
Prepared for submission to JCAP DESY 17-034,
Nikhef 2017-009

Asymmetric thermal-relic dark matter:
Sommerfeld-enhanced freeze-out, annihilation signals
and unitarity bounds

Iason Baldesa and Kalliopi Petrakib,c

aDESY, Notkestraße 85, D-22607 Hamburg, Germany
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Abstract. Dark matter that possesses a particle-antiparticle asymmetry and has ther-
malised in the early universe, requires a larger annihilation cross-section compared to sym-
metric dark matter, in order to deplete the dark antiparticles and account for the observed
dark matter density. The annihilation cross-section determines the residual symmetric com-
ponent of dark matter, which may give rise to annihilation signals during CMB and inside
haloes today. We consider dark matter with long-range interactions, in particular dark mat-
ter coupled to a light vector or scalar force mediator. We compute the couplings required
to attain a final antiparticle-to-particle ratio after the thermal freeze-out of the annihilation
processes in the early universe, and then estimate the late-time annihilation signals. We show
that, due to the Sommerfeld enhancement, highly asymmetric dark matter with long-range
interactions can have a significant annihilation rate, potentially larger than symmetric dark
matter of the same mass with contact interactions. We discuss caveats in this estimation,
relating to the formation of stable bound states. Finally, we consider the non-relativistic
partial-wave unitarity bound on the inelastic cross-section, we discuss why it can be realised
only by long-range interactions, and showcase the importance of higher partial waves in this
regime of large inelasticity. We derive upper bounds on the mass of symmetric and asym-
metric thermal-relic dark matter for s-wave and p-wave annihilation, and exhibit how these
bounds strengthen as the dark asymmetry increases.
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1 Introduction

If dark matter (DM) transforms under a global U(1) symmetry that governs its low-energy
interactions, it is possible that today there are unequal densities of dark particles and dark
antiparticles. The dark particle-antiparticle asymmetry may have been related to the bary-
onic asymmetry of ordinary matter, via high-energy processes that occurred in the early
universe, thereby providing a dynamical explanation for the similarity between the dark
and the ordinary matter densities. Independently of such a connection, asymmetric DM
can be a thermal relic of the primordial plasma while still having large couplings to lighter
species, since its abundance cannot be depleted below the conserved excess of dark particles
over antiparticles, via annihilations to these light species. Asymmetric DM thus provides a
compelling cosmological scenario for large portions of the low-energy parameter space in a
variety of beyond-the-Standard-Model theories, including models with new stable particles
coupled to the Weak interactions of the Standard Model (WIMPs), as well as hidden-sector
models [1].

In the asymmetric DM scenario, the efficiency of the annihilation processes in the early
universe determines the relative abundance of dark particles and antiparticles today, i.e. the
residual symmetric DM component. This, in turn, determines the DM annihilation signals at
late times, that could be looked for by the ongoing indirect DM searches. The DM freeze-out
in the presence of a particle-antiparticle asymmetry was first considered in [2, 3], and more
recently computed in greater detail and generality in [4, 5]. Reference [4] showed that the
residual dark antiparticle-to-particle ratio decreases exponentially with the DM annihilation
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cross-section. It then appears reasonable that sizeable annihilation signals may be expected
only for annihilation cross-sections close to that for symmetric thermal-relic DM. This is
indeed valid if DM annihilates via contact interactions, mediated by heavy particles [4, 6, 7].
This type of interactions were the focus of previous investigations [2–7].

In this paper, we consider asymmetric DM coupled to light force mediators. If a mediator
is sufficiently light, then the interaction between DM particles manifests as long-range. More
specifically, for an interaction that is described in the non-relativistic regime by a Yukawa
potential, V = −αD e−mmed r/r, long-range effects arise if the mediator mass is smaller than
the Bohr momentum, mmed . αDMDM/2, where MDM is the DM mass. The long-range in-
teraction distorts the wavefunction of the dark particle-antiparticle pairs, giving rise to the
well-known Sommerfeld effect [8], which enhances the DM annihilation rate at low veloci-
ties [9, 10]. In addition, long-range interactions imply the existence of bound states [11–18],
whose formation is also a Sommerfeld-enhanced process [16]. The formation of unstable
particle-antiparticle bound states, and their subsequent decay contributes to the overall DM
annihilation rate. These non-perturbative phenomena, the Sommerfeld effect and the forma-
tion of bound states, on one hand suppress the couplings required to attain the observed DM
density via thermal freeze-out in the early universe [10, 15]; on the other hand, for a specified
set of couplings, they enhance the late-time DM annihilation signals [11, 12, 18–24]. The
present work aims to investigate the interplay between these two effects, in the context of
asymmetric DM. Since the Sommerfeld enhancement depends on the coupling of DM to the
light force mediator, and asymmetric DM requires stronger couplings than symmetric DM
of the same mass, the implications for the phenomenology of asymmetric DM may be rather
significant.1

We shall consider two minimal scenarios, in which DM is coupled to a massless or
light vector boson, a dark photon, or to a light scalar mediator. We compute the couplings
required to establish the observed DM abundance as a function of the dark asymmetry, and
demonstrate the impact of the Sommerfeld effect. Using these computations, we estimate
the strength of the radiative signals expected from the annihilation of the residual symmetric
DM component inside haloes today. We find that highly asymmetric DM with long-range
interactions can give rise to annihilation signals that are stronger than those of symmetric
DM with contact interactions, up to several orders of magnitude. We discuss caveats to this
estimate, related to the possible formation of stable bound states by asymmetric DM in the
early universe.

Unitarity sets an upper limit on partial-wave inelastic cross-sections. This has been
invoked to deduce the maximum mass for which thermalised DM can annihilate sufficiently
in the early universe, to attain the observed density [26]. Asymmetric thermal-relic DM
requires more efficient annihilation than symmetric DM; the upper mass bound implied by
unitarity must, thus, tighten for larger values of the DM asymmetry.2 It has been pointed
out that in the non-relativistic regime, the unitarity limit on the inelastic cross-section can
be realised only via long-range interactions [9, 10, 15]. We recount the pertaining arguments,
and further assert that, in the regime where the unitarity limit may be realised, partial waves

1A related computation of asymmetric freeze-out with Sommerfeld-enhanced cross-sections appeared re-
cently in Ref. [25]. However, the scope and the extent of each study are very different.

2Asymmetric DM may be also produced non-thermally, in which case the computations of the present work,
including the unitarity bounds, do not apply. The possibility of non-thermal asymmetric DM is encountered,
for example, in the scenario of stable Q-balls produced in the fragmentation of an Affleck-Dine condensate [27–
29].
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beyond the lowest one, need to be considered. We then employ the freeze-out calculations
with Sommerfeld-enhanced cross-sections carried out in this work, to compute the unitarity
bounds on the mass and the asymmetry of thermal-relic DM, for the dominant partial waves
that appear in known inelastic processes.

The rest of the paper is organised as follows. In section 2, we review the computation
of the DM relic density in the presence of a conserved particle-antiparticle asymmetry. We
follow closely the analysis of Ref. [4], and generalise it whenever necessary for our purposes.
In section 3, we consider asymmetric DM coupled to light vector and scalar bosons, and
compute the couplings required to establish the observed DM density, as a function of the
DM asymmetry. In section 4, we estimate the expected indirect detection signals from the
late-time annihilation of the residual symmetric DM component, and contemplate possible
complications. In section 5, we discuss and compute the bounds implied by unitarity on
symmetric and asymmetric thermal-relic DM. We conclude in section 6.

