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I. INTRODUCTION

Dielectric lined waveguides are under extensive study as accelerating structures
excited by charged beams [!]. Quartz and cordierite structures have been beam
tested, and accelerating gradient exceeding 100 MV/m has been demonstrated [2].
Several materials used for accelerating structures (sapphire, ceramic films etc) pos-
sess significant anisotropic properties. It is shown, for example, in [3] that the di-
electric anisotropy causes a frequency shift in comparison to dielectric-lined waveg-
uides with isotropic dielectric loadings.

The anisotropic dielectrics may be incorporated either intentionally or uninten-
tionally (processing-induced anisotropy) [4]. Dielectric permittivity and conductiv-
ity depend on the direction of wave propagation and polarization in many materi-
als. The anisotropy can have a significant effect on modal coupling and must be
accounted for in the design and analysis of such structures.

There are many papers which describe impedance calculations of steady-state
impedance for isotropic round and flat layered chambers [5—10] with translational
symmetry in the beam direction. The solutions for isotropic structures are obtained
in analytical form or a field-matching approach can be used to reduce the problem to
a simple matrix equation. In this paper we consider anisotropic transversally non-
homogeneous round and rectangular chambers where the field-matching technique
does not work.

We start in Section II from formulation of the problem. Then we review the gen-
eral form of the impedance for round and rectangular waveguides in non-relativistic
case. For a special case of uniaxial anisotropy in the beam direction the same field
matching approach as for the isotropic case [5] can be used. We consider shortly
the required modifications in Section III. For transversally non-homogeneous ma-
terials the structure can be approximated by many layers. However such approach

could be computationally expensive as it requires calculation of modified Bessel or



exponential functions (of complex argument) for each layer.

A fully anisotropic case is treated in Section IV. The field-matching technique
does not work in this case. We consider several possible analytical formulations and
choose one with non-singular differential equations. For this choice we describe a
simple finite-difference scheme. With a proper permutation of mesh indexes we re-
duce a sparse matrix with 7 bands to a pentadiagonal one. It allows a fast algorithm
of complexity O(N) (N-number of mesh steps) for calculation of impedances for
non-homogeneous anisotropic materials. Open boundary conditions are formulated
for the case when the last layer has an uniaxial anisotropy in the beam direction.

The finite difference method allows treating of full anisotropy but could be time-
consuming. For the case when the anisotropic layers are thin we suggest in Sec-
tion V a combination of the field matching and the finite-difference approaches.

Finally in Section VI the described methods are cross-checked on several nu-

merical examples. The algorithms are implemented in numerical code ECHO[ I 1].

II. PROBLEM FORMULATION
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FIG. 1: Examples of “round” and rectangular” geometry.



We consider a point-charge ¢ moving with constant velocity v through a struc-
ture with round or rectangular cross-section. In the following we call the structure
“round” if it is axially symmetric. If the structure has a constant width between two
perfectly conducting planes and has rectangular cross-sections then we call such
structure “rectangular”. Fig. 1 shows examples of round and rectangular structures.
In the following we consider only an anisotropic materials with diagonal material
permittivity and permeability tensors, where the optical axes coincide with coordi-
nate ones. Hence their diagonals are given by complex vectors €, u.

We assume that the charge is moving along a straight line parallel to the longi-
tudinal axis of the system, and we neglect the influence of the wakefields on the
charge motion. For round structures we will use cylindrical coordinates r, ¢, z. The
charge density in the frequency domain can be expanded in Fourier series

qo(r —ro)
morg(1 + 6,0)°

P, 0,2 k) = € Y p(r) cosmle = @0)),  pu(r) = (1

m=0
where ry, ¢, are coordinates of the point charge ¢, 5 = v/c, c is velocity of light in
vacuum, and d,,0 = 1 if m = 1, 0 otherwise.

From the linearity of Maxwell’s equations the components of the electromag-

netic field can be represented by infinite sums:
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The electric displacement D and the magnetic induction B are defined using com-



plex permittivity and permeability diagonal tensors

€(r, k) 0 0 wu(r, k) 0 0
D= 0 e(rnky 0 |E, B=] 0 purnky 0 |H
O O EZ(ra k) 0 O /‘tZ(ra k)

We do not have to assume any particular frequency dependence. In order to include
conductivity and other losses in our code ECHO1D we use the following expres-

sions (here we consider as example r-component):

Kk (r)

ol tiory MR =rO0+i0), o=k,

e(r k) = e(r)(1 + i65(r)) + i

where €. is the real part of the complex permettivity, . is the real part of the com-
plex permeability, and the loss can be introduced with the help of dielectric loss
tangent 6¢, magnetic loss tangent &, or/and with AC conductivity following the
Drude model [12], where «, is the DC conductivity of the material and 7, its relax-
ation time. We use similar expressions for ¢- and z- components of the permittivity
and the permeability tensors.

