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ABSTRACT: We use modern bootstrap techniques to study half-BPS line defects in 4d N' = 4 super-
conformal theories. Specifically, we consider the 1d CFT with OSP(4*|4) superconformal symmetry
living on such a defect. Our analysis is general and based only on symmetries, it includes however
important examples like Wilson and 't Hooft lines in N/ = 4 super Yang-Mills. We present several
numerical bounds on OPE coefficients and conformal dimensions. Of particular interest is a numerical
island obtained from a mixed correlator bootstrap that seems to imply a unique solution to crossing.
The island is obtained if some assumptions about the spectrum are made, and is consistent with Wil-
son lines in planar N' = 4 super Yang-Mills at strong coupling. We further analyze the vicinity of the
strong-coupling point by calculating perturbative corrections using analytic methods. This perturba-
tive solution has the sparsest spectrum and is expected to saturate the numerical bounds, explaining
some of the features of our numerical results.
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1 Introduction

Since the revival of the bootstrap program [1], our understanding of conformal field theory (CFT)
dynamics has improved significantly. There has been a huge amount of progress, numerical as well
as analytical, that has severely constrained the landscape of CFTs, and has also brought us closer to
solving individual models (see [2] for a recent comprehensive review). However, most of the works



during this first decade of modern bootstrap research have focused on correlation functions of local
operators, in particular by using the crossing symmetry of the four-point functions.

Extended objects, or defects, are an important class of observables in CF'T that can also be studied
using the bootstrap approach. In the presence of defects, the information associated to a system is
enlarged: it includes the standard data associated to bulk quantities, but also data associated to
the defect itself and to the interaction between the defect and the bulk. This new data is otherwise
inaccessible if one is restricted to bulk correlation functions. Hence, the addition of defects and the
study of their interplay with the bulk is necessary if we want a complete understanding of the dynamics
of a theory.

The majority of the defect bootstrap studies done so far usually consider local bulk operators
in the presence of a defect. The conformal blocks for correlation functions in the presence of a
boundary, i.e. a defect of codimension one, were obtained in [3], and in [4, 5] (see also [6]) for defects
of higher codimension. Here we should point out that in this setup the crossing equations in general
lack a certain positivity property which is necessary for the numerical bootstrap of [1]. There is an
alternative (underexplored) approach by Gliozzi that does not require positivity [7], and is therefore
better suited for the defect bootstrap. Both approaches have been used in the context of boundary
CFTs and have given reasonable results [8-10].

In the case of defects of codimension higher than one, it is possible to extract analytic information
from the crossing equations. The analysis mimics what is called the “analytic” or “lightcone” bootstrap
[11-14], which studies the spectrum of CFTs in the limit of large spin. Indeed, as shown in [15], defect
CF'Ts exhibit similar universal behavior at large transverse spin, i.e. the quantum number associated to
rotations around the defect. Note that this quantum number does not exist in the case of boundaries.
Other related analytical approaches to defects include Mellin space [16, 17] and “alpha space” [18].
We should also mention that, as opposed to local operators in the presence of a defect, one can also
study correlation functions of the defects themselves. Works in this direction include [19-21].

In this article, we will consider operators in a 4d N/ = 4 CFT that are constrained to live on a
supersymmetric line defect. A similar setup without supersymmetry is the monodromy defect of the
3d Ising model [22] (see also [23-25] for recent analytic progress on the 1d bootstrap). Even though
the theory living on the defect is a nonlocal CFT, as signaled by the absence of a stress tensor, it is
possible to write a conformal block expansion and a corresponding crossing equation. This setup also
has the added advantage that the non-positivity caveat can be overcome, and the techniques of [1] can
be applied.

The bootstrap program for supersymmetric defects was initiated in [26], where a detailed analysis
of OSP(4*|4) preserving defects was presented, which includes boundaries, interfaces, and line defects.
The results of [26] imply that the crossing equations of half-BPS operators of all these configurations
are related by a web of analytic continuations. In this work we build on those results and implement
the bootstrap for the case of a line defect. Hence, we will work with a 1d superconformal theory with
OSP(4*|4) symmetry.

Although our analysis is mostly based on symmetry without referring to explicit Lagrangian
constructions, this setup corresponds to line defects in A/ = 4 SYM, and there is therefore literature
that study this system from the gauge theory point of view. Results include exact formulas [27-29] for
the Wilson loop (which is conformally related to the line), perturbative calculations at weak coupling
[30], holographic calculations at strong coupling [31], and integrability-based studies [32, 33]. The
bootstrap approach of this paper complements these works.

The structure of the paper is as follows. In section 2 we discuss the preliminaries which include the
relevant Ward identities and the superconformal blocks to be used in the crossing equations. Section



3 reviews some results for line defects in gauge theories which will helps us understand several of our
bootstrap results. The crossing equations are presented in section 4, and they are analyzed numerically
in section 5, and analytically in section 6. We conclude with a discussion of future directions and open
problems.

2 Preliminaries

Let us begin by summarizing the symmetries preserved by the half-BPS line defect. We will consider
a straight line in four dimension. The bosonic subgroup of the four-dimensional conformal group
preserved by this defect is SO(2,1) x SO(3), where the SO(2,1) factor is the 1d conformal group on
the line and the SO(3) represents rotations orthogonal to the defect. In the supersymmetric setup we
consider here there is also a SP(4)r R-symmetry, the bosonic generators together with the 16 fermionic
generators left unbroken form the superalgebra OSP(4*|4). The representations of this superalgebra
are labeled by the conformal dimension A, the SO(3) spin s (this variable was dubbed “transverse
spin” in [15]), and the SP(4)g Dynkin labels [a,b]. In this work we will be particularly interested in
certain half-BPS multiplets of the OSP(4*|4) algebra which we denote by By, where k labels the [0, k]
SP(4)R irrep of the superconformal primary.

In the presence of defects there is a rich interaction between bulk and defect quantities. As
described in the introduction, in this work we will only study operators constrained to the defect,
making our theory effectively one-dimensional. Among the defect operators a special role is played by
the displacement operator, which measures deformations orthogonal to the defect. For a line defect in
4d, this operator has protected dimension Ap = 2, and in the class of supersymmetric theories we are
interested in it sits in a B; multiplet. The structure of this multiplet is as follows

Bi:  [0.1520 — [LO3 7% — (0,052, (2.1)

where the highest weight is a scalar with A = 1 in the [0,1] representation of SP(4)g.! We will
usually call this multiplet the displacement, although technically the displacement operator is just the
term [0, 0]%Z%,. The remaining components of this supermultiplet correspond to the R-symmetry and
supersymmetry that are broken due to the presence of the defect.

In the bootstrap analysis of subsequent sections we will consider the four-point function of B;
multiplets, but also mixed correlators with Bs multiplets. The structure of the latter is given by

s=

A=3

N

— s— s=% s=
= 0,132 © 2,035 — [1,0], % — 0,032, . (2.2)

=32

By : [0,2]55% — [1,1]

Even though we will only consider half-BPS multiplets as external operators, more general multiplets
can be exchanged in the OPE, the representations relevant for our analysis are summarized in table 1.

2.1 Superconformal blocks

A particularly useful superspace for the study of correlation functions of By, multiplets was introduced
in [26]. The superspace coordinate on the defect reads

e gabs )
X = 2.3
( goo y(aﬁ) ( )

IThis representation corresponds to the fundamental of SO(5). In gauge theories this quantum number is associated
to the five scalars that do not couple to the line, see section 3.




where a,b = 1,2 are the transverse spin indices, a, 8 = 1,2, the 0% are fermionic and € is the
antisymmetric tensor. Let Dy, be the operators sitting in the short multiplets By. Generically we have
to deal with operator multiplicities, but let us ignore that for a moment. We will return to that issue
in section 2.3. The two-point functions of the Dy, operators take the form

k L 1 yia
(Dr(1)Di(2)) = 6,1(12)",  where (ij) = ( = + ferm . (2.4)

spf(X12))2 3,

where y?, = det y1o. It follows from superconformal symmetry that the four-point function of B-type
multiplets can be written as

<Dm1 (I)sz (2)Dm3 (3)Dm4 (4)> = K{m1,m2,m3,m4} A{m17m2,m3,m4} (Xa <17 C2) 5 (25)

where mq + - - - + my is even due to R-symmetry and the prefactor reads

3 (m1—ms>) 3 (m3—ma)
1 (my+m L(ma+ma) (147 (13)?
K{m1,7n27m3,m4} = (12)2( o 2)(34)2( stma) <(24)) ((14) . (26)

The quantities (x, (1, 2) are the eigenvalues of the supermatrix
Z = X1, X 13 X0y X57", Xij =X, —Xj. (2.7)

Notice that the expression (2.5) implies that the correlation functions of all superconformal descendants
can be recovered from the one of the corresponding primaries in this case. If the fermionic variables
are set to zero by a superconformal transformation, the cross-ratios take the familiar form

2,2 2,2
T12734 Y12Y34 Y14Y23

X = ) CICQ = 9 (1 - Cl)(]‘ - CQ) = . (28)
T13%24 9%3954 9%33/%4

Notice that since we are in one dimension there is only one spatial cross-ratio and (1, (> are defined
up permutation so that 4 has to be symmetric with respect to the exchange (; <> (o.

The dependence of A on (3, (s is further restricted by the fact that the correlator (2.5) has to be
a polynomial in the y;" P coordinates. This translates to a condition on the (1, (2 dependence of A
that singles out a number of linearly independent terms which is equal to the number of sp(4) singlets
in the tensor product [0,m1] ® [0, m2] ® [0,m3] @ [0, m4]. Examples are give in (A.3), (A.6). It is
convenient for later to define the shorthand combinations

X ¥= (1-x)°
G’ (1-G)(1-¢)
The Ward identities. Superconformal symmetry puts strong constraints on the form of correlation
functions, these constraints are captured by the superconformal Ward identities. In our setup, the

Ward identities take a compact form and can be obtained from the analytic continuations described
in [26] (see also [34-37] for Ward identities in higher spacetime dimensions), in our coordinates they

read a4 104 A 104
(aCl 2 5X> |ci=x (342 2 6X) |ca=x (210)

X

(2.9)



where A = Ay, ma,mg,may- Let us start with the simplest case of identical D; external operators.
The solution to (2.10) can be written in an elegant form:

Ay (GG, ) = FX+Df(x), (2.11)
where F' is a constant and the differential operator I is defined as

0

D=2x"-¢ =G (G =) (G =X 3y (2.12)

The different solutions to these equations correspond to different superblocks associated to the OSP(4*|4)
multiplets being exchanged in the OPE. Below we list all the relevant solutions.

e 7. The simplest solution represents the contribution of the identity operator Z:
Fr=1, fz(x)=x. (2.13)
e 5. This solution can be interpreted as the contribution of a By half-BPS multiplet:
Fg, =1,  f,(x) = x (1= 2F1 (L, 2:4;)) - (2.14)
° 'C[Ao,o]- The final solution has no constant term and can be identified as the superblock of a

generic long block whose primary is neutral under SP(4)g:

_ __ Y ran . .
FE[AO’O] _Oa fL[Ao,o] — m [X 2F1 (A+17A+272(A+2)aX)] . (215)

In general, superconformal blocks are given by a finite sum of bosonic blocks. Although not obvious
from the expressions listed above, this is indeed case. For example, using the D operator we obtain

Gz(x:C1,G2) = FrX +Dfz(x,¢1,¢) =1, (2.16)

as expected for the identity contribution. More illuminating is the expansion of the By short block:

ng(XvCvaQ) = FBzx +Df62(X) )

(2.17)
= B[o,z]g%d(x)

1 3

+ TOB[z,O]Qéd(X) + %B[O,O]gid(X) .
Here the g}?(y) correspond to the one-dimensional bosonic block in (A.1) with the external dimensions
set to Ajp = Azq = 0. The terms By, ;; are polynomials in Q[l given in (A.3). They are appropri-
ately normalized eigenfunctions of the SP(4)g quadratic Casimir (A.2) and capture the R-symmetry
structures associated with the [p, ] irrep of SP(4)r.? The corresponding expansion for the long block

2In appendix A there is an extra label “0,0” in the superblocks G and the R-symmetry polynomials B, this label can
be ignored in sections 2 and 3 but it will play a role later when we discuss mixed correlators.



