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The number of Z bosons collected at LEP, approximately 17 millions in total, made it possible to de-
termine a large amount of electroweak observables with very high precision through measurements of the Z
lineshape and of cross section asymmetries, joined by high-precision parity-violating asymmetries measured at
the SLC

These measurements are typically expressed through the following set of quantities: The cross-section
e+e− → ff̄ at the Z pole, σ0

f ≡ σf (s = M2
Z), for different final states ff̄ , the total width of the Z boson, ΓZ,

determined from the shape of σf (s), and branching ratios of various final states:

σ0
had = σ[e+e− → hadrons]s=M2

Z
, (B.1)

ΓZ =
�

f

Γ[Z → ff̄ ], (B.2)

R� =
Γ[Z → hadrons]
Γ[Z → �+�−]

, � = e, µ, τ, (B.3)

Rq =
Γ[Z → qq̄]

Γ[Z → hadrons]
, q = u, d, s, c, b. (B.4)

In the definition of these quantities, contributions from s-channel photon exchange, virtual box contributions
and initial-state as well as initial–final state interference QED radiation are understood to be already subtracted;
see e. g. Refs. [1, 2].

The precise calculation of the terms to be subtracted, at variable cms energy
√

s around the Z peak, will
be a substantial part of the theoretical analysis for the FCC-ee-Z. Further, for a determination of MZ and ΓZ

we will have to confront cross section data and predictions around the Z peak position as part of the analysis.
Correspondingly, section C of this report contains an updated discussion of QED unfolding in the context of
the demanding FCC-ee needs is given. To clarify this fact, the parameters (B.1)–(B.4) have become known as
so-called electroweak pseudoobservables (EWPOs), rather than true observables. However, (B.1)–(B.4) still
include the effect of final-state QED and QCD radiation. Fortunately, the final-state radiation effects factorize
from the massive electroweak corrections almost perfectly; see e. g. Refs. [3, 4]. Therefore it is possible to
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compute the latter, as well as potential contributions from new physics, without worrying about effects from
soft and collinear real radiation.

The remaining basic pseudoobservables are cross section asymmetries, measured at the Z pole. The
forward-backward asymmetry is defined as

Af
FB =

σf

�
θ < π

2

�
− σf

�
θ > π

2

�

σf

�
θ < π

2

�
+ σf

�
θ > π

2

� , (B.5)

where θ is the scattering angle between the incoming e− and the outgoing f . It can be approximately written
as a product of two terms (for more precise discussion, see C.2.4)

Af
FB =

3

4
AeAf , (B.6)

with

Af =
1 − 4|Qf | sin2 θf

eff

1 − 4|Qf | sin2 θf
eff + 8(Qf sin2 θf

eff)2
. (B.7)

The sin2 θf
eff is called the effective weak mixing angle, which contains the net contributions from all the radiative

corrections. The most precise measurements of Af
FB have been obtained for leptonic and bottom-quark final

states (f = �, b). In the presence of polarized electron beams, one can also measure the parity-violating left-right
asymmetry

Af
LR =

σf [Pe < 0] − σf [Pe > 0]

σf [Pe < 0] + σf [Pe > 0]
= Ae|Pe|. (B.8)

Here Pe denotes the polarization degree of the incident electrons where Pe < 0 (Pe > 0) refers to left-handed
(right-handed) polarizations, respectively. Since Af

FB and Af
LR are defined as normalized asymmetries, they do

not depend on (parity conserving) initial- and final-state QED and QCD radiation effects1.

The present and predicted future experimental values for the most relevant EWPOs are given in the
Wishlist Tab. 1 in the Foreword. In the following, we will compare these numbers with the present theoretical
situation and with estimates for future precision calculations. In this context, a discussion of theoretical errors
connected with these calculations is crucial.

δΓZ [MeV] δRl [10−4] δRb [10−5] δ sin2 θl
eff [10−6] δ sin2 θb

eff [10−5]

Present EWPO errors
EXP1 [1] 2.3 250 66 160 1600
TH1 [5–7] 0.5 50 15 45 5

FCC-ee-Z EWPO error estimations
EXP2 [8] & Tab. 2 0.1 10 2 ÷ 6 6 70

Table B.1: Present total experimental errors EXP1 and, estimated in 2014 [5–7], theoretical intrinsic
errors TH1 for selected EW observables. EXP2 gives corresponding error estimations for the FCC-ee
Z-resonance mode, see Foreword.