2 Thermal freeze-out in the presence of an asymmetry

2.1 The dark-sector temperature

The dark plasma — the bath of dark-sector relativistic particles into which DM annihilates
— may be in general at a different temperature than photons. We will assume that at early
times, the dark sector was in thermal equilibrium with the Standard Model (SM) plasma
due to some unspecified high-energy interactions that decoupled at a high temperature T̃ .
Beyond this point, the SM and dark-sector temperatures, TSM and TD, evolve differently.
The SM-sector, dark-sector and total entropy densities are sSM = (2π2/45) gSM T

3
SM, sD =

(2π2/45) gD T
3
D and s = sSM + sD respectively, where gSM and gD are the SM and dark-sector

relativistic degrees of freedom, which depend on the temperatures. Assuming conservation
of co-moving entropy in each sector separately below the common temperature T̃ , the dark-
to-ordinary temperature ratio is

τ ≡ TD
TSM

=

(
gSM

gD

)1/3( g̃D
g̃SM

)1/3

, (2.1)

where g̃SM and g̃D refer to the temperature T̃ . For our purposes, it will be convenient to
express the total entropy and energy densities in terms of TD,

s = (2π2/45)heff(TD)T 3
D , ρ = (π2/30) geff(TD)T 4

D , (2.2)

where3

heff ≡ gSM/τ
3 + gD = gD (1 + g̃SM/g̃D) , (2.2a)

geff ≡ gSM/τ
4 + gD = gD [1 + (gD/gSM)1/3 (g̃SM/g̃D)4/3] . (2.2b)

The Hubble parameter in the radiation dominated epoch is H =
√

4π3geff/45 T 2
D/MPl.

We use the values of gSM available with the MicrOMEGAs package [30], and assume
that g̃SM includes all the SM degrees of freedom. We shall take g̃D = 5 or 6, to account for
the degrees of freedom of DM consisting of Dirac Fermions, plus a real scalar or vector force

3 Here, we do not distinguish between the entropy and the energy degrees of freedom for the SM and the
dark sector. For the temperature range of interest, there is no difference.
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mediator respectively. At TD < T̃ , we take gD = g̃D for TD & MDM/3 and gD = g̃D − 4 for
TD < MDM/3.4

2.2 Boltzmann equations

We shall use xD ≡ MDM/TD as the time variable, and parametrise the thermally averaged
annihilation cross-section times relative velocity as

〈σannvrel〉 ≡ σ∗ × F (xD) . (2.3)

For fully perturbative s- and p-wave annihilation F (xD) = 1 and F (xD) = 〈v2
rel〉 = 6/xD

respectively; however, for an inelastic process well within the Sommerfeld-enhanced regime

and the Coulomb approximation, F (xD) ∝ x1/2
D , independently of the partial wave it may be

dominated by [15, 16, 33]. More details will be specified in section 3.
The DM particle and antiparticle number-to-entropy ratios, Y ± ≡ n±/s, evolve accord-

ing to

dY ±

dxD
= −g

1/2
∗ λF (xD)

x2
D

[
Y +(xD)Y −(xD)− Y sym

eq (xD)2
]
, (2.4)

where

g
1/2
∗ ≡ heff

g
1/2
eff

(
1 +

TD
4geff

dgeff

dTD

)
, (2.4a)

λ ≡
√

π

45
σ∗MDM MPl , (2.4b)

Y sym
eq (xD) ' 90

(2π)7/2

gX
heff

x
3/2
D e−xD . (2.4c)

In the above, Y sym
eq is the equilibrium value of Y ± in the absence of an asymmetry, with gX

being the DM degrees of freedom. In the presence of an asymmetry, the equilibrium values
of Y ± are

Y ±eq (xD) = Y sym
eq (xD) e±ξD , (2.4d)

where ξD ≡ µ/TD, with µ being the chemical potential, which evolves with TD in order
to account for the conserved dark particle-antiparticle asymmetry, as we shall now see
[cf. eq. (2.7)].

We define two asymmetry parameters, the fractional asymmetry r and the dark particle-
minus-antiparticle-number-to-entropy ratio ηD,

r(xD) ≡ Y −(xD)/Y +(xD) , (2.5)

ηD ≡ Y + − Y − . (2.6)

4Under these assumptions, a massless or very light mediator (mmed . eV) would contribute to the rel-
ativistic energy density during CMB by δNeff ≈ 0.47, which is compatible with current constraints within
about 2.5σ [31]. This tension is alleviated if the mediator is somewhat massive and either decays sufficiently
early into SM particles via a portal operator (see e.g. Ref. [24] for relevant considerations on a particular
model), or becomes non-relativistic after its density has redshifted to a negligible amount, but before CMB.
Alternatively, there may be additional degrees of freedom coupled to the SM sector at T̃ whose later decou-
pling from the SM thermal bath would suppress the dark-to-ordinary temperature ratio τ and lower δNeff .
Moreover, it is possible that the dark sector was at a lower temperature in early times due to initial condi-
tions set by inflation (see e.g. [32]). Of course, a lower dark-sector temperature would also affect the DM
freeze-out and decrease the estimated couplings that can produce the observed DM density; the estimated
annihilation cross-section at the time of freeze-out would have to be lower by approximately the same factor
as the dark-sector temperature.
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Equations (2.5) and (2.6) can be inverted to give Y + = ηD/(1−r) and Y − = ηD r/(1−r). In
an isentropically expanding universe, ηD is conserved. While DM is in chemical equilibrium
with dark radiation, the fractional asymmetry is req ≡ Y −eq/Y

+
eq = exp(−2ξD), where the

equilibrium chemical potential is determined from eqs. (2.4d) and (2.6) to be

ξD(xD) = ln


√√√√1 +

(
ηD

2Y sym
eq (xD)

)2

+
ηD

2Y sym
eq (xD)

 . (2.7)

Ultimately, we are interested in computing the final fractional asymmetry,

r∞ ≡ lim
xD→∞

r(xD) , (2.8)

which determines the DM annihilation signals today, and the value of the predicted the DM
mass.

2.3 Dark matter mass and its maximum value

The ratio of DM to ordinary matter relic energy densities is ΩDM/ΩB = (Y +
∞+Y −∞)MDM/(ηBmp),

where ηB is the baryon-number-to-entropy ratio of the universe, and mp is the proton mass.
Using eqs. (2.5) and (2.6), and setting ε ≡ ηD/ηB, we obtain

MDM =
mp

ε

ΩDM

ΩB

(
1− r∞
1 + r∞

)
. (2.9)

For non-zero ε, eq. (2.9) implies a maximum DM mass

MDM < Mmax(ε) ≡ mp

ε

ΩDM

ΩB

' 5 GeV/ε , (2.10)

attained in the limit r∞ → 0.5 This would, however, require an infinitely large cross-section.
Partial-wave unitarity sets an upper limit on the inelastic cross-section, and thus implies
r∞ > 0, which in turn strengthens the upper bound on the mass of (asymmetric) thermal-
relic DM to MDM < Muni < Mmax. In section 5, we show how Muni varies with the DM
asymmetry.

2.4 Final fractional asymmetry r∞

From eq. (2.4), we find that r is governed by the equation [4]

dr

dxD
= −ηDλg

1/2
∗ F (xD)

x2
D

[
r − req

(
1− r

1− req

)2
]
. (2.11)

Soon after freeze-out, the second term in eq. (2.11) becomes unimportant, and the evolution
of r is determined by the first term. The final fractional asymmetry can thus be approximated
by

r∞ ' rFO
eq exp[−ηDλΦ(αD)] , (2.12)

where

Φ(αD) ≡
∫ ∞
xFO
D

dxD g
1/2
∗ F (xD)/x2

D . (2.13)

5 Equivalently, eq. (2.9) implies a maximum asymmetry ε < εmax(MDM) ' 5 GeV/MDM.
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Here, we have chosen to emphasise the possible dependence of Φ on the couplings of the
theory (denoted by αD) that arises in Sommerfeld-enhanced cross-sections (to be specified in
section 3). This is important for the determination of r∞, as discussed below. In the cases

of interest, the function F (xD) either decreases with xD or grows at most as x
1/2
D , therefore

the integral (2.13) is dominated by the contribution at xD ≈ xFO
D , and can be approximated

as

Φ(αD) '
√
gFO
∗ F (xFO

D )

cΦ xFO
D

, (2.13a)

where cΦ ∼ O(1) is a numerical factor that will not appear in our final result below.
Freeze-out — the time when the densities of the DM particles and antiparticles depart from
their equilibrium values — occurs when the terms contributing to the logarithmic deriva-
tives of the dark particle and antiparticle densities, d lnY ±/dxD, become small, i.e. at
λ
√
gFO
∗ F (xFO

