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Quantum corrections for D-brane models
with broken supersymmetry
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y Deutsches Elektronen-Synchrotron DESY, 22607 Hamburg, Germany

� CPHT, CNRS, Institute Polytechnique de Paris, France

Abstract

Intersecting D-brane models and their T-dual magnetic compacti�cations yield
attractive models of particle physics where magnetic 
ux plays a twofold role,
being the source of fermion chirality as well as supersymmetry breaking. A po-
tential problem of these models is the appearance of tachyons which can only be
avoided in certain regions of moduli space and in the presence of Wilson lines.
We study the e�ective four-dimensional �eld theory for an orientifold compacti�-
cation of type IIA string theory and the corresponding toroidal compacti�cation
of type I string theory. After determining the Kaluza-Klein and Landau-level
towers of massive states in di�erent sectors of the model, we evaluate their con-
tributions to the one-loop e�ective potential, summing over all massive states,
and we relate the result to the corresponding string partition functions. We �nd
that the Wilson-line e�ective potential has only saddle points, and the theory is
therefore driven to the tachyonic regime. There tachyon condensation takes place
and chiral fermions acquire a mass of the order of the compacti�cation scale. We
also �nd evidence for a tachyonic behaviour of the volume moduli. More work on
tachyon condensation is needed to clarify the connection between supersymmetry
breaking, a chiral fermion spectrum and vacuum stability.
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1 Introduction

Intersecting D-brane models and their T-dual magnetic compacti�cations provide at-
tractive and intuitive string theory compacti�cations to four dimensions with chiral
fermion spectra [1, 2]. The main emphasis in model building has been on the con-
struction of vacua with unbroken N = 1 supersymmetry (for a review and references,
see [3, 4]), but in absence of any hint for supersymmetry at the Large Hadron Col-
lider, models where supersymmetry is broken at a high scale, in the spirit of `split
supersymmetry' [5, 6] or `split symmetries' [7, 8], are also of current interest.

An intriguing aspect of magnetic compacti�cations is the connection between fermion
chirality and supersymmetry breaking [9], which occurs in compacti�cations of type
I strings on tori and orbifolds [10{12] and in the related intersecting D-brane mod-
els [11, 13, 14]. This setup allows to construct models which come very close to the
Standard Model of particle physics [15{18]. Generically, magnetic compacti�cations
have tachyonic instabilities of Nielsen-Olesen type [19]. Originally, one could hope to
relate such an instability to electroweak symmetry breaking [9, 15, 16] in case of a low
string scale and large extra dimensions. This is no longer viable but the structure of
the setup is rich enough to incorporate in principle also split supersymmetry [20,21].

The goal of this paper is the computation of quantum corrections for string com-
pacti�cations with magnetic background 
ux. This is partly motivated by the recent
observation that in quantum corrections to Wilson-line scalars large cancellations oc-
cur [22{25] due to the presence of magnetic 
ux. This suggests that in appropriate com-
pacti�cations similar cancellations may occur in quantum corrections to Higgs masses,
which would be important in view of the hierarchy problem. In order to address these
questions we extend the previous calculations for six-dimensional �eld theory models
to a full string compacti�cation on magnetized tori. Notice, that another motivation
of our e�ective �eld theory approach is that, whenever supersymmetry is broken by
magnetic 
uxes, in string theory NSNS tadpoles are generated that make any quantum
computation very hard, both conceptually and technically (see, for example, [26]).

Our starting point is the construction of an intersecting brane model with broken
supersymmetry in a matter sector without tachyons and with chiral fermions which can
acquire mass via the Higgs mechanism. For simplicity, and to facilitate the computation
of quantum corrections, we choose as unbroken gauge group U(N)�U(1)�U(1) rather
than the Standard Model gauge group. The model has a Higgs sector and antisymmetric
tensor �elds with fermions in vector-like representations. Some scalar masses in these
sectors depend on the distance between branes that are parallel in some tori. These
moduli correspond to Wilson-line scalars in the T-dual picture. They become tachyonic
if the branes come close to each other. At tree level the Wilson-line potential is 
at.
However, as we shall see, one-loop quantum corrections make it concave, implying that
the system is driven into the tachyonic regime of moduli space.

After determining intersection numbers and scalar masses for the D-brane model,
we turn to the T-dual magnetic compacti�cation which is better suited to evaluate the
four-dimensional (4d) e�ective �eld theory. Starting from the 10d SO(32) Super-Yang-
Mills Lagrangian expressed in terms of N = 1 vector and chiral super�elds [27, 28],
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we compute the 4d e�ective action for a toroidal compacti�cation with three U(1)
magnetic background 
uxes that break SO(32) to U(N)�U(1)�U(1). For each sector
of the model we determine the Kaluza-Klein (KK) and Landau-level (LL) towers of
mass eigenstates of vectors, fermions and scalars. The calculations are based on the
harmonic oscillator algebra of covariant derivatives in a 
ux background [9, 24, 29{31].
The mass spectra are compared with the string formula of Bachas, also in view of
supersymmetries that remain unbroken for particular choices of magnetic 
uxes in
some sectors.

In the Higgs sector branes are parallel in some tori and, knowing the spectrum of
massive KK and LL states, we compute the e�ective potential as function of magnetic

ux and Wilson lines. The e�ective potential is also obtained in the �eld theory limit
of the corresponding string partition function, and the two results agree. As function
of the Wilson line the potential is concave and there are no local minima. Hence, the
tree level vacua with non-vanishing Wilson lines are unstable. This is a new result of
our paper. For vanishing Wilson lines tachyon condensation takes place and all chiral
fermions acquire masses of the order of the compacti�cation scale.

The contributions to the e�ective potential from the various sectors are most easily
obtained from the corresponding string partition functions. In sectors without Wilson
lines we also calculate the e�ective potential as function of the volume moduli of the
three tori. We �nd evidence that also in this case the system is driven to the tachyonic
regime of moduli space, which would imply that the only vacuum state corresponds to
the decompacti�cation limit. A further, well-known problem is the NSNS tadpole (see,
for example, [26]) in case of broken supersymmetry.

The paper is organized as follows. The intersecting D-brane model and its T-
dual magnetic compacti�cation are discussed in Sections 2 and 3, respectively. Mass
eigenstates and mass spectra are derived in Sections 4 and 5, and the e�ective one-loop
potential is computed in Section 6. Section 7 deals with tachyon condensation. The
appendices A and B give details concerning the embedding of the various sectors of the
model in the adjoint representation of SO(32), and in the appendices C and D some
formulae are collected for super�eld components and Jacobi functions, respectively.

2 Intersecting D-brane model

We are interested in a D-brane model with broken supersymmetry, which contains a
`matter sector' with chiral fermions and a `Higgs sector' with vector-like fermions such
that vacuum expectation values of Higgs �elds can give mass to the chiral fermions. As
a simple example, we choose the gauge group

G = U(N)� U(1)� U(1) ; (1)

corresponding to a stack of N branes, a, and two single branes, b and c. The fermions
are supposed to be chiral with respect to U(1) � U(1) and vector-like with respect
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Branes, gauge groups (n1;m1) (n2;m2) (n3;m3)
a ; U(N) (1; 0) (1; 2) (1; 1)
b ; U(1) (1; 1) (1; l) (1;�2)
c ; U(1) (1; 1) (1;�l) (1; 2)

Table 1: Intersecting D-brane model. Wrapping numbers of a stack of N branes, a,
and two single branes, b and c.

to the `colour group' U(N). Following [11, 16], we start from type IIA string theory
compacti�ed on a rectangular factorized torus T 6 = T 2

1 �T 2
2 �T 2

3 with real coordinates
x4; : : : ; x9 and complex coordinates zi = (x2+2i + ix3+2i)=2, i = 1; 2; 3, with the identi-
�cations zi � zi + Li=2, zi � zi + iL0i=2. An orientifold is obtained by dividing out the
discrete symmetry 
R(�1)FL , where 
 is worldsheet parity, FL is left-moving fermion
number, and R is a re
ection symmetry of T 6,

R : (z1; z2; z3)! (�z1; �z2; �z3) : (2)

The orientifold has eight O6-planes along Minkowski space and the directions x3+2i

that are invariant under R. The orientifold planes are localized at the �xed points
(ẑ1; ẑ2; ẑ3), ẑi = (0; iL0=4). Each orientifold plane has RR charge QO6 = �2 in units of
a D6-brane charge. Cancellation of the total RR charge requires 16 D6-branes together
with 16 mirror D6 branes to satisfy the re
ection symmetry R of the compact space.
A brane e is wrapped around the 1-cycles [ai] and [bi] of the 2-tori T 2

i with wrapping
numbers nie and mi

e, yielding for the wrapped 3-cycle of the brane the homology class1

[�e] = 
i
�
nie[ai] +mi

e[bi]
�
: (3)

The homology class [�e0 ] of the mirror brane is obtained from [�e] by replacing mi
e

by �mi
e. In case of stacks of Ne branes, leading to gauge symmetries U(Ne), the RR

tadpole cancellation condition can now be written asX
e

Ne[�e]� 2[�O6] = 0 ; (4)

where [�O6] = 8
i [ai] is the homology class of the orientifold plane.
We are interested in the gauge group U(N) � U(1) � U(1), corresponding to one

stack of N branes, a, with gauge group U(N), and two further single U(1) branes, b and
c. Table 1 shows a set of wrapping numbers which can be consistent with the wanted
gauge group U(N) � U(1) � U(1). We have chosen all wrapping number in the x3+2i

directions equal, ni = 1, and one wrapping number in the �rst torus as zero, m1
a = 0.

1We mostly follow the conventions of [4].

4



a

b c

N}
a

b c

Fi g ur e 1:  L eft: i nt ers e cti o ns of br a n e st a c k a wit h br a n es b a n d c , a n d br a n e b wit h
c i n t h e s e c o n d t or us T 2

2 ; ri g ht: i nt ers e cti o ns of br a n e st a c k a wit h br a n es b a n d c i n
t or us T 2

1 w h er e br a n es b a n d c ar e p ar all el.

I n t his c as e, t h e t a d p ol e c o n diti o ns ( 4) r e a d e x pli citl y,

N + 2 = 1 6 ,

N m 2
a m

3
a + m 2

b m
3
b + m 2

c m
3
c = 0 ,

m 1
b m

3
b + m 1

c m
3
c = 0 ,

m 1
b m

2
b + m 1

c m
2
c = 0 .

( 5)

O n e e asil y v eri fi es t h at t h es e e q u ati o ns ar e s ol v e d b y t h e a ns at z i n  T a bl e 1,  wit h
N = 1 4, l = 7.  T h e c h os e n  wr a p pi n g n u m b ers i m pl y t h at n ot all br a n es i nt ers e ct i n all
t ori: a a n d a , a n d b a n d c ar e p ar all el i n t h e first t or us,  w h er e as b a n d c ar e p ar all el
i n t h e s e c o n d a n d i n t h e t hir d t or us.  T his sit u ati o n is ill ustr at e d i n  Fi g ur e 1.

O n e a c h br a n e a n N = 4 s u p er m ulti pl et of z er o- m o d es i n t h e a dj oi nt r e pr es e n-
t ati o n of t h e g a u g e gr o u p is l o c ali z e d.  T h e br a n es i nt ers e ct at a n gl es d et er mi n e d b y
t h e  wr a p pi n g n u m b ers.  At t h es e i nt ers e cti o ns f er mi o ns a n d s c al ars i n bi-f u n d a m e nt al
r e pr es e nt ati o ns ( N e , ¯N f ) ar e l o c ali z e d.  F or n o n- z er o i nt ers e cti o n n u m b ers

I e f = ⊗ i n i
e m

i
f − m i

e n
i
f ( 6)

t h e f er mi o n s p e ctr u m is c hir al.  T h e f er mi o ns ar e l eft- h a n d e d f or I e f > 0 a n d ri g ht-
h a n d e d f or I e f < 0, c orr es p o n di n g t o l eft- h a n d e d f er mi o ns i n t h e c o m pl e x c o nj u g at e
r e pr es e nt ati o n ( ¯N e , Nf ).  At t h e i nt ers e cti o ns of t h e br a n e s yst e m d e fi n e d i n  T a bl e 1 o n e
o bt ai ns t h e l eft- h a n d e d f er mi o ns list e d i n  T a bl e 2.  T h er e ar e  m att er fi el ds t h at c arr y
‘ c ol o ur’, tr a nsf or mi n g as N or ¯N u n d er S U (N ).  T h e y f or m a c hir al r e pr es e nt ati o n of t h e
f ull g a u g e gr o u p,  w h er e as c ol o ur si n gl et ‘ Hi g gs fi el ds’ f or m v e ct or-li k e r e pr es e nt ati o ns.
T h e q u a nt u m n u m b ers of t h e c hir al f er mi o ns all o w  Y u k a w a c o u pli n gs t h at ar e  m ost
c o n v e ni e ntl y e x pr ess e d i n t er ms of t h e ass o ci at e d c hir al s u p er fi el ds,

L Y ⊃

3 ( l− 2 )

r, s

y ( 1 )
r s

¯N r
1 ,0 N

s
0 ,1 1 − 1 ,− 1 +

l+ 2

r, s

y ( 2 )
r s

¯N r
0 ,1 N

s
1 ,0 1 − 1 ,− 1 . ( 7)
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Brane sector Intersection number I 4d fermions (L)
ab+ ba �3(l � 2) �N1;0

ac+ ca �(l + 2) �N0;1

ab0 + b0a l + 2 N1;0

ac0 + c0a 3(l � 2) N0;1

aa0 0 N(N � 1)=2, �N( �N � 1)=2
bc+ cb 0 11;�1, 1�1;1

bc0 + c0b 0 11;1, 1�1;�1

Table 2: Chiral and vector-like representations of left-handed fermions at various brane
intersections.