E[%,o] reads

A
Gea (x:€1,¢2) = Bpooga'(x) — EB[Q,O]glAdJrl(X)

[o 0]
A+1 3A(A+1)(A+3) .
- (A—l]B[O’2] TI0A - DEAT (AT 5)3[0’01) 982()
(A +1)(A +2)(A +3) . (A+1)(A+2)(A+3)2(A+4) .
4A-1)2A+3)2A+ 5)3[2’0]9Ad+3(") T I6(A —1)(2A + 3)(2A 1 5)2(2A + 7)]8[0’019&4()0 '

(2.18)

In later sections we will consider more general correlators involving different half-BPS multiplet
as external operators. In particular, we will study the full mixed-system given by

Ap.2,1,23(% 1, ¢2) Ag.2.2,13(%, €1, C2) A2.2.2,23 (X, €1, C2) - (2.19)

The Ward identities for these cases can be solved similarly as we did for Ay 111}, although for the
mixed system it is convenient to use a different parameterization for the correlators. We have collected
all the solutions and the corresponding expansions in bosonic blocks in appendix A, together with the
explicit map between the two parameterizations (see (A.13)).

2.2 The OPE selection rules

The solutions to the Ward identities together with the knowledge of the SP(4)r tensor products give
us the OPE selection rules, which state which supermultiplets are allowed to appear in a particular
OPE. The full set of selection rules relevant for our system reads

B x By =7+ B, +C[2,0] + Z E[Ao,o] )

A>1
By x By =By + B3+ Cppqy + Z C[AOJ] ’

A>2 (2.20)
By x By =T+ Ba+ By +Cjz,01 +Clao) + Cp2,2]

+Z£[OO]+Z( 201+502]>

A>1 A>3

The operators C|, ) are semi-short multiplets that can be obtained by putting the longs L’ o) at their
unitarity bound. In fact, we have normalized the superblocks (see appendix A) so that

AJ%T(H»I; (A ~(+a+t b))gﬁﬁ,w = GCtaran - (2.21)

Notice also that (2.20) only contains multiplets with zero SO(3) spin. As an aside (based on an analysis
of the OPEs of some higher B;) we conjecture that the OPE relation can be generalized as

k+1 min(k—1,1—-1) 4

B, x B = Z B + Z Z 21 2§42,25+|k— ll]

m=|k—l|, step 2
min(k—1,1—1) 4

+ Z Z Z ﬁf%72j,2j+\k7l|] '

§=0 A>2i+|k—I|+1



where Z = By. The main properties of the exchanged representations are listed in table 1.

Name‘ A SO(3) Spin  R-Symmetry

B k 0 [0, k]
C[a,b] a+b 0 [a7 b]
[%’b] A 0 [a, b]

Table 1. Representations of OSP(4%|4) that are relevant for the line defect bootstrap.

2.3 Topological structure constants

Correlators of half-BPS operators on the line have a topological sector that does not depend on the
positions of the operators [38, 39], and whose existence follows directly from the superconformal Ward
identities (2.10).> The restriction to this subsector in the four-point functions (2.5) is equivalent to
setting x = (1 = (2. In this limit only the exchange of the identity operator and Bj-type multiplets
survives in the OPE decomposition. In this section, we summarize some information regarding the
structure constants (or three-point couplings) of the topological sector relevant for the mixed correlator
system to be studied below. Our basic assumption is that the displacement operator D; is unique,
given this assumption we make the following definitions:

1. We define D, as the operator in the multiplet B that appears in the OPE Dy x D;.
2. We define D3 as the operator in the multiplet B3 that appears in the OPE D; x Ds.
3. We define Dy as the operator in the multiplet By that appears in the OPE Dy x Ds.

Since there can be several operators that sit in By multiplets, we denote by D) the contribution of the
remaining operators? that appears in the OPE Dy x D,. Schematically we have

DyxDy=Z+Do+Dhy+Dy+---. (2.22)
Having defined the operators D,,, we introduce the following notation for their structure constants
CDmDnDr = Cm,n,r 5 (223)

where we shall write 2’ for the D) operator; the index 0 stands for Dy = Z. In addition to cyclicity,
one-dimensional structure constants also exhibit time-reversal symmetry [24]

Cijk=Crji Cijk = Ciki = Chyj- (2.24)

In particular, it follows that C;;; are real for all i and j. Choosing appropriate normalizations it
is possible to set C1 10 = Ca2,0 = 1, and also C; 12 > 0. Considering the correlator ( D1D1D1Ds )
restricted to the topological sector it follows that Cj 23 is real. Then, the independent real OPE
structures entering the mixed correlator system we are interested in are

Ci122>20, Cias, Cao2, Cr22, Coa4. (2.25)

3This subsector is closely related to the exact truncations recently uncovered in superconformal theories [40-43].
4Note that there can be many operators in B2 multiplets, but only one linear combination will appear in the OPE
as D).



In addition, from the correlator ( Dy D1DoDs ) restricted to the topological sector the following condi-
tion can be obtained

1+ C11,20222 = 012,1,2 + C12,2,37 = (C22>Cr12— 1_112 (2.26)

There are no simple conditions on the OPE coefficients C5 29 or C5 24 that do not involve OPE
coeflicients of higher half-BPS operators.

3 Line defects in gauge theory

As discussed in the introduction, the bootstrap philosophy aims at solving theories using only sym-

metry requirements without relying on explicit Lagrangian formulations, nevertheless, part of our

motivation is the understanding of concrete line defects in gauge theory. In this section we collect

some results regarding Wilson lines in A/ = 4 SYM, that will be relevant for our subsequent analysis.
The defect is defined by

Wg = trg Pexp/dt [id" A, + |2 0" @] (3.1)
Y

where the path « is a straight line and the scalar part is given by §/®! = ®5. With this choice, the
configuration preserves an SO(5)r = SP(4)g R-symmetry since we can freely rotate the five scalars
®4 and also the SO(2,1) x SO(3) which is the 1d conformal algebra together with rotations orthogonal
to the line. In addition to the bosonic generators the defect also preserves 16 supercharges that form
the 1d OSP(4*|4) superconformal algebra. Our bootstrap setup then describes this particular class of
line defects. Gauge invariant correlation function on the line are then given by

_ (Trg [O1(@1)Pexp(- -+ ) - - - Op (z,)Pexp(- -+ )])
{(O1(@1) -+ Onlwn))) = 2 V) . (3.2)

Note that in this paper we will ignore the double-bracket notation and denote correlators using single

brackets. In gauge theory, the displacement operator contains the elementary excitations of the Wilson
line and sits in the half-BPS D; multiplet described in the previous section. Its bosonic content is
the five scalars ®* not coupled to the Wilson line with A = 1 and the three components of the field
strength Fy, = iFy, + D,®° along the directions = 1,2,3 transverse to the line with A =2 5.

3.1 Localization results

Thanks localization techniques [29], it is possible to calculate the CFT data for the topological sector
of a %—BPS circular Wilson loop. Because the line is conformally related to the circle, the localization
results are also valid for this geometry, as long as the correlators are properly normalized.
For a gauge group G and a representation R of G, the vacuum expectation value (setting the
radius of the circle to one) reads [29]
872hg
J[dale™ = (@.0)trp e2me

872hg ’

Jdale= =5 )

(Wr(N)) = (3.3)

5Like before, the actual “displacement operators” are the three F,, that measure the change of the Wilson loop
under deformations orthogonal to the contour, the remaining elements of D; are their supersymmetric partners.



where g is the Lie algebra of G, A = ¢2.,,h¢ with gy the Yang-Mills coupling, a € g and hg the
dual Coxeter number® of G. This formula can be generalized to a é—BPS Wilson loop whose contour

is not a line but a generic curve that is entirely contained in an S? [44, 45]. For this Wilson loop one

obtains the identity
Aldr — A
(Wil a)) = <WR (A%) > : (3.4)

where A is the area in S? enclosed by the curve.
Let us denote the correlation functions in the topological sector by a tilde over the operators. The
n-point function of D; is given by

.. . L Y-
<D1 >non—norm. - {8A<W71z/8()\;A) >} |a=2r’ = <D1 > - % (3:5)

Using the OPE relations (2.20) and the orthonormalization of the operators, the four-point function
is then

(D) =((1+Cr12D2)? ) =14 CR . (3.6)
Now, plugging (3.5) in the above we find

Wr(MWr (N

Claz =143 00

(3.7)
where, by definition, we take the root so that C; ;2 is positive”.
We can also study the correlators with Dy by using the relation Dy = ﬁ(D% —1), which stems

from the OPE relation (2.22) and the discussion of the second part of section 2.2. Then, we find the
following relation between C5 22 and C 12

We () Gt 3 |15 () W () + 2% (V)°
(Wre 02 = 3Wr )W (V) (3.8)

— 9Wr () W () Wk (V)] -

Ca22 = <b§ > =

By directly integrating the Gaussian integrals (and for the antisymmetric representations cross-checking
with the results of [46]) we have computed C; 12 and Cao2 for G = SU(N), SO(N), SP(2N) and
a variety of representations; the results are shown in figure 1. In section 5 this region will be con-
trasted with the allowed regions coming from the bootstrap and some analytic solutions to crossing
(see figure 9).

We note that the boundary of figure 1 can be obtained from two simple formulas. First, the upper
bound is provided by the G = SU(2) in the fundamental representation (SU(2)[;)

3072 SN + 144) + 2304) + 12288)2
2 —9_ 2 — .
Cliz (A +48)2"° Ca2.2 (A(X 4 96) + 768)3 ’ (3.9)

6We remind that hsumvy = N.
1 Casa(Adj)

"For gy p = 0 this OPE coefficient takes the value 01212 =2-3 Casz (R)

where Casa denotes the quadratic Casimir

of g. See figure 13 for more details.
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Figure 1. The allowed region for Ci1,2, (22,2 from localization for classical groups G. Extremal points
corresponding to free theories are marked by red points and the planar theory in the fundamental representation
is marked by a dotted red curve. The U(1) theory at (v/2,2+/2) (for any value of the coupling) has the same
OPE coefficients as the strong coupling limit of any other case that we looked at. The notation for the theories
is Gr, where the representation R is given by its Dynkin labels.

as A varies from zero to infinity. The lower bound curve, starting from the leftmost point SU(2)};; and
extending to the planar theory in the fundamental representation is given by the free SU(N) theories
in the fundamental representation

N2 9 (N* - 4N? +8)°
2 _ 2 _
Clig = NZ_1° Cia9 = (N? = 2)3 (N2 1) - (3.10)

Finally, the remaining piece of the lower bound curve is also given by (3.10), but this time amusingly
for purely imaginary values of NV, i.e. we set N = ix and vary x over all the reals. It turns out
that various other free theories, such as SU(2) with higher spins and SP(2k) in the fundamental
representation, sit on that curve for appropriate imaginary values of N. It is interesting to notice
that for any fixed G and R, all Cy 12 and Cz 22 tend to the same value once g%, — co. This is an
experimental observation that should have a proof starting from the expression (3.3). Alternatively,
since Wilson lines are S-dual to t’ Hooft lines one might imagine showing this fact in perturbation
theory in the “magnetic picture”.

3.2 Operator multiplicities in gauge theories

In section 2.3 we reviewed the symmetries of the OPE coefficients in the topological sector of any
1d CFT with OSP(4*|4) symmetry. We mentioned that we generically have to deal with operator
multiplicities and now we want to shed some light on the origin of these multiplicities if the 1d CFT
is obtained from a 4d A’ = 4 SYM with a given gauge group G and representation R. We begin by
assuming that if the model under investigation is not a product of two or more decoupled theories,
then the displacement operator D; sitting in the multiplet By is unique. For the multiplets By>o,
however, we have to deal with multiplicities. To understand that, we first remind that the five scalars
(those not coupled to the line) &2 lie the [0, 1] representation of SP(4)r and that [0, k], which is the
lowest A piece of By, is the k-fold symmetric traceless tensor product of [0,1]. Thus, to make an

~10 -



operator sitting in Bs, we can for example consider the operator
O = Trr(- — &} (2)®)(2) - -), (3.11)

where —— denotes the Wilson line, (a,b) stands for the traceless symmetrization of the indices and the
e are gauge groups indices that are contracted to the line. However, another operator that also sits in
this representation is given by Wx x Trg (®((z)®% (z)), i.e. by a color singlet that is just placed on
the line.