For each mode number m we can write an independent system of equations
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We have reduced the initial three-dimensional problem to an infinite set of indepen-
dent dimensional problems, Egs. (3), for the Fourier componets of the field.

In rectangular case we choose a coordinate system with y in the vertical and x in
the horizontal directions; the z coordinate is directed along the beam direction. The
structures considered in this paper have constant width 2w in x-direction between
two perfectly conducting side walls.

The charge density can be expanded in Fourier series

e P & : : m q6(y — Yo)
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w

m=1
where X, yo are coordinates of the point charge. Again it follows from the lin-
earity of Maxwell’s equations that the components of electromagnetic field can be

represented by infinite sums:
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For each mode number m we can write an independent system of equations

k .
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We are interested in coupling impedances as defined in [5, 14]. For round pipe

the coupling impedance can be written as

- kr, kr
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where 7 is the relative relativistic energy and we have written explicitly the space

charge contribution Zj..

For a rectangular pipe the impedance reads

1 < : .
2105040 %9.0) = — > Zu(yo. .k ) sinlkin0) sin(kun) + Zie(x0. o, 3. 4.k, 7).
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where

Zn(yo, .k, y) = | 255 (k. y) coshl, o) + Zix (k, ¥) sinh(ky,myo) | cosh(y my)

+ |5k, ) cosh(ky myo) + Z;; (k. y) sinh(kyuyo) | sinh(kyy).
k 2 i
ym = Akt vl
In Egs.(5, 6) the infinite sum defines a so-called wall impedance. The longitudi-
nal and the transverse wall impedances are connected by Panofsky-Wentzel theorem
(see [5] for a detailed discussion).

The wake field effect in time domain is described by a longitudinal wake function

which can be obtained by the Fourier transform of the longitudinal impedance

c © -
w||(S) = E f Z“(k)elks/ﬁdk,

where s is the distance between the source and the test particles [14].

III. FIELD MATCHING FOR UNIAXIAL ANISOTROPY

In the general anisotropic case from system of first-order Eqs.(2) we obtain the
second-order coupled equations for z-components of the electric and the magnetic

fields:

liﬁﬁ — mZESO +elE +ﬂ gi_iﬁ = —iCI6(I’—r0)
rorvi,or " g T e arvE, v ar] T (1 4+ So)w’
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(N
The field matching technique for round and flat isotropic pipes was considered,

for example, in [5—10]. For the case of uniaxial anisotropy along z-axis we use the

same technique, which we describe shortly in this Section.
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FIG. 2: Examples of “round” and “rectangular” layered geometry.

We consider the uniaxial anisotropy when the permittivity and the permeability

tensors are diagonal and for their elements the following relations hold

&(r) = €(r),  wu(r) = py(r).

Inside of each layer where the complex permeability and permittivity are constants

(independent from r) Egs.(7) reduce to the decoupled equations

10 0 (m2 261) _ig6(r —ro)v}
zm

+V

ror or " T\ 2 "€, — 7ro(1 + o) we,”
1o 0 m ,u,
- m—|— +v:—|H.,, =0,
rarr()r ¢ (r2 Vr LT
V= kB - wiell. ®)

A general solution of homogeneous hyperbolic Egs. (8) can be written in form
E.u(r) = CT'Lu(vir) + Cx K, (vir),  Hu(r) = Di'L.(vir) + DK, (vir),  (9)
Vi = V&€ W = Ve 1y,

where [,,, K,, are modified Bessel functions of complex argument.
In the following we will numerate the layers by index j and r = a; defines

interface between the layers with numbersj and j + 1. In order to find the constants
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I DY, D% in Egs. (9) we can use 4 conditions at the interfaces between

the layers:

E;f,m(aj) = E§+1(aj), Him(aj) = HZjH(a,‘),

S >

€/El, (a)) = € E[})(ap),  wlH],(a)) =ul" H]} (a)), (10)

r'*~rm r,m 1

where the radial field components are defined through the longitudinal ones as

; ik (10 . mcu,
El (r)=—|-—E/ + H.,.|,

r,m(r) V% (ﬁ 8’_ m,z 2, )

- ik ({10 . mce,
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r,m(r) V% (ﬁ ar m,z r Z, ) ( )

From Egs. (9)-(11) at each interface r = a; we obtain the relations
m,j+1 m,j+1 m,j+1 m,j+1\T m,j ~m,j m,J m,jNT
(C] ,CK ’DI ’DK ) _Mj(C] 9CK ’D[ 7DK ) >

where M; is a complex matrix of order 4. We do not write the explicit form of the
elements of the matrix M;. They can be written as a combination of modified Bessel
functions and the expressions are similar to those obtained in [5] for an isotropic
case.

