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Abstract

In the asymptotic limit Q2 > m?, the heavy quark form factors exhibit Sudakov behavior.
We study the corresponding renormalization group equations of the heavy quark form
factors which do not only govern the structure of infrared divergences, but also control the
high energy logarithms. This enables us to obtain the complete logarithmic three-loop and
partial four—loop contributions to the heavy quark form factors in perturbative Quantum
Chromodynamics.



1 Introduction

Amplitudes for hard scattering processes in Quantum Chromodynamics (QQCD) at higher order
do provide precise phenomenological predictions for scattering processes and also a clear insight
into underlying principles such as factorization or the universality of infrared (IR) singularities.
The latter properties can be used to resum large logarithmic contributions by applying the
corresponding evolution equations either globally or in particular kinematic regions. Especially
for massless scattering amplitudes, remarkable progress has been made in the understanding
of the structure of IR divergences due to the interplay of the soft- and collinear dynamics. A
first step was taken in [1], where a prediction for the singularities of two—loop amplitudes was
given except the single pole in the dimensional variable ¢ = (4 — D) /2. Later, generalizations of
this result for multi-parton amplitudes have been obtained in [2-4] beyond two-loop order. The
IR structure is more prominent and interesting especially in the case of the form factors. The
interplay of the soft and collinear anomalous dimensions building up the singular structure of
the form factors has first been noticed in [5] at two—loop order and has been later established
at three-loop order in [6]. In many following publications this has been studied in detail, see
e.g. [7] for references.

It is also of interest to generalize these considerations to the massive case. Here a first step
has been taken in [8] by obtaining the IR singularities for one-loop scattering amplitudes with
massive partons. Next, in the asymptotic limit Q% > m?, a factorization theorem has been
proposed in [9-11]. While a first step was taken in [12] to obtain the IR structure of a generic
two-loop amplitude without considering the small mass limit, finally in [13] the general solution
has been presented for the singular structure of a generic scattering amplitude containing massless
and massive partons.

The universality of these IR singularities, along with the factorization of QCD amplitudes,
presents a rich structure even for the massive case. Especially in the asymptotic limit, the
amplitudes with massive partons exhibit the Sudakov behavior. It was first studied in [10] and
a general factorization formula was presented. Recently a partial result for the poles in € of the
heavy quark vector form factor in the leading color limit has been obtained up to four—loop order
in [14] solving the renormalization group equation (RGE).

In the present paper, we study this behavior of the different heavy quark form factors follow-
ing the method proposed for massless cases in [15,16] and in the massive case of Ref. [10]. From
a phenomenological perspective, the closer understanding of heavy quark production plays a sig-
nificant role in current studies in elementary particle physics, from precision measurements of the
Standard Model parameters to the search for signals from beyond the Standard Model. Hence-
forth, there has been much attention during last decade to obtain precise theoretical predictions
for physical quantities involving heavy quarks, see also [17-24]. Important elements to all these
predictions are the form factors. Dedicated work is going on for decades to obtain the heavy
quark form factors for different currents, namely vector, axial-vector, scalar and pseudo-scalar
currents at two—loop order [25-30] and three-loop order [31-34] in perturbative QCD. Since the
complete computations are very challenging, results obtained in certain kinematic limits form
important checks to these calculations.

We present the complete three—loop results for the form factors in the asymptotic limit,
retaining all logarithmic orders. For the O(e°L") terms we obtain the leading color contributions.
A partial result for the vector form factor has been given in [29] for three-loop order, where
unknown coefficients K at three-loop order were yet missing. We also present yet approximate
four—loop results, combining all ingredients known at present and line out which missing terms
have still to be calculated.



2 The Sudakov behavior

We consider the renormalized form factors F; arising in the decay of a colorless massive boson,
I, of momentum @ to a pair of heavy quarks of mass m in the asymptotic limit Q% > m?. Here
(Q)? is the center-of-mass energy squared and I = V, A, S and P indicates a vector, an axial-
vector, a scalar and a pseudo-scalar boson, respectively. In the asymptotic limit the differences
between the vector and axial-vector form factors and between scalar and pseudo-scalar form
factors vanish. Also the magnetic form factor in the vector and axial-vector case vanish in this
limit. Henceforth, we therefore only consider the electric form factor (Fy) for the vector current
and the scalar form factor (Fy),
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where v = (v/2Gr)~/? is the vacuum expectation value, vg and sg are the heavy quark vector
and scalar couplings, and ¢, d are color indices. We consider n; light quarks and a single heavy
quark and deal with the case of only massless QCD contributions to the heavy quark form factors,
i.e. no internal massive lines.