In general, for a gauge group G, the number of B, multiplets on a Wilson line in the representation
R is given by the number of singlets in the tensor product

4B, = [R ® R* @ (Adj)®m’ (3.12)

G-invariant ’
The first remark is that for £ = 1 and R not the trivial representation, there is only one singlet in this
tensor product corresponding to the displacement operator. In the example of gauge group SU(2) one
has (Adj)®>™" = (20+1)® (20+1—4)® (20+1—8) & ..., where (s) denotes the s-dimensional
representation. For Wilson lines in the fundamental representation, there is only one B, for each /.
Some other examples for SU(2) are shown in table 2. We see that the number of operators sitting in

|0 1 2 3 4 5 6
1 /1 01 0 1 0 1
2 |1 11 1 1 1 1
31 21 21 2 1
401 2 2 2 2 2 2
5 |1 2 2 2 3 2 3
6 [1 2 2 2 3 3 3

Table 2. Number of B, for the representation of dimension n for the group SU(2).

By is generically higher than one even for gauge group SU(2). However, through the OPE relation
(2.20), we see that a certain linear combination of these operators is special, since it is the one that
appears on the RHS of D; x D;. In section 2.3 we defined this linear combination as the operator Dy
whose correlation functions we study.

3.3 Strong coupling

Complementary to the localization results, there was a recent study of this system at strong coupling
using AdSs Witten diagrams [31]. In this section we will review these results and re-write them in
the language of section 2. At strong coupling in the planar limit, the correlator A has the following
expansion

Ay (66, 6) = A0y, G, G) + %A(”(x, GCo)+ e (3.13)

where the A©) term corresponds to the strong coupling limit described by an abelian U(1) theory,
and the A term is captured by leading tree-level connected Witten diagrams.

From section 2 we know that the non-trivial information of this correlator is captured by the
constant F' and the function f(x). In the strong coupling limit these are given by

_x(2x-1)

70 _ 3 (0)
S N9 =1

(3.14)
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In order to compare with the results of [31] let us define
A???ﬁl,l}(X) — GS(X)(Sab(SCd + GT(X)(é'acabd + 5b55ad _ %&zbdcd) + GA(X)((SaC(de _ 5b¢:5ad) , (315)

where the Kronecker deltas capture the different SO(5)~ SP(4) channels. In our harmonic coordinates
the different channels are captured by the (; variables. The dictionary is as follows

A (GG, ¢) — Aﬁ?&@}(){) ) (3.16)

where we use

Bjo,0) — 6“6,
Bjg,0) = —(8%°8°" — 6°¢5°%), (3.17)
Blo.o) = 3(5°°" 4 g% — 250 5°4).

Using this dictionary and the D) operator, equation (3.14) implies

2 2
P0-1+26000, dP-5 (¢ is) eP-g(¢- i) 6

which is the correct leading behavior a strong coupling. As stated above, the corrections to these
expressions were calculated in [31], in our language their result can be written as

2

FO =3 fW(x) = r(x)log(x) — (1i<7x)2r(1 —x)log(1 —x) +4(x), (3.19)
wher
ere T()_M ()_M (320)
VS e YT TR '

The functions G(Sl)(x), Gg}) (x) and GS)(X) can be extracted like before, using the D operator and the
dictionary (3.17):

(2x* = 5x* —=5x +10)log (1 —x) 2 (x* —4x3® +9x* — 10x +5)

Wiy - _
s () Bx B(x — 1)
n (2x* — 11x3 4 2132 — 20x + 10) x? log (x)
5(x — 1) ’
2x2 —3x +3) x?2 X2 —3x +3) x*log (x) 3.21
G(Tl)(X) :—X310g(1—X)_ ( 2(X—1)2) ( (X—)1)3 ? ( )
Gy = ERC O =3 +2)x | (= +6x —4) xPlog (x)
4 2(x —1)? (x—1)3

- (X’ =x*—1)log(1—x),

where 0 < x < 1. These were the results presented in equation (4.19) of [31]. Thanks to the Ward
identities, it is possible to re-write the somehow involved formulas (3.21) in the more compact form
(3.19)—(3.20). The strong coupling behavior and its first order correction will be important when we
interpret the numerical results of section 5. Moreover, due to the simplicity of the functions r(x) and
q(x) (together with F(1) = —3) it is natural to ask whether this result can be re-derived using only
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bootstrap reasoning, bypassing the Witten diagram computation. This will be one of the subjects of
section 6.

Remarks on the strong coupling CFT;. A clarification about the CFT; at leading order in \%

is in order, since it it somewhat different from the standard supergravity /large N CFTs whose leading
behavior is the one of a generalized free theory. In this case the one dimensional CFT is defined via
a two dimensional theory on AdS, with i}\ as coupling constant, see [31]. The boundary values of
the fundamental fields of the bulk theory transform as the displacement supermultiplet D;. When the
bulk theory is free, i.e. at leading order for VA = 00, the spectrum consists of composite operators
made of a single displacement supermultiplet and correlation functions are the one obtained by Wick
contractions using the super-propagator (2.4). Some examples are

(D1(1)D1(2)Dx(3)Di(4)) = (12)(34)" + k ((13)(24) + (14)(23)) (34)° ", (3.22)

(D2(1)D2(2)D2(3)D2(4)) = (12)*(3 ) +(13)%(24)” + (14)*(23)° (3.23)
+4((12)(23)(34)(41) + (13)(32)(24)(41) + (14)(43)(32)(21)) ,

where D;, ~ DF. This is of course different from what is usually referred to as generalized free

theory. Since at leading order all the operators are words made of components of the displacement
supermultiplet, which is of type By, their partition function is given by

Zstrong = P.E. (x5, (¢, 22, 9)) , P.E.(f(t)) :=exp <Z f(t")) . (3.24)

Above P.E. is the plethystic exponential and gz, (¢, z;x,y) is the character of the B; multiplet, see
(2.1), with g, 2, (z,y) character variables for scaling weight, transverse spin and SP(4)g respectively.
By expanding (3.24) in the ¢ variable one notices that it can be written as

Zstrong =1+ ZShort + ZLong ZShort Z XB, (q’ z;x,y) , (325)

strong strong » strong —

Notice that there are no multiplicities for the half-BPS operators By and no long multiplets at the
unitarity bound. It will be useful for a later discussion to collect here the content of long operators of
low dimensions in the representation [0,0] and with vanishing transverse spin:

Long _
Zstrong [0,0],5=0 - XL[%i)? + 2 X[,[AO,:DE1 +3 Xﬁ[%f)? + ... (326)

4 Crossing equations

We now present the crossing equations to be studied numerically in section 5. On a line, after
identifying the endpoints at infinity we are allowed to exchange the points 2 and 4 as illustrated
in figure 2. This operation acts on the four-point invariants as x <> 1 — x and (; > 1 — (;. Using this
and the prefactor convention of (2.5), the crossing relation

(Diny (1) Py (2)Diny (3)Prny (4)) = (Do (1)Prny (4) Dy (3)Pimy (2)) (4.1)
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2o 4 Rotate along ¥ 1 4 3 2

<_>\|\-I_+/I/J<_>
a2 3 4 Ly 3 2

\/

Cyclicity

Figure 2. Exchanging the points 2 and 4 is a symmetry of the system.

implies the following identity

~ motmg mz+my

X 2 A{ml,mg,mg,m4}(X7 CZ) =X 2 A{ml,m47m3,m2}(1 - X5 1- CZ) P (42)

where we remind of (2.9) for the definitions of ¥ and X. This relations implies in fact multiple
equations, one for each R-symmetry factor, however, due to superconformal symmetry these equations
are not all independent. This is a general feature of the half-BPS bootstrap, see for example [37, 47-53]

4.1 The single correlator D,

If we just consider the four-point function of the displacement multiplet Dy, then (4.2) implies

f%A{l,l,l,l}(X»Ci) = :{A{l,l,l,l}(l -x,1- Ci) s (4~3)

and the expansion of Ay 11,13(X,¢:) in terms of superblocks reads

A{l,l,l,l}(X7Ci) = Z Cil,@ ggO(XaCl) . (44)

OeD xD,

The upper indices were added to distinguish the different channels (see also (4.8)). In order to study
the mixed correlator system below it will be convenient to change the parametrization of the single
correlator with respect to section 2. The new basis is explained in appendix A, where we defined
functions fg’b and constants Fg’b that are related to the blocks G** according to (A.10) and (A.11).
With this new parametrization the three crossing equations in (4.3) (one for each of R-symmetry

structures IB%?O’?O], IB%?Z’?O] and IB%?(;?Q], see (A.3)) are satisfied iff the following single equation holds

0,0 0,0 0,0 0,0
X fl,IL +Cia X A8,] FOicu e 2 Chix R , 0
( G :
A>1

(4.5)

The translation between the two parametrizations for the single correlator is given in (A.13). Notice
that only the functions f? ,’(09 from (A.11) appear in (4.5). The other two, fg”(% and f??,’& will make their
appearance only when we consider the Dy four-point function below. Furthermore, the constants Fg’o
do not appear in (4.5). They also will make their appearance later in the topological sector relation
(4.12) that comes from analyzing the mixed crossing system. Finally, in writing (4.5), we have made
use of one of the following useful shorthands:

fls=r)+10=x),  [fla=f00)-f0-x)- (4.6)
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The analysis of the single correlator crossing (4.5) already gives several numerical constraints which
we present in section 5.

4.2 The full mixed system

Let us now consider the mixed system of four-point functions of D; and Ds operators. The crossing
equations (4.2) imply in addition to (4.3) the following equations

3~€2~f4{2,2,2,2}(Xa G) =X Apo2n(1—x,1-G),
:%%«4{1,2,1,2}()(7@‘) = x%A{l,zJ,z}(l X 1=Gi), (4.7)
£2J‘1{1,2,2,1}(X» Ci) = %%A{1,1,2,2}(1 -X,1- Ci) .

The final equation involving Ay 1 2 2) is actually not a crossing equation since it becomes trivial when
using the cyclicity of the correlation functions. However, it is useful since one can decompose the
two sides in different sets of blocks and obtain a non-trivial relation. In addition, there is a crossing
equation for Ay 12,1} which is simply the complex conjugate of the second equation in (4.7) due to
the time-reversal symmetry.

According to the discussion on the reality and cyclicity conditions of the structure constants in
section 2.3, and using the blocks that we present in detail in appendix A, we can expand all these
functions as

A{1,1,1,1}(X, Ci) = Z 012,1,0 g(ojo(% Cz‘) s

OeD1xDy

Ap2221066G) = D> 3,005 (x:¢),

OeD2XxD2

Apa,2,21(x,6) = Z C11,0C22.065" (%, Gi) (4.8)

0OeDy xDy

A212y (6 6G) = Z (CLQ,@)QQEI(X,Q%
OeDy xD>

Apzey (66 = D0 105617057 (6 G)-

O€D1 xDy

We remind that C} 1,0 and Cy 2 ¢ are real while 0172,(5 is complex and that we need to supplement
the complex crossing equations (the second one in (4.7)) by their complex conjugate.

In appendix B, we explain more in detail how using the blocks (A.11), the crossing equations (4.3)
and (4.7) can be written in the compact form

C ~ (ReC\,53

> (Cuo Cx0) Vo 1O+ > (ReClyp ImChyp ) Vp C7120 ) 0. (4.9)
ngo - ImCu@

OeDyx Do OeD1xDo

In the above, the V(» and the V@ are vectors with eight components, each of which is a 2 x 2 matrix.
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Specifically, we find for V» and \7@ the expressions

Vo =

where®

0(0)

0(0)

0 0
0 0
0 [fro()e
0 0

0(0) =1if O € D; x Dy and is zero otherwise.

i

e}

/N

=

=S
-M—H/\/_\/\/_\
O O O O O O o o

To (4.9), we have to supplement the topological sector relation

2 2
Clo3=1+C1120222—C71,,

O OO O O o o o

o N N

, (4.10)
[fé’l]s>
0
0
[fé’l]s>
0
—[fg‘l}a>
(4.11)
(4.12)

which is the only crossing equation in which the constants F; g’b make an apparition. We remind that
these constants are equal to one if O is a short operator B and are zero otherwise.