The matrix connecting the coefficients from vacuum layer to the coeflicients of

the last layer can be found as a matrix product
M= MN—IMN—2-~-M1MO-

From the boundary condition at the axis we have D%’O = 0. If the last layer,
Jj = N, is infinite with finite conductivity then we have open boundary condition.
The field should decay at infinity, giving C%" = 0, D" = 0, and we are looking

for the solution of the following simple system

My My 00 |[crfcg®) [-Mn
My My -1 0 || D70/Ci® _| M| 12
My My 0 0 [[CceNicn? —M3,
My My 0 -1 D%’N/C?O —My,
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After numerically solving of Eq. (12) the modal longitudinal impedance in Eq. (5)
can be found as
ikzy C°
2P = e

Zn(k,y) =

If the last layer, j = N, is closed with perfectly electric conducting (PEC) material

at r = ay, then we use a modified matrix
M = M${7 My 1 My_,...M; My,

where M]f,ZF is a matrix converting the field coefficients in the field components

H,, H, and their derivatives:

H r,m (aN ) Cr[n,N
N
Hap,m(aN) _ MCQF C?
o - N m,N :
or [Hgo,mr] |r:aN D[
il N
E[ﬂrHr,mr“r:aN Dr[?

Again we do not write the explicit form of the elements of the matrix le,ZF . They
can be written as a combination of modified Bessel functions and the expressions
are easy to obtain from Egs. (3), (9) in any computer program supporting symbolic
calculations.

The boundary conditions for perfectly conducting material at ay can be written
as H,,,(ay) =0, %[H%mr]lrza,v = (. Hence in order to find the impedance we again
use Egs. (12) where the right hand side has the same form but the vector of un-
knowns is different: (C;*°/Cy?, D" /C°, Hy(an)/Cr®, L1urHyn =y /CROT

For rectangular geometries we follow the same approach. The field in the homo-

geneous uniaxially anisotropic layer can be presented as sum of complex exponents

E.n(r) = C"in? 4 CMe ™ nt | H_,,(r) = D"eMmY 4 DMekiny,

€ [ M
€ _ 2 2 &z u o _ ) o Mz 2 _12p2 _ 2.2 2
kym = [Kem + Ve kym = | Kem + vy'u—, v, =k°B W€ M,
y y
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In the following we consider only the case where the rectangular structure is sym-
metric in the y-direction (up-bottom symmetry). In this case Eq. (6) has a simpler

form

Zn(Yo, Yy, k,y) = Z,; (k,y) cosh(k, nyo) cosh(k, ,.y) + Z,’(k,y) sinh(k, ,,yo) sinh(k, ,,y).

The item Z¢(k,y) can be found from the solution of the problem in the half of the
domain with magnetic boundary condition at the symmetry plane H,,,(0) = 0. If
the last layer, j = N, is infinite with finite conductivity then we have open boundary
condition. The field should decay at infinity and it results in C™" = 0, D™" = 0.

Hence we are looking for the solution of the following system

My +Mp Mis—Myy 00 |[Cr0/ @ -Ct) (M
Moy + My Moz — Moy —1 0 || D™ - C1°) _ —M» 13
My + My, Myz—Msy 0 0 [[C™Y /™ - ) —M3,
My + My, Myz— My O —1J\D™Y/(C™ - ) —My,

After numerical solution of Eq. (13) the item Z;(k,y) can be found as

m (y* = DkJ,, (€™ = ¢ o Y

The item Z;’(k, y) can be found from the solution of another problem in the half of

the domain with electric boundary condition at the symmetry plane E,,(0) = 0. We

are looking for the solution of the following system

My =My Mis+ My 000 |(CH/(C+CEY)) (=M
My — My My + Moy =1 0 || D70/(C™0 + C0) _ —M>; L4
My —Ms, Mz +Msy 0 0 |[Cc™ /™ +c™)| |-Ms
My — May Myz+ My 0 —1){D™Y /(™0 + CT’O) My,

After numerical solution of Eq.(14) the item Z’’(k, y) can be found as

2ikZy cmo
n(y? = DK, (c™ + C°)

Z,)(k,y) = -
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If the last layer, j = N, is closed with perfectly conducting material at y = ay
then we use a modified matrix in the same way as described above for the round
geometry. We will not consider here a rectangular structure without symmetry. In
general, matrix M is a composition of matrices for all layers. It can be found and

treated in the same way as described in [5] for an isotropic case.