These couplings lead to fermion mass terms after a vacuum expectation value h1�1;�1i 6=
0 breaks the chiral group U(1) � U(1) to the diagonal U(1) subgroup. The complete
list of Yukawa couplings will be given in the subsequent section.

In the brane sector aa0, bb0 and cc0 chiral fermions in symmetric and antisymmetric
representations of the gauge group occur with multiplicities

nsym;e =
1

2
(Iee0 � Ie;O6) = �4m1

em
2
em

3
e

�
n1
en

2
en

3
e � 1

�
;

nasym;e =
1

2
(Iee0 + Ie;O6) = �4m1

em
2
em

3
e

�
n1
en

2
en

3
e + 1

�
; e = a; b; c :

(8)

Since in our model m1
a = 0 and n1

e = n2
e = n3

e = 1 for e = a; b; c, there are no chiral
fermions in symmetric or antisymmetric representations. As we shall see in the following
section, a vector-like pair of fermions in the antisymmetric representation of SU(N)
occurs in the aa0-sector. The bb0- and the cc0-sector correspond to U(1) symmetries
where such representations are absent.

The masses of bi-fundamental scalars depend on the angles at which the branes
intersect. We restrict ourselves to small angles with respect to the orientifold planes,

tan �ie = mi
e�i ' �ie ; �i =

L0i
Li

; i = 1; 2; 3 ; e = a; b; c ; (9)

where Li=(2�) and L0i=(2�) are the two radii of the torus T 2
i , respectively. In the T-dual

picture small angles correspond to large areas of the dual tori so that we shall be able
to use a �eld theory approximation to string partition functions.

At the intersection of two stacks of branes, e and f , one then has three light bi-
fundamental scalars with masses [14]

4��0M2
1 jef = �j�1

ef j+ j�2
ef j+ j�3

ef j
4��0M2

2 jef = j�1
ef j � j�2

ef j+ j�3
ef j

4��0M2
3 jef = j�1

ef j+ j�2
ef j � j�3

ef j ;
(10)
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where �ief = �ie � �if , with ��=2 � �ief � �=2. For the model de�ned in Table 1 one
obtains

�1
a = 0 ; �2

a = 2�2 ; �3
a = �3 ;

�1
b = �1 ; �2

b = l�2 ; �3
b = �2�3 ;

�1
c = �1 ; �2

c = �l�2 ; �3
c = 2�3 : (11)

Using Eq. (10) these angles yield the scalar mass spectrum at the various brane inter-
sections which is listed in Table 3.

In any sector of states stretched between any two stacks of branes e, f , some su-
persymmetry is preserved provided that angles ful�ll the following conditions [13],

�1
ef � �2

ef � �3
ef 6= 0 : N = 4! N = 0 ;

�1
ef � �2

ef � �3
ef = 0 : N = 4! N = 1 ;

�1
ef � �2

ef = 0 ; �3
ef = 0 : N = 4! N = 2 : (12)

In the considered model, a tachyon occurs in the bc0-sector,

m2
1jbc0 / �2�1 < 0 : (13)

A further tachyon appears either in the aa0-sector or in the bc-sector. In both sectors
the 
ux in the �rst torus is zero, i.e. �1 = 0. Choosing �2 = �3 yields two massless
scalars, avoiding tachyons. For the aa0-sector this means

�3 = 2�2 ; (14)

which avoids coloured tachyons but implies a second tachyon in the bc-sector,

m2
1jbc / (�2l + 4)�2 < 0 : (15)

Together with the two fermionic zero-modes the aa0-sector then forms a subsystem
with N = 2 supersymmetry. For the choice l�2 = 2�3 the roles the aa0-sector and the
bc-sector are reversed.

The condition for absence of tachyons in the ab- and ac0-sector reads

(8� l)�2 < �1 < (l + 4)�2 ; (16)

Brane sectors 4��0M2
1 jef 4��0M2

2 jef 4��0M2
3 jef

ab; ac0 ��1 + (l � 2)�2 + 3�3 �1 � (l � 2)�2 + 3�3 �1 + (l � 2)�2 � 3�3

ab0; ac ��1 + (l + 2)�2 + �3 �1 � (l + 2)�2 + �3 �1 + (l + 2)�2 � �3

aa0 4�2 + 2�3 �4�2 + 2�3 4�2 � 2�3

bc 2l�2 + 4�3 �2l�2 + 4�3 2l�2 � 4�3

bc0 �2�1 2�1 2�1

Table 3: Masses of scalars at various brane intersections.
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! " !# " !$ % !# "
!

" !#

" !$

% !#

"

& ' ( ) * + , ' -

0 1 !4 1 !2
0

1 !4

1 !2

N o t a c h y o n

|✓ 2 |/ ⇡

|✓ 3 |/ ⇡

0

1 / 2
0

0

1 / 2

1 / 2

|✓ 2 |/ ⇡
|✓ 1 |/ ⇡

|✓ 3 |/ ⇡

1 / 4
1 / 4

1 / 4

Fi g ur e 2:  D o m ai n of a n gl es f or  w hi c h n o t a c h y o ns a p p e ar.  L eft: li n e i n θ 2 − θ 3 - pl a n e
i n c as e of n o fl u x i n first t or us, i. e. θ 1 = 0.  Ri g ht: t etr a h e dr o n i n c as e of fl u x es i n all
t ori.  T h e gr a y ar e as i n di c at e s m all- a n gl e d o m ai ns  wit h |θ i |/ π  < 0 .1 5.

a n d f or t h e a b - a n d a c -s e ct or o n e o bt ai ns

l ρ2 < ρ 1 < (l + 4) ρ 2 . ( 1 7)

Wit h l = 7, t h e l ast c o n diti o n ( 1 7) is t h e str o n g er o n e a n d i m pli es c o n diti o n ( 1 6).
H e n c e, o n c e t h e c o n diti o ns ( 1 4) a n d ( 1 7) ar e s atis fi e d, all s c al ars i n t h e s e ct ors a b , a c ,
a b a n d a c ar e  m assi v e a n d s u p ers y m m etr y is c o m pl et el y br o k e n.  T h e a n gl es s atisf yi n g
t h es e c o n diti o ns f or m a t etr a h e dr o n [ 1 6]. It is ill ustr at e d i n  Fi g ur e 2, t o g et h er  wit h a
d o m ai n of s m all a n gl es.

T h e a p p e ar a n c e of t a c h y o ns is a g e n eri c f e at ur e of n o n-s u p ers y m m etri c i nt ers e ct-
i n g  D- br a n e  m o d els.  H o w e v er, it is ar g u e d t h at s u c h t a c h y o ns c a n b e r e m o v e d b y
c o u pli n gs t o  m o d uli fi el ds t h at p ar a m etri z e t h e dist a n c e b et w e e n br a n es i n t ori  w h er e
t h e y ar e p ar all el. I n t h e  T- d u al pi ct ur e dis c uss e d i n t h e f oll o wi n g s e cti o n t h es e  m o d-
uli c orr es p o n d t o  Wils o n-li n es ξ , ξ t h at a c q uir e v a c u u m e x p e ct ati o n v al u es (s e e, f or
e x a m pl e, [ 1 6, 2 1]). I n t h e pr es e nt  m o d el t h e c orr es p o n di n g s u p er p ot e nti al t er ms  w o ul d
h a v e t h e f or m (i n s u p er fi el d n ot ati o n, s e e  T a bl e 2),

W ξ, ξ = λ 1 ξ 1 1 ,− 1 1 − 1 ,1 + λ 2 ξ 1 1 ,1 1 − 1 ,− 1 . ( 1 8)

Cl e arl y, e xist e n c e a n d st a bilit y of a gr o u n d st at e r e q uir e a n a p pr o pri at e p ot e nti al f or
ξ , ξ .  At tr e e-l e v el t h e p ot e nti al is fl at.  T o c o m p ut e t h e o n e-l o o p q u a nt u m c orr e cti o n
t o t h e p ot e nti al is a n ess e nti al g o al of t his p a p er.  T o a c hi e v e t his  w e first c o nstr u ct t h e
T- d u al t y p e I stri n g c o m p a cti fi c ati o n o n a  m a g n eti z e d t or us,  w hi c h all o ws a str ai g htf or-
w ar d c o m p ut ati o n of t h e f ull  m ass s p e ctr u m of t h e  m o d el as  w ell as  Y u k a w a c o u pli n gs.

8



3 T-dual toroidal 
ux compacti�cation

The intersecting D-brane model constructed in the previous section is T-dual to a
type I compacti�cation on a magnetized dual rectangular torus T 2

1 � T 2
2 � T 2

3 with the
identi�cations

zi � zi + Li=2 ; zi � zi + 2�2�0=L0i ; (19)

where the angles �ie between brane e and the orientifold plane are related to magnetic

ux densities in the 2-tori T 2

i [13],

tan �ie = 2��0gf iI : (20)

Here g is the gauge coupling, brane e (e = a; b; c) has a U(1) group with Cartan
generator HI (I = 0; 1; 2), and f iI is the corresponding 
ux density in the torus T 2

i .
Using Eq. (9), tan �ie = mi

I�i, this implies the Dirac quantization condition for the 
ux
densities f iI ,

g

Z
T 2
i

f iI =
4�2�0

�i
gf iI = 2�mi

I : (21)

For small angles, corresponding to small 
ux densities, one has2

�ie ' mi
I�i = 2��0gf iI ; �i = L0i=Li : (22)

The considered D-brane model has three stacks of branes and therefore three U(1)
factors, U(1)a, U(1)b and U(1)c. Correspondingly, each torus T 2

i can have three 
ux
densities f iI , which allow to break SO(32) to the gauge group of the D-brane model,

SO(32) � U(16) � U(14)� U(1)� U(1) : (23)

The corresponding decomposition of the adjoint representation reads (see appendices
A and B, N = 14),

SO(32) �

0BBBBBBBBBBBBBBBBBBB@

U(N) N�1;0 N0;�1 A N1;0 N0;1

aa ab ac aa0 ab0 ac0

N1;0 U(1) 11;�1 N1;0 0 11;1

ba bb bc ba0 bb0 bc0

N0;1 1�1;1 U(1) N0;1 11;1 0
ca cb cc ca0 cb0 cc0

A� N�1;0 N0;�1 U(N)� N1;0 N0;1

a0a a0b a0c a0a0 a0b0 a0c0

N�1;0 0 1�1;�1 N�1;0 U(1)� 1�1;1

b0a b0b b0c b0a0 b0b0 b0c0

N0;�1 1�1;�1 0 N0;�1 11;�1 U(1)�

c0a c0b c0c c0a0 c0b0 c0c0

1CCCCCCCCCCCCCCCCCCCA

: (24)

2In the following we shall use the notations f ie, m
i
e and f iI , m

i
I in parallel, according to convenience.
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Each block is labeled by the related brane intersection. The upper left and the lower
right quadrant correspond to the adjoint representation of U(16), whereas the upper
right and the lower left quadrant represent the antisymmetric representation of U(16),
decomposed with respect to U(14)� U(1)� U(1).

The representation in the block ef feels the magnetic 
ux f ief = f ie�f if in torus T 2
i .

According to the index theorem the multiplicities of chiral zero-modes are given by

Ief =
� g

2�

�3Y
i

Z
T 2
i

f ief =
Y
i

(mi
e �mi

f ) : (25)

Because of Eq. (21) these multiplicities agree with the intersection numbers of the
D-brane model given in Table 2.

The starting point for the computation of the 4d e�ective action is the 10d Super-
Yang-Mills action with N = 4 supersymmetry and gauge group SO(32), which is
conveniently expressed in term of 4d vector super�elds V and chiral super�elds � [27,28],

S10 =

Z
d10x

�
1

k

Z
d2� tr

h1

4
WW +

1

2
"ijk�

i
�
@j�

k +
g

3
p

2

�
�j; �k

� �i
+ h.c. (26)

+
1

k

Z
d4�

1

g2
tr
h�
�
p

2@i + g ��i
�
egV
�p

2@i + g�i
�
e�gV + @ie

gV @ie
�gV
i�

:

Here W is the �eld strength of the vector �eld3, i; j; k = 1; 2; 3 label the three 2-tori,
and our trace convention is tr (TaTb) = k�ab. Expanding the exponentials, integrating
some of the terms by part, and using the WZ gauge V 3 = 0, one obtains

S10 =

Z
d10x

�
1

k

Z
d2� tr

h1

4
WW +

1

2
"ijk�

i
�
@j�

k +
g

3
p

2
[�j; �k]

�i
+ h.c.

+
1

k

Z
d4� tr

h
��i�i +

p
2(@i ��

i + @i�
i)V � g[ ��i; �i]V

+
�
@iV �

gp
2

[��i; V ]
��
@iV +

gp
2

[�i; V ]
�i�

: (27)

Note, that in this action the invariance with respect to 4 supersymmetry transfor-
mations is manifest whereas the invariance with respect to 12 further supersymmetry
transformations is hidden. This will be important in our discussion of supersymmetry
breaking by magnetic 
uxes in the following sections.

Vector and chiral super�elds are conveniently decomposed into the di�erent sectors
indicated in Eq. (24). The unbroken group is H = U(N) � U(1) � U(1) � U(N + 2)
with the U(1) and SU(N) generators4

H0 =
1p
N
T�� ; H1 = TN+1;N+1 ; H2 = TN+2;N+2 ; ~T�� : (28)

3We use the conventions of [32], and we have dropped the WZW term that vanishes in WZ gauge,
V 3 = 0.