The first line of (4.9) contains the crossing equations of the D; system (4.5). However, the mixed
system of equations (4.9) is not the final word. We must rewrite them a bit in order to take into
account the fact that C1 21 = C1,12 and C} 23 are real, that C; ;1 x = 0 for many X, and that the
multiplicity of By is in general greater than zero (said otherwise, C2 2 2 and Cs 2 9/ enter the equations
differently). Moreover, we can eliminate C7, 3 by using (4.12). Putting it all together, we get the

8The function 6(0O) is included due to the fact that only operators in D1 x D; contribute to the A{LLQ’Q} function.
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following expression for the crossing equations of the mixed system

0=(1 1)VIG>+(V33)11

~ -~ (VBs)11
(V31)11 0 *(VB )11 —
+(Criz Cazz) V32+( o o)t @eon (2)
2

+ (V82)22022,2,2/ + (VB4)22022,2,4 (4.13)
C
+ Z (Cia,x Coox)Vx <C’;;§) + Z C3 o x(Vx)az + Z C3 5 x(Vx)22
X=L{ o o X=L 0 X=Lig 2
-~ ReC
+ Z (ReCLQ’X ImCy 2 x ) Vx (Imcl’z’x) )
xZch, 1,2,X

where (V)4 is the ab-component of the corresponding 2 x 2 matrix in (4.10).
We must remark that even though we have eliminated 012’2’3 using (4.12), we cannot completely
forget about it when implementing the numerical bootstrap as we shall note in section 5.

5 Numerical results

In this section, we apply the methods of the numerical conformal bootstrap to the crossing equations
(4.13) and obtain bounds on the conformal dimensions of the long operators £@’b] (in section 5.1) as
well as on the OPE coefficients of the theory (in section 5.2). In each case, the presentation of the
numerical results is preceded by a short review of the way that semi-definite programming is applied
to the problem at hand. The actual numerics are then performed by using Mathematica as a front end
to the semi-definite program solver SDPB [54].7 For more details on the numerical implementation,
see for example [1, 58, 59| for original literature, and [60, 61] for introductory lectures.

5.1 Dimension bounds

Both the D; crossing equation (4.5) as well as the full system (4.13) can be put schematically into the
form

0=Piu+ » CxPx+ > CiPy, (5.1)

X short Y long

where the P» can be sets of 2x 2 matrices in the mixed case. Importantly, the above equation separates
into a part that does not depend on the OPE coefficients (because those involving the identity have
been normalized to one) and on a part that does. We can then search via SDPB for a functional o
that satisfies

a(Py) =1, a(Px) >0 VX short , a(Py) > 0 VY with Ay > Bound (5.2)

In the above > 0 means semi-definite positive for the blocks involving 2 x 2 matrices. The bounds for
the conformal dimensions of the long operators ¥ = £[% p can be different for different [a,b]. Thus,
in the full mixed system (4.13) we have to deal with four a priori different bounds: Ao, A2

90ther front end options are the Python package PyCFTBoot [55] or the Sage package cboot [56] (see also [57] for an
alternative to SDPB).
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Ajg,0) and Ajg 1y, of which only Apg o) is relevant in the analysis of the D; crossing equation (4.5). If
a linear functional o can be found such that (5.2) holds, then clearly (5.1) cannot be true and the
corresponding bound structure is forbidden. The space of functionals that we consider is given by

on
a(f) = Zanaixn.ﬂle/27 (53)

n=0
and the numerics improve as we increase the number of derivatives A.

The D; four-point function. Let us first analyze (4.5) using the above discussion. Letting the
sum over longs be restricted to operators with A > A[g ], we obtain the bounds of the left side of
figure 3. We remind that in our conventions, the semi-short C[3 o) can be thought of as a long at the
unitarity bound A = 1. Thus, having A gy > 1 implies that the Cj3 o) multiplet is absent. For A — oo,
the bounds of figure 3 seem to extrapolate to A ) < 2. This could potentially be rigorously proven
a la [23]. In addition, we can consider the case of a double gap, in which we allow one long operator

Iy
(00) A'pa-Bpg

25F 26l

241 * . 24l S, .
i

231 22+

22F

211

20p L L L L LA 16 1 1 1 1
0.00 0.02 0.04 0.06 0.08 0.10 1.0 1.2 14 1.6 18 2

Figure 3. Left: Upper bounds on A o as a function of A™'. Several fits (linear while ignoring the first
4 points, quadratic and cubic) were done are are plotted in orange. Extrapolated to A — oo, they lead to
Ap,o < 2.009,2.007,1.986 respectively. Right: Bounds on the difference Afo,o] — Apg,0) between the conformal
dimensions of the first two longs for a given first long with dimension Ay o). The plot was done for A =
20,30,...,80 and only the allowed region for A = 80 was shaded. The left red dot denotes the analytic
solution (C.1) for ¢ = —1, while the right one corresponds to £ = 1. For the other values of ¢ we have
Ajo,g) = 1 and Af, ) = 2, which is too low to be interesting.

with dimension Ap g and then require that the other longs have dimensions A > AE(LO]‘ We have
plotted the allowed region in the two gaps for various A on the right hand side of figure 3. The kink in
the allowed region is related to the absence of a (strictly positive) lower bound for the OPE coefficient
0127172 as it is clear by looking at figure 6. It is expected that this kink will disappear as A — co.

The full mixed system. In the full system, the maximal bound for the gap A[g g does not change.
We can plot the upper bounds of the other gaps as a function of A g in figure 4.

It is suggestive that the bottom plot of figure 4 shows a drop in the upper bound for Ajg ;; around
Ajg,0) = 1.6 for A = 40. For a similar value of Ajg ) and for the same precision, the LHS of figure 10
shows the sudden appearance of an upper bound for the OPE coefficient C5 2 2. It is likely that the
two phenomena are related, similarly to what happens in the 3d Ising model, where the appearance
of a kink can be traced back to the vanishing of a certain OPE coefficient [62].
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Figure 4. Upper bounds for Apa o, A2, Apo,1] as a function of Ay g for A = 10,20, 30, 35,40. Gap
structures coming from the analytic solutions (C.1) for special values of the parameters are shown with red
crosses. Among them there is an analytic solution for which Aj g = 1 and A[ 1; = oo, which explains why
the bound on Ay q) diverges for small Ajg, o). It seems plausible that for Apg o) = 2, the bounds would converge
to the strong coupling values Ajs o) = 5, Ap,0) = 4, Ag,1] = 3 for infinite A.

5.2 OPE bounds

In order to obtain bounds on the OPE coefficients of an operator X, we rewrite (5.1) as'®
2Py
0=P+ o + 3 cGipy, (5.4)
ax
(aX bX)PX < ) Y rest
bx

depending on whether C'x appears alone or is mixed like C1 19 and C2 22 in (4.13). In the latter case,
Py is a 2 x 2 matrix and we set ax = Cx cos(f) and bx = Cx sin(f), where 6 is an angle over whose
values we have to sweep, see [63]. We then act on (5.4) with the functional « and require

a(P;4) is maximized , a(Py) >0 forall Y € Rest,

aPx)=%1 or a ((cos(e) sin(0))P x (z:gg;)) i (5.5)

10The “rest” in (5.4) is made out of long and short operators and takes into account the unitarity bounds on the
spectrum of long operators.

~19 —



Depending on the normalization condition (the last condition in (5.5)), we get the bounds
C% < —a(Py) (for +)  or  C% > a(Pyq) (for —). (5.6)

We remark that in order to get a positive lower bound for Cx it is necessary that X be an isolated
operator in the spectrum [58].

The D; four-point function. Let us start by considering the case in which the semi-short C[3 g
is present. This implies setting Ajgq) = 1 in which case the maximal value of the second gap AEO’O]
is then by extrapolation from figure 4 A/[o,o] = 3. For the OPE coefficients, we find the result of
Figure 5. The position of the “kink” on the left plot is the position at which the lower bound appears
in the right plot. On both plots, there is a line of analytic solutions for AEQO] = 2 (corresponding to
—1<¢<1in (C.1)) and a point (corresponding to £ = —1) for AE(),O] = 3. Furthermore, we can ask

(C112)° (Cr1.620)
257 12

1.0

20F

0.8

0.6

0.4

05 / 02l

00 5 20 25 éﬁ* el %0 15 20 25 a0 2o
Figure 5. Left: the bounds on 012,1,2 as a function of Afo,o] if the the semi-short Cj3 ) is present. Right: the

bounds on 012,1,6 as a function of Afo,o]- The numerics are done for A = 10,20, ...,80 and the allowed

[2,0]
regions for A = 80 are shaded in orange. Analytic solutions from (C.1) are marked in red. For the purpose of
comparison, we overlay in light blue on the left the allowed region of figure 6. One must keep in mind that if
Ci2,0] decouples, we can identify AEO,O] with Ao, here, since we consider a single gap in the long spectrum.

for the allowed region in the OPE coefficients of the operator Dy and the semi-short Cp; ) for a given
value of A{o,o]' The results are shown in figure 8 below.

In the theories that are not free, it is expected that the semi-short Cf3 o) would be absent. In our
framework, this implies setting Ajg o) > 1. Computing the upper and lower bounds on the OPE 0127172
in this case leads to the bounds of figure 6. As an aside, we note that since a long at the unitarity
bound becomes a semi-short (2.21), the analytic solutions (C.1) with!! ¢ € [~1,1) will appear in
figure 6 for Ay o) = 1. This is the reasoning behind the red line in figure 6.

We note furthermore, that we can compute the slope of the lower bound in C1 1,2 around Ajg o) = 2.
Specifically, the lower bound of Figure 6 at Ay g = 2 gives C 12 > 1.9998 with the tangent vector
(1,0.6063) at that point. In fact, we can compute even more terms and write for A = 80,

lower bound of CF ; 5(Ap,0) = 1.999840.6063(Ag,0) —2) — 0.3801(Ag,0) —2)* + O(Ajg,0— 2)* , (5.7)

where we would like to remark that we have significantly less control over the second order term.
On the other hand, analyzing the lower bound around A = 1 is difficult. From the way that
the intersection of the lower bound with the Ay axis moves to the left as A increases, it seems

HFor these values of £ the analytic solutions contain a semi-short, see the block expansion (C.Q).
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Ap,

Figure 6. Upper/Lower Bounds on the OPE coefficient Cil,? for A =10, 20,...,80. The allowed region for
A = 80 is shaded. The point (A o] = 2, 0127172 = 2) represented by a bigger red dot is occupied by the solution
(C.1) with £ = 1. The thick red line refers to the solutions with —1 < £ < 1. For a given A, the value of A g
for which a non-trivial lower bound on C,1 2 appears is the value of A[o,o] for which there is a kink on the
RHS of figure 3. The black dashed line starting from the point (1,1) represents the behaviour of Wilson lines
in planar N = 4 SYM for which Ao =1+ ﬁ + ... as first computed in [64] and C3, = 1 + ﬁ +... as
follows from localization. The (upper) purple and (lower) black dashed curves starting from the point (2,2)
are the first and second order perturbative approximation of the lower bound curve given by (6.29), compare

to (5.7).

natural to expect that at A = oo the only way to have C} 12 = 0 is to also have Ay g = 1. For these
values we have an analytic solution, namely (C.1) with £ = —1. It would be very interesting to know
the value of the slope of the lower bound at that point for A = oo, but the numerics do not seem to
be able to give us a conclusive answer.