IV. FINITE-DIFFERENCE METHOD FOR FULL ANISOTROPY

In this section we describe a finite-difference method to treat the round and the
rectangular structures with arbitrary anisotropic materials. We start with the round
case. At the beginning we have to decide which equations to use. The system
(3) contains 8 first-order equations for 6 unknown field components. It can be
reduced only to 2 second-order equations. For example we can use Egs. (7) for
longitudinal components of electric and magnetic fields. However for relativistic
beam in vacuum these equations degenerate: the coefficients in highest derivatives
go to infinity. We would like to have a pair of equations which are non-singular
and give the field components even in a perfectly conducting vacuum pipe. The
relativistic charge in the limit v = ¢ in perfectly conducting pipe does not have
the longitudinal filed components. Hence the equations should be ones for the
transverse field components. A possible choice could be to write equations for
the radial components of electric and magnetic fields. However for higher order
modes, m > 0, these equations have singular coefficients as well.

We suggest to solve the well-posed problem for transverse components of mag-

netic field only,

010 ,
___[ r]+b<p(r)[H<;;mr] [:ur rmr]

orre, 0 ’ r? er,uz

9 = 0
ar(l"zleur[#r rmr) b (r)[anm ] (15)
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010 me, 0
. a. rHrm br rHrm —— ; -
orru, Hr[ﬂ R r’e, Or el
0 (myuy, a (mu,
_ HS = — H s 16
or (r%[ W”r]) 5?( g " (10)
W p, K m’u, w’e, k? m’e,
b(p(r) = - 2 - 3 ” br(r) = - 2 - 3 .
r re*  reu, r B rue

In order to remove the discontinuity of the azimuthal component in the charge lo-
cation ry we present the azimuthal component of the magnetic field in the form

0(r — ry)

— s 0 0 _ 0 0 _
H,,=H, +H Hyp = (14 6y, H) = ——

o.m om>

where 6(r) is Heaviside function and Hg presents a monopole harmonic of the self
field of relativistic charge in free space. Let us note that H;,, has the meaning of
the scattered field only for the lowest monopole mode, m = 0, and the relativistic
charge. Another choice could be to take Hg’m as a true m-harmonic of the self-
field but this introduces additional terms into the right-hand side of Egs. (15), (16)

without any clear improvement of the accuracy of the numerical solution.

g - b d
0, o &(r), m ()
h(p,o hT,O.S hgo,l hr,1.5 hqo,Z hr,2.5 h(p,N hr,N+0.5
O | 1 1 | | 1 -
1 1 1 1 1 1 L
0 Tos 1 Ti5 T2 Tps TN+0.5 r

FIG. 3: One dimensional mesh and positions of the transverse magnetic field components.

We introduce one dimensional mesh with shifted positions of the transverse
magnetic filed components as shown in Fig. 3. The mesh in material is not equidis-

tant in general. It is chosen to sample the wave length in the material properly and
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depends on the wavenumber £ = w/c. We use the standard second order approxi-

mations of the derivatives [15] and the finite-difference scheme reads

hooi—h _p
@,i+1 ©,i ©,i ,i—1
[a<p(ri+0.5)— —ay(ri-os) + by(ri)hy i+
Fiv0.5 = Fi-05 Fiv1 = Fi ri—Frio1
hyivos — hricos  de(Fivos)hrivos — dy(ricos)hrizos
cy(ri) - = fo(r),

Viv05 — ¥i-05 Viv05 — ¥i-05

1 hyivos — hricos hyicos = heicis
[ar(n) —a,(ri-))—————| + b(rico.5)h, 05+
Vi —ri-1 riv05 — 1i-05 ri05 — Ti-15
hyi—heyioy  d(rhy; — d.(rie)hy -1
(") (" r l ®,l r 15 (N
cr(rizos) - = fi(ricos), (17)
ri —ri ri — i

where we have introduced the discrete field components h,; = H;’m(ri)rl-, hyivos =