4A sum over repeated indices is understood.
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In terms of the generators of H and SO(32)=H, vector super�elds can be expressed as
(see Appendix B)

V = V�� ~T�� + VIHI + V �0
� T�0

� + V +0
� T+0

� + V 0�
� T 0�

� + V 0+
� T 0+

�

+ V +�T+� + V �+T�+ +
1

2
V +

�X

+

� +

1

2
V �
�X

�

� + ~V +0

� X+0
�

+ ~V �0
� X�0

� + ~V 0+
� X0+

� + ~V 0�
� X0�

� + V ++X+� + V ��X�� :

(29)

The charges with respect to H1 and H2 are indicated explicitly. The �elds V �0
� , V 0�

� ,
~V +0
� and ~V 0+ transform in the fundamental, and the �elds V +0

� , V 0+
� , ~V �0

� and ~V 0� in
the anti-fundamental representation of SU(N), respectively. V +


� is an antisymmetric

tensor of SU(N) and V �
� is the complex conjugate representation. V �
� are neutral with
respect to H1 and H2. Here, the superscript denotes the charge with respect to H0.
Analogously, the decomposition of the chiral and antichiral super�elds is given by5

� = ��� ~T�� + �IHI + ��0
� T�0

� + �+0
� T+0

� + �0�
� T 0�

� + �0+
� T 0+

�

+ �+�T+� + ��+T�+ +
1

2
�+

�X

+

� +

1

2
��
�X

�

� + ~�+0

� X+0
�

+ ~��0
� X�0

� + ~�0+
� X0+

� + ~�0�
� X0�

� + �++X++ + ���X�� ;

(30)

�� = ���� ~T�� + ��IHI + ���0
� T+0

� + ��+0
� T�0

� + ��0�
� T 0+

� + ��0+
� T 0�

�

+ ��+�T�+ + ���+T+� +
1

2
��+

�X

�

� +

1

2
���
�X

+

� + �~�+0

� X�0
�

+ �~��0
� X+0

� + �~�0+
� X0�

� + �~�0�
� X0+

� + ��++X�� + ����X++ :

(31)

In order to compute the mass spectrum caused by the magnetic 
uxes and also
for a discussion of tachyon condensation one has to know the Yukawa couplings of the
model. They are obtained from the cubic gauge coupling in the action (27) and the
commutators listed in Appendix B. A straightforward calculation yields the result

LY =
1

k

Z
d2�

g

6
p

2
"ijktr

�
�i[�j; �k]

�
=

gp
2
"ijk

Z
d2�
�
W 1
ijk +W 2

ijk

�
; (32)

where W 1 and W 2 describe couplings without and with SU(N) �elds, respectively,

W 1
ijk =

1p
N
�i0
�
�j�0
� �k+0

� + �j0�� �k0+
� � ~�j+0

�
~�k�0
� � ~�j0+

�
~�k0�
� + �j+���

k�
��

�
+ �i1

�
� �j�0

� �k+0
� � ~�j+0

�
~�k�0
� + �j+��k�+ + ~�j++ ~�k��

�
+ �i2

�
� �j0�� �k0+

� � ~�j0+
�

~�k0�
� � �j+��k�+ + ~�j++ ~�k��

�
� �i+�

�
�j�0
� �k0+

� + ~�j0+
�

~�k�0
�

�
� �i�+

�
�j0�� �k+0

� + ~�j+0
�

~�k0�
�

�
+ �i++(��j�0

�
~�k0�
� + �j0��

~�k�0
� ) + �i��(�j+0

�
~�k0+
� � �j0+

�
~�k+0
� )

� �i+��(�j+0
�

~�k�0
� + �j0+

�
~�k0�
� )� �i���(�j�0

�
~�k+0
� + �j0��

~�k0+
� ) ; (33)

5Note that ���0
� stands for ��0

� .
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W 2
ijk = �i��

�
�j�0
� �k+0

� + �j0�� �k0+
� � ~�j+0

�
~�k�0
� � ~�j0+

�
~�k0�
�

+ �j+
��
k�

� � �j�
��k+


� + �j�
�
k

� � �j
��k�


�
: (34)

Note, that these couplings involve 10d �elds. The 4d e�ective Lagrangian is obtained
by performing a mode expansion for all �elds and by evaluating the overlap integrals
of products of mode functions.

The gauge group SO(32) is broken to the subgroup U(N) � U(1) � U(1) by a
background of the U(1) gauge �elds in the compact dimensions,

h�iIi =
1p
2
f iI �zi + �iI ; (35)

corresponding to Wilson lines and magnetic 
uxes in the three 2-tori (�iI j�=��=0 =
(AI;3+2i + iAI;2+2i)=

p
2),

hF2+2i;3+2ii�ij = @ih�jIi = f iI�ij : (36)

The mass spectrum of the charged �elds is obtained by calculating the quadratic part
of the e�ective action in this gauge �eld background.

Each pair of �elds in Eq. (24), such as (A;A�), (N�1;0; N1;0) etc, feels magnetic

uxes f iI in the three tori. The mass spectrum of each sector ef is then characterized
by Landau levels (n1; n2; n3) and internal helicities (�1; �2; �3) in the three tori, with
ni 2 N and �i = 0;�1=2;�1. Hence, for each triple of Landau levels one obtains two
4d complex vector states, eight 4d Weyl fermions and six complex 4d scalars. Their
masses have been obtained in a type I string compacti�cation on a magnetized torus
(f ief = f ie � f if ) [9],

M2
ef (n;�) = g

X
i

((2ni + 1)jf ief j+ 2f ief�i) : (37)

Here � = (�1; �2; �3) takes the values (0; 0; 0), (�1=2;�1=2;�1=2) and (�; 0; 0), (0;�; 0),
(0; 0;�) for vectors, fermions and scalars, respectively. Contrary to what one might
expect, these masses are not associated with a single set (n1; n2; n3) of Landau levels
in a mode expansion of the 10d �elds in Eq. (24). As we shall see in the following
section, the magnetic 
uxes mix neighboring levels in the Kaluza-Klein towers, and
mass eigenstates are linear combinations of di�erent Landau levels.

In this T-dual internal magnetic �eld description that we will mainly focus on, su-
persymmetry breaking for generic magnetic �elds is captured by the (internal helicity)
spin-magnetic �eld coupling in the mass formula (37). The special values of magnetic
�elds for which some supersymmetry is preserved can be understood in various ways.
One of them is by checking the boson and fermion mass formulae and the 
ux value pa-
rameters for which there is boson-fermion degeneracy. Equivalently, the scalar potential
that we will compute in Section 6 will turn out to vanish precisely for these 
ux values.
Another way to understand supersymmetry breaking and preservation is by writing
the gaugino variation for the Super-Yang-Mills theory directly in ten dimension, before
compacti�cation, which reads

��a = �1

4
�PQF a

PQ� ; (38)
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where �PQ = 1
2
(�P�Q � �Q�P ), F a

PQ is the 10d Yang-Mills �eld strength and � are the
10d supersymmetry parameters. The number of preserved supercharges is given by the
number of independent spinors � annihilated by the operator

�(f) = �PQhF I
PQi � �45f1 + �67f2 + �89f3 ; (39)

where we de�ned the 
uxes fk = hF2+2k;3+2ki, k = 1; 2; 3, and I is a Cartan subalgebra
generator supporting the magnetic 
ux. A well known and convenient Fock space basis
for fermions is obtained by introducing the creation and annihilation operators (see,
for example, [33])

byk =
1

2
(�2+2k � i�3+2k) ; bk =

1

2
(�2+2k + i�3+2k) ; (40)

with k = 1; 2; 3 denoting the complex internal space degrees of freedom. Using

bykbk � bkbyk = i�2+2k�3+2k = �2J2+2k;3+2k ; (41)

where J2+2k;3+2k are rotations generators in the internal space, one can rewrite the
operator � as

�(f) �
3X

k=1

fk(b
y
kbk � bkbyk) : (42)

Then, by explicit construction, one can show that �(f)� = 0 for

�0 = j0i and by1b
y
2b
y
3j0i ; if f1 + f2 + f3 = 0 ;

�1 = by1j0i and by2b
y
3j0i ; if � f1 + f2 + f3 = 0 ;

�2 = by2j0i and by3b
y
1j0i ; if f1 � f2 + f3 = 0 ;

�3 = by3j0i and by1b
y
2j0i ; if f1 + f2 � f3 = 0 :

(43)

These relations match the �eld theory limit of the intersecting brane supersymmetry
conditions (12). As we will see explicitly in the following sections, the e�ective theory
does not easily capture the supersymmetry restoration points in moduli space. The
reason is that the supercharge corresponding to �0 is aligned with the superspace ex-
pansion, whereas the other preserved supercharges corresponding to �1;2;3 are not, and
the corresponding supersymmetries are hidden in an e�ective Lagrangian that at �rst
sight looks non-supersymmetric.

In later sections we will discuss tachyon condensation, which requires to add the

uctuations around the magnetic background (38). In this case, the operator � is
changed according to

� � �PQF I
PQ =2

3X
k=1

(cIAB�
k
A

��kB � ifkI )(bykbk � bkbyk)

+ 4cIAB
X
i<j

h
byib
y
j�

i
A�

j
B + bibj ��iA

��jB + byibj�
i
A

��jB + bib
y
j
��iA�

j
B

i
; (44)
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where cIAB are the structure constants of the 10d Yang-Mills gauge group and A;B
are indices of the adjoint representation. Acting with the operator � on the spinors
Q � (�0; �1; �2; �3)T one de�nes a 4� 4 matrix M according to

�Q =MQ : (45)

Notice that the spinors �0; �i do not carry 
ux charge, since they transform only under
the SU(4) R-symmetry group, which commutes with the gauge group generators. They
should be understood as the constant zero modes of the KK reduction from 10d to 4d.
Labeling the four rows and columns by 0; 1; 2; 3, the matrix elements are computed to
be

M00 = �2i(f 1
I + f 2

I + f 3
I )� 2cIAB

��kA�
k
B ; M0i = �4cIAB�ijk

��jA
��kB ; (46)

Mi0 = 4cIAB�ijk�
j
A�

k
B ; Mij = 2i(f 1

I + f 2
I + f 3

I � 2f iI)�ij + 2cIAB(��kA�
k
B�ij � 2��iA�

j
B) :

After compacti�cation to four dimensions, quantities like �jA
��kB should be understood as

integrated over the internal space, leading to a sum over Landau levels
P

n;n0 �
j
A;nn0

��kB;nn0 .
As before, the number of zero eigenvalues of the matrix M is the number of unbroken
supersymmetries in four dimensions. Let us study some simple examples:

� One 
ux, say f 1
I = f 2

I = 0, f 3
I 6= 0. In the absence of vev's for �'s, there is no zero

eigenvalue according to (43) and all supersymmetries are broken. However, by
giving a vacuum expectation value �3 6= 0, one can set to zero all matrix elements
and restore full N = 4 supersymmetry by choosing cIAB�

3
A

��3
B = if 3

I . Notice that
the vev's concern �elds charged under the (Cartan) generator HI .

� Two 
uxes, say f 1
I = 0; f 2

I ; f
3
I 6= 0.

In this case, in the absence of vev's for �'s, all supersymmetries are generically
broken, except for f 2

I = �f 3
I , which preserves N = 2 supersymmetry. For f 2

I 6=
f 3
I , one can easily �nd vev's restoring N = 2 supersymmetry:

cIAB
��2
A�

3
B = 0 ; i(f 2

I � f 3
I ) = 2cIAB(��2

A�
2
B � ��3

A�
3
B) ; (47)

which can be satis�ed for example for �2
B = 0 and i(f 2

I �f 3
I ) = �2cIAB

��3
A�

3
B. One

can also search the existence of an N = 4 vacuum. It seems natural to assume
�1
A = 0, both since this �eld is not tachyonic for such 
uxes and since in this

case the matrixM has a simpler block-diagonal form of two 2� 2 matrices. The
conditions for the existence of an N = 4 vacuum are

tr[�2; ��2]HI = �f 2
I ; tr[�3; ��3]HI = �f 3

I ;

tr[�2; ��3]HI = 0 ; tr[�2; �3]HI = 0 :
(48)

� Three 
uxes, say f 1
I ; f

2
I ; f

3
I 6= 0.

In this case, in the absence of vev's for �'s, all supersymmetries are generically
broken, except for f 1

I � f 2
I � f 3

I = 0, which preserves N = 1 supersymmetry. For
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f 1
I � f 2

I � f 3
I 6= 0 , one can easily �nd vev's restoring N = 1 supersymmetry by

switching on only one vev. For example, one can choose �2 = �3 = 0 and

i(f 1
I � f 2

I � f 3
I ) = cIAB�

1
A

��1
B ; (49)

for any (single) choice of signs. The case of vev's restoring more supersymmetries
seems similar to the previous example with two 
uxes. In order to obtain N = 4
supersymmetry, one would need vev's for the three �i's and satisfy

tr[�i; ��i]HI = �f iI ; �ijk tr[�i; �j]HI = 0 ; �ijk tr[�i; ��j]HI = 0 : (50)

This seems always possible.