In the asymptotic limit, the functions F} (as(u),g—j,f—;,c‘) satisfy the following integro-

differential equation [35]
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Here F; contains all logarithmic and infrared pole contributions of the respective form factor.
The strong coupling constant as in the MS scheme obeys the scale evolution equation
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where [j are the expansion coefficients of the QCD f—function [36-42], which depend on the
Casimir operators Cy = N¢, Cp = (NZ —1)/(2N¢) and Tr = 1/2 in SU(N¢) and the number of
flavors n; up to three-loop order. The functions K incorporate the contributions from the heavy
quark mass m and are process independent, whereas, the functions G; are process dependent.
The functions GG; and K; obey the renormalization group equations
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cf. also [10]. Individually one obtains

K = K; (as(m2), 1,5) _ /m d)\)\A <a5()\u2)>,

Gr =Gy (as(Q2), 1,5) + /Ql d—)\)\Aq (as(/\,u2)>. (6)
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It is understood that all contributing functions obey series expansions of the kind
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The coefficients Ag”) are known up to three-loop order [43,44]. The leading color and complete

n2, nd contributions of AYY have been obtained in [45-50] recently. The finite functions K, G;
and A, depend on a,(k?) with the corresponding scales k? = m?, Q2 Au?.

To solve Eq. (3), the following expansion is performed

2 2

lnﬁ}<as,%,%,5> = ga;l(?;_;) .7'_1 (f}iz, 2 ,5> . (8)

In the following we use L = In (Q?/m?) by setting p? = m?, for convenience, cf. also [14]. The
p?-dependence can be easily recovered. The non-logarithmic contributions to the form factor
are not contained in Fj. They are obtained by matching
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to the complete form factors.
To have a more compact representation, the functions F I(k) in Eq. (8) are presented for the
case of the unrenormalized coupling a, here:
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The corresponding expression for the running coupling a, is obtained by replacing
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in Egs. (8,9).

In massless scenarios, the soft (f;) and collinear (B;) anomalous dimensions of massless QCD
govern the infrared structures, where i = ¢, g label quarks and gluons, respectively. In the case
of two—parton amplitudes, e.g. the massless form factors, v, = B; + % is obtained from the
leading pole 1/ and terms from lower orders. It is imperative that for the case of heavy quarks
g, along with similar contributions from the heavy quark anomalous dimension, will form the
leading singularity. On the other hand, following soft-collinear effective theory, it was shown
in [13] that the two-loop anomalous dimension matrix for two heavy parton correlations, which
controls the singular structure, contains a heavy quark anomalous dimension ~g. Hence it is
suggestive to form the following structure for the finite function

K = =2 (4 495 = ), (15)

where v, = B, + % and B, and f; are the collinear and soft anomalous dimension for massless
quarks. They are known up to three-loop order [5,43,44]. Recently 7,54) in the color-planar
limit has been calculated in [45,47,48] from the contributions to the four-loop massless form
factor in addition to the n? and n} contributions. The anomalous dimension fy§"71) is arising
due to renormalization of the current. It vanishes for conserved currents, as the vector current.
For the scalar current, the Yukawa coupling introduces the mass renormalization and hence
’yén_l) = 7m belng known up to four—loop order [51-57]. Furthermore, the renormalization
constants Zm,os and Zs og are given in [51,53,55,58,59], and [58-60], respectively.

The heavy quark anomalous dimension 7yg is connected with the soft Wilson-line operator
and was known up to two-loop [13,61,62]. Also, it constitutes the non-logarithmic contribution
of the massive cusp anomalous dimension in the asymptotic limit. Thus, we can obtain vo up

to three-loop order from the known three-loop result [63]
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Here (i, k> 2,k € N are the values of the Riemann (-function at integer argument. Note that,
as mentioned in [13], the non-abelian exponentiation theorem constrains the color structures of
7. Hence, up to O(a?), the corresponding anomalous dimension for a massive color-octet boson
(G) is given by g = g—?%g. The other finite function Gg") only contains the information about

the process and depends on Q2 and not the heavy quark mass m. It is similar to the massless
case of the Drell-Yan form factor
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Up to four—loop order, C'](”) are given by
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The components g?’k have to be extracted from explicit result in this limit. Given the structural
similarities, the functions g}”* are the same in both the massive and the massless case.