W (riv05)Hm(rivo.5)riv0.5 and the following notation

a7ivos) = rir0.5€:(Fiz05) cr) = r,'zer(’:l;ﬂz(ri)’

lrins) = s ) = hLH ]

ap(r;) = P c(rios) = r,'2_0.5€<p(ri—’:.15)€z(ri—0.5)’

d.(r;) = i  F(ries) = dr(”i)[Hg,m(”i)ri] - dr(ri—l)[Hg,m(ri—l)ri—l].
r; M (rp(r;) ri = Ti-1

At the axis of axially symmetric geometry we have magnetic boundary condition
0
[H¢,rr]|r:0 = 0’ a_[#rHr,mr]lr:O = 0,
r

and the equations for i = 1 can be written in the form

1 hgo = hy ) 1
E—— [%(Fl.s)u - %(ro.s)i + by(r1)hy 1+
ris —Tos r
heis —heos  do(ri5)hes — dy(ros)heos
Cp(r) =203 ¥ - = fo(r),
rs —TIops rys —T1ops

1 l’lr, 5= hr’ ) h ,1 dr(rl)h ,1
— [ar(rl)u + b (ro5)hos + c(ros)—— — ———= = f,(ros),
r rvs —Tos r r

If the exterior boundary is perfectly conducting at ry.os = b then we have electric

boundary condition for the magnetic field

0
[“rHr,mr]|r=b = O, E[Hgo,mr]litb = 0,
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and the equations for i = N can be written in form (17) with hy y,1 = hy N, By nios =

0. Hence we have to solve a linear system

Mh =f, h=(hg1,hpo, s hon, Bros, Bris, oo Bnios)'s (18)

where the matrix M has dimensions 2N X 2N and the seven band structure shown

in Fig. 4 on the left side.

FIG. 4: Reduction of seven band matrix to pentadiagonal form.

In order to use a direct method of solution of linear system (18) we introduce the

permutation matrix P, defined by permutation of indexis

2N+1—% , [ even,

N+1-2L i odd.

2

o= (19)
It converts the sparse seven band matrix M in pentadiagonal form P,MP” shown in
Fig. 4 on the right side. The new system allows for a direct solution with complexity
O(N) [16], meaning that the solution time is proportional to the number of mesh
points.

If the last layer is infinite then we need an open boundary condition to truncate
the matrix at r = b. If the last material has only uniaxial anisotropy like one con-
sidered in Section III then we can easily write such a condition. Indeed from the

definition of the modified Bessel functions of the second type, the open boundary
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condition in the round geometry reads (see Eq. (9))

0 K, . K1 (vVir)
a_Ez,m +—E. . =0, K, =|m+ y————|»
r r m(VET)
0 Kfn Km—l(vﬁfr)
—H. ,+—H,,=0, K=|m+nrn"—"2]. 20
or °© ro° " (m r K, (/1) 20)

Combining Eqs.(20) with Maxwells equations (3) we can derive the open boundary

conditions for the transverse components of the magnetic field:

2
Vi

& € m2 a m €r € m2
- (Km - —) oy Hemr ]+ vV [Hymr] + —~ (r2K_£‘,, - (K - —)) [uH,ur] = 0,

U
€; Km Z

2 2 2

Uy m°\ 0 ) mi,vi U m

— |\ Kt — — | = H, ] + Hor]+ —r"— —-— K, — — || [Hymr] = 0.
ﬂz( m K;l)ar[l'l s r] rvr[/’t ! r] r (r K;l ﬂz( m ))[ (28 r]

We approximate these boundary condition on the one dimensional mesh with sec-
ond order by finite differences [15]. The final matrix will have the same structure
as in previous situation with the perfectly conducting boundary (see Fig.4).

After numerical solution of the linear system (18) the longitudinal electric field

component and the impedance can be found as

i 0
_[Hgo,mr]|r:r0 - er(rO) )

E... =
anlr0) we,(ro)ro | Or
Ez,m(rO) GKm(VSI’()) lkZ()
Zy(k) = 0,2 0 ’ T 5 1Y
L(vro0) 1,(v)ro0) 2n(y* = 1)

In the case of rectangular geometry we again consider only the case with sym-
metry plane at y = 0. In this case we have to solve two problems in half of the
computational domain. The first problem for Z . has a magnetic boudary condition
at the symmetry plane (H,,,(0) = 0) and we approximate it in the same way as it
was done at the axis for round geometry. The second problem for Z, has an electric
boundary condition (E,,, = 0) at the symmetry plane and we approximate it in the
same way as it was done for round geometry at PEC boundary.