In all cases, one should also impose the D-term conditions for the charged generators.
They are more complicated than the ones for the Cartan generators written above. The
reason is that in addition to bilinear terms similar to the ones for Cartan generators (for
example, �ijk tr[�i; ��j]E�), there are also terms linear in the charged �elds coming from
the covariant derivative acting on charged �elds, which have a non-constant pro�le
in the internal space. These terms, of the type

p
f iIa

i
� tr(�jE�) or

p
f iIa

iy
� tr(�jE�),

depending on the sign of the 
ux, can be computed in explicit cases and will be displayed
explicitly in Section 7. However, a general expression for these terms, and a general
analysis of the charged D-term conditions is beyond the scope of this paper. Therefore,
at this point we leave open the question whether or not there are vacua with full N = 4
supersymmetry in the case of arbitrary 
uxes.

4 Matter sector

In this section we consider potentially tachyon-free sectors of the model, i.e., the anti-
symmetric tensor with vector-like massless fermions, and the �elds in fundamental and
anti-fundamental representations with chiral fermions.

4.1 Antisymmetric tensor (aa0-sector)

Let us start with the antisymmetric tensor �elds, V �
� , �
�

� and ���
�. These �elds have

charge �2=
p
N with respect to H0 and charge zero with respect to H1 and H2. For

simplicity, we choose �i0 = 0. According to Table 1, the 
ux in the �rst torus vanishes
and the 
uxes in the second and third torus satisfy the quantization conditions (�i =
L0i=Li),

g

2�
p
N

Z
T 2
2

f 2
0 =

gp
N

2��0

�2

f 2
0 = 2 ;

g

2�
p
N

Z
T 2
3

f 3
0 =

gp
N

2��0

�3

f 3
0 = 1 ; (51)

which yields the 
ux densities

gf 2
0 = 2

p
N

�2

2��0
� g
p
Nf2 ; gf 3

0 =
p
N

�3

2��0
� g
p
Nf3 : (52)
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For the special choice �3 = 2�2 in Eq. (14), the 
ux density is the same in both tori,
i.e., f 2

0 = f 3
0 or f2 = f3.

Using the relevant commutators in Eq. (201),

[H0; X
�
��] = � 2p

N
X��� ;

[X+
��; X

�

�] =

2p
N

(��
��� � ��
���) + : : : ;
(53)

it is straightforward to derive the quadratic part and the cubic couplings involving the
neutral �elds �i0 � �i and ��i0 � ��i,

S10 �
Z
d10x

�Z
d2�
�1

4
W0W0 +

1

4
W+

�W

�

� +

1

2
"ijk�

i+

�

�
@j �

p
2gp
N
�j
�
�k�
�

�
+ h.c.

+

Z
d4�
�

��i�i +
1

2
��i+
��

i+

� +

1

2
��i�
��

i�

� +

p
2(@i ��

i + @i�
i)V0

+
gp
N

�
��i+
��

i+

� � ��i�
��

i�

�

�
V0

+
1p
2

��
@i �

p
2gp
N
�i
�

��i+
� +
�
@i +

p
2gp
N

��i
�
�i�
�

�
V +

�

+
1p
2

��
@i +

p
2gp
N
�i
�

��i�
� +
�
@i �

p
2gp
N

��i
�
�i+
�

�
V �
�

+
1

2

�
@i +

p
2gp
N

��i
�
V �
�

�
@i +

p
2gp
N
�i
�
V +

�

+
1

2

�
@i �

p
2gp
N

��i
�
V +

�

�
@i �

p
2gp
N
�i
�
V �
�

��
: (54)

There is no H0 
ux in the �rst torus. To obtain the lowest mass eigenstates, we can
therefore neglect the dependence of the �elds on z1. Inserting the background 
ux in
the second and third torus yields covariant derivatives @2 � 2gf2z2, @2 � 2gf2z2, and
@3�gf3z3, @3�gf3z3, which form a harmonic oscillator algebra. The �elds can therefore
be expanded in the corresponding set of orthonormal eigenfunctions.

For a 
ux density gf = 2�M , M 2 N, one de�nes two pairs of annihilation and
creation operators [24],

a+ =
ip
2gf

(@ + gf �z) ; ay+ =
ip
2gf

�
@ � gfz

�
;

a� =
ip
2gf

�
@ + gfz

�
; ay� =

ip
2gf

(@ � gf �z) ;
(55)

which satisfy the commutation relations

[a�; a
y
�] = 1 ; [a�; a�] = 0 ; [a�; a

y
�] = 0 : (56)
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The ground state wave functions are determined by

a+�0;j = 0 ; a��0;j = 0 ; (57)

where j = 0; : : : jM j � 1 labels the degeneracy. An orthonormal set of higher mode
functions is given by

�n;j =
inp
n!

�
ay+

�n
�0;j ; �n;j =

inp
n!

�
ay�

�n
�0;j : (58)

Annihilation and creation operators act on these mode functions as

a+�n;j = i
p
n �n�1;j ; ay+�n;j = �i

p
n+ 1 �n+1;j ;

a��n;j = i
p
n �n�1;j ; ay��n;j = �i

p
n+ 1 �n+1;j :

(59)

The mode expansions of the �elds with positive and negative charge read

�+ =
X
nj

�+
nj�nj ; �� =

X
n;j

��n;j�n;j ;
��+ =

X
n;j

��+
n;j�n;j ;

��� =
X
n;j

���n;j�n;j ; V + =
X
n;j

V +
n;j�n;j ; V � =

X
n;j

V �n;j�n;j :
(60)

The antisymmetric tensor �elds feel 
ux in the second and third torus. Hence, there
are two sets of annihilation and creation operators, a2

�, a2y
� and a3

�, a3y
� . Suppressing

tensor indices, i.e. W+

�W

�

�=2 � W+W� etc., and using f 2

0 �
p
Nf2 and f 3

0 �
p
Nf3,

one obtains from Eq. (83)
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+
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�
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2��+
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�
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�
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3���V +

� 2i
p
g
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+�
2+ + a2

+
��2��+

p
f3

�
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+�
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+
��3���V �
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�V

��
� 2gf3

�
a3
�V
�a3

+V
+ + a3y

�V
�a3y

+V
+
���

: (61)

The �elds have a double expansion in two sets of mode functions6

�+(x; z1; z2; z3) =
X
nj;n0j0

�+
nj;n0j0(x)�n;j(z2)�n0;j0(z3) ;

6More precisely, the �elds depend on zi and �zi.
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��(x; z1; z2; z3) =
X
nj;n0j0

��nj;n0j0(x)�n;j(z2)�n0;j0(z3) ; etc. ; (62)

where, for simplicity, we only consider the lowest KK mode in the �rst torus. According
to the quantization condition (51) the multiplicity in the second and third torus is two
and one, respectively, giving a total multiplicity of two for all �elds.

Inserting the mode expansion of the �elds in the 10d action, using Eq. (57) and
the orthonormality of the mode functions, and dropping the indices j; j0 that label the
degeneracy, one arrives at the 4d e�ective Lagrangian

L4 �
Z
d2�
�1

4
W0W0 +

X
nn0

�1

2
W+
n;n0W

�
n;n0

�
p

2gf2(n+ 1)
�
�1+
n+1;n0�

3�
n;n0 � �3+

n+1;n0�
1�
n;n0

�
�
p

2gf3(n0 + 1)
�
�2+
n;n0+1�

1�
n;n0 � �1+

n;n0+1�
2�
n;n0

���
+ h.c.

+

Z
d4�
�

2
p
N(f2 + f3)V0 +

X
nn0

�
��i+n;n0�

i+
n;n0 + ��i�n;n0�

i�
n;n0

+
2gp
N

�
��i+n;n0�

i+
n;n0 � ��i�n;n0�

i�
n;n0

�
V0

� 2
��p

gf2

�p
n��2+

n�1;n0 �
p
n+ 1�2�

n+1;n0

�
+
p
gf3

�p
n0 ��3+

n;n0�1 �
p
n0 + 1�3�

n;n0+1

��
V +
n;n0 + h.c.

�
+ 2M2

n;n0V +
n;n0V

�
n;n0

��
; (63)

where

Mn;n0 = (gf2(2n+ 1) + gf3(2n0 + 1))1=2 : (64)

The magnetic 
ux mixes di�erent Landau levels of the KK towers and it is therefore
convenient to introduce linear combinations of the original chiral super�elds,

��n;n0 =
1

�n;n0

�p
2gf2n �

3�
n�1;n0 �

p
2gf3n0 �

2�
n;n0�1

�
; (n; n0) 6= 0 ; ��0;0 = 0 ; (65)

��n;n0 =
1

�n+1;n0+1

�p
2gf3(n0 + 1) �3�

n;n0+1 +
p

2gf2(n+ 1) �2�
n+1;n0

�
; (66)

�+
n;n0 =

1

�n+1;n0+1

�p
2gf3(n0 + 1) �2+

n;n0+1 �
p

2gf2(n+ 1) �3+
n+1;n0

�
; (67)

�+
n;n0 =

1

�n;n0

�p
2gf2n �

2+
n�1;n0 +

p
2gf3n0 �

3+
n;n0�1

�
; (n; n0) 6= 0 ; �+

0;0 = 0 ; (68)

with

�n;n0 = (2gf2n+ 2gf3n
0)1=2 : (69)
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In terms of the new �elds the 4d Lagrangian reads

L4 �
Z
d2�
�1

4
W0W0 +

X
nn0

�1

2
W+
n;n0W

�
n;n0 � �n;n0�1+

n;n0�
�
n;n0

� �n+1;n0+1�
1�
n;n0�

+
n;n0

��
+ h.c.

+

Z
d4�
�

2
p
N(f2 + f3)V0 +

X
nn0

�
j�1+
n;n0 j2 + j�1�

n;n0 j2 + j�+
n;n0 j2 + j��n;n0 j2

+ j�+
n;n0 j2 + j��n;n0 j2 +

2gp
N

�
j�1+
n;n0 j2 + j�+

n;n0 j2 + j�+
n;n0 j2

� j�1�
n;n0 j2 � j��n;n0 j2 � j��n;n0 j2

�
V0

�
p

2
��
�n;n0 ��+

n;n0 � �n+1;n0+1�
�
n;n0

�
V +
n;n0 + h.c.

�
+ 2M2

n;n0V +
n;n0V

�
n;n0

��
: (70)

So far the diagonalization could be performed in terms of super�elds. Since the
magnetic 
ux breaks supersymmetry, one has to expand the super�elds in components7

in the �nal step (cf. Appendix C),

� = (�;  ; F ) ; V = (A�; �;D) : (71)

The mixing term between chiral and vector super�elds then leads to a charged D-term
and a derivative coupling between Goldstone bosons and vector �elds,Z

d4�
�
�n;n0 ��+

n;n0 � �n+1;n0+1�
�
n;n0

�
V +
n;n0

=
1

2

�
�n;n0 ��+

n;n0 � �n+1;n0+1�
�
n;n0

�
D+ � ip

2
Mn;n0@���n;n0A

+�
n;n0 : (72)

Here the Goldstone �elds �� and the orthogonal complex scalars ��, formed from the
complex scalars ��+ and ��, are given by

��n;n0 =
1p

2Mn;n0

�
�n;n0 ��+

n;n0 + �n+1;n0+1�
�
n;n0

�
; (73)

��n;n0 =
1p

2Mn;n0

�
�n+1;n0+1 ��+

n;n0 � �n;n0��n;n0

�
: (74)

The vector bosons of the tower of Landau levels acquire their mass by the St�uckelberg
mechanism, and a shift of the vector bosons,

A��n;n0 ! A��n;n0 +
i

Mn;n0
@���n;n0 ; (75)

7Note, that we use the same symbol for the chiral super�eld and its scalar component.
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cancels the mixings with the Goldstone bosons as well as the kinetic terms of the
Goldstone bosons. Finally, eliminating all F- and D-terms via their equations of motion,
one obtains the bosonic mass terms

Lb4 � �
X
n;n0

�
M2

n;n0

�
A+�
n;n0�A

��
n;n0 + j�1+

n;n0 j2 + j�1�
n;n0 j2 + j��n;n0 j2

�
+ (M 2

n;n0 � 2gf2 � 2gf3)j��n;n0 j2 + (M 2
n;n0 + 2gf2 + 2gf3)j�+

n;n0 j2
�
; (76)

where it is important to remember that ��0;0 = ��0;0 = 0.
Consider �rst the lowest lying scalars,

Lb4 � �g(f2 + f3)(j�1+
0;0j2 + j�1�

0;0j2)� g(�f2 + f3)j��0;1j2 � g(f2 � f3)j��1;0j2 : (77)

These masses are in agreement with the ones given in Table 3 for the aa0-sector. The
comparison with the string formula (37) is more subtle. The mass spectrum of �1�

corresponds to M2
aa0(0; n; n

0;�; 0; 0). Since ��0;0 = 0, one can writeX
n;n0

(M2
n;n0 � 2gf2 � 2gf3)j��n;n0 j2 =X
n;n0

�
(M2

n;n0 � 2gf2)j��n;n0 j2 + (M 2
n;n0 � 2gf3)j��n;n0 j2 �M2

n;n0 j��n;n0 j2
�
: (78)

Hence, the spectrum of �� together with one polarization state of the vector corre-
sponds to the spectrum M2

aa0(0; n; n
0; 0;�; 0) together with M2

aa0(0; n; n
0; 0; 0;�). Anal-

ogously, the spectra of �� and �+ correspond to M2
aa0(0; n; n

0; 0;+; 0) together with
M2

aa0(0; n; n
0; 0; 0;+). Since in the string formula (37) massive vectors are only counted

with two polarization states, the entire spectra of Eqs. (37) and (76) agree. However,
there is no direct correspondence for individual Landau levels.