It is interesting to take a more careful look at the spectrum {A(O) AL

[0,0]> =7[0,0]7 "~ *
the theories that extremize the 012,1,2 bounds of figure 6. One can extract this spectrum by computing
the zeroes of the extremizing functional [65]. We obtain the results of figure 7, where we plot the

differences Afé?o] — Aféjo]l ) (for i = 1,2,3) between the conformal dimensions of the lowest-lying longs

as a function of the gap AES?O] = Ajg,0)- We see in figure 7 that for Ay g = 1 and for Ay g = 2 the
gaps of the extremizing solutions are roughly equal to 2. This is also the case for the analytic solutions
with & = —1 (for Ajgg) = 1) and § = 1 (for Ajgg) = 2), see the block decompositions (C.2). On the
other hand, the analytic solutions with —1 < & < 1 have gaps of 1 between the conformal dimensions
of the long operators. This suggests that if we want to perform a conformal perturbation analysis that

} of longs operators of

starts from the point A = 1, Cil,2 = 0 and follows the lower bound curve of figure 6, we would
need to start from a spectrum for which the long operators have gaps of 2.

Interestingly, we also see in figure 7 that the spectra of the lower bound (in blue) and of the upper
bound (in orange) agree for the maximal possible value of A o for our A. Hence, this suggests that
the spectrum of the theory at the right tip of the allowed “triangle” in figure 6 should be unique, at
least as far as the single D; correlator is concerned. This is compatible with the bound of the RHS of
figure 3, though that latter one only provides an upper bound on the gaps and not a lower one.

Lastly, we can obtain upper bounds on the OPE coefficient of the first long operator in the
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Figure 7. Plot of the difference AE(?O] — Aféz)]l) (for i = 1,2, 3) between the conformal dimensions of the lowest

lying longs as a function of the gap AE(()),)O] = Ajo,0. We've depicted in blue the spectrum of for the lower bound
and in orange the spectrum of the upper bound with the numerics done for A = 80. Observe that the upper
bound spectrum is independent of A o and that the two become identical for the maximal value of Ajg g
allowed for A = 80.

A
spectrum, namely Ly [g’]

side of figure 8.

' for a given value of Ajo,0) and of 012,172. The results are depicted on the left
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Figure 8. Left: Upper bounds on the OPE coefficient (C’1 ) ‘CA[DYO])Q for given Ao and of C7,,. The
LLo,01

numerics were done for A = 80. The upper bound at the analyticysolution for £ = 1, represented by the red

dot, is (C’l’l’ﬁ[zo O])Q < 0.4. To our precision, the numerics exactly saturate the bound. The dashed lines show
the levels 0.1, 0.2 and 0.3. Right: Allowed region for the OPE coefficients 012,172 and Cf,l,C[Q ol for a given

value of Afo,oy Again, the numerics were done for A = 80. The upper bound does not change as A'[()’O] is
varied and we denote the value A o in black close to the lower bound. Note the the region for a given Af,
contains the regions for larger values of Af, o).

The full mixed system. In the full system of the crossing equation (4.13), we can set Cy 12 =
rcos(f) and Cs 29 = rsin(f) and search for bounds on r as a function of §. The general situation is
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illustrated in figure 9. There we show the areas allowed by the topological sector relation, the region
covered by the analytic solutions (C.2) and the most general localization region that we could find.

Ca222
Localization
3 — Topological Constraint ‘
2t
1t
[ Analytic Solution /
0...I...I...I...I...'L/“““““‘01,1,2
0.2 0.4 0.6 08— 1.0 1.2 1.4
1k - -

Figure 9. Allowed region for C1,2, C2,2,2 from the numerical analysis (for the smallest value of the gaps
above the unitarity bounds). There is a general upper bound on C1,1,2, namely Ci,1,2 < \/Q, but there is no
upper or lower bound on C222. On top are the analytical solutions (C.1) and from the localization formulae

(3.7), (3.8).

Turning now to the numerical analysis and assuming the lowest possible values for the gaps
just slightly above the unitarity bounds,'? namely Ajg,0 = 1.01, A ) = 3.01, Ajg ) = 3.01 and
Ajg,1) = 2.01, we get the results of the LHS of figure 10.

We can leave the gaps A ), Ajg,2] and Ag 1) just above the unitarity bound and vary the gap
Ajg,0]- Doing so, we get the results of the LHS of igure 10, where we’ve also overlayed the allowed
region for the analytic solutions (C.1). We observe that until Ay g ~ 1.6, there is no upper bound on
(5,2.2. The appearance of this upper bound, which transforms the allowed region into an island might
be connected to the drop in the upper bound on Ay 1}, see figure 4. The fact that, for suitable gaps
in the long spectrum, the allowed region for the OPE coefficients C ;2 and C3 2 2 becomes an island
can be compared with similar phenomena in [63, 66].

It is also interesting the investigate the consequences of the decoupling of the operator D). This
can be due to the multiplicity of By being equal to one as in the case of the SU(2) theory with R
the fundamental representation or in the case of the analytic solution of appendix C, see (C.11).
Alternatively, it could be that the multiplicity is higher than one but that the operator D still
decouples, implying C3 29 = 0. The results for the allowed OPE of (4 ;2 and Cs 2 for various
values of Ajg g are shown on the RHS of figure 10. The main difference with the general case is the
appearance of an upper bound on Cs 5 2 even for very small values of the gap A q).

We can also obtain upper/lower bounds on the remaining short operators D) and D4. Keeping
again the gaps A ), Ajg2 and Ay just above the unitarity bound and varying A g, we find
the results of figure 11. Compared to the other OPE bounds, they are weaker, in particular the one
for Cy2,9.. No lower bound for C3 39 was found, which is consistent with the possibility of setting
(2,2, = 0 in the plot of the RHS of figure 10 and yet still obtaining results for all allowed values of
A[O,O]-

12This way, we exclude the presence of the semi-shorts operators.
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Figure 10. Left: bounds for A = 40 and for the gaps Aj g = 1.01,1.2,1.4,1.6, 1.8, 2, while keeping the other
gaps just above their respective unitarity bounds. The allowed region for given Ay o contains the allowed
regions for larger values of A o;. The small blue cross at (\/§7 2\/5) is an analytic solution for Ay o; = 2. The
subregion enclosed by the dotted curve comes from the analytic solutions (C.1) with the parameters (C.5)
subject to (C.7) and is also shown in figure 9. Right: Allowed region for C1,1,2 and Ca,22 if C2 22 = 0. The
numerics were done for A = 40 and for A o) = 1.01,1.2,1.4,1.6,1.8,2. The other gaps are just slightly above

their unitarity bounds. Note that the allowed region for a given A o] contains the regions for larger values of
Ao,0]-
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Figure 11. Left: Upper bounds on the OPE coeflicient 022,272, as a function of A}y g). We find no lower bounds.
One the right: Upper/lower bounds on the OPE coefficient 02272’4 as a function of Apg ). The numerics are
done for A = 20,30,40. We see that increasing A improves the bounds significantly and it is reasonable to
expect that the bounds will converge to the strong coupling solution, which is C§7272, =0, 022,2’4 = 6.

The strong coupling case. Lastly, we can impose that the gap structure is the one of the leading
strong coupling solution given in (3.22), namely Ajg o = 2, A0 = 5, Ajg2) = 4 and Ajg ;) = 3 and
compute bounds on the OPE coefficients (12 and C322. This results in a tiny island of allowed
values shown in figure 12. Additionally, we can combine the very strong (for A = 80) upper/lower
bounds on C} 1,2 from the analysis of the D; four-point function in figure 6. This excludes about half
of the island that the A = 40 numerics for the mixed system have given us. From figure 12, we read
that for this gap structure we have in particular the inequalities

1414 < Cp 15 < 1.429

2.821 < Ch g5 < 2.961 (58)

Ao =2, Apog =5, Apg =4, Apy=3 = {
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Figure 12. Allowed region for the OPE coefficients C1,1,2 and Cz 22 for the gaps Ao = 2, Ajp g = 5,
Apg,2] = 4 and Apgq) = 3. The allowed region is shaded in blue and is the result of intersecting the numerics
for the mixed system done for A = 40 with the bound 1.414 < (' ,1,2 < 1.429 done for A = 80, see figure 6. The
red cross corresponds to (v/2,2v/2) for which we have an analytic solution. The thick blue lines correspond
to the inequality C2.22 > C1,1,2 — C;llg (2.25) and to the bound C1,1,2 < 1.429. We zoom in on the allowed
region.

The above is very suggestive of there being only one possible value of the OPE coefficients C 12
and C5 2 2 that solves the crossing equations for A — oco. For the OPE coefficients C5 2 2r and Cs 2 4,
the situation is less clear. Just imposing the gap Ao = 2 for A = 40 does not place high enough
restrictions on them. However, the situation improves if we also demand that A g = 5, Ajg 9] = 4,
Ajp,1) = 3 and, since we are still in a regime of A in which the numerics improve drastically with
increased precision, it is highly possible that for A — co the OPE coefficients would be restricted to
the values C'y 2 o» = 0 and C3 24 = 6 which correspond to the strong coupling solution.

It is reasonable to expect that this is the unique solution of crossing with the maximal gap
Ajg,0) = 2. Further support of this claim could be produced by increasing the values of A and
extracting the spectrum as in [67]. This behavior is somewhat similar to the one obtained in [47, 51]
when considering the four-point function of stress-tensor supermultiplets in 4d A' = 4 SCFT. In that
case, the extremal solution to crossing at large central charge seems to coincide with mean field theory,
and its first correction with tree level supergravity, see conjecture 3 in [51].

6 Analytical results

In this section we present an analytic study'® of the 4-point function of the super-displacent operator
D; corresponding to the lower bound in figure 6 in the vicinity of the point (A[O,O],Cim) = (2,2).
The latter is associated to a very simple four point function and coincides with the leading strong
coupling solution A©), see (3.13), described in the section 3.3. Correlators saturating the lower
bound of figure 6 are solutions of crossing for which the number of operators exchanged is minimized.
The end points of the lower bound curve, namely (1,0) and (2,2) in figure 6, illustrate this point

13 Recently, there has been substantial progress in application of analytic bootstrap methods to problems of the type
addressed here, see e.g. [68] and references therein.
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neatly: the (non half-BPS) operators (in the E[Ao,o] representation) being exchanged are given by the
sets {A}a,0) = {1,3,5,... } and {A}20) = {2,4,6,...} respectively. In between these extrema the
spectrum of dimensions starts from a lower bound 1 < Ao < 2 and continues with a spacing of
roughly two units, see right hand side of figure 3 and figure 7.

In the following, we derive the first and second order perturbations!* of the (2,2) solution cor-
responding to the lower bound curve. The first order perturbation coincides with the string theory
result described in section 3.3. At second order, the lower bound solution might differ from the second
order perturbation in string theory due to degeneracies of the operators. We comment on this point
in the end of the section. The point (1,0) in figure 6 corresponds to a very simple four point function
as well, see (D.1). Unfortunately the vicinity of this point, for which the gap Ao approaches the
unitarity bound, is hard to probe with the numerics as the convergence of the bound to its A — oo
limit is very slow in this region. We present an analysis of the vicinity of this point in appendix D.
It is relatively easy to generalize such expansions to the case of mixed correlators and this is crucial
to resolve the issue of degeneracy and make contact with the second order correction in string theory.
We postpone this interesting problem to future work.

6.1 Setup

As explained in section 2, we parametrize the 4-point function of super-displacement operators in
terms of a function f(x) and a constant F. They can be expanded in super-conformal blocks as

fx) = fialx) + as, f8,(x) + acy o) fC[z,o] () + Z an fa(x), F=1+ag,, (6.1)
A€S

where the blocks are given in (2.13), (2.14) (2.15) and (2.21). In order to shorten the notation we use
Ja = [, , and introduce the notation a, for OPE coefficients C?, .. The crossing equation reads
o 1,

(x=12f0)+xX*f(1—x) =0, (6.2)

where x € [0, 1]. We will consider perturbation of a given solution to crossing denoted by ( f(*)(x), F(¥),

with associated CFT data aio), S such that number of operators appearing in the OPE is unchanged
and no hidden degeneracy is lifted by the perturbation. We introduce the notation

F0) =00 +efP00)+... an=a"+ea”+... S={A+e7V +. Jacsw, (6.3)

with % # Cj2,09). We will discuss the special case of including that operator shortly.