Tab. B.1 shows the FCC-ee experimental goals for the basic EWPOs. As is evident from the table, the
theoretical intrinsic uncertainties of the current results TH1 are safely below the current experimental errors
EXP1. However, they are not sufficiently small in view of the FCC-ee experimental precision targets EXP2.

1Here it is assumed that any issues related to the determination of the experimental acceptance have been evaluated
and unfolded using Monte-Carlo methods.
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This situation, as seen from the perspective of 2014, underlines the goals and strategic plan for im-
provements in the theoretical calculation of radiative SM corrections defined here. Historically, the complete
one-loop corrections to the Z-pole EWPOs were calculated for the first time in Ref. [9]. Over the next 32 years
many groups with many methods determined partial 2- and 3-loop corrections to EWPOs. A more detailed list
of the relevant types of radiative corrections will be given below.

In the last two years, as discussed in Ref. [10], substantial progress in numerical calculations of multiloop
and multiscale Feynman integrals was made and the calculation of the last piece of 2-loop corrections, of order
O(α2

bos), to all Z-pole EWPOs [11, 12] became possible. Here “bos” denotes diagrams without closed fermion
looops.

All the numerical results discussed below are based on the input parameters gathered in Tab. B.2.

Parameter Value
MZ 91.1876 GeV
ΓZ 2.4952 GeV
MW 80.385 GeV
ΓW 2.085 GeV
MH 125.1 GeV
mt 173.2 GeV
mMS

b 4.20 GeV
mMS

c 1.275 GeV
mτ 1.777 GeV
me, mµ, mu, md, ms 0
Δα 0.05900
αs(MZ) 0.1184
Gµ 1.16638 × 10−5 GeV−2

Table B.2: Input parameters used in the numerical analysis, from Refs. [13–15].

As a concrete example, let us discuss the different higher-order contributions to the Standard Model
prediction for the bottom-quark effective weak mixing in more detail. It can be written as

sin2 θb
eff =

�
1 − MW

2

MZ
2

�
(1 + Δκb), (B.9)

where Δκb contains the contributions from radiative corrections. Numerical results from loop corrections
of different order are shown in Table B.3. Altogether, the corrections included in the table are: electroweak
O(α) [9] and O(α2) – fermionic α2

ferm [6,16–19] and bosonic α2
bos [11] EW contributions; O(ααs) corrections

to internal gauge-boson self-energies [20–24]; leading three- and four-loop corrections in the large-mt limit,
of order O(αtα

2
s ) [25, 26], O(α2

tαs), O(α3
t ) [27, 28], and O(αtα

3
s ) [29–31], where αt ≡ α(m2

t ); and non-
factorizable vertex contributions O(ααs) [32–37] which account for the fact that the factorization between
virtual EW corrections and final-state radiation effects is not exact.

The most recently determined piece, the O(α2
bos) electroweak two-loop corrections amount to Δκ

(α2,bos)
b =

−0.9855× 10−4, which is comparable in magnitude to the fermionic corrections. Taking into account this new
result, an updated error estimation due to missing higher order terms will be discussed later on, see Tab. B.3.

Table B.4 summarizes the known contributions to Z boson production and decay vertices, order by order.
The technically challenging bosonic two-loop calculation was completed very recently [12]. This result has
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Order Value [10−4]
α 468.945
ααs −42.655

αtα
2
s −7.074

αtα
3
s −1.196

Order Value [10−4]
α2

tαs 1.362
α3

t 0.123
α2

ferm 3.866
α2

bos −0.986

Table B.3: Comparison of different kinds of radiative corrections to Δκb [11], using the input param-
eters in Tab. B.2. Here αt = y2

t /(4π), where yt is the top Yukawa coupling.

been achieved through a combination of different methods: (a) numerical integration of Mellin-Barnes (MB)
representations with contour rotations and contour shifts for a substantial improvement of the convergence;
(b) sector decomposition (SD) with numerical integration over Feynman parameters; (c) dispersion relations
for sub-loop insertions. The MB and SD methods were discussed intensively at the workshop [38, 39]; see
Chapter E for details.

As is evident from Tab. B.4, the two-loop electroweak corrections to the Z−boson partial decay widths
are sizeable, of the same order as the O(ααs) terms. The bosonic corrections O(α2

bos) are smaller than the
fermionic ones, but larger than previously estimated in Ref. [7]. This underlines that theory error evaluations
are always to be taken with a grain of salt.