Denoting the Weyl fermions contained in the super�elds �1�, ��, �� and V + = V �y

by  1�,  �, !� and ��, respectively, one �nds for the fermionic mass terms of the 4d
Lagrangian (70) (cf. Appendix C),

L4 �
X
nn0

�
�n;n0

�
 1+
n;n0 

�
n;n0 + i!+

n;n0�
�
n;n0

�
+ �n+1;n0+1

�
 1�
n;n0 

+
n;n0 + i!�n;n0�

+
n;n0

��
+ h.c. : (79)

Note that by de�nition,  �0;0 = !+
0;0 = 0 (cf. Eqs. (65), (68)). Clearly, the spectrum

contains two zero-modes,  1+
0;0 and ��0;0.

The structure of the bc-sector is identical to the one in the aa0-sector. Also in the
bc-sector the 
ux vanishes in the �rst torus, see Table 1, and only the 
ux densities f ia,
i = 2; 3, have to be replaced by f ib and f ic , which corresponds to a rede�nition of f2 and
f3 in Eq. (52).

20



4.2 Chiral matter (ab-sector)

We now turn to the chiral `matter sector' and consider the vector and chiral super�elds
V �0
� ; ��0

� � N�1;0 and V +0
� ; �+0

� � N1;0. For simplicity, we drop the superscripts \0"
referring to zero H2 charge in the following. The commutators of the corresponding
SO(32) matrices are given in Eq. (197),

[H0; T
�0
� ] = � 1p

N
T�0
� ; [H1; T

�0
� ] = �T�0

� ; [T�0
� ; T+0

� ] = ���

� 1p
N
H0�H1

�
+ : : : (80)

For anti-chiral super�elds signs are exchanged. According to Table 1, the 
ux densities
f i1 in the three tori satisfy the quantization conditions (�i = L0i=Li)

g

2�

Z
T 2
1

f 1
1 =

2��0

�1

gf 1
1 = 1 ;

g

2�

Z
T 2
2

f 2
1 =

2��0

�2

gf 2
1 = l ;

g

2�

Z
T 2

f 3
1 =

2��0

�3

gf 3
1 = �2 :

(81)

Combining the H1 
ux densities with the H0 
ux densities given in Eq. (51), one obtains
for the total 
ux densities, i.e. the di�erences between f i0=

p
N and f i1, in the three tori

�gf 1
1 = � �1

2��0
� �2gf1 ;

gp
N
f 2

0 � gf 2
1 =

(2� l)�2

2��0
� �2gf2 ;
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N
f 3

0 � gf 3
1 =

3�3

2��0
� 2gf3 :

(82)

Note that the 
ux parameters fi are all positive.
Using Eqs. (29), (30) and (80), one obtains from the action (27) the relevant terms

for the generation of boson and fermion masses,
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Replacing the scalar �elds �i0 and �i1 by the 
ux densities (51) and (81), respectively,
one obtains covariant derivatives. Using Eqs. (55) they can be replaced by annihilation
and creation operators that now act on the coordinates of all three tori,
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4
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: (84)

The �elds have a triple expansion in three sets of mode functions

�i�(x; z1; z2; z3) =
X

n1j1;n2j2;n3j3

�i�n1j1;n2j2;n3j3
(x)�n1j1(z1)�n2j2(z2)�n3j3(z3) ;

�i+(x; z1; z2; z3) =
X

n1j1;n2j2;n3j3

�i+n1j1;n2j2;n3j3
(x)�n1j1(z1)�n2j2(z2)�n3j3(z3) ; etc. : (85)

As in the discussion of antisymmetric tensor �elds, one can now form linear combi-
nations of the six chiral super�elds �i+ and �i� such that two new �elds, �+ and ��,
mix with the vector�eld and the other four, �� and ��, form pairwise superpotential
mass terms. It is straightforward to verify that this is achieved in a two-step process,

��n1;n2;n3
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1
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p
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(n1; n2) 6= (0; 0) ; ��0;0;n3
= 0 ; (86)
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= 0 ; (88)
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; (89)

with �n1;n2 = (2gf1n1 + 2gf2n2)1=2, and, as the second step,
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;
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(n1; n2; n3) 6= (0; 0; 0) ; �+
0;0;0 = �3+

0;0;0 ; (90)
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�
; (93)

where

�n1;n2;n3 = (2gf1n1 + 2gf2n2 + 2gf3n3)1=2 : (94)

Note, that in Eq. (90) the �eld �+
0;0;0 is determined from the requirement

P
n(j�+

n j2 +
j�+

n j2) =
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n j2), where (n1; n2; n3) � n. In terms of the new �elds the 4d
Lagrangian reads,

L4 �
Z
d2�
�1

4
W0W0 +

1

4
W1W1 +

X
n

�1

2
W+
n W

�
n � �n1;n2;n3 �

�
n�+

n

� �n1+1;n2+1;n3+1 �
+
n��n

��
+ h.c.

+

Z
d4�
�

2(f 2
0 + f 3

0 )V0 + 2(f 1
1 + f 2

1 + f 3
1 )V1

+
X
n

�
j�+
n j2 + j��n j2 + j�+

n j2 + j��n j2 + j�+
n j2 + j��n j2

� gp
N

(j��n j2 + j��n j2 + j��n j2 � j�+
n j2 � j�+

n j2 � j�+
n j2
�
V0

+ g(j��n j2 + j��n j2 + j��n j2 � j�+
n j2 � j�+

n j2 � j�+
n j2
�
V1

+
p

2
��
�n1+1;n2+1;n3 �

�
n � �n1;n2;n3+1 �+

n

�
V �n + h.c.

�
+ 2M2

n1;n2;n3
V +
n V

�
n

��
; (95)

where

Mn1;n2;n3 = (gf1(2n1 + 1) + gf2(2n2 + 1) + gf3(2n3 + 1))1=2 : (96)

At this step, supersymmetry breaking by the 
ux induced D-terms has to be taken
into account, and vector and scalar masses have to be calculated by eliminating all

auxiliary F- and D-terms. The mixing between �+
n and �

�
n yields the Goldstone �elds

�+
n and the orthogonal complex scalars �+

n ,
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The vector bosons of the tower of Landau levels acquire their mass by the St�uckelberg
mechanism, and a shift of the vector bosons,

A+�
n ! A+�

n �
i

Mn1;n2;n3

@��+
n ; (99)

cancels the mixings with the Goldstone bosons as well as the kinetic terms of the
Goldstone bosons. The �nal result for the bosonic part of the 4d Lagrangian (95) reads

Lb4 � �
X
n

�
M2

n1;n2;n3

�
A+�
n A��n + j�+

n j2
�

+
�
M2

n1;n2;n3
� 2gf1 � 2gf2

�
j��n j2 +

�
M2

n1;n2;n3
+ 2gf1 + 2gf2

�
j�+
n j2

+
�
M2

n1;n2;n3
+ 2gf3

�
j��n j2 +

�
M2

n1;n2;n3
� 2gf3

�
j�+

n j2
�
;

(100)

where, by de�nition, ��0;0;n3
= 0 and �+

0;0;0 = �3+
0;0;0 (see Eqs. (86),(90)). The scalars

with smallest masses are ��0;1;0, ��1;0;0 and �+
0;0;0,

Lb4 � �g(�f1 + f2 + f3)j��0;1;0j2 � g(f1 � f2 + f3)j��1;0;0j2

� g(f1 + f2 � f3)j�+
0;0;0j2 :

(101)

These masses are in agreement with the ones given in Table 3 for the ab-sector.
Denoting the Weyl fermions contained in the super�elds ��, ��, �� and V + = V �y

by  �,  
0�, !� and ��, respectively, one �nds for the fermionic mass terms of the 4d

Lagrangian (95) (cf. Appendix C),

L4 �
X
n

�
�n1;n2;n3  

�
n  

0+
n + i�n1;n2;n3+1 !

+
n �
�
n

+ �n1+1;n2+1;n3+1  
+
n  

0�
n + i�n1+1;n2+1;n3 !

�
n �

+
n

�
+ h.c.

(102)

Note, that by de�nition,  �0;0;n3
= 0. Hence, the spectrum contains one zero-mode,

 
0+
0;0;0 � �+

0;0;0.
The number of 
ux quanta in the �rst, second and third torus is 1, l � 2 and 3,

respectively. All �elds therefore have a multiplicity of 3(l � 2), in agreement with the
intersection number for the ab-sector listed in Table 2. The multiplicity of �elds is
labeled by the indices j1; j2; j3. The quadratic part of the 4d Lagrangian, given in
Eqs. (100) and (102), is diagonal and the same for all �elds. However, due to the non-
trivial pro�le of the mode functions in the compact space, Yukawa couplings depend
on j1; j2; j3.

5 Higgs sector

In the bc- and bc0-sectors of the D-brane model there are no chiral fermions, and both
sectors contain a tachyon, see Table 3. In this section we will analyze the bc0-sector
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in detail. According to Table 1, brane b and brane c0 are parallel in two tori, their
distances being moduli. In the T-dual 
ux compacti�cation these moduli correspond
to Wilson lines. From Table 1 and Eq. (35) one obtains for the background �elds in
the three tori,

gf 1
1 =

�1

2��0
z1 ; g�2

1 =
l�2

2��0
z2p

2
+ g�2

1 ; g�3
1 = � 2�3

2��0
z3p

2
+ g�3

1 ;

gf 1
2 =

�1

2��0
z1 ; g�2

2 = � l�2

2��0
z2p

2
+ g�2

2 ; g�3
2 =

�3

2��0
z3p

2
+ g�3

2 :

(103)

The bc0-sector contains the vector and chiral super�elds V ++, �i++, V �� and �i��. The
charges with respect to H1 and H2 are identical. For notational simplicity, we shall
drop one of the superscripts in the following. The commutators of the relevant SO(32)
matrices are given in Eq. (203),

[H1; X
��] = �X�� ; [H2; X

��] = �X�� ; [X++; X��] = H1 +H2 :

Combining the H1 and H2 background �elds in Eq. (103), one obtains for the total 
ux
densities and Wilson lines in the three tori

g(f 1
1 + f 1

2 ) =
�1

��0
z1 � 4gfz1 ; g(�2

1 + �2
2) = g(�2

1 + �2
2) � g

p
2�2 ;

g(�3
1 + �3

2) = g(�3
1 + �3

2) � g
p

2�3 :
(104)

Using Eqs. (27), (29), (30) and (203), and inserting the background �elds (104), one
obtains for the quadratic part of the 10d Lagrangian,
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4
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4
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V +
�
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�
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: (105)

The �elds feel magnetic 
ux only in the �rst torus. Hence the mode functions are
harmonic oscillator wave functions in the �rst torus and ordinary KK mode functions
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in the second and third torus,

�i+(x; z1; z2; z3) =
X

nj;ml;m0l0

�i+nj;ml;m0l0(x)�nj(z1)�ml(z2)�m0l0(z3) ;

�i�(x; z1; z2; z3) =
X

nj;ml;m0l0

�i�nj;ml;m0l0(x)�nj(z1)�ml(z2)�m0l0(z3) ; etc. ;
(106)

where
�lm(z) = ez�lm�z�lm = ��l�m ; �lm = 2�(m+ il) � �� : (107)

Replacing covariant derivatives with 
ux by annihilation and creation operators ac-
cording to Eq. (55), inserting the mode expansion (106) for the second and third torus
and keeping for the two U(1) factors only the lowest mode, one arrives at
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(108)

� 4gf
�
ay+V

+
��0a

y
�V
�
��0 + a�V

�
��0a+V

+
��0

�
+ 2
�
jM�j2 + jM�0 j2

�
V +
��0V

�
��0

��
;

where
M� = �� � g�2 ; M�0 = ��0 � g�3 (109)

are mass terms that depend on the Wilson lines.
Consider �rst the case without 
ux, i.e., f = 0. In this case supersymmetry is

unbroken and, for simplicity, we restrict ourselves to mode functions (106) that are
constant in the �rst torus. Then one can easily diagonalize the Lagrangian. De�ning
the super�elds8

�+
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jM��0 j
�
M�0�

2+
��0 �M��
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��0

�
; ����0 =
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jM��0 j
�
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��0 +M�0�

3�
��0

�
;

(110)

where jM��0 j = (jM�j2 + jM�0 j2)1=2, and shifting the vector super�eld,

V +
��0 ! V +

��0 �
1p

2jM��0 j
�
�+
��0 � �����0

�
; (111)

8The following discussion holds for M��0 6= 0. For M��0 = M� = M�0 = 0, the �elds �2�00 and �3�00
do not mix.
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one obtains
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: (112)

The Goldstone chiral multiplets ����0 have been removed from the Lagrangian, and
a complex vector multiplet and four chiral multiplets all have the same mass M��0 ,
corresponding to N = 4 supersymmetry.

The magnetic 
ux in the �rst torus mixes di�erent Landau levels of �1�
n;��0 and ��n;��0 .