The crossing equations (6.3) are valid order by order in €. The conformal block expansion on the
other hand mixes CFT data from different orders, which is crucial. Expanding the conformal block
decomposition in € gives at first order

FOG) = fo () log x + fd (x). (6.4)

14We thank Fernando Alday for important discussions on this problem and for sharing some unpublished notes with
us.
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with the two new functions given by

Fag ()= 37 a2 a0 + acye fe(0), (6:5)
AeS0)
Fom 00 =) fs. 00+ Y- (a8 fa00 + a2 100) + (ac fe 00 +aerd 187 00)
AeS)

where for notational convenience C = C[pg). In the above, we have defined

4
V) = x (ai) (x 2falx) - (6.6)

This function has a regular expansion around x = 0 starting at order y2*1, so that fl(olg)o (x) and f, ](olg) ()
are both regular at x = 0. It should be noted that the operator of type By cannot have anomalous
dimension, but the OPE coefficient ap, can vary with €. The contribution of C g requires a small
discussion. Operators of type Cjz,0) appear as subrepresentation of long operators at the unitarity
bound as L[o 0] =Cpp,0)t--. and the order €” contribution results from a cancellation between a pole

in the conformal block with a zero in the OPE coefficient'®. The first order correction (6.4) should be
crossing symmetric, see (6.2). In order to make it manifest we rewrite it as

2

ﬂ”u>=Mnguy—H%QFM1—nga—x»+mm, (6.7)

where ¢(x) is crossing symmetric by itself and has a regular expansion around x = 0. Comparing (6.4)
with (6.7) we obtain

1 1 X
flad 00 =700 figgo(0) = =751 =0 log(1 =) + 4. (6.8)
Let us now turn to the description of the solutions to crossing that we are going to perturb.

The free solution. We recall that the solution of crossing corresponding to the point (2,2) of
figure 6 is
(DD DDy 02 = (12)(34) + (13)(24) + (14)(23) (6.9)

where (ij) denote the super-propagator defined in (2.4). In the parametrization of (2.11) the solution
(6.9) corresponds to f(©) = X(QX 1) and F((;))z) = 3 from which one extracts the CFT data:

0 0 0 T'(A+3)T'(A+1)(A-1
RB: =2 ), =0 oY <TSMHAMAD S0 a6 (610

15More explicitly

1 o)
f1+e«/1+e2~,2+m(X) = E fC[Q,O] x) + (logx - q) fe 2,0] x) + f, Ca,0] x)+-...
AA=1+eyi+e2ya+... = (em + 2+ ) (QC[QYO] + 660[210]) +...

It is worth mentioning that this is exactly what happens for Wilson lines in N' = 4 SYM at weak coupling for the
multiplet with highest weight ¢/=6. Tt is indeed cleat that (¢*¢?¢%) = O(¢). The multiplet recombination in this case
has been analyzed in [30].
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The crucial insight for the study of the perturbations of these solutions is to analyze the transformation
properties of the various terms in (6.4), (6.5) under the coordinate transformations

X

= —.
X -1

(6.11)

where Y is in a neighborhood of zero. We will use the following identity which are easy to check and
generalize to higher values of ¢:

0 (=0
O x y4 Oy ) losl=x) falx) (=1
I () + A" (0 2108(1 — ) FO() + log(1 — )2 faly) £=2 (6.12)
for A € {2,4,6,...} and
2
F5u (29) + f5. () = XX_ . (6.13)

6.2 First order perturbation of (D;D1D1D1)(s.9)
It is an immediate consequence of (6.12) and (6.13) that fl(olg) (x) and f1(01g)0 (x) defined in (6.5) satisfy
2

N3+ 00 =0 FOb(5) + fgh (00 +log(l =) 00 =a) - (614)

Rewriting fl(olg)O and fl(olg in terms of r(x) and ¢(x), see (6.8), one notices that the second equation in
(6.14) takes the form!' A(x) + log(1 — x)B(x) = 0. Assuming that r(x) and ¢() are rational, one
obtains two conditions A(x) = B(x) = 0. We have thus obtained three new equations to be added
to the obvious crossing relation for ¢(x) following from the parametrization (6.7). To summarize, we
have found the relations

2

r(25) +r(x) = 0, r0) + () = (25) 1=,
o X ) (6.15)

a(555) +al) = a) 2oy a0+ () all=x) = 0.

The equations (D.7) put strong constraints on the functions r(x) and ¢(x) but are not powerful enough

to specify them uniquely and some sort of boundary conditions need to be imposed. Two obvious ones

follow directly from the definitions (6.5), namely

00 =0+ 000). () (- loa(l —x) +a(0) = ~al ¥ 0. (616)

Notice that in the second equation there can in principle be cancellations between the contributions
from the two factors on the left hand side. There are additional conditions related to the behaviour
of r(x) for x close to one and these are more subtle. They can be translated to the behavior of ’y(Al)
for large A, by the definition of 7(x) in (6.5), (6.7). The intuitive argument is that by acting with the

Casimir operator we can increase the order of the pole of r(x) for x ~ 1 at the price of having a more

16We use the relation log(1 — x) + log(1 — x)~! = 0.

— 98 —



divergent behaviour of fy(Al) at large A. This follows from the following relation

Cofalx) = (A+1)(A+2) falx),  Cai= (1 - X)Xy (6.17)

Alternatively one can invoke an argument related to the Regge limit of the four point function, see
[69]. This implies that a certain discontinuity of the four point function around x = 1 is bounded by a
constant once we take x small. In summary we impose that r(x) ~ (1 — x)~2 for x ~ 1. Under these
conditions (6.16) admits a unique solution which of course coincides with the string theory calculation
reported above, see (3.20). The correction of CFT data at this order read!”

1 1) A(A
A = o) A4S — 0a (% 7<A>) , (6.18)

The results for the anomalous dimensions holds upon assuming that there is no operator degeneracy.
This will be further discussed in the end of this section.

6.3 Second order perturbation of (D1D1D1Dy) 2,2

Let us now consider the second order term in the expansion of the conformal block decomposition

FA00 = FEL (0 0gx)* + A2 () log x + fian(x) , (6.19)

where!8

2
fom00 =% > o (W) fatv),

AeS©)
2
200 =3 (a8 +aD8) rat0 +a () 1000, (6.20)
A€SO)

2 2 1 1 0 2 1 0 1 2 2
Fon00 =3 adfa00) + (a7l +al) 100 + 3al (W) 100

AeS0)

Notice that, without loss of generality corresponding to a redefinition of ¢, we can set agz) = 0. The

contribution of the double logarithm fl(fg)z (x) is expressed in terms of known CFT data!® and can be

resummed in to the rather simple form, see a(x) given in (6.23). Next we proceed as in the previous

section by considering the transformation properties of fl(ozg)k (x) under y +— % They follow from

(6.12) and the definition (6.20):

2L + 2L (0 =0,

og? og?

FELD) + FEL (0 = —21og(1 = X) £i2h (X) (6.21)
FEL ) + F20 (0 = —log(1 = x) AL (x) —10g>(1 = x) fia () -

171t should be noticed that the expression for the anomalous dimensions differs slightly from the one presented in
[31]. By looking at the expansion of the superblock (2.18) in bosonic blocks, it is rather clear that the (bosonic) partial
wave decomposition we are considering will be degenerate in all R-symmetry channel but the [0, 2] one. The latter has a
unique representative in each long block. For this reason equation (4.33) in [31] agrees with (6.18) while equation (4.42)
there does not. The degeneration between bilinears in the displacement operators is lifted when arranging operators in
supermultiplets but there are additional degeneracies which are relevant.

18Recall that there are no C[2 0] appearing in this example.

9For this to be the case it is crucial that there is no operator mixing.
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In order to make crossing symmetry manifest we write?°

7200 = () 10 x+ 300 g~ (257)” (> 1= 0)) + el log loglt =0, (62

where ¢() is crossing symmetric by itself. The relation between a(x), b(x), ¢(x) and fl(ozg)k (x) is
obvious and generalizes (6.8). The relations (6.21) imply functional relations for a(y), b(x), ¢(x) by
taking the coefficients of the logk(l —x) for k =0,1,2. After imposing boundary conditions at y = 0,1
for the functions a(x), b(x), c(x) (these boundary conditions follow from similar remarks as in the first
order analysis around equation (6.16)), one finds the unique solution to be

3
0
a0 = % (25) @ =063 - 5x+5)afy) .
b(x) = 3522552 (6x* — x + 1) ag;, , (6.23)
o(X) = TG (3" — 6x° +3x° + 1) ay, -

From the above one can extract the CFT data:

(2) _ A(A+3 2 6 (0) _ - 1
"}/A —%(4A75*m+m+4HA)CLBQ, Hn—zﬁ,

k=1 (6.24)
o) = 0 (a7 +al2) ~ 108 () (1)) + ) Xa o)
where A(w)+ A+ 3)Bu)  uZ=u) [ (1) asis  1)a
Xa = T2A(A + 1)2(A + 2)2 72 (w( (5 -l )(7)> : (6.25)

(™ is the polygamma function of order n and u = A(A + 3), A(u) = —120 — 36u + 17u? + 5u?,
B(u) = 8 — 4u + 5u® + u?.

Comparison with the expectations from string theory at second order. The results just
obtained will most likely differ from the second order perturbation result in string theory. The main
reason for the discrepancy is due to degeneracies, as we will show momentarily, see [70, 71] for a recent
related discussion. We stress once again that with the appropriate modifications to deal with operator
mixing, the methods applied in this section can be generalized to this case as well. To illustrate the
operator mixing let us look at the correlators

(D1D1D1D1) 2,2y (D1D1D2Ds) (2,2 (D2D2D2Ds) 2,9y (6.26)

see (3.22) for their explicit expressions and (4.8) for their decomposition in conformal blocks. Let us
start by looking at operators in representation L[AOE]Q which are exchanged in all three of the correlators
above. We know from (3.26) that there is no degeneracy of operators with this quantum numbers.
Therefore, let us call O the (normalized) operator sitting in E[%Ef . The fact that there is only one
such operator is confirmed a posteriori by using the block decomposition (see (C.2)-(C.4) and (C.8))
of the correlators (6.26), which gives the equations:

20121(91- =2, 20110102201- =3, 20222@1. =£, (6.27)

200ne can also include Lis functions in the ansatz, but it turns out that they have to be set to zero in the end.
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that have a solution involving just one operator O with Cij10 = \/g and Cosp = 2\/g (up to an
obvious Zs ambiguity).

Let us turn to operators in the representation E[%;]‘l. We know from (3.26) that there are two such
operators that we will denote by O;=1 2 with (0;0;) ~ 0;;. From the known four point functions we
know that

2 1 2 2 4
E Chio, = % » E C110,C20, = %, g Cho, =5,
i i i

(6.28)
= (01101,01102)~(\/;0)7 and  (Ca20,,C220,) ~ 2(7=,1\/55)

where ~ means up to O(2) rotations. The analysis of higher A is similar but requires the knowledge
of more correlators.

Comparison with numerics. Recall that as a physical definition of € we take ap, = 2—¢, which in
our notation is equivalent to agg = -1, agffl) = 0. We will now compare the results from the analytic
perturbation to the numerical results in the vicinity of the point (2,2) in figure 6. From the expression
for the anomalous dimensions (6.18) and (6.24) for the operator of lowest dimension, i.e. A = 2, we

can extract

3 59
ap, (Bpo,0) = 2+ = (Ap,0) = 2) = 555 (B0 — 2)% +... (6.29)
Since % = 0.6 and % = 0.295 this relation is in good agreement with (5.7). Let us comment on the

validity of the perturbation at small but finite €. At first oder, for any finite ¢ the unitarity bound
will be violated for A large enough, since the anomalous dimensions are negative and are quadratic
in A, see (6.18). We can require that A + ev(Al) > 1 for A < 30 for example, this gives 0 < e < 0.17.
In this range 1.72 < 2 + e’yél) < 2. The resulting value for the gap A g is depicted in figure 6 by
the upper purple dashed curve starting from the point (2,2). The situation improves quite a bit at
second order. In this case for 0 < e < 0.994 all OPE coefficients are positive and all the dimensions
are above the unitarity bound. In this range one finds that 1.69 < 2 + 6’751) + €2 752) < 2. This rough
but reasonable is drawn as a black dashed curve starting from the point (2,2) in figure 6.