D )Y sym
eq (xFO

D )/(xFO
D )2 ∼ 1/cx [cf. eq. (2.4)], where cx ∼ O(1). This yields the

standard algebraic equation for xFO
D , which in our formalism reads

xFO
D + (1/2) lnxFO

D − lnF (xFO
D ) ' ln(cx 0.15λ gX/

√
gFO
∗ ) . (2.14)

Note that xFO
D ≈ 20−30 is insensitive to the presence of an asymmetry [4]. Using eq. (2.13a),

Y sym
eq can be re-expressed as Y sym

eq (xFO
D ) ≈ xFO

D /(cλΦ), where c ∼ cΦcx. From eq. (2.7), we
may now estimate the fractional asymmetry at freeze-out,

rFO
eq ≈

[√
1 + (c ηDλΦ)2/(2xFO

D )2 + (c ηDλΦ)/(2xFO
D )

]−2

. (2.15)

For an interaction that scales as F (xD) ∝ x−nD , cx ≈ cΦ = n + 1 (see e.g. Ref. [34]); conse-
quently c ≈ (n+ 1)2.

From eqs. (2.12) and (2.15), we see that r∞ depends on the the combination of pa-
rameters ηDλΦ. A direct comparison with symmetric DM can be established by recast-
ing ηD in terms of r∞ using eq. (2.9), and recalling that in the symmetric DM limit,
ΩDM/ΩB = (2Y sym

∞ MDM)/(ηBmp) where the relic number-to-entropy ratio is

Y sym
∞ ' [(1 + c/xFO

D )λsymΦsym]−1, (2.16)

as can be deduced from eq. (2.4). Then, we find

ηDλΦ =
2

1 + c/xFO
D

(
1− r∞
1 + r∞

)(
σ∗

σ∗,sym

)(
Φ

Φsym

)
, (2.17)

where the subscript “sym” refers to symmetric DM of the same mass.

Collecting the above, we obtain6

r∞ '
exp(−ηDλΦ)√1 +

(
c ηDλΦ

2xFO
D

)2

+

(
c ηDλΦ

2xFO
D

)2 . (2.18)

For a small asymmetry ηD, we expand ln(r∞) ≈ −(1 + c/xFO
D )ηDλΦ + O[(c/xFO

D )3η3
Dλ

3Φ3].
Keeping only the lowest order term is a good approximation for (c/xFO

D )ηDλΦ . 1; because

6This expression is more general than the expressions provided in Ref. [4].
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c/xFO
D � 1, this range extends to very small r∞. Then, using eq. (2.17), we arrive at the

result of Ref. [4],

r∞ ' exp

[
−2

(
1− r∞
1 + r∞

)(
σ∗

σ∗,sym

)(
Φ

Φsym

)]
. (2.18a)

Note that using the approximation (2.13a), (σ∗Φ)/(σ∗,sym Φsym) ' σFO
ann/σ

FO
ann, sym, provided

that F (xD) scales with xD in the same way, around the time of freeze-out, for the couplings
corresponding to the symmetric and asymmetric cases.

As is evident from eqs. (2.18), r∞ depends exponentially on the annihilation cross-
section at freeze-out. Therefore, a cross-section only somewhat larger than that required for
symmetric thermal-relic DM, suffices to diminish the antiparticle density considerably [4].
For annihilation via fully perturbative processes, the dependence of the cross-section on the
couplings of the theory and on the DM velocity (or temperature) can be factorised inside σ∗
and F (xD) respectively; Φ depends only on xFO

D , which is insensitive to σ∗ (i.e. the couplings
of the theory), thus Φ ' Φsym. This case was investigated in detail in Ref. [4]. However, for
Sommerfeld-enhanced cross-sections, this factorisation is not in general possible; Φ depends
on the couplings of the theory explicitly (rather than via xFO

D only), and can differ significantly
from Φsym. This enhances the sensitivity of r∞ to the strength of the interactions, and implies
that a small r∞ can be attained for more modest couplings. For an annihilation cross-section
that scales around the time of freeze-out as σFO

ann ∝ α
p
D, we find from eq. (2.18a),

αD/α
sym
D '

[(
1 + r∞
1− r∞

)
ln(1/r∞)

2

]1/p

. (2.19)

We investigate the effect of the Sommerfeld enhancement for specific interactions in the next
section.
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3 Asymmetric freeze-out with Sommerfeld-enhanced cross-sections

We will consider two minimal cases, in which DM consists of Dirac Fermions and couples
either to a light vector or scalar boson. In both cases, the interaction between dark particles
and antiparticles is described in the non-relativistic regime by a static Yukawa potential,
VY (r) = −αD e−mmed r/r. We will perform all computations in the Coulomb limit, mmed →
0, which is a satisfactory approximation if the average momentum transfer between the
interacting particles is larger than the mediator mass, vrelMDM/2 & mmed [18]. The Coulomb
approximation is suitable during the DM chemical decoupling in the early universe, essentially
in the entire range where non-perturbative effects arise (mmed . αDMDM/2) [24].

3.1 Vector mediator

We consider the interaction Lagrangian

L = X̄(iD/−MDM)X − 1

4
FDµνF

µν
D , (3.1)

where X denotes the DM particle, with covariant derivative Dµ = ∂µ + igdV
µ
D , and FµνD =

∂µV ν
D − ∂νV

µ
D , with V µ

D being the dark photon field and αD ≡ g2
d/(4π) being the dark fine-

structure constant. If X carries a particle-antiparticle asymmetry, another field is required
to balance the implied U(1)D charge asymmetry in X; we return to the implications of this
in section 4.

Two processes contribute significantly to the depletion of DM in the early universe [15]:
the direct annihilation into two dark photons, and the radiative formation of positronium-like
bound states followed by their decay,

X + X̄ → 2VD , (3.2)

X + X̄ → Bs(X̄X) + VD(ω) , (3.3)

B↑↓(X̄X)→ 2VD , (3.3a)

B↑↑(X̄X)→ 3VD , (3.3b)

where the subscript s = ↑↓, ↑↑ denotes the spin-singlet and spin-triplet bound states, which
form with 25% and 75% probability, respectively. The dark photon emitted during bound-
state formation (BSF) carries away energy ω = ∆ +Ek, where ∆ = MDMα

2
D/4 is the binding

energy and Ek = MDMv
2
rel/4 is the kinetic energy of the two incoming particles in the center-

of-momentum frame. The Feynman diagrams for the processes (3.2) and (3.3) are shown in
fig. 1.

The (spin-averaged) cross-sections for annihilation and radiative capture to the ground
state can be expressed as [15, 16, 18]

σannvrel = σ0 S
(0)
ann , (3.4a)

σBSFvrel = σ0 SBSF , (3.4b)

where
σ0 ≡ πα2

D/M
2
DM (3.5)

is the perturbative value of the annihilation cross-section times relative velocity.7 In the

Coulomb limit, S
(0)
ann and SBSF depend only on the ratio ζ ≡ αD/vrel, and can be computed

7The superscript “(0)” in S
(0)
ann denotes that the annihilation into two vector bosons is an s-wave process, at

leading order in αD and vrel. This is important for the unitarity bounds on MDM that we discuss in section 5.
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(a)

X

X̄

VD · · ·
VD

VD

(b)

X

X̄

VD · · ·

VD

· · ·

· · ·
VD

VD

· · ·
VD
VD
VD

Figure 1. Dark matter coupled to a light or massless dark photon VD can annihilate either (a)
directly into radiation, or (b) in two steps, via the radiative formation of particle-antiparticle bound
states, and their subsequent decay into two or three dark photons, for the spin-singlet (para) and spin-
triplet (ortho) configurations respectively. Both the direct annihilation and the formation of bound
states are enhanced by the Sommerfeld effect (initial-state ladder); in the Coulomb regime, bound-
state formation is faster than annihilation whenever the Sommerfeld effect is important (vrel . αD).

analytically [15, 16, 18],

S(0)
ann(ζ) =

2πζ

1− e−2πζ
, (3.6a)

SBSF(ζ) =
2πζ

1− e−2πζ

ζ4

(1 + ζ2)2

29

3
e−4ζ arccot(ζ) . (3.6b)

In this parametrisation, it is easily seen that in the regime where the Sommerfeld effect is
important, vrel . αD, both the annihilation and BSF cross-sections exhibit the same velocity
dependence, σvrel ∝ 1/vrel, with BSF being the dominant inelastic process, σBSF/σann '
3.13 [15].8 On the other hand, for vrel > αD, BSF is very suppressed and subdominant to
annihilation. The bound-state decay rates are Γdec,↑↓ = α5MDM/2 and Γdec,↑↑ = cαDΓdec,↑↓,
where cαD ≡ 4(π2 − 9)αD/(9π).