3 Phenomenological Results

Egs. (12) and (13), along with (8) and (9), provide the three- and four-loop heavy quark form
factors in the asymptotic limit. To obtain the vector and scalar form factors, We need C ) and

C} ), along with all the anomalous dimensions up to three and four loops and 91 ,gI , 1 ,C1 ok
and C to sufficient order k in . As noted earlier, the coefficients 91 can be obtained from the

massless results, cf. [64,65]. The e%part of G§4), as noted in Eq. (17), can also be obtained from

the massless quark form factor. Below, we present G@ and G(;). Note that Ggl) constitutes the
single pole in € of the Higgs—quark massless form factor.
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Due to the recent two—loop calculations in Ref. [30] we can extract the coefficients in
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up to the required order. They read
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The functions C;7’ and C2” have been obtained from the results in [31-34]. Here Cyr and Cg have
been calculated individually. One may check that they are related by

Zm
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With all the available components, we can now present all the logarithmic contributions to
the finite part for three—loop vector and scalar form factors in the asymptotic limit:
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Here we used the abbreviation
1
cp = 1262 1n2(2) -+ ln4(2> + 24L14 <§> s (28)

where Li(x) denotes the polylogarithm [66-68]. The functions X&g and Xg:g are independent
of L and contain the sub—leading contributions in No which can be obtained through an exact
calculation only, including the non-planar color topologies. The leading pole contributions are
the same in the vector and scalar cases, also for the four-loop terms given below.
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At the four—loop level, we obtain the complete contributions to the E%, 6% and 6% poles,

leading color contributions to L and complete L?... LM of the single pole in ¢ and leading
color contributions to L? and complete L3 ... LM for the finite pieces. The yet unknown terms
are denoted by Xffl indicating the ¥ L—coefficient of F’ I(”). Again the terms X?,JZ do not contain
logarithmic contributions.

A partial prediction of the four—loop vector and scalar form factor is given by
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To obtain X;i’o for I = V,.S one needs the massive quark anomalous dimension at four—loop

order, fyg’ ), and the complete contributions from three—loop order are necessary as well. On

the other hand, X;i’l lacks the non-planar contributions only, which can be obtained once

the massless cusp anomalous dimension A((;l) is known completely. It similarly follows for the
remaining of the functions X?’!f.

The exact result for the color—planar and complete light quark contributions for the vector
and scalar form factors are available [31-34] now. We successfully cross-checked our results in
the corresponding limit. An interesting point to note is that similar to the coefficients g?’k, the
coefficients C?’k are also in accordance with principle of leading transcendentality, i.e. the leading
transcendental terms for each order in the e-expansion are the same in both the vector and scalar
cases. This aspect is of importance considering form factors in super-symmetric N’ = 4 SYM
theories.

Finally, we would like to mention that the Q*-dependent parts of F; and the massless form

factor F; = F;(m = 0) are the same. The universal function Z}mlo) [10] is then given by

2 2 2 2 -1
Z}mIO) (m_27a575> - FI (Q_va_Qaasag) (FI (Q_27a57€))
w 2 2
2 2 2 -1
= Cr(as, e)Fy (Q—z,%,%@) (71 (Q—Q,as,eS)) ) (31)
uep 1%

4 Conclusion

We presented a systematic study of the massive form factors at Q? > m? at three-loop order
by solving the associated evolution equations both in the vector and scalar cases. The universal
structure of the IR singularities, along with the interplay of the various anomalous dimensions,
has enabled us to obtain all asymptotic corrections at three-loop order for all logarithmic con-
tributions. We also obtained partial four—loop results, still containing pieces, which can only be
determined by performing a four—loop calculation. The Dirac axial-vector and vector form factor,
and likewise the pseudo-scalar and scalar form factors, agree in this limit, while the Pauli vector
form factors vanish. We remark that there are additional corrections due to massive internal
quark loops, which have not been considered in the present paper and are the subject of further
investigations. The present results constrain future calculations and may serve as important
checks.
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