If the last layer of the rectangular geometry is infinite and has only uniaxial

anisotropy then the open boundary condition for the longitudinal field components
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read

0 . 0
ﬁyE“" +k,yEom =0, 8_yHZ’m + kymH =0,

Combining them with Maxwell’s equations (4) we can derive the open boundary

conditions for the transverse components of the magnetic field in the rectangular

Ky ) By
Vy My o
e | =2 = 22 |, = =22 || H, = 0,

case
€ k2, 8 Vi g z
”(f ]—H + Vv H, -k, (—”——y(k;m——’ Hyp, =0,
€ Kym € \UP" Kym
2
y

Hy Kim) 0 2
—(k’y‘m kf )—H +v,H, -

He 0
The longitudinal electric field component and the impedance in the rectangular case

can be found as

i 0
E. ., = - T Hymly=y, + kme m s
Z, (!/0) we_z(yo) [ ; |y Yo . Y, (yO)]

ch'(k) = Ez’m (yO) - 26 kf}m
m cosh(k) ,.yo)* K, COSh(k(y),myo) ’

Z?)
= Gabd, o7 ™ K, sinh (50

where H, ,,, H,,, are solutions of the corresponding problem with magnetic or elec-

tric boundary condition at the symmetry plane.

V. COMBINATION OF FIELD MATCHING AND FINITE-DIFFERENCE
METHODS FOR ANISOTROPIC WAVEGUIDES

The finite-difference method of the previous section allows treating the full
anisotropy but it could also be time-consuming as it requires a mesh in the whole

domain. In this Section we suggest a combination of the field matching technique

and of the finite-difference method.
Again we will start with a round geometry. In order to describe the method, let

us consider example shown in Fig.5: the first and the third layers allow solutions
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field matching finite-difference field matching
€1, Hy £,(r), i (1) €3, U3
h(p,O h(p,l hqo,z h(p,N hgo,N+1
— —— —— —— —— —— >
hr,—O-S hr,o.s hr,1.5 hr,N—O.S hr,N+o.5 r
aq a;

FIG. 5: One dimensional mesh of combined method and positions of the transverse mag-

netic field components.

in analytical form, Eq.(9), the middle layer is anisotropic and could be treated only
with finite-difference method. Let us denote the coefficients in the first layer as
ol D D! and the coefficients in the third layer as C7, Ci?, D}, Dy
In order to use the matrix approach of Section III we need to find matrix M,

converting the first set of coefficients in the second one:

m,3 m,1
CI CI

m,3 m,1
CK _ MFD CK
Dm,3 - 13 Dm,l )

1 1

m,3 m, 1
DK DK

The matrix M3 can be found as a product of several simple complex matrices of

size 4 x 4:
M3 = MJ*“MJ* MM M, (21)

where MSF is the matrix introduced already at Section IIL. It converts
the coeflicients C'I"’l,C'I’(”I,D;"’I,D?1 in the magnetic field components (and

their derivatives) H,,(a;), H,(a;), i[ng,mr]lrzal—, %[,u,Hr,mr]l,:uI. Here the

or
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notation r = a; means a one-sided limit from below. The matrices

1
M# 2 converts the one-sided limits of the fields components from below
H,p(ay)s Hy(@)), 2 [Hpmlr=az» (it Hy = into one-sided limits of the fields
components from above H,,(a}), Hym(a?), & [Hypr lr=a: %[,u,H,’mr]lrzaf. The ma-
trix MJ?¥ makes the same at r = a,. Finally matrix MZ?¢ converts the field
components H,.,(a3), Hym(a3), % [Hymrllr=at» %[ty Hymr]l=a into the coefficients
C;"’3,CZ’3,D;"’3,D'I’;’3. All these matrices can be found easily in the analytical
form with a help of any computer program for symbolic calculations. Only
the matrix M!? converting H,,,(a}), H,u(a}), %[H%mr]lrzaT, %[,UrHr,m”“r:a; into
H,1(a5)s Hy(@3), 2-[H g lr=a5» 2 [1t-Hynlr=; Tequires application of the finite-
difference scheme of Section I'V.