Now it is convenient to introduce the super�elds
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n;��0

�
;

(113)

with
�n;��0 = (4gfn+ jM��0 j2)1=2 : (114)

Using Eqs. (55) and (108), a straightforward calculation yields for the 4d Lagrangian,
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; (115)

where

Mn;��0 = (2gf(2n+ 1) + jM��0 j2)1=2 : (116)
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Like in the previous section the Goldstone bosons giving mass to the vector bosons
A+�
n;��0 are identi�ed as9

�+
n;��0 =

1p
2Mn;��0

�
�n;��0 �+

n;��0 + �n+1;��0 �
�
n;��0

�
; (117)

with the orthogonal complex scalars

�+
n;��0 =

1p
2Mn;��0

�
�n;��0 �+

n;��0 � �n+1;��0 �
�
n;��0

�
; (118)

where we have used �2
n+1;��0 + �2

n;��0 = 2M2
n;��0 . The kinetic terms of the tower of

Goldstone bosons are removed by shifting the vector bosons,

A+�
n;��0 ! A+�

n;��0 +
i

Mn;��0
@��+

n;��0 : (119)

Eliminating all F-terms and the D-terms D1, D2, D� by their equations of motion, one
obtains for the bosonic mass terms

Lb4 � �
X
n;��0

�
M2

n;��0

�
A+
n;��0�A

��
n;��0 + j�+

n;��0 j2 + j��n;��0 j2 + j��n;��0 j2
�

+(M2
n;��0 � 4gf)j��n;��0 j2 + (M 2

n;��0 + 4gf)j�+
n;��0 j2

�
: (120)

Note that the mass of ��0;00,

M2[��0;00] = �2gf + g2(j�2j2 + j�3j2) ; (121)

is tachyonic for j�2j2 + j�3j2 < f=g. The implications will be studied in the subsequent
section. The boson masses are consistent with the string formula (37) for the internal
helicities (0; 0; 0), (�; 0; 0), (0;�; 0), (0; 0;�).

Denoting the Weyl fermions contained in the super�elds ��, ��, �� and V + = V �y

by  �,  0�, !� and ��, respectively, one obtains for the fermion mass terms (see
Eq. (114)),

Lf4 � �
�
�n;��0

�
 �n;��0 

0+
n;��0 � i!�n;��0�+

n;��0

�
+ �n+1;��0

�
 +
n;��0 

0�
n;��0 � i!+

n;��0�
�
n;��0

��
+ h.c.

(122)

For vanishing Wilson lines there are four vector-like zero modes,  �0;��0 ,  
0+
0;��0 , !

�
0;��0

and �+
0;��0 . In the string formula (37) the mass spectrum is obtained for the helicities

(�1=2;�1=2;�1=2) and (1=2;�1=2;�1=2). There are two 
ux quanta in the �rst
torus, hence the multiplicity of all �elds is two. In the case Mn;��0 = 0, corresponding
to a compacti�cation from six dimensions to four dimensions, the mass spectrum has
previously been obtained in [22].

9Note that we use the same notation for a chiral super�eld and its scalar component.
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5.1 bc-sector

The bc-sector is very similar to the aa0-sector. In both cases the magnetic 
ux is non-
zero only in the second and third torus. We therefore do not treat this case in detail
but only mention some key features which are relevant for the discussion of tachyon
condensation in Section 7.

The sector contains the vector and chiral super�elds V +�, �i+�, V �+ and �i�+, i.e.,
the charges with respect to H1 and H2 are opposite. The commutators of the relevant
SO(32) matrices read (see Eq. (202)),

[H1; T
��] = �T�� ; [H2; T

��] = �T�� ; [T+�; T�+] = H1 �H2 : (123)

For zero Wilson lines, one obtains for the background �elds given in Eq. (103) the total

ux densities in the three tori

g(f 1
1 � f 1

2 ) = 0 ; g(f 2
1 � f 2

2 ) = 2l
�2

2��0
z2 � gf2z2 ;

g(f 3
1 � f 3

2 ) = �3
�3

2��0
z3 � �gf3z3 :

(124)

The crucial di�erence compared to the aa0-sector is the opposite sign of the 
ux densities
in the second and third torus. In the derivation of the e�ective 4d action this exchanges
annihilation and creation operators in various steps of the calculation. Taking this into
account, all relevant F - and D-terms can be essentially read o� from Eq. (63).

6 E�ective potential

We are now ready to calculate the one-loop e�ective potential from the e�ective �eld
theory. We start with the potential for Wilson lines in the bc0-sector, then we discuss
the potential in the ab-sector which is independent of Wilson lines and depends only on
volume moduli. We shall perform the calculation for the e�ective �eld theory discussed
in the previous section, summing over the full towers of Landau levels and KK modes,
and we shall then compare the result with a string calculation.

6.1 Field theory calculation

The one-loop e�ective potential is given by the well known Coleman-Weinberg expres-
sion

V (�) =
1

2

X
I

(�)F
Z

d4k

(2�)4
ln (k2 +M2

I (�)) ; (125)

where the sum extends over all bosonic and fermionic states. The masses in the bc0-
sector are denoted by MI(�), F denotes fermion number, I accounts for Landau levels
and KK quantum numbers, and � represents real and imaginary parts of the Wilson
lines in the second and third torus, i.e. � = (�1; �2; �3; �4) = (Re �2; Im �2;Re �3; Im �3).
Using the Schwinger representation of propagators one hasZ

d4k

(2�)4
ln (k2 +M2

I ) = � 1

16�2

Z 1
0

dt

t3
e�M

2
I t : (126)
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According to Eqs. (114), (120) and (122) the mass spectrum of the bc0-sector takes the
form

M2
I (�) = 2gfn+mgf + jM��0 j2 ; (127)

where n is the Landau level, and m takes the values m = �1; 0; 1; 2; 3; multiplicities
lm and fermion numbers Fm for di�erent values of m are (lm) = (1; 4; 6; 4; 1) and
(Fm) = (0; 1; 0; 1; 0). The sum over Landau levels is easily carried out,

1X
n=0

e�(2gfn+gfm+jM��0 j2)t = e�jM��0 j2t�gf(m�1)t 1

2 sinh(gft)
; (128)

and the sum over all bosons and fermions yieldsX
m

lm(�)Fm
1X
n=0

e�(2gfn+gfm+jM��0 j2)t = e�jM��0 j2t 1

2 sinh(gft)

�
�
e2gft � 4egft + 6� 4e�gft + e�2gft

�
= 16 e�jM��0 j2t sinh4(gft=2)

2 sinh(gft)
:

(129)

There are two 
ux quanta in the �rst torus leading to a multiplicity two for all states. In-
troducing radii for the second and third torus as (R1; R2; R3; R4) = (L2; L

0
2; L3; L

0
3)=2�,

the �nal result for the potential takes the form

V (�) = � 1

2�2

Z 1
0

dt

t3
sinh4

�
gft
2

�
sinh (gft)

X
mi

exp
�
� t
�mi

Ri

+ g�i

�2�
: (130)

The integral V (�) =
R
dtV (t; �) has an infrared as well as an ultraviolet divergence.

For large t the contribution of the mi = 0 term to the integrand behaves as

V (t; �) / 1

t3
e(gf�g2�2)t : (131)

Hence, the integral diverges if �2 < f=g. The same is true if � is closer than
p
f=g

to any lattice vector m=R. This infrared divergence is an e�ect of the tachyon in the
spectrum. Moreover, there is an ultraviolet divergence. Although each term in the
sum is convergent, the sum over KK modes behaves as R4=t2 for small t so that the
integrand scales as

V (t; �) / (gf)3R4

t2
e(gf�g2�2)t : (132)

Introducing an ultraviolet cuto�, t > � � 1=�2
UV, the quadratic ultraviolet divergence

becomes manifest, V � (gf)3R4�2
UV.

A convenient regularization of the potential can be obtained by considering a Poisson
resummation of the sum over KK modes,X

mi

exp
�
� t
�mi

Ri

+ g�i

�2�
=
�2
Q

iRi
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i
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i
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i

(Rili)
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: (133)
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Fi g ur e 3:  Wils o n-li n e p ot e nti al, n or m ali z e d t o its v al u e at t h e b or d er t o t h e t a c h y o ni c
r e gi o n,  w hi c h is c h os e n t o h a v e t h e  wi dt h  ∆  = 2 g f R 2 = 0 .2 (s e e t e xt).
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(140)

In the vincinity of an extremum the potential can be approximated by the contributions
of a few neighboring lattice points. As an example, consider a one-dimensional case
where � points in one lattice direction. For gR� = 1=2 the four nearest points yieldX
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Using this approximation for the sum over KK modes the potential can be evaluated
numerically. As discussed above it is periodic with period gR� � gR� + 1. Tachyonic
regions (gR� � n)2 < gfR2 � �2=4, where the potential is ill de�ned, have to be
excluded. The result for the normalized potential V̂ (�) = V (�)=V (

p
f=g) is shown in

Figure (3). The approximation used in Eq. (141) is remarkably robust. Changing the
number of neighboring points from four to six, or even two, does not lead to a visible
change in Figure 3. At the boundary to the tachyonic region the potential looses its
meaning and one has to address the problem of tachyon condensation.

The computation in the ab-sector goes as follows. The two stacks a and b intersect
in the three tori, therefore in the internal magnetic �eld framework charged states have
Landau levels in the three tori. Having checked that the mass formula (37) is valid in
the e�ective �eld theory (though the eigenvectors are linear combination of the states
in the Fock space spanned by Landau levels), one can compute the scalar potential
after diagonalizing the mass matrix. The states contributing are charged gauge vectors
A�, three complex scalar �elds �i and four Weyl fermions �;	i, where i = 1; 2; 3. As
shown in detail in Section 4.2, not all scalars in �i are physical, some of them being
absorbed by the massive Landau levels of gauge �elds A�. It is however simpler to
consider separately the two degrees of freedom in A� and the absorbed scalars in the
computation. Then the various contributions to the scalar potential are

A� : 2
X
ni

e�t
P
i(2ni+1)gfi =

1

4
Q

i sinh(gfit)
;

�i : 1
X
nj 6=ni

e�t
P
j 6=i(2nj+1)gfj

X
ni

�
e�t(2ni�1)gfi + e�t(2ni+3)gfi

�
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cosh(2gfit)

4
Q

i sinh(gfit)
;

� : 1
X
ni

�
e�2t

P
i nigfi + e�2t

P
i(ni+1)gfi

�
=

cosh(g(f1 + f2 + f3)t)

4
Q

i sinh(gfit)
; (142)
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	1 : 1
X
ni

�
e�2t(

P
i nigfi+gf1) + e�2t(

P
i(ni+1)gfi�gf1)

�
=

cosh(g(�f1 + f2 + f3)t)

4
Q

i sinh(gfit)
;

with contributions of 	2;	3 similar to the one of 	1 with appropriate obvious modi�-
cations. Adding all the contributions, taking into account of the opposite sign contri-
butions of bosons versus fermions and multiplying also by the multiplicity Iab of zero
modes and Landau levels, one gets

Vab = � Iab
16�2

Z 1
0

dt

t3
1Q

i sinh(gfit)

�
1 +

X
i

cosh(2gfit)

� cosh(g(f1 + f2 + f3)t)� cosh(g(�f1 + f2 + f3)t)

� cosh(g(f1 � f2 + f3)t)� cosh(g(f1 + f2 � f3)t)
�
: (143)

By using standard identities one can rewrite the result into the form

Vab =
Iab
2�2

Z 1
0
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t3
1Q

i sinh(gfit)
sinh

�g(f1 + f2 + f3)t
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(144)

� sinh
�g(�f1 + f2 + f3)t

2
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sinh

�g(f1 � f2 + f3)t

2

�
sinh

�g(f1 + f2 � f3)t

2

�
:

Notice that the scalar potential vanishes if

f1 � f2 � f3 = 0 : (145)

Whenever one of the four equations (145) is ful�lled, supersymmetry is restored in the
corresponding (ab in our case) sector, in agreement with the arguments given at the
end of Section 3. More precisely, if f1 � f2 = 0; f3 = 0, the four-dimensional e�ective
theory has N = 2 supersymmetry, whereas when all fi are non-vanishing but one of the
equations (145) is satis�ed, the e�ective theory has N = 1 supersymmetry. This is not
always manifest in the e�ective actions written in the previous sections, except for the
cases when f1 + f2 + f3 = 0 . The reason is that for the other cases of supersymmetry
restoration, the preserved supercharge generates multiplets misaligned to our super�eld
expansion. Indeed, in the super�eld expansion we used pre-assigned superpartners in an
universal way, whereas the supersymmetries preserved by the internal magnetic �elds
generically generate supermultiplets in a di�erent way. While this could seem surprising
at �rst sight, it is standard in extended supersymmetric theories (see, for example,
[37]). One test of residual supersymmetries in the compacti�ed theory is the boson-
fermion degeneracy at each mass level. However, this is realized non-trivially, since
the eigenvectors of the mass matrix mix di�erent Landau levels, as shown explicitly in
previous sections. Notice that this discussion matches known results on supersymmetry
preservation in D-brane models at angles [13] and the T-dual version of type I/type II
strings with internal magnetic �elds. However, as far as we know, this subtlety of the
e�ective action has never been discussed in detail in the string literature.
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6.2 String calculation

From the string theory perspective, the scalar potential coming from various sectors
is given by (minus) the cylinder partition function found by usual string quantization
with appropriate boundary conditions, in the internal magnetic picture, or equivalently,
the T-dual intersecting brane one. In particular,

Vbc0 = �Abc0 : (146)

Let us start with the scalar potential in the bc0-sector. The corresponding brane stacks
are parallel in the second and the third torus and intersect in the �rst torus. Standard
formulae [1] lead to the partition function

Abc0 =
I1
bc0

2(4�2�0)2

Z 1
0

d�2

� 3
2
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�1(�1� j�)
Pm2+�2Pm3+�3 ; (147)

where
Pm2+�2 =

X
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e
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i(
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Ri

+�i)
2

(148)

is the Kaluza-Klein sum along the second torus, with a similar expression for Pm3+�3 .
The parameter �1 is related to the angle between the stacks in the �rst torus according
to �1

bc0 = ��1. Various modular functions are de�ned in Appendix D. In Eq. (147) we
also used the character

(V8 � S8)(�1� j�) � �3
3�3(�1� j�)� �3

4�4(�1� j�)� �3
2�2(�1� j�)

2�4
=
�4

1( �1�
2
j�)

�4
; (149)

where the last equality is the Jacobi identity (228), and �i = �i(0j� ). The modular
parameter of the doubly covering torus of the cylinder is de�ned as

q = e2�i� ; � =
i�2

2
; (150)

and the relation with the Schwinger proper time of the �eld theory computation is
t = ��2�

0.
The connection with the �eld theory computation is done by decoupling the charged

open string oscillators in the formulae above, while keeping the Kaluza-Klein states and
the Landau levels. This is achieved in the �2 !1 limit of the modular functions, for
example,

�1(�1� j�)! 2i sinh
���1�2

2

�
q1=8 ; (151)

which is valid for j�1j < 1=2. Notice that the Wilson-line dependence of the �eld
theory expression is accurate in the large volume limit, vi � �0. Indeed, in this limit,
Kaluza-Klein states and Landau levels are much lighter than the charged open string
oscillators. It is important that the UV divergence of the amplitude/scalar potential,
which arises even after summing over all sectors due to the NSNS tadpole generated
by the magnetic �elds, is independent of the Wilson lines. The scalar potential can
therefore be regulated by the Pauli-Villars method discussed in the previous paragraph.
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⌧ 2⌧ 2⌧ 2⌧

Fi g ur e 4:  L eft: l o o p- di a gr a m f or o p e n stri n g; ri g ht: tr e e- di a gr a m f or cl os e d stri n g.