For the total width ΓZ, the corrections are also significantly larger than the projected future experimental
error EXP2 given in Tab. B.1.

Γi [MeV] Γe Γν Γd Γu Γb ΓZ

O(α) 2.273 6.174 9.717 5.799 3.857 60.22
O(ααs) 0.288 0.458 1.276 1.156 2.006 9.11
O(αtα

2
s , αtα

3
s , α

2
tαs, α

3
t ) 0.038 0.059 0.191 0.170 0.190 1.20

O(N2
fα

2) 0.244 0.416 0.698 0.528 0.694 5.13
O(Nfα

2) 0.120 0.185 0.493 0.494 0.144 3.04
O(α2

bos) 0.017 0.019 0.059 0.058 0.167 0.51

Table B.4: Loop contributions, in units of MeV, to the partial and total Z widths with fixed MW

as input parameter. Here Nf and N2
f refer to corrections with one and two closed fermion loops,

respectively, whereas α2
bos denotes contributions without closed fermion loops. Furthermore, αt =

y2
t /(4π), where yt is the top Yukawa coupling. Table taken from Ref. [12].

These numerical examples demonstrate that radiative electroweak corrections beyond the two-loop level
must be calculated for future high-luminosity e+e− experiments. In B.4 corrections are calculated using MW as
an input. By calculating MW obtained from Gµ, we get for O(α2

bos) instead 0.51 MeV a value 0.34 MeV [12].

Let us discuss impact of radiative corrections in more detail by estimating their potential values.

On one hand, a source of uncertainty for the Standard Model prediction for any EWPO is their depen-
dence on input parameters, as listed in Tab. B.2. The impact of input parameters is best evaluated through a
global fit, as shown e. g. in Refs. [13, 40]. On the other hand, a separate source of uncertainty is the missing
knowledge of theoretical higher-order corrections.

To estimate the latter, one can take different approaches, each of which has its own advantages and
disadvantages [41]:
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1. Determination of relevant prefactors of a class of higher-order corrections such as couplings, group
factors, particle multiplicities, mass ratios, etc. and assuming the remainder of the loop amplitude to be
order O(1).

2. Extrapolation under the assumption that higher order radiative corrections can be approximated by a
geometric series.

3. Testing the scale dependence of a given fixed-order result in the MS renormalization scheme in order to
estimate the size of the missing higher orders; used more often in QCD.

4. Comparing results in the on-shell and MS schemes, where the differences are of the next order in the
perturbative expansion.

In Tab. B.5, the intrinsic errors are shown for the Z-boson decay width. TH1 gives numerical estimates that
are mainly based on the geometric series extrapolation, but corroborated by some of the other methods. In [12]
the α2

bos contribution has been calculated to be +0.505 MeV with a net numerical precision of about four digits,
which eliminates the uncertainty associated with that term completely. It also shifts some of the geometric
series extrapolations, such as

O(α3) − O(α3
t ) ∼ O(α2) − O(α2

t )

O(α)
O(α2) ∼ 0.2 MeV, (B.10)

where the full O(α2) term was previously not available. The new error estimate TH-new is ±0.4 MeV. As we
can see, the estimated theoretical error is still much larger than what is needed for the projected EXP2 goals
in Tab. B.1, which is for the Z-boson decay width � ±0.1 MeV. The dominant remaining uncertainty stems
from unknown three-loop contributions with either QCD loops, O(αα2

s ) and O(α2αs), or from electroweak
fermionic loops, O(N2

fα
3), where N2

f refers to diagrams with at least two closed fermion loops.

Once these corrections become available, with a robust intrinsic numerical precision of at least two digits,
the remaining theory error will become dominated by missing four-loop terms. Estimating these future errors is
rather unreliable at this time using geometric series of perturbation, since it requires two orders of extrapolation.
Nevertheless, a rough guess can be obtained by using the following experience-based scaling relations: each
order of Nfα and αbos generate corrections of about 0.1 and 0.01, respectively, and n orders of αs produce a
correction of roughly n! × (0.1)n, where the n! factor accounts for the combinatorics of the SU(3) algebra. In
this fashion one arrives at the TH2 scenario in Tab. B.52.