The evolution of the DM density in the early universe is governed by a set of coupled
equations which tracks the densities of the unbound DM particles and anti-particles, as well
as the densities of the bound states. These equations capture the effect of direct annihila-
tion and pair creation, as well as the interplay between bound-state formation, ionisation
and decay processes that determines the efficiency of BSF in depleting DM. Because the
velocity dependence of σann and σBSF arises via the parameter ζ = αD/vrel = (∆/Ek)

1/2, the
thermally-averaged cross-sections depend on

zD ≡ ∆/TD = (α2
D/4)xD . (3.7)

We shall use zD are the time variable, and denote with Y↑↓ and Y↑↑ the number-density-to-
entropy ratios for the spin-singlet and triplet states. Adapting the Boltzmann equations from

8 In the same regime, the capture into n = 2, ` = 1 bound states is also somewhat faster than annihila-
tion [18]. However, it is subdominant with respect to the capture to the ground state (n = 1, ` = 0), and has
a smaller decay rate, which renders it less efficient in depleting DM in the early universe. We shall ignore it
in our analysis.
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Ref. [15] to accommodate for a non-zero particle-antiparticle asymmetry, we obtain9

dr

dzD
= − ηDλ1 g

1/2
∗ S̄

(0)
ann(zD)

z2
D

[
r − req

(
1− r

1− req

)2
]

− ηDλ1 g
1/2
∗ S̄BSF(zD)

z2
D

r +
λ2 g

1/2
∗ zD fion(zD) (Y↑↓ + Y↑↑)(1− r)2

ηD heff
, (3.8a)

dY↑↓
dzD

=
η2
Dλ1 g

1/2
∗ S̄BSF(zD)

4z2
D

r

(1− r)2
−
λ2g

1/2
∗ zDfion(zD)Y↑↓

heff
−
λ2g

1/2
∗ zD (Y↑↓ − Y eq

↑↓ )

heff
, (3.8b)

dY↑↑
dzD

=
3η2

Dλ1 g
1/2
∗ S̄BSF(zD)

4z2
D

r

(1− r)2
−
λ2g

1/2
∗ zDfion(zD)Y↑↑

heff
−
λ2g

1/2
∗ cαD zD (Y↑↑ − Y eq

↑↑ )

heff
,

(3.8c)

where λ1 ≡
√
π/45σ0∆MPl, λ2 ≡

√
45/(4π3) (α5

DMDM/2) (MPl/∆
2) and

S̄(0)
ann(zD) ≡ 2√

π

∫ ∞
0

du S(0)
ann(

√
zD/u)

√
u exp(−u) , (3.9a)

S̄BSF(zD) ≡ 2√
π

∫ ∞
0

du S(0)
ann(

√
zD/u)

√
u exp(−u)

1− exp(−zD − u)
, (3.9b)

fion(zD) ≡ Γion(zD)

Γdec,↑↓
=

1

8π

∫ ∞
0

dζ

ζ4

SBSF(ζ)

exp [zD(1 + 1/ζ2)]− 1
. (3.9c)

Here, S̄
(0)
ann is the thermal average of S

(0)
ann, while S̄BSF is the thermally averaged SBSF times

the Bose enhancement due to the final-state dark photon emitted during BSF [cf. eq. (3.3)].
Γion(zD) is the bound-state ionisation rate, averaged over the dark photon thermal bath, and
depends on SBSF because the amplitudes for inverse processes are related. For more details,
see Ref. [15]. We present the results of our computation in fig. 2.

As described in Ref. [15], the formation of bound states depletes efficiently the DM
density only after the bound-state decay becomes faster than ionisation. The decay rate of
the spin-singlet bound state becomes larger than ionization at fion(zD) . 1, or zD & 0.28.
For the spin-triplet state, this occurs at a later time, when fion(zD) . cαD . We may thus
adopt the following approximation for the evolution of r,

dr

dzD
= −ηDλ1 g

1/2
∗ Seff(zD)

z2
D

[
r − req

(
1− r

1− req

)2
]
, (3.10)

where Seff is defined as [15]

Seff(zD) ≡


S̄ann(zD), zD . 0.28 ,

S̄ann(zD) + S̄BSF(zD)/4, 0.28 . zD and cαD . fion(zD) ,

S̄ann(zD) + S̄BSF(zD), fion(zD) . cαD .

(3.10a)

9 Equations (3.8) include the bound-state inverse decays, which were omitted in Ref. [15]. Their effect is
negligible.
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Vector mediator

Figure 2. Top: The dark fine-structure constant required to establish the observed DM density
via thermal freeze-out, αD vs MDM, for fixed values of the dark particle-minus-antiparticle-number-
to-entropy ratio ηD = εηB (left), and for fixed values of the final antiparticle-to-particle ratio r∞ ≡
(n+/n−)t→∞ (right). The red lines include both the Sommerfeld enhancement of the direct DM
annihilation into radiation, and the formation and decay of particle-antiparticle bound states. The
blue lines ignore all non-perturbative effects.

Bottom: The perturbative annihilation cross-section times relative velocity, σ0 = πα2
D/M

2
DM vs MDM,

for fixed ε = ηD/ηB (left), and r∞ (right). σ0 is evaluated using αD determined as described above.

For MDM � Mmax(ε) or r∞ ≈ 1, αD and σ0 closely track the symmetric DM curve (ε = 0). For
r∞ � 1 to be attained and MDM 'Mmax to be realised, a stronger coupling is required. The stronger
coupling implies that the Sommerfeld effect — which reduces the expected coupling in comparison to
perturbative annihilation — is more pronounced for smaller r∞, and extends to lower MDM values.

This approximation10 produces results that are in very good agreement with those obtained
from the full treatment of eqs. (3.8). Moreover, eq. (3.10) can be mapped to the discussion
of section 2, and in particular eq. (2.11), by identifying

σ∗ → σ0 , (3.11a)

F (xD)→ Seff(zD) , (3.11b)

10A similar prescription for Seff , with a smoother transition between regimes, has been offered in Ref. [17].
Adapted to the present model, it reads

Seff(zD) ≡ S̄ann(zD) +
1

1 + fion(zD)

S̄BSF(zD)

4
+

cαD

cαD + fion(zD)

3S̄BSF(zD)

4
.
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Vector mediator

Figure 3. The ratio of the coupling required to establish a fractional asymmetry r∞ to the coupling
required for symmetric DM of the same mass. The larger the asymmetry (i.e. the smaller r∞), the
larger αD(r∞)/αsym

D .

Left: αD(r∞)/αsym
D vs MDM, for r∞ = 10−3 (blue) and r∞ = 10−6 (red). Annihilation via Sommer-

feld enhancement processes (solid lines) implies a lower αD(r∞)/αsym
D in comparison to perturbative

annihilation (dashed lines). For small (large) MDM, freeze-out occurs well within the perturbative
(Sommerfeld enhanced) regime, where the inelastic cross-sections scale as σFO

inel ∝ αp
D, with p = 2

(p = 3). Within these regimes, αD(r∞)/αsym
D is largely independent of the DM mass for a fixed r∞,

as anticipated by the analytical approximation of eq. (2.19). (The mild dependence of αD(r∞)/αsym
D

on MDM at large MDM, is due to the intricacy of the effect of bound states on the DM relic density.
See footnote 12 for discussion.)

