas ([Pas UGl [Py, ZU 2307 Ul + [P, UGN 1Py, Z40) 281 Uly) + hec,
D —4k%2g%(Or — Oy + OR) ; (4.42s)
tr([P, Unr) 24 Z1 P, Upy))

a ba v b a a o 7tv a
— —9as([Pu, Ulg 2832 235 (P, Ugy) + (P, Ulgl 255 205 (P, Uly))
2
K
>~ [¢%(Or —40g) + ¢"*(On — 20p)] . (4.42t)

2
Note that Lorentz indices of the gauge boson fields «, 8 should be contracted with —g,g3, as
discussed in Section 3.1. Also, O(e) terms from gaﬁgaﬁ =d = 4 — € must be kept in cases
where the master integrals have % poles. The latter were not written out explicitly above,
but can be easily recovered by

M? 2 M?
[ € [

Adding up all terms in Eqs. (4.37), (4.38), (4.39), (4.40) and (4.41) with the replacement
Eq. (4.43), plugging in Eq. (4.42), and finally dropping % poles, we obtain the final result
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(with ¢ = % and p set to M in the MS scheme),

1 5k2
1672 8 M4

Lepr’g] D (9 Or + g O — (497 + 29”) OR ] . (4.44)

This agrees with the result in [9] obtained by Feynman diagram calculations.

4.4 Integrating out a vectorlike fermion: pure gauge operators

Our final two examples demonstrate treatment of fermions in our covariant diagram ap-
proach. In the present subsection, we consider a simple but quite general setup of a vector-
like fermion of mass M charged under some gauge symmetry. We will compute pure gauge
effective operators up to dimension six which are generated by integrating out the heavy
vectorlike fermion, independent of possible presence of light matter fields. The results are
familiar in various contexts, including integrating out a heavy quark flavor in QCD, and
integrating out a heavy vectorlike fermion that may arise in many beyond-SM scenarios.
We also note that the same results are obtained in [4] following the alternative approach to
integrating out heavy fermions discussed at the beginning of Section 3.4.

O(P*) terms. We first consider diagrams with four (fermionic) P insertions. Five dia-
grams can be drawn which differ by whether and how the heavy fermionic propagators are
contracted with each other. One of them can be dropped where fermionic propagators sep-
arated by two P insertions are contracted (while the loop integral Z[¢?]} is finite), because
it only gives rise to tr(... P2...). The remaining four diagrams are, by the rules in Table 4,

OO

= —ics 4M4I4tr )+ M2 I[P tr (v Py P

+ Il ( tr(y O‘P'yaP'yBP'wPH tr( “PVBP%PWJP))} (4.45)

Evaluation of the gamma matrix traces is standard and straightforward,

tr(P*) = tr(y*v* "4 )tr(P, P, P,P,) D —Atr(P*P'P,P,) (4.46a)
tr(Y* Pyal’) = —2tr(PY) + O(e) D 8tx(P*PYP,P,) + O(e), (4.46b)
tr(Y* Pya Py’ Pysl) = 4(1 — €) tr(P) > —16(1 — ) tr(P*P'P,P,) (4.46¢)
tr(Y* Py PralPrsl) = tr(v* V477 1a" 577 ) tr(Pu P, Py Py )

= {—-2tr(v"v? 1"y 7577) + etr (7P 7 v y57°) }tr (P, P, P, Py)

= {=8¢g"" tr(v'77) + 2etr(y/y*7"y7) + 4e g tr(y*y7) }tr(Pu P, P, Py)
= {86 g 9P — (32 — 8¢€)g"Pg" + 8e g’“’g”p}tr(PMPprPg)
5 —32 (1 - i)tr(P“P”PMPV) , (4.46d)
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where terms involving tr(... P?...) have been dropped. Note that O(e) terms must be
kept for the last two traces, since they are multiplied by Z[¢*]?}

; which contains a % pole.
Plugging Eq. (4.46) into (4.45), we have

LR D —ie{—M* T} + 8M2 Z[g*]} + (16 + 10¢) Z[¢"]} tr(P*PY P, P,)

cs 2. M? y 1 M y
= @glog?tr(P“P pP,P,)) C ~Tom 23log—tr([P PY][P,, P,)])
11 M, g2 M2
N (el — _ ~ apv a
16773108 7 u(G"GL) 167T2T(R)( Flog 7 )( 4G GW,) ,(4.47)

where T'(R) is the Dynkin index for the representation R of the heavy vectorlike fermion, de-
fined by tr(taRtll’%) = T(R)6 with t% being the generators in representation R; for example,
T(R) = § and N for the fundamental and adjoint representations of SU(N), respectively.
Also, recall ¢, = —1 for Dirac fermions %, and Gl = =[Py, P)] = —igGu, = —igG, 1.