T h e a n al o g o us e x pr essi o n f or t h e a m plit u d e A b c i s e asil y f o u n d t o b e
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T h e st a c ks i n t h e a b -s e ct or i nt ers e ct i n all t hr e e t ori. I n t his c as e, t h er e ar e n o
st a n d ar d  K al u z a- Kl ei n s u ms, b ut  L a n d a u l e v els i n t h e t hr e e t ori.  T h e c yli n d er p artiti o n
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N oti c e t h at t h e p ot e nti al v a nis h es  w h e n e v er

1 ± 2 ± 3 = 0 , ( 1 5 6)

w hi c h e n c o d e t h e st a n d ar d c o n diti o n f or s u p ers y m m etr y r est or ati o n (s e e  E q. ( 1 2)),
θ 1 ± θ 2 ± θ 3 = 0, as e x pl ai n e d i n [ 1 3].
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After taking the �eld theory limit and by introducing Pauli-Villars regulators for
the UV part of the potential and using the �eld theory Schwinger proper time t, one
�nds the scalar potential

Vab =
I1
abI

2
abI

3
ab

2�2

Z 1
0

dt

t3

�
1� c1e

��21t � c2e
��22t

�
(157)

� sinh
� (�1+�2+�3)t

4

�
sinh

� (��1+�2+�3)t
4

�
sinh

� (�1��2+�3)t
4

�
sinh

� (�1+�2��3)t
4

�
sinh

�
�1t
2

�
sinh

�
�2t
2

�
sinh

�
�3t
2

� ;

where c1 +c2 = 1; c1�
2
1 +c2�

2
2 = 0. The non-regularized potential matches, by using the

�eld theory limit �i ! 2gfi, the �eld theory result (144). As is well-known, the one-loop
cylinder string partition functions can be also written, after a modular transformation,
as a tree-level propagation of closed strings between two stacks of branes (see Figure
4). This open-closed string duality is crucial for the consistency of the string theory
partition functions. However, after taking the �eld theory limit and decoupling the
open string massive oscillators, the �eld theory scalar potentials do not feature this
duality. As a consequence, we choose for brevity to not write the scalar potentials
in this dual formulation, which would otherwise be crucial for the full 
edged string
theory formulation.

6.3 Volume-moduli potential

The e�ective potential (157) depends on the parameters of �i. In the D-brane model
they represent the brane intersection angles, �i = �i=� and in the T-dual magnetic
compacti�cation they correspond to the torus volumes vi, with tan ��i = mi�i =
4�2�0mi=vi.

Consider �rst the case with vanishing 
ux in the �rst torus, which is the case in the
sectors aa0 and bc. The e�ective potential can be obtained from Eq. (157) by setting
�1 = 0, which yields

Vaa0 / �
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2

�
sinh

�
�3t
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� : (158)

On the line �2 = �3 in moduli space (see Figure 2) the potential Vaa0 vanishes. However,
as one easily veri�es, for �2 6= �3 the potential has an infrared divergence and approaches
�1. Hence, due to the existence of a tachyon for �2 6= �3, the line �2 = �3 is unstable.

We can also evaluate the integral Vab for non-zero 
uxes in all three tori, and there-
fore no Wilson lines. In string theory, the result is UV divergent due to NSNS tadpoles
which require a vacuum rede�nition that is very challenging to perform explicitly [26].

In our �eld theory approach, the potential can be regulated a l�a Pauli-Villars, but
now the result will depend on the regulator masses. We have checked numerically that
for �i � �2

1;2 � 1=�, where 1=� is the ultraviolet cuto�, variation of �2
1;2 essentially

changes the normalization of the potential and not the shape. Figure 5 shows the
potential Vab for three slices of moduli space de�ned by �3 = �̂3, �2 = �̂2 and �1 = �̂1,
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Figure 5: One-loop potential Vab for three slices in the three-dimensional space of
the volume moduli vi of the three 2-tori T 2

i , with tan ��i / 1=vi. The slices are de-
�ned by �3 = �̂3 (top), �2 = �̂2 (middle), and �1 = �̂1 (bottom), where (�̂1; �̂2; �̂3) =
(0:04; 0:07;�0:1) is a point in the tachyon-free region of moduli space. The poten-
tial (arbitrary units) is evaluated numerically for an ultraviolet cuto� ��1 = 103 and
Pauli-Villars regulator masses �2

1 = 75, �2
2 = 25.
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where (�̂1; �̂2; �̂3) = (0:04; 0:07;�0:1) is one allowed point in moduli space (see Figure 5).
At the boundary of the tachyon-free region the potential vanishes. The �gure clearly
illustrates that the system is always driven to the tachyonic region in moduli space.
The same conclusion has previously been reached in a related discussion in [17] from
the viewpoint of the disc level scalar potential. This suggests that a stabilization
mechanism for the volume moduli is needed at or above the compacti�cation scale.

7 Tachyon condensation

Most sectors of the considered model have potentially tachyonic charged scalars. A
frequent assumption is that such tachyonic instabilities can be avoided by means of
Wilson lines. However, as we demonstrated in the previous section for the bc0-sector, the
one-loop Wilson-line potential has no stable extrema and the system is therefore driven
to the tachyonic regime. For zero Wilson lines tachyon condensation takes place. This is
interpreted as brane-brane recombination and it is expected that tachyon condensation
restores supersymmetry, at least partially (see, for example, [34{36]). In the following,
we shall address for the �rst time tachyon condensation in a compact space.

7.1 bc0-sector

The situation is particularly simple in the bc0-sector. According to Eq. (121) the �eld
��0;00 = �1�

0;00 has a negative mass squared. The interesting question is whether its
condensation can restore supersymmetry. Inspection of (115) shows that the relevant
F - and D-terms are given by (for simplicity we restrict ourselves to � = �0 = 0),

� �F+
n = jMn;00j ��n ; (159)

�2D1;2 = 4f + g
X
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n j2 + j�+
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�
; (160)

�
p

2D+
n = jMnj �+

n � jMn+1j �
�
n : (161)

The equation D+
n = 0 is easily satis�ed by �+

n = ��n = 0. The crucial point is that
because of jM0;00j = 0, the �eld ��0 = �1�

0 decouples from the superpotential, and
therefore �F+

0 = 0. Setting �+
n = �+

n = �+
n = ��n = ��n+1 = ��n = 0, D1;2 = 0 can be

satis�ed by �1�
0 =

p
2f=g, and supersymmetry is restored. The D-term scalar potential

VD =
g

4

�
4f � j�1�

0 j2
�2
; (162)

yielding the tachyonic mass squared �2gf , in agreement with Eq. (121).
According to Eqs. (7), (24), (30) and (33), a vev of �1�

0 leads to masses for all chiral
fermions,

Lmass / yj�1�
0 j
� 3(l�2)X

j=1

�N j
1;0N

j
0;1 +

l+2X
j=1

�N j
0;1N

j
1;0

�
; (163)

where j labels the ground state wave functions. Hence, after tachyon condensation, all
fermions have masses of order

p
gf .
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7.2 bc-sector

This sector is very similar to the aa0-sector, since the 
ux vanishes in the �rst torus.
However, an important di�erence is the sign of the 
ux densities. In the aa0-sector
one has positive 
ux densities in the second and the third torus. On the contrary, in
the bc-sector the two 
ux densities have opposite sign. Taking this into account, the
relevant F - and D-terms can be essentially read o� from Eq. (63). One �nds, before
forming linear combinations for mass eigenstates,

�F 1+�
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p
2gf2n �

3�+
n�1;n0 �

p
2gf3(n0 + 1) �2�+
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X
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; (166)
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�p
n0 + 1 ��3+�
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p
n0 �3�+

n;n0�1

�
: (167)

Similar to the bc0-sector, now the �elds �2�+
0;0 and �3+�

0;0 decouple from the superpotential.

Setting all other �elds to zero, F 1+�
n;n0 , F 1�+

n;n0 and D�+
n;n0 vanish and one is left with

�(D1 �D2) = f2 � f3 + g
�
j�3+�

0;0 j2 � j�2�+
0;0 j2

�
: (168)

Depending on the sign of f2 � f3, D1 �D2 = 0 is achieved for a vev of �3+�
0;0 or �2�+

0;0 .
Hence, as in the bc0-sector, tachyon condensation restores supersymmetry. However,
according to Eq. (7), these vev's do not generate mass terms for chiral fermions. In the
special case f2 = f3, there are two massless scalars and no tachyon condensation takes
place.

Tachyon condensation in the aa0-sector is more complicated since the SU(N) D-
terms and the superpotential couple the antisymmetric tensor to chiral �elds in the
adjoint representation of SU(N). Also Wilson lines of the U(1)a gauge group have
to be taken into account. This allows for more complicated solutions of the F - and
D-term equations. Tachyon condensation involves �elds of order

p
f=g. Hence, the

couplings between the various sectors by D- and F -terms have to be taken into account
in a complete analysis of the vacuum structure.

8 Conclusions and open questions

We have studied the e�ective �eld theory for an intersecting D-brane model and its
T-dual magnetic compacti�cation, which has all features wanted for extensions of the
Standard Model with high-scale supersymmetry breaking: the model has a `matter
sector' with chiral fermions, broken supersymmetry and massive scalars, and a `Higgs
sector' with vector-like fermions. For certain choices of 
uxes, in some sectors scalars
are massless and supersymmetry is partially preserved. Expectation values of Higgs
scalars can give mass to the chiral fermions. In general it is assumed that tachyons in
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the Higgs sector can be avoided by means of Wilson lines. All these features are well
known from phenomenological applications in the literature (see, for example, [16,21]).

The considered model is also representative at the technical level. The di�erent
sectors are examples of the three possibilities for background gauge �elds, with 
ux in
one torus and Wilson lines in the other two, 
ux in two tori and Wilson lines in one
torus, and 
ux in three tori. The magnetic 
ux mixes the towers of Landau levels, yield-
ing also massless Goldstone bosons that give mass to vector �elds via the St�uckelberg
mechanism. Physical 4d �elds are linear combinations of �elds from di�erent Landau
levels. For each mass level the counting of bosonic and fermionic states is consistent
with the string mass formula.

The scalar masses depend on moduli, i.e., Wilson lines and the volume moduli of
the three tori. One of the main results of this paper is the computation of the one-
loop e�ective potential for Wilson lines in the `Higgs sector' based on the e�ective
4d �eld theory. Summing over the tower of Landau levels leads to a result which is
consistent with the string cylinder amplitude in the �eld theory limit. It turns out
that the computation of the string amplitude is very convenient to obtain the one-loop
potential, and in this way we have therefore evaluated the contributions of all sectors
of the model to the e�ective potential.

Notice, that in string theory, whenever the magnetic 
uxes break supersymmetry,
there are NSNS tadpoles that generate divergences. These divergences, that are UV
from the loop viewpoint, are actually IR from the viewpoint of the tree-level gravita-
tional exchange. Their existence implies that the computation is not performed in the
right vacuum, that has to be rede�ned (see, for example, [26]), which is technically very
challenging (for recent progress, see, for example, [38]). This does not a�ect the Wilson-
line potential, since the divergence is independent of the Wilson lines. Our �eld theory
approach with Pauli-Villars regulators allowed us to analyze also the dependence of the
potential on the volume moduli. We �nd the expected instability of the perturbative
vacuum. However, a more detailed study is needed to obtain a de�nite result on the
potential vacuum instability.

The one-loop Wilson-line potential in the Higgs sector is concave. There are no
stable extrema and the system is therefore driven to the tachyonic regime. We showed
that for vanishing Wilson lines tachyon condensation indeed takes place, and the cor-
responding vacuum expectation value gives masses to all chiral fermions of the order
of the compacti�cation scale. It is quite possible, however, that in other models some
chirality remains after tachyon condensation.