Right: αD(r∞)/αsym
D vs r∞, for MDM = 10 GeV, 1 TeV and 150 TeV (blue solid lines, from top to

bottom). The red dashed lines denote the analytical approximation of eqs. (2.18) and (2.19), assuming
that the inelastic cross-sections around the time of freeze-out scale as σFO

inel ∝ α
p
D, with p = 2 for fully

perturbative annihilation (upper line), and p = 3 for Sommerfeld-enhanced annihilation (lower line).
For intermediate masses (e.g. MDM ∼ 1 TeV), the scaling of σFO

inel with αD, and consequently the
scaling of αD(r∞)/αsym

D with r∞, fall in between these two cases.

where zD and xD are related via eq. (3.7).
We discern two regimes, the perturbative and the Sommerfeld-enhanced. The Sommer-

feld enhancement is important for
√
zD ' 〈α/vrel〉 & 1.11 For small MDM, freeze-out occurs in

the perturbative regime, zFO
D � 1; then F (xFO

D ) ' 1, Φ ' Φsym '
√
gFO
∗ /x

FO
D and σ∗Φ ∝ α2

D.
On the other hand, for larger MDM, freeze-out happens close to or within the Sommerfeld-

enhanced regime. When well within the Sommerfeld-enhanced regime, F (xD) ∼ z
1/2
D , Φ ∼

αD
√
gFO
∗ /x

1/2
D and σ∗Φ ∝ α3

D. Then, from eq. (2.19), we may estimate the coupling αD(r∞)
required to establish a fractional asymmetry r∞, by setting p = 2 for small MDM, and p = 3
for large MDM. It is anticipated that in the small and large MDM limits, the ratio αD/α

sym
D

scales solely with r∞, and is insensitive to MDM for fixed r∞. The numerical solution for
αD/α

sym
D is presented in fig. 3, and indeed exhibits the two asymptotic behaviours described

here.12 Note that because αD increases with decreasing r∞, the mass scale of the transition

11 While xFO
D ≈ 25− 30 is insensitive to MDM, zFO

D = (α2
D/4)xFO

D increases with αD and consequently MDM.
12 The mild sensitivity of αD/α

sym
D on MDM in the Sommerfeld enhanced regime (large MDM) arises from

the numerical coefficient in F and consequently σ∗Φ, which depends on whether and which BSF channels
contribute to the depletion of the DM density, as described by Seff defined in eq. (3.10a). Since for the same
MDM, αD increases with decreasing r∞, the DM depletion via BSF may be more efficient for r∞ � 1 than
for r∞ = 1. For example, for MDM ∼ 10 TeV, only the formation of spin-singlet bound states contributes
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between the perturbative and the Sommerfeld-enhanced regimes depends on r∞.

3.2 Scalar mediator

The interaction Lagrangian is

L = X̄(i∂/−MDM)X +
1

2
∂µϕ∂

µϕ− 1

2
m2
ϕϕ

2 − gd ϕX̄X , (3.12)

with ϕ being the dark scalar force mediator with mass mϕ, and αD ≡ g2
d/(4π). As long as

mϕ . αDMDM/2, the X − X̄ interaction manifests as long range.
For the determination of the DM relic density, which occurs largely in the Coulomb

limit [24], only the DM direct annihilation into two scalars, X+X̄ → 2ϕ, needs be considered,
since it is significantly faster than BSF [22]. The annihilation cross-section times relative
velocity is

σannvrel = σ1 v
2
rel S

(1)
ann , (3.13)

where13

σ1 =
3πα2

D

8M2
DM

, (3.13a)

S(1)
ann(ζ) =

2πζ

1− e−2πζ
(1 + ζ2) . (3.13b)

As before, ζ ≡ αD/vrel. At vrel . αD, the cross-section exhibits the familiar velocity scaling
of Sommerfeld enhanced processes, σannvrel ∝ 1/vrel. In this regime, the v2

rel suppression of
the perturbative cross-section morphs into an α2

D suppression,14 with the entire cross-section
scaling as σannvrel ∝ α5

D.
The evolution of the fractional asymmetry r is determined from eq. (2.11), if we identify

σ∗ → σ1 , (3.14a)

F (xD)→ 〈v2
rel S

(1)
ann(ζ)〉 = α2

D 〈S(1)
ann(ζ)/ζ2〉 , (3.14b)

where the thermal average of eq. (3.14b) is

F (xD) =
8√
πxD

∫ ∞
0

du S(1)
ann(

√
zD/u) u3/2 exp(−u) . (3.14c)

We compute the coupling αD required to obtain the observed DM relic density, as a function
of the asymmetry, and present the results in fig. 4.

As in section 3.1 for a vector mediator, we discern the perturbative and the Sommerfeld-
enhanced regimes. In the perturbative regime, F (xFO

D ) ' 〈v2
rel〉FO = 6/xFO

D , Φ ' Φsym '
3
√
gFO
∗ /(x

FO
D )2, and σ∗Φ ∝ α2

D. Well within the Sommerfeld-enhanced regime, F (xFO
D ) '

2α3
D

√
πxFO

D , Φ ' α3
D

√
πgFO
∗ /x

FO
D and σ∗Φ ∝ α5

D. Then, from eq. (2.19), we estimate the ratio
αD/α

sym
D required to establish a fractional asymmetry r∞, by setting p = 2 and p = 5 for

small and large MDM respectively. We present the numerical solution for αD/α
sym
D in fig. 5,

and compare it with the analytical approximation.

to the depletion of symmetric DM, while both spin-singlet and spin-triplet bound states deplete DM with
r∞ ∼ 10−6. On the other hand, for MDM ∼ 100 TeV, both BSF channels contribute to Seff for any r∞.

13The superscript “(1)” in S
(1)
ann denotes that the annihilation of two fermions into two scalar bosons is a

p-wave process. This is important for the unitarity bounds discussed in section 5.
14 The physical significance of this transformation is the following. Due to the long-range nature of the

interaction, the two incoming particles are not momentum eigenstates. While their relative momentum has
expectation value µvrel, its dispersion is ∼ µαD, where µ is the reduced mass.
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Scalar mediator

Figure 4. The equivalent of fig. 2, for DM coupled to a light scalar. Top: αD vs MDM. Bottom:
σ1 ≡ 3πα2

D/(8M
2
DM) vs MDM.

Figure 5. The equivalent of fig. 3, for DM coupled to a light scalar mediator. The annihilation
cross-section around the time of freeze out scales as σFO

ann ∝ α
p
D, with p = 2 for small MDM and p = 5

for large MDM.
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4 Annihilation signals

The residual symmetric DM component may give rise to DM annihilation that could have
observable implications [4]. Provided that the DM annihilation products include or cascade
down to SM states, the DM annihilation at late cosmic times may be constrained by CMB
observations [35], while the DM annihilation inside haloes today may yield detectable sig-
nals [6, 7]. Here, we shall not introduce any specific couplings to the SM, but will only
estimate the overall signal strength.