One can rescale the gauge fields to canonically normalize the kinetic terms while keep-
ing gG,, unchanged. The result is the familiar one-loop matching formula for the gauge
coupling across a heavy vectorlike fermion mass threshold (see e.g. [22]),

g (1) 9 M? ) (4.48)

o =1 16T (5108

O(P%) terms. Diagrams with six P insertions can be computed similarly. We enumerate
them in the following, using 70‘7“7 = —2~* to simplify the operator trace. Again, diagrams
only giving rise to tr(... P2...) are dropped.

QQQ..

= —ch 6M6 I6 q i —|— - + z ‘|‘ 3 [q6]?} tr(P6) )
(4.49a)
— e - 1+ (25 T8} trlr P ), (4.49b)

= —ic,{M°T (=2)Z[g*)¢} tr(7° PY° PraPrysP’) . (4.49¢)

12Unlike in Eq. (3.20), here Lyv, quad. can be written with prefactor —1, with only the vectorlike fermion

field in the field multiplet of interest, and it is not necessary to represent this single Dirac fermion field by
two fields as mentioned below Eq. (3.20). Of course the latter is OK to do, in which case the two fields
would effectively have ¢, = —1 each and contribute equally to L:]la’éOTOp, leading to the same final result as

2
Eq. (4.47).
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. = —ics M2 Z[g")S tr (v PP Pra PP ), (4.49d)
' = —ics 2M2 [q11 tr (v PP PP o PrsP?) (4.49)
. = —ics%I[(f]?tr(v“Pvﬁi"y‘sP'yaPyaP’mP), (4.491)
. = —icséI[QG]?tr(’y“PvﬁP’yéP'yanPwP)- (4.49g)

All loop integrals appearing in the equations above are finite, so O(¢) terms can always be
dropped when evaluating the traces:

tr(P°) > —4tr(P*PYP’P,P,P,) + 12tx(P* P’ P’P,P,P,) (4.50a)
tr(y* P40 P*) > —8tr(P* P PP P,P,P,) + 8 tr(P* P’ P’P,P,P,), (4.50b)
tr(v* Py’ PraPysl’) O 32tr(P*PYPPP,P,P,), (4.50¢)
tr(Y* Py Pya P’ v5P?) O 16 tr(P* P PP P, P, P,) — 16 tr(P* PP’ P,P,P,) (4.50d)
tr(Y* PyP PP yoPysP?) D —16tr(P*PY PP P, P,P,) + 48 tr(P*P"P?P,P,P,),  (4.50¢)
tr (v Py Py PraPys PysP) D —32tx(P*PYPPP,P,P,) — 96 tr(P*P* PPP,P,P,) ,
(4.50f)
tr(’yaPPy’BP’yanyaP’mP%P) > —128tr(P*P"P?P,P,P,), (4.50g)

where terms involving tr(... P2?...) have been dropped as before. Plugging Eq. (4.50) into
(4.49), we can organize the two operator traces into two independent dimension-six pure
gauge operators,

2 128
Lig? > —ie{—SMOI? + AMO T[S — <= T[o°) } te(PFPY PP PP, P))

—icS{ZMGZf — 20M* Z[¢*) + 96 M2 T[¢Y]S — 128 I[qﬁ]g} tr(P"P"P*P,P,P,)

c 1 1 3
= S R PII‘PVPPP PP — PHPI/PpP PPV }
1672 M2{ 15 o)+ & tr( . P,D,)
Cs 1 2 / 1ov 1 y . ,
- 16W2W{Btr([P GlullPp, G™]) = 35 tr(G",G",G",) |
1 1 g
= — I T(R)(1604¢ — 40 .
1671-2 M2 60 ( )( 2G 3g), ( )
where
Doy = _1 DFG® )2 Oapr = gfachau av Ger (4 52)
26 = —5(DMGL)",  Osa = Neeon |
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4.5 Integrating out a charged scalar singlet: penguin operators