7 Conclusions

Let us now briefly summarize the main points of this article. We implemented the bootstrap for
the displacement operator D; and its cousin Dy on half-BPS line defects in 4d A" = 4 SCFTs. Our
results include constraining bounds on the conformal dimensions of long operators and on the OPE
coefficients of short operators. While the numerics have not fully converged yet, they are suggesting
of there being an unique solution to crossing, provided that the gap A g takes its maximal value of
2. This solution can be identified with the strong coupling behavior of line defects in N/ = 4 SYM.
Corrections to the strong coupling behavior were obtained analytically, and they fit nicely with our
numerical results.

There are many interesting directions in which to further develop the analysis of this article. In
this work we focused just on the correlation functions supported on the one-dimensional defect. The
next important step is to impose the additional consistency conditions arising from being able to
couple this 1d CFT to a four dimensional N' = 4 theory. The relevant bootstrap equations are known
in this case [26], the issue then becomes that one loses positivity and traditional numerical methods
cannot be applied. Nevertheless, one could use the alternative numerical techniques of [7] combined
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with input from the existence of a topological sector and an analytic perturbative treatment in the
vicinity of some free theories.

Another interesting problem is to study the four-point function of long operators on the defect.
The bootstrap problem for long operators has been largely unexplored due to various technical com-
plications that have to do with the presence of nilpotent invariants in the four point function, see [72]
for the only example of this type to date. Considering these examples has the advantage that one can
vary the dimension of the external operator and look for special features in the plots. This might shed
some light on the interpretation of the drop in the bound on A[g ) in figure 4.

One could also study line defects in NV = 2,3 four-dimensional theories, see for example [73],
or alternatively in N’ = 4, 6,8 three-dimensional theories, see e.g. [74]. While localization results are
available for the 1/2-BPS circular Wilson loops even for ' = 2 theories ([29] provides the fundamental
result for circular Wilson loops, see for example [75, 76] for explicit results for some ' = 2 SCFTs)
in 4d, there are currently no known results from localization for the loops involving insertions of
the displacement supermultiplet. Alternatively, one could also consider line defects in N' = 4 four-
dimensional theories supporting less (or no) supersymmetry, see [78-80] for a study of some of these
effective 1d theories.

One should stress that the bootstrap problem considered in this work is probably one of the
simplest bootstrap setup on the market and one could imagine producing non-trivial solutions to
crossing analytically. A particularly interesting solution is the one corresponding to Wilson lines in
planar A = 4 SYM where one could combine bootstrap methods with integrability techniques to
determine some of the CFT data. One could also try to produce relatives of the SYK model, see
e.g. [81], with OSP(4*|4) symmetry and investigate how they fit in the picture presented in this work.

Finally, as pointed out in [82], the study of CFTs at finite temperature shares many similarities
with the defect bootstrap program. Hence, we expect that both lines of research will complement each
other.
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A Blockology

A.1 The bosonic pieces

In this section, we shall discuss the SO(2, 1) and SP(4)g blocks separately before we put them together
in the full superblocks in section A.2.
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First, we introduce the 1d bosonic conformal blocks that we need. They read

AQ—A1 A4_A3
2 A 2

g (x) = X" o Fy (A + ;20 x) : (A1)
The next ingredient that we need are the SP(4)g R-symmetry structures. They can be defined as the
eigenfunctions of the quadratic Casimir operator D.—; (depending on 3 parameters a, b and finally
¢ = 0 which we omit) of equation (2.3) in [83] with = ¢; and z = (2. We can do that since the
operator of [83] is the quadratic Casimir for the d = ¢ + 2 = 3 conformal group SO(3,2), which is
SP(4)r up to reality conditions. Written explicitly, the Casimir operator reads

D, = <12(1 - Cl)agl + C22(]- - <2)8g2“2 - ( +b+ 1) (<128C1 + <228C2)

GG 0 (A.2)
*ab(ClJrCz)Jﬂ?Cl_CQ (( *Cl)ac (142)%)

where in our case a = @ and b = Lgk“ are functions of the R-symmetry labels of the external
operators transforming in the of the [0, k;] representation.

We first look for the R-symmetry structure in the D; x D; and Dy X Dy OPE channels. These
R-symmetry structures are polynomial eigenfunctions in ¢, ! of the operator D._; witha =b= ¢ = 0.
Up to the polynomial degree that we want, we get the eigenfunctions:

1 1 3 1 1 1
_1 B0 _ 1 1 g0 3 1 1t 1
2070 G 02710 2¢ * GG 267

500 _5_5<1+1>+<281+ L) - () 2
047126 27\¢& G 27¢1¢ 663 6(12 GG GG (¢

EO*O 4<1+1)+1+21+1+1
[4,0] 3\ G G 3G¢ G

IB;OO 5(1+1)_1(4+1+1)+<1+1)_3
(221 G2 G 2 \ (12 Ay GG GG 14

0,0 0,0 0,0 0,0
The D._; eigenvalues of IB%[O o) IB[2 e B[O 9] IB[O 4 IBB[4 o)

0,0
Bio.0) =

0,0
Bps o

they are normalized such that the coefficient of the term with the highest power of ¢, ! is one. These
structures are in one to one correspondence with the irreducible representations appearing in the SP(4)

are respectively 0,3,5,14,8,10 and

tensor products:
min(a,b) 4

0,a] x [0,0] = P €P[2i—24,2j+|a—0]. (A.4)

i=0  j=0

Furthermore, in the expansion of the G'! superblocks, we need the eigenfunctions of the operator
D.—q1 with a = %7 b= —% and ¢ = 0. We get the results

1 1 1 5
BLL — 7 BLL — I _ 7
CNT VGG T AR s T G WG N
2 2 1 10 (A-5)
]Ell

[0,3] — 3C3/2\/C—2 3\/»43/2 3/2 3/2 21/Ci/G

Finally, for the G1»~! superblocks, we need instead to use the eigenfunctions for the operator D._;
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Witha=%7b:%andc:0

Bl1 Va1 VG
01] \/g\/a \/> \/>\/C>2 \/4.»17

eviel ﬁ+7\/?2_ 11 N 1 _\/?2+ 1
Ve gPTaGL VaveE Ve §F 0 vad®
1,-1 10\/> VG oo 10V 38

IB303] \/ZZ\/> 21\F 3/2—21\/?1—#21\/?1\/?2

4 N 4 1

+ — + .
C3/2\/C»2 343/2 3\F<3/2 f/2C23/2

The eigenvalues of the R-symmetry structures IB[O f], Bgﬁ and B[O::i n (A.5) and (A.6) are 2, 6 and
9 respectively.

BL-1 —
21]

G2

(A.6)

A.2 Explicit superblocks

Armed with the bosonic conformal blocks and the R-symmetry structures, we can obtain the full
superblocks by making an ansatz of the type

A+0

G606 G) = DY enrgiCOBR (G G) s {mon} = {{0,0},{1,1},{1,-1}}, (A7)

h=A R

where the conformal blocks g,lld(x) have the correct external dimensions A; plugged in them (this
depends on m and n, see (A.1)) and the sum over R runs over the appropriate structures for the
channel. The prescription of which block indices m,n to use for which function A is summarized in
(4.8). The constants c¢j, g are determined by feeding the ansatz (A.7) into the superconformal Ward
identities with the coefficient of lower conformal dimension bosonic block normalized to one, or to
minus one. The correct sign was determined by expanding the analytic solutions in their unitary
domain in superblocks using positive coefficients.

The difference between the “short” By, , “semi-short” C,p and “long” E@’b} superblocks is the
difference ¢ in conformal dimension between the lowest bosonic block and the highest bosonic block
appearing in the decomposition of a superblock. Specifically, we have

short :glA‘fA,... ’91Ad+2,A (0 =2),
semi-short : glAdA yeen ,glAdJrg A (0=23), (A.8)
long :glA‘fA,...,glAd+4,A (0=4).

Once the superconformal blocks g%’b have been determined, we can extract the corresponding functions
fgz and constants Fg’b. First, given a function G(x, (1, ¢2), we define the following functions in :

— amon g(X?ClaCQ)
E[G m,n = . A9
[ } < >{C1 Ca=x ( )

SHICIE S
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Then, using these functions, we obtain

1

F' =E[G5%00 = 9606 X, X) » f8 = 3 E[G5 Jo.2

1 % E(G5 )12 + O EGS°
185 =2EG5" 01 + ( 5 — x ) EIGS o2,  fo% = Bldo l2 _ BlGg 2 + OcPldg b2

2 4 2x
Fo' =G5 (6 x:x) 5'=2%E [1%’1} ) (A.10)
FL-1 _ gL-1 X X) - 1,-1 _ XE = gL-1 ’

o o (X X X) fo D) \/% o o

In the above, it is very important that the blocks satisfy the superconformal Ward identities. Con-
versely, given the functions (A.10), we can reconstruct the full superblocks by using

G = D1 [\C178] +Da [ (158 — 118)] +Ds [x (X256 + 118 + X000 )| + X2 FE,
g5' = VX D (x*5") + X FS' (A.11)

g(lg’_l = \:/;g [D <X2 (19’_1> —|—XF(19’_1] ;

where (the factor D3 = W is a normalization)
152

0
D = (2X_1_<1_1_CQ_1)_XQ(Cl_l_X_l)(CQ_I_X_l)&a
0
D =X (x2-G'GN) -2 (G XY (Cz_l—x_l)a, (A12)
_ X i X et 1y (et -1y O
D2_C1C2( < Cz) CC(CI X )(CQ X )aX.

Hence, we having the explicit superblocks gg‘;b is equivalent to having the functions fglz and constants
Fg’b. The constants Fg’b are easy to list, for they are equal to one for the short operators O = B,
and are zero otherwise. The remaining functions, as well as the explicit superblocks are listed in an
auxiliary Mathematica file named “SuperBlocksResults.nb”.

Different notation for the D; system. It is convenient when discussing the full mixed system to
write the blocks 9(09’0 appearing in the expansion of Ay ;1 1y and Ajg 299y in the same way, namely
as in (A.11). Since Agy,1,1,1} is only quadratic in Ci_l, it is possible to also write it in a simpler way
as in (2.11). Writing the superblocks appearing in the decomposition of Ay 11,1} (and only them!)
as Q%’O =XFo +Dfo(x) and equating them to the expression in (A.11), we get

Fg,o — Fy, ff;(% _ f(;(SX)

0.0 _ fo(x)+2Fox? 0,0 _ 2fo(x) — xfo(x)
) f2;(9 — ) f3;(9 - X5 !

. (A.13)

This dictionary allows one to translate from the (2.11) notation to the (A.11) easily as required.
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B Comments on the derivation of the crossing equations

This appendix contains comments relative to the derivation of the “irreducible” crossing equation (4.9)
starting from (4.3) and (4.7).

The first part involving the irreducible crossing equations for Ay ;1,13 is already written in (4.5).
Then, the first crossing equation of (4.7) deals with Az 22 2y. It must be decomposed into the six
R-symmetry structures of (A.3), giving six equations that are not independent. They are satisfied iff
the following three equations are satisfied:

280
Z 022,2,0 [ 2:(9]5 =0, (B.1)
OEDyx Dy [fg?’(%}a

where we refer to (4.6) for the definition of [f],/,. Note that all the structure constants in the direct
channel are real. Hence, all the coefficients appearing in the decomposition are positive. Applying the
same procedure to the remaining crossing equations leads to

S Gl = X (a2 18] o (B.2)

O€EDy x D2 OeD1 xDy

for the Ay 91,2} equation (the complex conjugate one is for Az 191}) and to

FO,O —Flf_l
Z Cr10C220 (Xf?%()()) + Z Cha0? (fé’_l(? —X)> =0, (B.3)

OeD1xDy O€eDy xDy

)

for the one relating Ay 1 2.2y to Ag1,2,2,1). The first line in (B.3) is the minibootstrap equation (2.26)
since F(g,o =1=F é’7 it O/ O are short and is zero otherwise. The minibootstrap equation is solved
as Ciy3 =14 C1,12C222 — CF 5, thus eliminating CF , 5 out of the game.