The asymmetric DM annihilation rate is suppressed with respect to symmetric DM due
to the depleted population of dark antiparticles, albeit this suppression is ameliorated by the
larger annihilation cross-section. For asymmetric DM, the expected signal rate is propor-
tional to Y +

∞ Y −∞〈σinelvrel〉 = [η2
Dr/(1 − r)2]〈σinelvrel〉; for symmetric DM, it is proportional

to (Y sym
∞ )2〈σsym

inel vrel〉. Using eq. (2.9) to express ηD = εηB in terms of r∞, and noting that
for symmetric DM, ΩDM = 2Y sym

∞ MDMΩB/(ηBmp), we find that the suppression factor of the
annihilation signals arising from asymmetric DM with respect to symmetric DM of the same
mass is [4]

fID =
4r∞

(1 + r∞)2

(
σinelvrel

σsym
inel vrel

)
. (4.1)

Here, σinel includes all inelastic processes that contribute to the DM annihilation. Using
eq. (2.18a), and assuming that the ratio σinel/σ

sym
inel is the same during freeze-out and at the

velocities relevant for indirect detection,15 we obtain the analytical estimate for fID in terms
of r∞ or ε and MDM,

fID ≈
2r∞ ln(1/r∞)

1− r2
∞

=
1

2

[
1− ε2M2

DM/(5 GeV)2

εMDM/(5 GeV)

]
ln

[
1 + εMDM/(5 GeV)

1− εMDM/(5 GeV)

]
, (4.1a)

where in the second step we used eq. (2.9). For convenience, we define an effective cross-
section for estimating the indirect detection signals of asymmetric DM, that can be directly
compared to the annihilation cross-section of symmetric DM of the same mass,

σID vrel ≡
4r∞

(1 + r∞)2
σinel vrel . (4.2)

We present the numerical evaluation of fID and σIDvrel in figs. 6 and 7. We calculate
the cross-sections in the Coulomb regime, using the formulae provided in section 3. This is a
satisfactory approximation in a large range of mediator masses that yield observable signals
from the Milky Way and the Dwarfs [24]. We adopt the indicative value vrel = 10−3 for
the relative velocity of the DM particles, which is a typical value for the Milky Way.16 We
discern the following regimes:

• For MDM . 10 GeV, the DM annihilation occurs mostly in the perturbative regime,
both during the DM chemical decoupling in the early universe, and inside haloes today;
σID vrel is fairly independent of MDM.

15This is a good approximation provided that both the freeze-out and the emission of the annihilation
signals happen either well within the perturbative regime or well within the Sommerfeld-enhanced regime, for
the couplings that correspond both to the symmetric and the asymmetric cases.

16Away from the Coulomb regime, i.e. for vrelMDM/2 . mmed, the inelastic cross-sections exhibit resonances,
their velocity scaling depends on their partial wave, and BSF has a kinematic cutoff at mmed .MDMα

2
D/4 [18,

24]. Moreover, different inelastic processes than those considered in the Coulomb regime may become more
dominant [22]. We leave the detailed investigation of these features and their phenomenological implications,
in the context of specific asymmetric DM realisations, for future work.
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Vector mediator

Figure 6. Top: The suppression factor of the expected annihilation signals with respect to symmetric
DM of the same mass, fID vs MDM, for fixed ε = ηD/ηB (left), and for fixed r∞ (right). Bottom:
The effective cross-section for indirect detection signals, σIDvrel = [4r∞/(1 + r∞)2]σinelvrel vs MDM,
for fixed ε = ηD/ηB (left), and for fixed r∞ (right). In all panels, we have used vrel = 10−3, which
is relevant for indirect searches in the Milky Way, and evaluated the cross-sections in the Coulomb
limit, which is a satisfactory approximation within a large range of values of the mediator mass.

• In the intermediate mass range, MDM ∼ 10 GeV − 1 TeV, the Sommerfeld effect has
negligible impact during freeze-out, but is significant inside galaxies today, where the
average velocity is lower. This essentially sets σ0 or σ1 to be independent of MDM,

or equivalently αD ∝ MDM. Since S
(0)
ann, SBSF ∝ αD and S

(1)
ann ∝ α3

D at αD & vrel

[cf. eqs. (3.6) and (3.13b)], the effective cross-section for indirect detection signals scales
as σID vrel ∝MDM and M3

DM, for fixed r∞, for a vector and a scalar mediator respectively.

• For MDM & 1 TeV, the Sommerfeld effect is operative both during freeze-out and
inside haloes today, albeit the enhancement is different due to the different velocity.
Consequently, σID vrel becomes again insensitive to MDM, but is significantly larger than
what expected from perturbative annihilation, by a factor of vFO

rel/vrel and (vFO
rel/vrel)

3

for a vector and scalar mediator.

It is notable that, due to the Sommerfeld enhancement, σID vrel can be larger, even by
many orders of magnitude, than the cross-section for symmetric DM annihilating via contact
interactions, for a large range of masses, MDM & 10 GeV, and highly asymmetric DM, in
particular r∞ as low as 10−3 for a vector mediator and 10−8 for a scalar mediator.

There is, however, an important caveat. Equations (4.1) and (4.2) do not always suf-
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Scalar mediator

Figure 7. The equivalent of fig. 6, for DM coupled to a light scalar mediator.

fice to predict the indirect detection signals that should be expected from asymmetric DM
annihilation. Cosmological events following the DM chemical freeze-out may further sup-
press the fraction of DM that is available to participate in the annihilation processes at later
times. This is, in fact, particularly relevant to scenarios of asymmetric DM coupled to light
or massless force mediators.

If DM bares a particle-antiparticle asymmetry and couples to a light or massless dark
photon, then gauge invariance mandates that a second dark species, charged under the same
dark force, bares an asymmetry and has survived until today, such that the total dark
electric charge of the universe vanishes.17 While this is self-evident in the case of a massless
dark photon implied by an unbroken gauged U(1)D, a similar conclusion holds even for a
mildly broken U(1)D and a sufficiently light dark photon [42]. The presence of a second
asymmetric dark species with the opposite net U(1)D charge also implies that stable atomic
bound states can form, thus trapping dark particles that would be otherwise available to
participate in annihilation processes with the residual dark antiparticles. The efficiency of
dark recombination – the formation of dark atoms – depends on the masses of both species,
which demonstrates that eq. (4.2) is insufficient to predict the expected DM annihilation
signals.18

17This is, of course, analogous to ordinary protons and electrons in the SM, and to mirror electrons and
mirror protons in mirror matter models [36]. For other models of atomic DM, see e.g. [25, 37–41].

18As discussed in section 2.1, the additional degrees of freedom in the dark sector will affect TD and hence
also the 〈σannvrel〉 required to obtain the observed DM abundance. To a good approximation, the required
annihilation cross-section scales as 〈σannvrel〉 ∝ TFO

D /TFO
SM .
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Asymmetric DM that couples to a light scalar mediator can form stable bound states
due to the attractive nature of the interaction between particles of the same species (as
well as between particles and antiparticles). In contrast to the vector mediator case, the
formation of particle-particle bound states does not neutralise the interaction mediated by
the scalar. This may result in the cosmological formation of a spectrum of multiparticle
bound states [43], which of course modifies the number density of the DM states, as well as
their annihilation cross-section. In this event, the estimation of the DM annihilation signals
based solely on eq. (4.2) would be inaccurate.

The comprehensive computation of the annihilation signals expected in these scenarios
merits dedicated analyses that will employ the results presented here, but are beyond the
scope of the present work. It is worth noting that in these scenarios, signals for indirect
DM searches may also arise from the radiative formation, or the excitation and de-excitation
of the stable DM bound states — in particular, from the formation of dark atoms [44] or
other related transitions [45] in the case of a vector mediator, and from the formation of dark
particle-particle bound states in the case of a scalar mediator [46].

We note in passing that the above cosmological considerations are important also in de-
termining other phenomenological aspects of the scenarios considered here, and in particular
the DM self-interactions inside haloes today. The formation of stable bound states typically
screens or curtails the DM self-scattering. It is then essential that phenomenological stud-
ies take into account the entire cosmological history, of which the DM chemical freeze-out
computed here is essentially the first part.
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5 Unitarity limit

5.1 Long-range vs. contact-type interactions

Partial-wave unitarity sets an upper limit on the 2-to-2 total inelastic cross-section. In the
non-relativistic regime, it reads [26]

σ
(J)
inel vrel 6 σ

(J)
uni vrel =

4π(2J + 1)

M2
DM vrel

, (5.1)

where J denotes the partial wave. Assuming that DM has thermalised in the early universe,
the limit (5.1) implies that DM cannot be too heavy, because it would not have annihilated
sufficiently, down to its observed density. This consideration was first employed in Ref. [26],
to obtain an upper bound on the mass of symmetric thermal-relic DM, which amounts to
∼ 83 TeV for non-self-conjugate DM, using the current measurement of ΩDM. However, two
refined considerations relating to the velocity dependence of σunivrel and the contribution of
high partial waves to the inelasticity, raise this upper bound on MDM considerably. We now
expound on these points.