As we have seen, tachyon condensation in the Higgs sector restores supersymmetry.
It is important to extend the �rst analysis in this paper to all sectors of the model,
since the restoration of supersymmetry is closely related to the vacuum energy density
and the stability, or possibly metastability, of the model. Given the phenomenologi-
cal virtues of magnetic compacti�cations and intersecting D-brane models, it appears
mandatory to further pursue these questions.
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A Embedding U(N) into SO(2N)

In Section 2 and Section 3 we discussed an intersection D-brane model with gauge
group U(14)�U(1)�U(1) and a T-dual type I string compacti�cation on a magnetized
torus, respectively. The connection becomes particularly transparent if one uses step
generators for the U(16) subgroup of SO(32). In this appendix we collect some formulae
which extend the step generators of a U(N) algebra to an SO(2N) algebra by adding
generators that transform as the antisymmetric complex representation of U(N).

The N2 generators of U(N) are given by matrices T̂�� that transform as N 
N ,�
T̂��

�
�0 ��0

= ��0��� ��0 : (169)

Note that the T̂�� are not hermitian but satisfy the relation

T̂ T�� = T̂�� : (170)

The step generators are related to N(N + 1)=2 symmetric hermitean generators T̂ 1
��

and N(N � 1)=2 antisymmetric hermitian generators T̂ 2
�� by

T̂ 1
�� = T̂�� + T̂�� ; T̂ 2

�� = i
�
T̂�� � T̂��

�
: (171)

In�nitesimal U(N) transformations of the fundamental representation  � N read

� = i
�
"��T̂�� + "���T̂��

�
 = i

�
"1
��T̂

1
�� + "2

��T̂
2
��

�
 ; (172)

where "�� = "1
��+i"2

��. Note that "1
��T̂

1
�� and "2

��T̂
2
�� are symmetric and antisymmetric

N�N matrices, respectively. An in�nitesimal transformation of the complex conjugate
representation  � N reads

� � = �i
�
"���T̂�� + "��T̂��

�
� = �i

�
"1
��T̂

1
�� + "2

��T̂
2
��

�
� : (173)

The step generators satisfy the commutator relations

[T̂��; T̂
�] = ��
T̂�� � ���T̂
� ; (174)
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and are normalized as

tr
�
T̂��

�
= ��� ; tr

�
T̂ T��T̂
�

�
= ��
��� : (175)

The N �N matrices T̂�� and �T̂�� can be combined into 2N � 2N matrices

T�� =

�
T̂�� 0

0 �T̂��

�
=

�
T̂�� 0

0 �T̂ T
��

�
; (176)

which act on the 2N -component vector

	 =

�
 
� 

�
: (177)

Note that

tr (T��) = 0 ; tr
�
T��

yT
�
�

= 2��
��� : (178)

The generators T�� satisfy the same algebra as the generators T̂��,

[T��; T
�] = ��
T�� � ���T
� ; (179)

and the corresponding SO(2N) transformations read

�	 = i
�
"1
��T

1
�� + "2

��T
2
��

�
	 : (180)

The generators of SO(2N)=U(N) form a complex antisymmetric tensor of U(N).
They can be chosen as

X+

� =

�
0 X̂
�

0 0

�
; X�
� =

�
0 0

�X̂
� 0

�
; (181)

where

(X̂
�)
0�0 = �

0���0 � �
�0��
0 ; (182)

with

X̂
� = �X̂T

� = �X̂y
� = �X̂�
 : (183)

The generators X�
� satisfy the relations

X+

�
y
X��� = X�
�

y
X+
�� = 0 ; (184)

and are normalized as

tr
�
X�
�

y
X���

�
= 2(�
���� � �
����) : (185)
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Together with T�� they form a closed algebra,

[T��; X
+

�] = ��
X

+
�� + ���X

+

� ;

[T��; X
�

�] = ���
X��� � ���X�
� ;

[X+

�; X

+
��] = [X�
�; X

�
��] = 0 ;

[X+

�; X

�
��] = �
�T�� � ���T
� + ���T
� � �
�T�� :

(186)

The corresponding SO(2N) transformations read

�	 = i
�
~"
�X

+

� + ~"�
�X

�

�

�
	 = i

�
~"1

�X

1

� + ~"2


�X
2

�

�
	 ; (187)

where ~"
� = ~"1

� + i~"2


� and

X1

� = X+


� +X�
� =

�
0 X̂
�

�X̂
� 0

�
;

X2

� = i

�
X+

� �X�
�

�
= i

�
0 X̂
�

X̂
� 0

�
:

(188)

From Eqs. (180) and (187) one concludes that a general SO(2N) transformation is
given by the 2N � 2N matrix

X =

�
S + iA3 A1 + iA2

�A1 + iA2 �S + iA3

�
: (189)

Here S = "1
��T̂

1
�� is a real symmetric N �N matrix, and A3 = �i"2

��T̂
2
��, A1 = ~"1


�X̂
�

and A2 = ~"2

�X̂
� are real antisymmetric N �N matrices. This can be compared to the

standard form of SO(2N) generators [39]

� = �i
�
�1 �
��T �2

�
= ��T ; (190)

where �1 and �2 are antisymmetric real N�N matrices and � is an arbitrary real N�N
matrix. After a unitary transformation,

U =
1p
2

�
I �iI
I iI

�
; (191)

one obtains

�0 = U�U y =
1

2

�
�+ �T � i(�1 + �2) �(�� �T )� i(�1 � �2)

(�� �T )� i(�1 � �2) �(�+ �T )� i(�1 + �2)

�
: (192)

This expression for �0 agrees with the one for X in Eq. (189) with S = (� + �T )=2,
A3 = �(�1 + �2)=2, A1 = �(�� �T )=2 and A2 = �(�1 � �2)=2.

Notice that the transformation (191) is also diagonalizing the magnetic 
ux. Indeed,
in the SO(2N) basis, the magnetic 
ux is of the type

hF i =

�
0 I
�I 0

�
: (193)

After the unitary transformation, the 
ux becomes

UhF iU y =

�
iI 0
0 �iI

�
: (194)
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B Commutators

In Sections 2{5 we have considered the groups G = SO(2(N + 2)) � U(N) � U(1) �
U(1) = H, and in Eqs. (29), (30) and (31) we have expanded vector, chiral and anti-
chiral super�elds in terms of SO(2(N+2)) generators, with the identi�cations (cf. (24)),

H0 =
1p
N
T��; H1 = TN+1;N+1; H2 = TN+2;N+2; T�� = ~T�� +

1p
N
���H0 (195)

for generators of H and

T�0
� = T�;N+1; T

0�
� = T�;N+2; T

+0
� = TN+1;�; T

0+
� = TN+2;�; T

+� = TN+1;N+2;

T�+ = TN+2;N+1; X
+0
� = X+

�;N+1 = �X+
N+1;�; X

0+
� = X+

�;N+2 = �X+
N+2;�;

X�0
� = X�N+1;� = �X��;N+1; X

0�
� = X�N+2;� = �X��;N+2;

X++ = X+
N+1;N+2 = �X+

N+2;N+1; X
�� = X�N+2;N+1 = �X�N+1;N+2 ; (196)

for generators of G=H.
Non-vanishing commutators needed in Sections 3 - 5 include

[H0; T
�0
� ] = � 1p

N
T�0
� ; [H1; T

�0
� ] = �T�0

� ; [T�0
� ; T+0

� ] = T�� � ���H1; (197)

[H0; T
0�
� ] = � 1p

N
T 0�
� ; [H2; T

0�
� ] = �T 0�

� ; [T 0�
� ; T 0+

� ] = T�� � ���H2; (198)

[H0; X
�0
� ] = � 1p

N
X�0
� ; [H1; X

�0
� ] = �X�0

� ; [X+0
� ; X�0

� ] = �T�� � ���H1; (199)

[H0; X
0�
� ] = � 1p

N
X0�
� ; [H2; X

0�
� ] = �X0�

� ; [X0+
� ; X0�

� ] = �T�� � ���H2; (200)

[H0; X
�
��] = � 2p

N
X���; [X+

��; X
�

�] = ��
T�� � ��
T�� + ���T�
 � ���T�
 ; (201)

[H1; T
��] = �T��; [H2; T

��] = �T��; [T+�; T�+] = H1 �H2; (202)

[H1; X
��] = �X��; [H2; X

��] = �X��; [X++; X��] = H1 +H2; (203)

[T�0
� ; T 0+

� ] = ����T�+; [T�0
� ; T+�] = T 0�

� ; [T�0
� ; X��
] = ����X�0


 + ��
X
�0
� ; (204)

[T�0
� ; X+0

� ] = �X+
��; [T�0

� ; X0�
� ] = ����X��; [T�0

� ; X++] = X0+
� ; (205)

[T 0�
� ; T+0

� ] = ����T+�; [T 0�
� ; T�+] = T�0

� ; [T 0�
� ; X��
] = ����X0�


 + ��
X
0�
� ; (206)

[T 0�
� ; X0+

� ] = �X+
��; [T 0�

� ; X�0
� ] = ���X

��; [T 0�
� ; X++] = �X+0

� ; (207)

[T+0
� ; T�+] = �T 0+

� ; [T+0
� ; X+

�
] = ��
X
+0
� � ���X+0


 ; [T+0
� ; X0+

� ] = ���X
++; (208)

[T+0
� ; X�0

� ] = �X���; [T+0
� ; X��] = �X0�

� ; (209)

[T 0+
� ; T+�] = �T+0

� ; [T 0+
� ; X+

�
] = ��
X
0+
� � ���X0+


 ; [T 0+
� ; X+0

� ] = ����X++; (210)

[T 0+
� ; X0�

� ] = �X���; [T 0+
� ; X��] = X�0

� ; (211)

[T+�; X0+
� ] = X+0

� ; [T+�; X�0
� ] = �X0�

� ; (212)

[T�+; X+0
� ] = X0+

� ; [T�+; X0�
� ] = �X�0

� ; (213)
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[X+0
� ; X��
] = ���T

+0

 � ��
T+0

� ; [X+0
� ; X0�

� ] = ����T+�; [X+0
� ; X��] = T 0�

� ; (214)

[X0+
� ; X��
] = ���T

0+

 � ��
T 0+

� ; [X0+
� ; X�0

� ] = ����T�+; [X0+
� ; X��] = �T�0

� ;

(215)

[X�0
� ; X+

�
] = ���T
�0

 � ��
T�0

� ; [X�0
� ; X++] = �T 0+

� ; (216)

[X0�
� ; X+

�
] = ���T
0�

 � ��
T 0�

� ; [X0�
� ; X++] = T+0

� : (217)

C Super�eld components

For N = 1 super�elds we use the conventions of Wess and Bagger [32]. In the following
we list a couple of formulae for charged super�elds10 that are frequently needed in the
derivation of the 4d e�ective Lagrangian:

V � = �����A�� + i����
� � i����� +

1

2
����D� ; (218)

�� = �� +
p

2� � + i����@��
� + : : : (219)

V +V � = �1

2
����A+

�A
�� + : : : ; (220)

W+W� = ��D+D� + : : : ; (221)

V +�� =
i

2
����A+

� @
��� +

ip
2
�����+ � +

1

2
����D+�� + : : : ; (222)

V + ��+ = � i
2
����A+

� @
� ��+ � ip

2
�����

� � + +
1

2
����D+ ��+ + : : : : (223)

D Jacobi functions

For the reader's convenience we collect in this Appendix the de�nitions, transformation
properties and some identities among the modular functions that are used in the text.
The Dedekind function is de�ned by the usual product formula (with q = e2�i� )

�(�) = q
1
24

1Y
n=1

(1� qn) ; (224)

whereas the Jacobi �-functions with general characteristic and arguments are

�

�
�

�

�
(zj�) =

X
n2Z

ei��(n��)2e2�i(z��)(n��) : (225)

We give also the product formulae for the four special �-functions

�1(zj�) � �

� 1
2
1
2

�
(zj�) = 2q1=8sin�z

1Y
n=1

(1� qn)(1� qne2�iz)(1� qne�2�iz) ;

10Note, that we use the notation �
+

= �+, etc.
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�2(zj�) � �

�
1
2

0

�
(zj�) = 2q1=8cos�z

1Y
n=1

(1� qn)(1 + qne2�iz)(1 + qne�2�iz) ;

�3(zj�) � �

�
0

0

�
(zj�) =

1Y
n=1

(1� qn)(1 + qn�1=2e2�iz)(1 + qn�1=2e�2�iz) ;

�4(zj�) � �

�
0
1
2

�
(zj�) =

1Y
n=1

(1� qn)(1� qn�1=2e2�iz)(1� qn�1=2e�2�iz) : (226)

The modular properties of these functions are described by

�(� + 1) = ei�=12�(�) ; �

�
�

�

�
(zj� + 1) = e�i��(��1)�

�
�

� + � � 1
2

�
(zj�)

�(�1=� ) =
p
�i� �(�) ; �

�
�

�

��z
�

����1

�

�
=
p
�i� e2i���+i�z2=� �

�
�

��

�
(zj�) : (227)

A useful identity for theta functions is the Jacobi identity

X
�;�=0;1=2

(�1)2�+2�+4��

4Y
i=1

�

�
�

�

�
(zij�) =

�2�1

��z1 + z2 + z3 + z4

2

������1

�z1 � z2 + z3 + z4

2

�����
��1

�z1 + z2 � z3 + z4

2

������1

�z1 + z2 + z3 � z4

2

����� : (228)

In computing partition functions, it is useful to de�ne SO(2n) characters. Of particular
relevance for us are

V8(zi� j�) =

Q4
i=1 �3(zi� j�)�Q4

i=1 �4(zi� j�)

2�4
;

S8(zi� j�) =

Q4
i=1 �2(zi� j�) +

Q4
i=1 �1(zi� j�)

2�4
: (229)
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