We finally consider an example for one-loop matching involving mixed statistics. The UV
theory is the SM extended by a heavy SU(2), singlet scalar h with hypercharge —1, which
couples to the SM Higgs and lepton doublets ¢ and [. The Lagrangian reads

Luv = Ly + | Duh|? = M?|nf2 = alh|* = Bl62[h? + 1f1Th + Blifl, (4.53)

where [ = i021¢, with charge conjugation defined as I° = —iv2l*. fis a 3 x 3 antisymmetric
matrix in generation space; e.g. Lfl is short for I, fupl, with generation indices a, b summed
over. One-loop matching of this model onto the SMEFT is discussed in [9, 23], with mixed
heavy-light contributions obtained by computing Feynman diagrams. Here, we focus on a
subset of dimension-6 operators generated in this model — the penguin operators — as an
example to demonstrate the use of covariant diagrams involving heavy bosonic and light
fermionic loop propagators.

We shall continue to use the four-component notation, treating [ as a Dirac fermion
field whose right-handed component should be set to zero in the end — this is legitimate
since the unphysical component g cannot appear only in the loop. The quadratic terms in

Lyv needed for our calculation read

h/
1 = —P24+ M2+U U R’
ﬁUV,quadD_i(h/T W l’) ( n2x2  (Uni)2xz |
(Uin)2x2 (=P + U))a2x2 l
l~/
(4.54)
where
U 2a(|he|? + hehl) + Bl9)? 20chehT
h:
20 hi 2a(|hel? + hERT) + BloI?
0 —2fth, —2f1 0 2lf 0
= t f s Uy, = f s U = f _ . (4.55)
—2hnlf 0O 0 —2fl 0 —20ff

The light fields ¢, I, [ are understood as background fields ¢y, I, . Parametrically,
helg, 1] ~ O(f %) at leading order, whose explicit form will not be relevant for our calcula-
tion. The separations of the complex scalar h into (h, h*) (with h* = k' for a scalar singlet)
and the Dirac fermion [ into (I, lN) are necessary due to the presence of off-diagonal terms
in Uy, and U;. As a result, each bosonic (fermionic) field in the field multiplet of Eq. (4.54)
effectively has c¢; = % (cs = —%) This is similar to the separation of the SM Higgs field ¢
into (¢, ¢) in the scalar triplet example in Sections 4.2 and 4.3.

The penguin operators we wish to compute are ~ O(P312). At one-loop level, they can
only arise from covariant diagrams with one Uy, one Up, and three P insertions. There
are nine such diagrams, two of which are hermitian conjugates of each other. They can

be easily enumerated by distributing three P insertions on the A and [ propagators and
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contracting the bosonic P insertions and fermionic light propagators (which, unlike the

fermionic heavy propagators, cannot be left uncontracted). We will always start reading

a covariant diagram from a bosonic propagator, and thus c; = % Dropping tr(...P2...)

terms as before, we have

o @

. v c 11 .
—ics(—2%) ZgY5g tr(Uny Ui P P,P,) = 16;2W§tr(th“Uth P,P,),

(4.56a)

—ics(—2%) Z[q")33 tr(Upy~yPy” P,Uin PP,

cs 1 1
Tox2 272 12 " (Un" Y BUn )

Cg 1 1 v
ey« )

1
+ 45 (U0 + 50" ) P,Un [y, ) } (4.56b)

—ics(—22)I[q4];?02 tr(Uhl’yM’yp’YVPpUthVPu)

c 1 1
162 72 13 BU YV BUin P By)

c 1 1
_s Un~HPYU
1672 2\42{12 tr (Unry (Pl + P Py))

1
45 (I Un(0"y” + 40" ) P,Un [P, Py) } (4.56¢)

—ics(—2) Z[g*)3 tr(Uniy ™ v vy Yo Pu P Uin Pp)

c 1 1 V
16;2 2 (_6> tr(Uniy" 4" Py P, U Py)

cs 1 1
162 W{_é tr (Uny" (PP + Py Pu)UinP")