5.1.1 The velocity dependence of σuni vrel

In Ref. [26], the velocity dependence of σunivrel was deemed unphysical, and vrel in eq. (5.1)
was substituted with a constant value of the order of those that occur during freeze-out. More
recently, Ref. [15] argued that the velocity dependence of σunivrel has physical significance
that needs to be taken into account. It essentially implies that the unitarity limit may be
realised only if DM annihilates via a long-range interaction.

For an interaction mediated via a heavy force carrier of mass mmed & MDM, the in-
elastic cross-section scales as σinelvrel ∼ α2

DM
2
DM/m

4
med. Realising the unitarity limit (5.1)

via such an interaction would then require a large coupling αD ∼ (mmed/MDM)2/
√
vrel & 1.

Recasting the requirement for realising the unitarity limit, and using the fact that αD & 1,

implies that mmed ∼ α
1/2
D v

1/4
rel MDM . αDMDM. This condition states that the range of the

interaction between two DM particles, m−1
med, is comparable or larger than their Bohr radius,

(αDMDM/2)−1, and marks precisely the regime where the interaction manifests as long-range,
thereby contradicting the original premise of a contact-type interaction. The apparent vi-
olation of unitarity indicates that non-perturbative effects associated with the long-range
nature of the interaction — namely the Sommerfeld effect, and possibly additional radiative
processes, such as BSF — need to be included. (See also Refs. [9, 10] for a related discussion.)

Let us also consider the case mmed < MDM. Then, an inelastic cross-section com-
puted perturbatively would scale as σinelvrel ∼ α2

D/M
2
DM; for example, in a dark QED

theory, σannvrel = πα2
D/M

2
DM [cf. eq. (3.5)]. Realising the unitarity limit then requires

αD ∼ few/
√
vrel & 1 > vrel. This means that the quantum uncertainty in the momentum

exchange between the two interacting particles, which is of the order of the Bohr momentum
(MDM/2)αD, is larger than the average momentum exchange, (MDM/2)vrel. The 2-particle
state is thus not well-approximated by an eigenstate of the relative momentum, and the
interaction at infinity needs to be taken into account (see also footnote 14). This amounts
to the resummation of the 2-particle-irreducible diagrams that reveals the non-perturbative
effects at play.

Including non-perturbative effects results in the inelastic cross-sections exhibiting the
same parametric dependence on MDM and vrel as eq. (5.1), at least at sufficiently large
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couplings or low velocities (cf. section 3). Therefore, applied to a specific theory with long-
range interactions, the unitarity limit simply yields a numerical upper bound on the value of
the coupling that merely indicates higher-order terms in any perturbative expansion used in
the calculation need to be included.

Therefore, the proper determination of the unitarity constraint on the mass of thermal-
relic DM necessitates accounting for the variation of σunivrel with the velocity, in the kinetic
equations that describe the DM chemical decoupling in the early universe. This raises the
upper bound on the mass of non-self-conjugate symmetric DM, annihilating via s-wave pro-

cesses, to M
(J=0)
uni,sym ≈ 140 TeV [15] (see also [47]), assuming that DM annihilates into a

thermal bath of the same temperature as the SM. In section 5.2, we extend the computation
of this bound to asymmetric DM, using the relic density calculations of the previous section
that focused on long-range interactions.

5.1.2 Higher partial waves

Higher partial waves may contribute significantly to the total inelastic cross-section, and
consequently to the depletion of DM in the early universe.

Reference [26] argued that the s-wave contribution dominates the inelastic cross-section,
since higher partial waves are suppressed in the non-relativistic regime by v2J

rel . This is indeed
true for contact interactions, provided that no symmetry eliminates the s-wave contribution.
However, the unitarity limit cannot be realised by contact interactions. As discussed above, it

may be realised by long-range interactions, which exhibit the same velocity scaling, σ
(J)
inelvrel ∝

1/vrel, at large couplings or small vrel, independently of the partial wave [16, 33]. Nevertheless,
for a process that has a perturbative limit,19 the v2J

rel suppression of the higher partial waves
that appears in the perturbative regime (vrel > αD), morphs into an α2J

D suppression in
the Sommerfeld-enhanced regime (vrel < αD),20 as already evident in eqs. (3.13). For such
processes, it is typically true that the lowest non-vanishing partial wave yields the dominant
contribution.

However, the coupling to a light mediator often implies a variety of radiative processes
that can annihilate DM. For a vector mediator, the leading order contribution to the direct
DM annihilation into radiation is dominantly s-wave, while the radiative capture to the
ground state is a p-wave process, MBSF ∝ sin θ ∝ d1

1,0(θ).21 Despite the different partial
waves contributing, both the annihilation and BSF have the same dependence on αD for
vrel . αD. Applying the limit (5.1) on eqs. (3.4), using the appropriate value of J , we find
that unitarity is violated by the leading order computation of σann and σBSF at αD & 0.85;
notably, this is approximately the same value of αD for both processes. Around and above
this value of αD, higher-order corrections must be included to accurately determine the cross-
sections of interest. Nevertheless, it is evident that for such large values of αD — around
which the unitarity limit on the inelastic cross-sections may be realised — the depletion
of DM via p-wave inelastic scattering dominates over s-wave, for the velocity range that is
relevant to the DM chemical decoupling in the early universe (vFO

rel . 0.3). It is also interesting

19Not all processes have a perturbative limit, e.g. bound-state formation is inherently non-perturbative and
vanishes at small αD/vrel or small αDMDM/mmed, where mmed is the mediator mass (if non-zero).

20This is also true for higher-order corrections in v2
rel within a given partial wave. See Ref. [48] for exact

formulae, and footnote 14 for the physical interpretation.
21Here, dJλf ,λi

(θ) are the Wigner d functions. θ is the scattering angle, J denotes the partial wave, and
λi = λi1 − λi2, λf = λf1 − λf2 are the initial- and final-state helicities respectively, with the indices 1 and
2 corresponding to the particles of each state. Note that the partial-wave decomposition of MBSF was not
correctly described in Refs. [15, 16].
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Figure 8. Unitarity bounds on symmetric and asymmetric thermal-relic dark matter, annihilating
via processes dominated by the s or p partial waves, or their sum. The ε, r∞ and MDM dashed contours
illustrate the relation MDM ' (5 GeV/ε)× (1− r∞)/(1+ r∞) [cf. eq. (2.9)]. Top left: For small values
of the final fractional asymmetry r∞, the bounds on M2

DM tighten up approximately logarithmically
with decreasing r∞. Top right: At ε ≡ ηD/ηB � 10−5, the DM mass is bounded by the unitarity
limit on symmetric thermal-relic DM, while at ε � 10−5, it is limited by Mmax ' 5 GeV/ε. Bottom
right: For ε� 10−5, DM retains a large symmetric component, r∞ ∼ O(1), while for ε� 10−5, small
values of r∞ can be attained. Bottom left: Comparison of numerical evaluation (solid) and analytical
approximation (dashed) [cf. eqs. (5.4) and (5.6)].

that, around these values of αD, the s-wave annihilation still gives a sizeable contribution
(nearly the maximally allowed by unitarity), and d-wave inelastic scattering, which is the
dominant mode of the capture into n = 2, ` = 1 bound states, is comparable to the s-wave
annihilation [18] (without, though, saturating its unitarity limit). Moreover, for a scalar
mediator, the direct annihilation into radiation, which is the dominant inelastic interaction
in the Coulomb regime, is a p-wave process at leading order, Mann ∝ cos θ ∝ d1

0,0(θ). In
this case, the apparent violation of unitarity occurs for αD & 1.4. It is possible that more
complex models feature inelastic processes where even higher partial waves dominate (see
e.g. Ref. [49] for a model with a rich spectrum of radiative transitions).