For a safe interpretation of Fcc-ee-Z measurements, the theory error must be subdominant relative to the
experimental uncertainties. Comparing the TH2 scenario with the EXP2 numbers, one can see that it does not
yet fit this bill. This implies that calculation of 4-loop corrections, or at least the leading parts thereof, will be
necessary to fully match the planned precision of the FCC-ee experiments. Since estimates of future theory
errors are highly uncertain, and 4-loop contributions are two orders beyond the current state of the art, we do
not attempt to make a quantitative estimate of the achievable precision, but it seems plausible that the remaining
uncertainty will be well below the EXP2 targets.

Let us now come back to the prospects for computing the missing three-loop contributions. There are
two basic factors which play a role: the number of Feynman diagrams (or, correspondingly, the number of
Feynman integrals) and the precision with which single Feynman integrals can be calculated. Some basic
bookkeeping concerning the number of diagram topologies and different types of diagrams is given in Tab. B.6.
First, let us compare the known number of diagram topologies and individual diagrams at two loops and three
loops. Comparing the genuine three-loop fermionic diagrams, which are simpler than the bosonic ones, to the
already known two-loop bosonic diagrams, there is about an order of magnitude difference in their number:
17580 diagrams for Z → bb (and 13104 diagrams for Z → e+e−) at O(α3

ferm) versus 964 (766) diagrams at

2 Accounting for “everything else” besides the specific orders listed in Tab. B.5, one may assign a more conservative
future theory error estimate of δΓZ ∼ 0.2 MeV, see also Ref. [41].
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δ1 : δ2 : δ3 : δ4 : δ5 : δΓZ [MeV]

O(α3) O(α2αs) O(αα2
s ) O(αα3

s ) O(α2
bos) =

��5
i=1 δ

2
i

TH1 (estimated error limits from geometric series of perturbation)

0.26 0.3 0.23 0.035 0.1 0.5

TH1-new (estimated error limits from geometric series of perturbation)

0.2 0.21 0.23 0.035 < 10−4 0.4

δ�1 : δ�2 : δ�3 : δ4 : δΓZ [MeV]

O(N≤1
f α3) O(α3αs) O(α2α2

s ) O(αα3
s )

�
δ�21 + δ�22 + δ�32 + δ2

4

TH2 (extrapolation through prefactor scaling)

0.04 0.1 0.1 0.035 10−4 0.15

Table B.5: The intrinsic theoretical error estimates TH1 for ΓZ , as given in [7,41], and updates taking
into account the newly completed O(α2

bos)) corrections TH1-new [12]. TH2 is a projection into the
future, assuming δ2,3 and the fermionic parts of δ1 to be known.

O(α2
bos). In general, however, the number of diagrams is of course not equivalent to the number of integrals

to be calculated. At O(α3
ferm) we expect O(103) − O(104) distinct three-loop Feynman integrals before a

reduction to a basis, because different classes of diagrams often share parts of their integral basis.

Second, the accuracy with which three-loop diagrams can be calculated must be estimated. For the two-
loop bosonic vertex integrals, results have been obtained with a high level of accuracy, which was 8 digits
in most cases and at least 6 digits for the few worst integrals; with some room for improvements. The final
accuracy of the complete results for the bosonic two-loop corrections to the EWPOs was at the level of at least
four digits [11, 12]. To achieve this goal, the Feynman integrals have been calculated numerically, directly
in the Minkowskian region, with two main approaches: (i) SD as implemented in the packages FIESTA3
[42] and SecDec3 [43], and (ii) MB integrals as implemented in the package MBsuite [44–49]. Because
fermionic three-loop diagrams are technically not much more complicated than two-loop bosonic integrals
(e. g. in the case of self-energy insertions the dimensionality of MB integrals increases by only one), an overall
two-digit precision for the final phenomenological results appears within reach. This estimate is based on
present knowledge and available methods and tools.

Two further remarks are in order. First, the previously estimated value of the bosonic two-loop correction
to ΓZ based on the geometric series (TH1) was at the level of 0.1 MeV, which is much smaller than its actual
calculated value [12, 41]. This is partly based on the fact that all final-state flavors sum up because they
contribute to ΓZ(α2

bos) with the same sign, which was not forseen in the previous estimate. Thus care should
be taken in interpreting any theory error estimates. Nonetheless, due to lack of a better strategy, we assume
that the values TH1-new in Tab. B.5 are representative of the actual size of the currently unknown three-
loop corrections. Second, the achievement of at least 2 digits intrinsic net numerical precision for the three-
loop electroweak corrections will likely require the evaluation of single Feynman integrals with much higher
precision than in two-loop case, since the larger number of diagrams leads to more numerical cancellations,
and each new diagram topology poses new challenges for the numerical convergence.