For the combined method we use the one-dimensional mesh shown in Fig. 5. In
order to obtain the second-order approximation of the boundary conditions we use
the fictive nodes outside of the layer. The equations are discretized in the same way

as in Section IV fori = 1, ..., N (see. Eq. (17)) and we can write the undetermined

matrix equation

Mh = fa h = (ht,o,07 hgo,la cees h(p,N+la hr,—0.59 hr,0.59 ceey hr,N+0.5)t7 (22)

where M is a non-square matrix of size 2N X (2N +4). In order to reduce the number

of the unknowns to 2N we will use the boundary conditions at » = a; and exclude

hyo,he 1, hr—05, o5

Let us write a general form of the boundary conditions at r = a;
H,(al) =B, H =B 9 H =D 0 H =D 23
r,m(al) — Dy cp,m(al) — Dy E[ Lp,mr]lr:al+ = Uy, E_[,ur r,mr]lrzafr = Ly ( )

It is easy to write the second order approximation of the first three equations (23)

and obtain the expressions for Ay, hy 1, hro5

hos =By, hyo=B,—(ro5s—10)Dy, hy1 =By + (r1 —195)D,.



21

In order to find 4, _o 5 we use the second order approximation of the fourth boundary

condition and Eq. (23) for i = 1. After a simple algebra we obtain:

Mpyyi1hyy + Myiiohg s + My yeahros + My nesDi(ris — r-os)

h.—05=—

2

MN+1,N+3 + MN+1,N+5

where M;; are elements of matrix M in Eq. (22). Through excluding of
hyo,he 1, hr—05, hros from system Eq.(22) we obtain a matrix equation with reduced

matrix M" of size 2N X 2N:

M'h" = f", (24)
h" = (hq;,z, h<p,3, ey h¢,N+1, hr,l.s, hr,z.s, oo hr,N+O.5)t’

fr = (f{’f{’ﬁ;’fN9f(;55 ffjaf;S"°afN—0.5)ta
M. =M i=1,..2N, j=1,..N,

ij =

Mifj =M, i=1,.,2N, j=N+1,..,2N,
where

fi=h—Wihgo+ Mishg + My yisheos), [, = fo— Mashy;,
fos = fos = (Mysi1heo + Mysi2he 1 + My nishe—os + My nahios),

i 1r s = fis— (MN+2,2h¢,1 + Myion+ahrps).

The matrix M" of system (24) has the form shown in Fig. 6 and it can be reduced
with the permutations (19) to the upper triangular matrix shown on the right. Hence
the system requires only O(N) operations to solve it.

In order to find matrix M! we need to solve the same equations but with 4
different sets of boundary conditions at r = a;. The boundary conditions at r = a,
for the first problem read

0
_[,urHr,mr]Ir:aT =0.

0
Hr,m(a;—) = 1’ Hga,m(aT) = 0, E[an,mr]lr:a;’ = O, or
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FIG. 6: Reduction of seven band matrix of combined method to upper triangular form.
The field components

Hr,m(ag) = (hr,N+0.5 + hr,N—O.S)/z, H<p,m(a£) = h(p,N,

hr,N+1 - hr,N—l hr,N+O.5 - hr,N—O.S

0 0
E[Hw,mr]lltag = ) E‘[ﬂrHr,mr]litaE =

Fn+1 = FN-1 FN+0.5 — IN-05

will give the elements of the first column of matrix M£P. The second column can be
found from the solution of the same equations but with another boundary condition
atr = ay:

0
_[/Jr[—lr,mr]lr:al+ =0.

0
Hram(a-l'—) = 0’ H%M(a_l'—) = 1’ E[Hsﬂ,mr]lr:a;r = 07 or

Analogously we will find the third and the fourth columns of this matrix.

As can be seen from the above description we need to solve the problem 4 times
in the anisotropic layer only. If the layer is thin then the suggested method is faster
than the finite-difference method of the previous section where the whole domain
has to be discretized to sample the electromagnetic field everywhere. At the rectan-
gular geometry the algorithm is exactly the same with corresponding equations for

the rectangular case.
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VI. NUMERICAL EXAMPLES

Recently, experimental demonstration of energy modulations in dielectric pipes
was observed at the PITZ facility [17]. The experiment was performed with a di-
electric pipe with an isotropic dielectric layer of permittivity € = 4.41¢. The layer
starts at radius ag = 0.45 mm and is closed with PEC at a; = 0.55 mm. We take
this dielectric pipe as our first example and calculate the steady-state wake of a
relativistic Gaussian bunch with rms length o, = 25 ym. In Fig. 7 we show the
longitudinal and the transverse wake potentials near the pipe axis. The longitudinal

wake potential for the charge distribution A(s) is defined as

W (s) = f wy(s)A(s — s')ds’.

o0

The transverse wake potential is defined analogously and W, (s) means here the

dipole component of the transverse wake normalized by offset [14].