1 . v v
+ﬂ tr(z Upi(c?~P 4+ ~Pat )[PM,P,,]Uthp)}, (4.56d)
/.' :'."\

—ics(—2) Z[g"E tr (Uny* vy v PPy Uin Py + Uniy? "y Yo Py Py Ui Py)
cs 1 1
1672 M2 <—6> tf(Uhl’Y“’YV’YpPuPuUthp + Uhl’Yp’Yu'YVPuPuUthp)
cs 1 1
—
T6m2 a2 12 1

i Uni(0™ 4 + 7°0"") [Py PJU ), (4.56¢)
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/.‘ ~
1= —ics(—1) Z[g"]} tr(Uny* v Y0 v* P15 Pu Py P Ui
= —ics(—4 + 4€) Z[g")ig tr(Upny*~"~P P, P, PyUsy,)

1 1 M?
- & ( +flogﬁ) tr(Uny*y"+? Py P, P,Usp)

1672\36 ' 6
> <_1_110gM2)tr(iUhl(0W7p[P P)| Py +~P0"" Py Py, P.))Utn)
1672\ 144 24 0% 72 S S
(4.56f)
“ff.\q
leveenn. 1 = —ics(—1) Z[g* )i tr(Uny v+ 157" va Pu Py PyUss)

= —icg I[qﬂ}é (=4 + 2¢) tr(Upy*y" v PP, P,Up,)

+2e tr(Upv* 7" * Py Py PyU) }
2

cs 1 5 1. M .
= 16;2 WK—% +glos 7) tr(Uniy* "y Pyl PyUn)

1
+5 tr(th’Y“vy’YpPquPpUlh)}
2

s 1 (/5 1. M
> il (5 - e e

11 M? , 5 ,
+<—m + 57 log ?) tr(i Ut ([P, P,|P, + 17" Pp[PM,Py])Ulh)},

(4.56g)
lee® 00, _ . 4114 o pu By p
= —ics(=1) Z[g io tr(Univ* 77" 107 18 Bu P BpUtn)

> —z‘csz[q‘*]}g*{s tr(Upy" PY P, P, U,)

€ .
5 (U3 Py, PP, + 970" Byl Py P))Uin) }

1672 M2 \18 3

1 ) v v
o tr(z Uni(o" ’YP[P/M PV]Pp +7Pot Pp[P,u, PuDUlh)}» (4.56h)

where o = L[y, 4”]. The O(e) terms coming from gamma matrix algebra must be

1 (/11 1. M2
- & {(7 — 5 log T) tr(Uny" PY Py P, Usp)
W

kept when computing the last three diagrams, which involve the divergent master integral

414 1 /11 M? 1 /2,11 M?
I[q ]iO - 24Mi2 (ﬁ_log Hé 24M3(E+€_10g #é

together with the standard gamma matrix formulas, are useful in deriving Eq. (4.56),

), understood as ). The following identities,

AV = g — it (4.57a)
1
AHyPyY = 5({7“, I+ A, 7} = P = A yP)

= ghPyY 4 gl — g AP 4 %(UW’YP +4PoH) (4.57b)
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1
= ¢"7" + ¢ = S (A A = =)

3 i
= 5"+ g"7") = 299" = S (0?7 4 970 P), (4.57¢)
v 1 v v v v
YV 90118 = S{=200" PV Y + AV a”) + (7 PV s 1% e ) }

= —8g"P" + 2e(g"PV" + g V") + e(Y' VY + AHPY)

= —8g"P~" 4 3e(g"P" + g""'~4P) + ie(a" AP + AHa"P). (4.57d)
Note that we have been careful to keep all expressions in the intermediate steps of the
calculation manifestly hermitian, in order to easily obtain manifestly hermitian final results.

This is why we have applied gamma matrix formulas in a symmetric manner in Eq. (4.57).
Adding up all diagrams computed in Eq. (4.56), we have

11 e 1 1 1
Lo D Lo tr{ sUNY"UnP"PuPy + 2 Uy PYUn(PuPy + P P,)
1 8 2 M?
~5 Uy (P, P, + P,P,)Uy, P” + (§ -3 log ?> Uy P" PP, Uy,

1.
+5 1 Un(0"” + 970" [Py, P Ui B,

1.
51 Un(0" [Py PPy + 70" Fy[ P P.])Unn |

c 1 1
S i v i v
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where we have denoted the sigma matrices by 7% to avoid clash of notation. Note that the
form of [P,, P,] = igG}, depends on the propagator on which it is inserted, e.g. [Py, P,] =
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igW;‘fyg +1i¢'B,,Y and ig'B,, Y for SU(2)r, doublets and singlets, respectively. Also, we
see that terms involving [ and [ contribute equally, yielding a factor of 2 which cancels
against ¢; = 3 in the last line of Eq. (4.58). Our results agree with those obtained in [23]

by Feynman diagram calculations.