We can rewrite the second line of (B.3) together with (B.2) as a system of equations in the variables
an = Re 012@ and b@ = ImCm@. Then 0122@ = aQ@ - b% + 2ia@b@ and (CE@
Thus, taking the real and imaginary part of the two equations of (B.2), we get since the blocks are

real the equations

)2 = aé — bQ@ — Qia@b@

O€eD; x Dy 0 o [f:
1,1
0 [f ¢ } 46 ) _
Z (a@ b ) 1,1 0 -
@EDl XDy |:f(§ :|S
The remaining ones (B.3) can also be rewritten in a similar way, where we also use
0= chmczzoxfﬁ’g(x) + Z |C12(§‘2f(1§’_1(1 = X)

0= 201100220[Xf3’(%(x)]s + |Clzé|2[f%)’_1(x)]s (B.5)
0= 20110022O[Xf%(%(x)]a - |C12(5|2[f@’_1(X)]a ’

in order to decouple the even from the odd parts of the equation. Combining all the crossing equations
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into one then directly leads to (4.9) in the main text.

C The analytic solutions to the crossing equations

It is easy to produce simple four point functions by taking linear combinations of products of super-

propagators defined in (2.4) and imposing that conformal weights and the relevant permutation symme-

try are reproduced correctly. Below we present such four-point functions together with their conformal

block decomposition. Knowing these simple solutions is useful when exploring the parameter space of

all solutions to crossing.

The separate analytic solutions.  The most general analytic solutions to the crossing equations

produced by using the super-propagators (2.4) lead to the following A functions:
X
analytic
A{llyll} 714’ x+§x
Aanalytic -1 X 2 /xQ / X ! xQ x
{2,2,2,2} — + § + 51 + §2T + 53 ; + ;

A?nalytic} o Aanalytlc Qx
1,1,2,2} —

. . / U
AT = AR =2 (T g

X x
analytic VX X
A{l 21},;1} ? <U2+U1%+ i) )

where we have used the shorthands (2.9) and the &, &, v; and v} are a-priori free parameters that are

subject to unitarity and to identifications coming from comparing different block decompositions.

One can expand the solutions in superblocks (we remind that QO ' = 1). One finds

analytic 0,0 1- (A + 3) 1+ ( ) f 0,0
A 1y1 Ay 1+(1+§)gl’5‘2 T Czo] Z 22A+1I‘ A+ ) 2 gﬁ[Ao o’
A — 14+ (6 + ) 0B + (14 € + €)% + o BgR0 (- et

24281 — &5 -0 (A=3)(A—-2)(A— )(A+5)(A+6)(5)A72 A
+ 6 gC4o]+Z 295 x 40— 1()A2 1+ (=17
180¢&) 36 (A2 4+3A+6(—1)2(A(A+3)—5)—10) &

T (A=3)(A—-2)(A+5)(A+6) * (A=3)(A=2)(A-1)(A+4)(A+5)(A+6)

(A —=3)A(A+1)(9)a—4 / 36 (1+(-1)%) /| 50,
27 x 48-4 (1) D3+ (A +2)(A+4) (A2—1)£3]g02 ]
)

+

1+ (=

A—4
(A = 3)A(A +5) (A2 +3A —4) (T)a_4

M2 17

_1\A+1gr
+A:4 189X4A 2( )A 4 1+( 1) 51
L 36 (D2 -1)& 0,0
(A =2)A(A+3)(A+5)| 60’
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for the first two functions. The last remaining function that is expanded in the direct channel blocks
is

A?Ifdlly;l;} =1+ (v + v2) 92’0 —|—

C.3)
)I(A + 3) A 0,0 (
-1 ,
- Z 4A+1r Aty (CWTmEm)Og,
Finally, for the mixed correlation functions, one obtains the block decomposition
nalyti 1
ATy = 05 G5! + (V] + 05)Gg) + S (vh = 201)Ge;,
= (A =2)(A+2)(A+3)(4)a—s (v5 — (=12 2(A+ 1)(A +2)0f) 1,
+ Z 2A—-3 gLA )
— 35 x 2 (3)a_s .1
C4
Apnalytic . o1.—1 1)gL-! 2 gh-! (C4)
(221 = 0295 T (1 +1)Gg " + g‘? [
N Z 2)(A+2)(A+3)(4)a-3 (5(A 1)(A+2)—(—1)Av1)g1,_1
35 x 224-3(9) Lio
The solutions taken together. = We can take the solutions (C.1) as together describing a mixed

D1, Dy system of correlation functions. In so doing, some of the parameters become identified since
the structure constants such as C 23 appearing in different channels have to agree. The solution to
all the constraints is to reparametrize (C.1) through

U1:772_17 U/1:772_§_17 U2:’U12:1+£7
2 2
+
§=1-uws, §§=m+2w1—3w2—w3+2, & = 3wy + w3 — 2. (C.5)

Some OPE coefficients then read

1-¢
Criz=V1+¢€, 02 1Ls? T T Ci23 =1,
2,0]
2
+
Co22 = 771 +z ) 022,2,2/ = 2w1, 022,2,4 = w2, (C.6)
C2 2 —wy —w

2 2,2,2 2 . 2 3 2 o

0272’5522,)0] 24 — 4w — 3wy —ws, C 2,2 S[<44)0] = 72 C 2.2 S[(“)] = w3,

together with C 2.5, = 1— % In the above, we’ve used the identity (2.21) for the semi-short blocks.
It follows that ¢ € {—1,1} due to unitarity and that 7, w1, ws and w3 have to be positive. There are

also other positivity conditions due to unitarity. For example, from comparing A?rllfg?’f’izc} to A?rllf;l?’;f},

we find a constraint on 7. Summarizing:

_1<E<1,  0</max(0.38) <n<ZEE<VE .7

The conditions on the parameters w; are more annoying to state and we omit them since they are not
needed.
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The leading order strong coupling solution given in (3.22) corresponds to (C.1) with the reparametriza-

tion (C.5) and
£E=1, n? =3, w; =w3=0, wy = 2. (C.8)
Notice that for these values of the parameters there are no long at unitarity bound in the conformal
block decomposition, i.e. C-type multiplets appearing in the OPE decomposition, see (C.6).

We remark that the analytic solutions (C.1) with the reparametrization (C.5) contain the most
peculiar unitary solution, namely on with A?TZI?';};} = 0. This corresponds to £ = —1 and 1 = 0 and
leads to the explosion of the upper bound on Ay ;j for small values of A ), see figure 5. For that

solution, the value of Cs o diverges.

Free gauge theory solutions. We can connect the solution A?rll)all?ltjf } in (C.1) to free gauge theory.
It is obvious that in a free gauge theory, the normalized 4-pt function is

(D1(1)D1(2)D1(3)D1(4) ) = (12)(34) + (14)(23) +£(13)(24) (C.9)
with the parameter £ given by (k4 is the Killing form and the T* are appropriately normalized
generators of the algebra)

Kackpd TR (T*TPTTY) 1 Casy(Ad))

=1- Nl
Kapkea Trr(TOTOTT?) 2 Casa(R) (C.10)

One can use the index of a representation Ind(R) to write Casz(R) = é?i((%)) dim(Adj). Then a program

such as LieART [84] permits to compute £ for various algebras and representations and to in particular
to find the minimal value of £&. For example, for SU(NN) and R the fundamental representation, we get

¢ = —(N?—1)~1. We show some allowed values in figure 13. The smallest possible value of ¢ that we
obtain is for the fundamental representation of SU(2), for which £ = —1.
Rank
1 1 2 3 4 5 6 7 8
1 T T
1'4’ + + 4 A H - *
,' :
H *
1 *
-’1-37 + + o+ HEHHH—— * + A
'l 02 B
l’ g e °
C
,l 2r ++ - ) 8 g b *
! Rk H D
/ b + + + + +
S + X X X X % Exceptional
P X
A 1F + + o+ S
,,"’ 02 )
‘ ‘ ‘ g +
-1.0 -0.5 0.0 0.5 1.0 -04l

Figure 13. Left: We show the possible values of £ in the free theories with gauge groups SU(NN). The minimal
value € = —(N? —1)7! is plotted in a dashed curve. Right: Minimal value of ¢ as a function of the rank for
various types of gauge groups. We remind of the identities: Bs = C2, As = D3. Since A; =SU(2)=SP(2) and
By = C2=SP(4), the minimal value is saturated by the symplectic groups.

A special solution with modified Wick contractions. = We can obtain a special solution with
C2,2.20 = 0 in which the multiplicity of the D, operators is equal to one. In this theory, we define
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Dy = % : D : and compute the correlation function using a modified Wick contraction prescription.
Specifically, we add one factor of the parameter £ to each crossing of the contraction lines when the
operators are drawn on a circle, as shown in figure 14. The resulting solution has the OPE coefficients

7 7 6
8 5 8 5
1 4 1 4
2 3 2 3
£(18)(26)(35)(47) £(13)(27)(46)(58)

Figure 14. Examples of contributions to the 8-pt correlation function of D; using the modified Wick con-
traction rule depending on a parameter £.

VIFE(1+¢+¢2)
VI+26+282+83

Cii2=vV1+¢E, Coon = (1+€)%2, Cipos =

(C.11)
Ca22 =0 Co4= ErDE+H(E+e+r1)
o T VEF DR E S22 14D
and is unitary for all £ € (—1,1]. The point £ = —1 technically cannot be included since in this case

no operator of type Bs appears in the OPE of D; x D; and hence we cannot define Dy as % :D? ..
Nevertheless, we can get arbitrarily close to it. On the RHS of figure 10 this solution corresponds to
a curve interpolating between the point (0,0) and the point (v/2,21/2) as & varies between —1 and 1.

D First order perturbation of (DD D:D;)q

In this appendix, we want to perform a first order perturbation like in section 6.2 but these time starting
from the point (A, Cf12) = (1,0) of figure 6, which corresponds to £ = —1 in (C.1). Specifically,
the solution of crossing corresponding to the point (1,0) is given by the free Wick contraction

(DyDyD1Dy) 10y = (12)(34) — (13)(24) + (14)(23), (D.1)

where (ij) denotes the super-propagator defined in (2.4). In the parametrization (2.11) this corre-

sponds to f(0) = % and F((QO)Z) = 1 from which one extracts the CFT data:

0 0 0 T'(A+3)'(A+1)(A-1
L0 a0 ) -1 ol STASIALNAD SO 357 (D2

In this case we will make use of the following identities:

fc[z,o] (ﬁ) - fc[z,o] (X) =0,

(D.3)
S GE55) = 18 (0 =1og(1 = X) fep o (0).
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together with

0 /=0
0, x Oy _ log(1 — x) fa(x) =1 DA
A ) I = 9100 — FO 00 +log(l— )2 faly) £=2 (D4
for A € {3,5,...} and
I8, (:25) = F5,(x) = hig) (X) + hiz) (x) log(1 = x) , (D.5)

with th)(x) = &2 1X))X (x* + 6x — 6), hgg (x) = % Using these identities, we can write the

analogue of (6.14) as

FOHED) = Fod (05 Fe(25) = o (0 —log(1 = x) £5) () = a) hs,(x).  (D.6)

Using the parametrization (6.7) and the same argument as in section 6.2 we obtain the system of
equations

2 1), (2
r(25) - r(x) = 0, (0 = () = (25) 70 =) - al) b (0, .
N .
1
a(E5) —a(0) = —ag) 300, a0+ () al—x) =0,
The the only rational solution to this system of equations appears to be
r(x) = R(35), R(t) = 6ag) t3(* — 5t +5), D)
000 =25 Q1 =), Q) = ag) t (B + £ +9t—6),
which implies that
4
1 1 1 1 1
V(A) = T2 aé’z) H (A + k) ) ,yéQ)O =0 a[(:[z o] =5 a(BZ) : (Dg)
k=—1

Due to the fast growth of the anomalous dimension with A, this perturbation seems reliable only for
a(Blz) ~ 107%. As previously discussed, this region is hard to probe numerically and the A = oo rough

extrapolation is still far away for A ) close to one. As the gap Ao = 1 + ¢ and ’yég_ol 4=
14+¢e0+..., the analysis just performed suggests that '

ag, (A[070]) ~ \/A[O,O] —-1+... 5 A[070] ~ 1. (D].O)

Thus, we expect the lower bound curve of figure 6 to follow a square root rather than a power law
behavior in the vicinity of the point (A g, C7;5) = (1,0).
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