From the above it is evident that higher partial waves are important. In section 5.2,
we compute the s- and p-wave unitarity bounds, and their combination, on the mass of
symmetric and asymmetric thermal-relic DM.
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5.2 Bounds on the mass of symmetric and asymmetric thermal-relic DM

We first analytically estimate the unitarity bound on the DM mass. The DM relic density
depends on the product (1 + c/xFO

D )λΦ, which depends on the annihilation cross-section

at freeze-out [cf. eqs. (2.4b) and (2.13a)]. The thermal average of eq. (5.1) is 〈σ(J)
univrel〉 =

(2J + 1) 4 (πxD)1/2/M2
DM. Then,(

1 +
c

xFO
D

)
λΦ 6

(
1 +

1

4xFO
D

)
λuni Φuni

=
8π

3

√
gFO
∗

5xFO
D

(
1 +

1

4xFO
D

)
MPl

MDM

×

{
(2J + 1), solely J,

(Jmax + 1)2, 0 6 J 6 Jmax,
(5.2)

depending on which partial waves contribute maximally to the DM annihilation.
For symmetric thermal-relic DM (ε = 0), the relic density is [cf. eq. (2.16)]

ΩDM =
2MDMY

sym
∞ s0

ρc
' 2MDMs0/ρc

(1 + c/xFO
D )λsymΦsym

>
2MDMs0/ρc

[1 + 1/(4xFO
D )]λuniΦuni

, (5.3)

which implies22

MDM 6Muni,sym ≈ 110 TeV ×

{√
2J + 1, solely J,

Jmax + 1, 0 6 J 6 Jmax.
(5.4)

Asymmetric thermal-relic DM requires a larger annihilation cross-section than symmet-
ric DM. Unitarity, thus, sets a tighter upper bound on MDM, that depends on the asym-
metry ε = ηD/ηB, MDM 6 Muni(ε) 6 Muni,sym. Moreover, the DM mass is bounded from
above by the value it would have if a vanishing late-time fractional asymmetry, r∞ → 0,
could be attained, MDM < Mmax(ε) ' 5 GeV/ε [cf. eq. (2.10)]. Muni(ε) describes the
transition between Muni,sym and Mmax(ε), which occurs at Mmax(ε) ∼ Muni,sym, i.e. for
ε ∼ 5 GeV/Muni,sym ∼ 10−5. For ε� 10−5, the DM mass is bounded essentially by Mmax(ε)
and very small r∞ can be realised; for ε� 10−5, MDM is bounded by Muni,sym and r∞ ∼ O(1).
Conversely, the unitarity limit may be interpreted as a lower bound on the fractional asym-
metry, r∞ > r∞,uni; for small ε or large MDM, r∞ cannot be too small, which in turn may
result in significant annihilation signals at late times.

We may now estimate Muni in the presence of an asymmetry. The expansion of eq. (2.18)
gives

ln r∞ ' −
(

1 +
c

xFO
D

)
ηDλΦ & −

(
1 +

1

4xFO
D

)
εηBλuniΦuni , (5.5)

22In terms of the various parameters involved,

M
(J=0)
uni,sym =

[
4π

3

√
gFO
∗

5xFO
D

(
1 +

1

4xFO
D

)
ρcMPlΩDM

s0

]1/2

≈ 110 TeV .

Note that there is some sensitivity on the assumptions about T̃ and the degrees of freedom in each sector, via
gFO
∗ . Had we assumed that the dark plasma is at the same temperature as the SM plasma at the time of freeze-

out, we would have found M
(J=0)
uni,sym ≈ 140 TeV. According to the assumptions made here, for MDM ∼ 100 TeV,

the dark plasma is at a somewhat higher temperature than the SM at the time of DM freeze-out. This is due
to the DM degrees of freedom becoming non-relativistic below the last common temperature T̃ of the two
sectors, while no decoupling of SM degrees of freedom has yet occurred at TSM ∼ 100 TeV/xFO

D ∼ few TeV.
A hotter dark sector necessitates a larger DM annihilation cross-section, and therefore implies a stronger
unitarity bound on MDM.
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where λuniΦuni is given in eq. (5.2), and ε, r∞ and MDM are also related via eq. (2.9). Solving
eq. (2.9) for ε, r∞ and MDM, and substituting into eq. (5.5), we obtain respectively

Muni ≈Muni,sym ×
[(

1 + r∞
1− r∞

)
ln(1/r∞)

2

]−1/2

, (5.6a)

Muni ×

√
1

2

(
5 GeV

εMuni

)
ln

[
1 + εMuni/(5 GeV)

1− εMuni/(5 GeV)

]
≈ Muni,sym , (5.6b)

r∞,uni = exp

[
−2

(
1 + r∞,uni

1− r∞,uni

)(
ε

5 GeV/Muni,sym

)2
]
, (5.6c)

where Muni,sym is given in eq. (5.4). The last two equations can be solved numerically to
obtain Muni and r∞,uni in terms of ε.

Equations (5.4) and (5.6) provide an analytical approximation to the bounds implied by
unitarity, on symmetric and asymmetric thermal-relic DM. In fig. 8, we present the numerical
computation of these bounds, for DM annihilation dominated by the s and p partial waves,
or their sum.

6 Conclusion

In a variety of models, asymmetric DM is hypothesised to couple to light force mediators.
Models with hidden sectors are motivated either by high-energy physics, such as string-
theory constructions (see e.g. [50]), and/or on phenomenological grounds, for example by the
similarity of the DM and ordinary matter densities (e.g. [38, 39, 41, 50]), self-interacting DM
(e.g. [42, 51, 52]) and dissipative DM [25, 36, 40, 53–55]. This category also encompasses
asymmetric WIMP DM with TeV-scale mass; indeed, for multi-TeV particles, the Weak
interactions of the SM, mediated by ∼ 100 GeV gauge bosons, manifest as long-range [9, 10].
In the present work, we focused on minimal models that feature long-range dynamics. We
computed the DM freeze-out in the early universe, estimated the resulting annihilation signals
at late times, and deduced constraints implied by unitarity.

Due to the Sommerfeld enhancement of the inelastic processes, the couplings required
to eliminate efficiently the dark antiparticles and establish a large final asymmetry (r∞ � 1),
can be considerably lower than in the case of contact interactions. Within a specific model,
this broadens the low-energy parameter space that yields highly asymmetric DM.

Despite lowering the predicted couplings, the Sommerfeld effect implies that the indirect
detection signals from the annihilations of the residual dark antiparticles can be significant.
For example, for MDM & TeV and final fractional asymmetry as low as r∞ ∼ 10−3, the
annihilation rate of asymmetric DM coupled to a light dark photon may be larger than that
expected from symmetric DM with contact interactions. Figures 6 and 7 illustrate this point.
This opens up the possibility of probing asymmetric DM with observations of the CMB, the
Milky Way and the Dwarf galaxies. Moreover, the capture of DM in the interior of the
Sun and its annihilation via metastable mediators can give rise to enhanced neutrino signals
due to reduced absorption [56], and offers another opportune probe [7, 57–59]. However, we
emphasise that the accurate determination of the expected annihilation signals necessitates
that the entire cosmological history of any model of interest is first carefully considered; this
may involve events such as the cosmological formation of stable bound states [42, 43], that
would suppress the annihilation signals estimated here. In fact, the radiative formation of
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stable bound states inside haloes is itself a potential source of indirect signals, albeit of lower
energy [44, 46].

Long-range interactions, if adequately strong, can maximise the probability for inelastic
scattering. In this regime of large inelasticity, higher partial waves can yield a significant,
and in some cases the dominant contribution. However, even maximal inelasticity suffices
to annihilate a thermal particle density down to the observed DM abundance only if these
particles are not too heavy. The upper bound on the mass of thermal-relic DM implied by
unitarity strengthens as the DM asymmetry increases. Conversely, unitarity implies that
very heavy DM, or DM with small particle-minus-antiparticle-number-to-entropy ratio ηD,
has a significant symmetric component today. The unitarity bounds are shown in fig. 8.
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