5 Conclusions

Matching from an UV theory to a low-energy EFT via gauge-covariant functional methods,
as an alternative to Feynman diagrams, will continue to be both theoretically interesting
and practically useful. We are now at a stage where one-loop universal master formulas
are available [4, 8] and have proven useful in the simplest cases (namely in the absence of
mixed heavy-light contributions, open covariant derivatives, etc.), while various proposals
exist [11-13] to deal with such additional structures that arise in practical applications. An
interesting question to explore at this point is whether ideas from these (or other similar)
proposals can be implemented as easily as existing universal master formulas, without
the need for additional functional manipulations which might make functional matching
methods less accessible.

To this end, we have introduced covariant diagrams as a tool to keep track of functional
matching calculations. They are easy to use, and provide physical intuition. Specifically,
we carried out a functional matching procedure that builds upon and extends the approach
of [13], from which a set of rules for associating terms in a CDE with one-loop diagrams was
derived — this was done, once and for all, in Sections 2 through 3.4. The rules are reminis-
cent of conventional Feynman rules, but with a crucial difference that only gauge-covariant
quantities are involved. The recipe summarized in Section 3.5 can be easily followed in
one-loop matching calculations, including those involving mixed heavy-light contributions,
open covariant derivatives and mixed statistics, which are not directly captured by existing
universal results. We presented many example calculations in Section 4, showing technical
details for the sake of pedagogy. They provide nontrivial tests of our covariant diagrams
formalism. As a byproduct, some universal results incorporating the additional structures
were obtained in the intermediate steps, which are also useful beyond the specific UV models
considered in this paper.

Compared with Feynman diagrammatic matching, our formalism inherits some key ad-
vantages of functional matching, namely gauge covariance in intermediate steps and the
possibility of obtaining universal results as discussed in the Introduction. In addition, com-
pared with recently-proposed functional matching approaches, our covariant diagrammatic
formulation has the following highlights:

e No additional functional manipulations (nor subtraction procedures) are needed. One
simply draws diagrams and reads off associated master integrals and operator struc-
tures, which is more intuitive conceptually.

e The step of collecting identical terms in a CDE is automatically achieved by associat-
ing a symmetry factor to each covariant diagram, which trivially follows from rotation
symmetry of the diagram.
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e Loops with fermions are easily handled. As in the pure bosonic case, vertex insertion
rules are directly obtained from the quadratic pieces of the UV Lagrangian without
explicitly block-diagonalizing the quadratic operator.

An attractive direction to move forward in, as far as functional matching methods
are concerned, is trying to fully exploit their universality feature and derive more general
universal master formulas for one-loop matching. It is an intriguing possibility that as
many interesting UV theories as possible can be matched onto low-energy EFTs simply
by applying a few master formulas. In this regard, covariant diagrams provide a useful
tool to organize and simplify the calculations involved — we already saw in Section 4.1
that they allow for a simpler derivation of existing universal results. Meanwhile, even in
the absence of complete universal results, one can already take advantage of covariant di-
agram techniques to facilitate one-loop matching calculations for specific UV models of
phenomenological interest, as we did in Sections 4.2 through 4.5. We also comment that
the algorithm of enumerating and computing covariant diagrams can in principle be auto-
mated, providing a useful and efficient alternative to automated Feynman diagrammatic
matching calculations. Besides, it is interesting to consider the possibility of extending
covariant diagram techniques beyond one loop for EFT matching, and more generally for
extracting UV information of a quantum field theory (including e.g. renormalization group
evolution [11]).
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A Master integrals

In this appendix, we discuss calculations of the master integrals and tabulate some of
them that are useful in practical applications of covariant diagrams. The master integrals

T [qZ"C]Zi.%'”nL are defined by Eq. (3.23), which we reproduce here for convenience,

ddq q/"l e q“2nc iThs ol
= gM-H2ne T[o2ne]iT L’ Al

| G = O T Ay
where gHt--#2nc is the completely symmetric tensor, e.g. gHP? = ght¥gP? + ghPg¥? + gh? g*P.
We first observe that all nondegenerate master integrals, including mixed heavy-light ones
(those with nz, > 0), can be reduced to degenerate ones by recursively applying