150 WulkV/pC/m] 5 W, [kV/pC/m?]
100t 100
501 50l
0 0
-50} -90r
-100} -100}
005 1 15 2 25 %% o5 1 15 2 25
S[mm] s[mm]

FIG. 7: The longitudinal and the transverse wake potentials near the pipe axis as obtained
by time-domain code ECHO2D (solid black line) and by frequency-domain code ECHO1D

(grey dashed line).

The gray dashed line shows the results obtained with field matching method

as described in Section III. The solid line is obtained with time-domain code
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W) [kV/pC/m] Re(Z))[MQ/m]

150
100 30y
25;

500
20t

0
15,
=0 10t
100 5l
1504 ‘ , : : 0

0 1 2 3 4 5 400 600 800 1000 1200 1400 1600
S[mm] fIGHz]

FIG. 8: The longitudinal wake and the real part of the longitudinal impedance for dielectric
pipe at PITZ. The solid black lines show the results for isotropic case and the dashed grey

line presents the result for anysotropic case.

ECHO2D [I11]. In order to obtain the steady-state wake in time-domain we have
subtracted the wake for pipe of length 10 cm from the wake of pipe of length 11 cm.
The agreement of the curves from two different methods confirms the correctness of
the results. In Fig. 8 the longitudinal wake potential and the real part of the longitu-
dinal impedance are shown. The solid black lines show the results for the isotropic
case and the dashed grey line presents the result for the anisotropic case when we
have changed only the permittivity in radial direction, €, = 6€,. We see a clear shift
in the modal frequencies for the anisotropic case. It cannot be treated with the field
matching only. Here we have used methods described in Sections IV, V. The wave
number k was sampled from 1 m™! to 10° m~! with step 0.2. The execution times
for all methods are shown in Table 1. Let us note that in this example we have used
a small conductivity k = 1 S/m to resolve the real part of the impedance.

For the same aperture size the cylindrical geometry allows to obtain the high-
est accelerating gradients. Due to technological difficulties in preparing cylindrical

structures with stringent requirements to tolerances the rectangular structures are
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TABLE I: Execution time in seconds for different methods.

Method Round Rectangular
Field Matching (Section III) 31 5
Finite-Difference (Section IV) 170 110
Combined (Section V) 86 60

5
1
100} ]
4y
50( H
3 1
0 h
ol [
-50
-100
-150

24 26 28 30
fIGHz]

FIG. 9: The longitudinal electric field component and the real part of the longitudinal
impedance for anisotropic (solid black line) and isotropic (dashed gray line) rectangular

structures.

considered as well. As a next example we consider a Gaussian relativistic elec-
tron bunch with parameters of the Argonne wakefield accelerator in the sapphire-
based rectangular accelerating structure [ 1, 3]. The rectangular structure has width
2w = 11mm, the anisotropic layer starts at @y = 1.5 mm and is closed by PEC at
a; = 2.39 mm. The permittivities along main axes are: €, = €, = 9.4¢), ¢, = 11.5¢.
It corresponds to a frequency of 25.0 GHz of the accelerating mode of the structure.
For comparison a waveguide with isotropic dielectric filling with € = 10.45¢, cor-
responds to the base frequency of 24.23 GHz. The electron bunch with energy 15
MeV, charge 100 nC and bunch length o, = 1.5mm is considered. The dependence
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of the longitudinal electric field component E, at the symmetry axis produced by
the bunch on the distance s = vf — z behind it is shown in Fig. 9. The solid line
corresponds to anisotropic sapphire, the dashed line corresponds to isotropic fill-
ing. The wave number k was sampled from 1 m™! to 20e4 m™! with step 0.2 and we
have calculated 5 the lowest odd Fourier harmonics in Eq. (6). At this example we
used a small conductivity k = 0.05 S/m to resolve the real part of the impedance.
The data in Fig. 9 agree with the results published in [3]. A frequency shift with a
little influence on the wake field amplitudes can be seen.

The execution times of different methods discussed in this paper for the rectan-
gular example are shown in Table I. It can be seen again that for the same accuracy
the combined method requires less computational time as compared to a fully finite-

difference one.
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