Thus, besides straightforward improvements in numerical calculations based on SD and MB methods,
work on new innovative numerical and analytical techniques (and combinations thereof) should continue and
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Z → bb̄

Number of
topologies

1 loop 2 loops 3 loops

1 14
(A)→ 7

(B)→ 5 211
(A)→ 84

(B)→ 51

Number of diagrams 15 2383
(A,B)→ 1074 490387

(A,B)→ 120472

Fermionic loops 0 150 17580

Bosonic loops 15 924 102892

Planar / Non-planar 15 / 0 981/133 84059/36413

QCD / EW 1 / 14 98 / 1016 10386/110086

Z → e+e−, ...

Number of
topologies

1 loop 2 loops 3 loops

1 14
(A)→ 7

(B)→ 5 211
(A)→ 84

(B)→ 51

Number of diagrams 14 2012
(A,B)→ 880 397690

(A,B)→ 91472

Fermionic loops 0 114 13104

Bosonic loops 14 766 78368

Planar / Non-planar 14 / 0 782/98 65487/25985

QCD / EW 0 / 14 0 / 880 144/91328

Table B.6: Number of topologies and diagrams for Z → ff̄ decays in the Feynman gauge. Statistics
for planarity, QCD and EW type diagrams is also given. Label (A) denotes statistics after elimina-
tion of tadpoles and wavefunction corrections, and label (B) denotes statistics after elimination of
topological symmetries of diagrams.

may lead to accelerated progress. There are many other places for future improvements, e.g. optimizations at
the 3-loop and 4-loop level of the minimal number of MB-integral dimensions (see Section 3.6 in this report),
IBP reductions to master integrals, reliable practical prescriptions for the γ5 issue at 3 loops and beyond. The
numerical methods will certainly be complemented by progress in analytical and semi-analytical approaches
(both in methods and tools), to which Chapter E is devoted. Similarly, other EWPOs can be discussed. Table B.7
gathers all present and expected theoretical intrinsic error estimations (see e. g. Ref. [41]).

To summarize, FCC-ee-Z imposes very strong demands on future theoretical calculations of currently
unknown higher-order quantum EW and QCD corrections. As shown here, different estimations lead to pre-
dictions for EWPO error bands which are at the level or of the order of future experimental demands. Then,
actual calculations may shift the values and diminish the errors of EWPOs substantially, as it has been shown
recently in the case of the Z-boson decay width [12]. Here the result of the bosonic two-loop corrections was
found to be larger than the previous estimate by a factor 3–5, depending on the chosen input parametrization.
One of the most promising avenues for addressing the challenges of these future calculations are numerical
integration methods. These are more flexible than analytical techniques, but are limited by the achievable nu-
merical precision. Our estimations bring us to the conclusion that at least two digits accuracy in future 3- and
4-loop calculations of EWPOs is needed. Therefore, dedicated and increased efforts by the theory community
will be important to meet the experimental demands of the FCC-ee-Z or other lepton collider projects in the Z
line shape mode and not limit the physical interpretation of the corresponding precision measurements.
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FCC-ee-Z EWPO error estimations
δΓZ [MeV] δRl [10−4] δRb [10−5] δ sin2 θl

eff [10−5]

EXP2 [8] 0.1 10 2 ÷ 6 6

TH1-new 0.4 60 10 45
TH2 0.15 15 5 15
TH3 < 0.07 < 7 < 3 < 7

Table B.7: Comparison of experimental FCC-ee precision goals for selected EWPOs (EXP2, from
Table B.1) to various scenarios for theory error estimations. TH1-new is the current theory error based
on extrapolations through geometric series. TH2 is an estimate of the theory error (using prefactor
scalings), assuming that electroweak 3-loop corrections are known. TH3 denotes a scenario where
also the dominant 4-loop corrections are available. Since reliable quantative estimates of TH3 are not
possible at this point, only conservative upper bounds on the theory error are given.

Let us stress that apart from the problems mentioned here, there is also the issue of extracting EWPOs
from real processes, including the QED unfolding. This is the subject of Chapter C, see also [2] and [50].
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