I[ an]ninj...n[, . 1

n. i, —1,..n n.1Ni—1,n;..n
G0 T AZ (Zla*™13;7s b — I[g*] 7y (A.2a)
]

ij...0 ij...0
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=1 | M2(1-log ) M3 _jogMPy MIir o0 MPy o MPos g, M
ng = i(_Og;ﬂ) 4(5_03?#2) 24(?‘055“2) 192(E_Ogu2)

M? M? M? M4 /3 M? MS 11 M?2

n; =2 —log i 5 (1—log #5) 2 (§—log /ﬂl) s (F—log u;)
ni =3 . _lyog M M1 —log ) M3 _10g 2

i = 22 1082 3 8 2 32 (2 &2

o 1 1 1 M? M} M}
n; =4 G e —alog o (1-log )

_ 1 1 1 e M
ni =9 12M79 48 962 Tz 108 73

¢ 20M¢ 120M$ 480M} 9602

Table 7. Commonly-used degenerate master integrals Z[¢g*" " = Z[g*"|""/ s, with 2 =24

log 47 dropped. All nondegenerate (including mixed heavy-light) master integrals can be reduced
to degenerate master integrals by Eq. (A.2).

M. 1 iNg...,np—1 i—Llng...
Tl = g @ T = Tl ™), (A.2b)
(2
where Agj = M? - MJZ, and using the fact that Z[¢*"]g® = 0. As an example, we

encountered the master integral 7 [(12]%2 in the calculation of the universal coefficient f;j
(see Eq. (4.3) and Table 5), which can be reduced as follows,

¢’} = ﬁ(f[fﬂ?} ~Ilg’);}) = (A12,)2 (Z(¢%)? — 2T + Z[4*2)
= (Alzy (Zla’] + Z1a)7) - (;2‘)3 (Zl¢*l} — Z1°)j) - (A.3)

We also note that a special case of Eq. (A.2a) which is useful in reducing the master integrals
appearing in Eq. (4.2) reads

Ty =) =—2—. (A4)
21...7 2
P n—1 Hm;én Ainim

With the reduction formulas in Eq. (A.2) at hand, it is sufficient to tabulate the master
integrals of the form Z[g*"]". A general formula for the latter is

, i 2 ne—my 1 [(5—2—ne+n;i) /2 M?
T 2neni —M-2 c— Mg 2 <7_1 z) A5
where % = % — v+ log4m with € = 4 — d. It is understood that with the MS scheme, one
2 2
replaces % — log Jfg by — log Ajﬁ in the final result. We factor out the common prefactor,

3
For convenience let us also tabulate the master integrals of the form Z[g*"<]}i"t en-

countered in Section 4. They can be obtained with either Eq. (A.2b) or a generalization of
Eq. (A.5),

T= ﬁi and list Z[¢**]"™ up to n. = 3 and n; = 6 in Table 7.

2ne\ning i 2\ 2+nc—n;—ng 1
Zlg™fig * = 1672 (=247) 2ne(n; — 1)1
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Pulling out the loop factor as before, 7 =
n; +ny = 6 in Table 8.

Table 8. Commonly-used mixed heavy-light master integrals with degenerate heavy particle masses

L = I[qznc]%”b/lﬁag, with % = % — v + log 47 dropped.
I‘(;—2—nc+ni+nL)1"(—§+2+nc—nL)(2_lo 2
0 T(—§+2+mn.) \e o
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1672
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2 AZ A,
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7, we list f[q2”0]%m up to n. = 2 and

B Explicit expressions of universal coefficients

Here we give explicit expressions of the universal coefficients, namely coefficients of operator
traces in the UOLEA master formula Eq. (4.1) rederived in Section 4.1 (see Table 5), in
terms of heavy particle masses M;, M, etc. In many cases, our expressions simplify those
originally derived in [8]. We define fn = 16% fn as in [8], and list fy in the following:

) . (A6)



1

- B.4
f5 60Mi2a ( )
. 1
= B.5
f6 QOMZZ’ ( )
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i i J (B.6)
4(AF)? 2(A%)?
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As in the previous appendix, we have used the shorthand notation A?j =M? - M jz’ etc.
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