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ABSTRACT: We present three loop soft-plus-virtual (SV) corrections to the spin-2 production at
the Large Hadron Collider (LHC). For this calculation, we make use of the recently computed
quark and gluon three loop form factors for the spin-2 production, the universal soft-collinear
coefficients as well as the mass factorization kernels. The SV coefficients are presented up to next-
to-next-to-next-to leading order (N3LO). We also use these coefficients at three loops to compute
the resummed prediction for inclusive cross-section to next-to-next-to-next-to leading logarithmic
accuracy (N3LL) matched to next-to-next-to leading order (NNLO). We use the standard technique
to derive the Mellin N-dependent coefficients and also the N-independent coefficients to achieve
the resummation using the minimal prescription matching procedure. Considering the spin-2 prop-
agator in the large extra dimensional (ADD) model, we also study the numerical impact of these
three-loop SV corrections as well as the resummed predictions on the di-lepton invariant mass dis-
tribution at the 13 TeV LHC. We find that the conventional scale uncertainties in the NNLO+N3LL
resummed results substantially get reduced to as low as 2% in the high invariant mass region.
We also estimate the PDF uncertainties in our predictions that will be useful in the experimental
searches for large extra dimensions.

KEYWORDS: Resummation, Phenomenology of Large extra dimensions
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1 Introduction

The Standard Model (SM) of particle physics has been successful so far in describing the dynamics
of the fundamental particles. The discovery of the Higgs boson [1, 2] at the CERN Large Hadron
Collider (LHC) has been a milestone in establishing the theory. Presently, the SM is being tested
to unprecedented accuracy at the LHC in order to measure the Higgs couplings to the fermions and
gauge bosons of SM, to improve the accuracy of the universal parton distribution functions (PDFs)
as well as to search for any possible deviations from the SM results that can hint a sign of beyond
SM (BSM) physics. To achieve this, one needs a robust and highly precise theory predictions,
thanks to the recent developments both in the electroweak and QCD precision studies. At the
LHC, the initial state partons being colored, the QCD corrections are very dominant and higher
and higher terms in the perturbative expansion are often needed to have a reliable prediction which
can be compared with experimental outcome.

Precise theory predictions are already available for many SM and BSM processes at the LHC.
Particularly the Higgs and pseudo-scalar Higgs (Spin-0) boson productions in gluon fusion [3–7]
as well as in bottom quark annihilation [8] are already available at NNLO accuracy. For the SM
Higgs, even the complete N3LO results [9–11] are also available very recently and the corrections
are found to be well within 3 − 5%. The exclusive observable are also being calculated at the
same accuracy. For example the NNLO corrections to rapidity distributions for Higgs are also
available in the context of LHC [12–14]. The SM Higgs rapidity is also known to N3LO accuracy in
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gluon fusion [15, 16]. Recently there is renewed interest in the di-Higgs production and associated
production in the context of Higgs properties measurement (see for example [17–27]).

The di-lepton production through the decay of spin-1 gauge bosons on the other hand provides
one of the cleanest channels to be measured at the collider experiments. Consequently, the di-
lepton production process has been of interest both in theory as well as in experiments and also
looked in the context of BSM searches. The phenomenological implications of this process are
exposed in the deviations from the SM predictions either in the form of contact interactions or
heavy resonances. For the case of spin-1 particle (W/Z) production (Drell-Yan process) at the
LHC, NNLO corrections are available for decades. DY inclusive cross-section is known at NNLO
[3, 28]. Drell-Yan rapidity is also known at the same accuracy [29–33].

Spin-2 particle production on the other hand is available very recently at NNLO accuracy
for di-lepton production for both generic universal [34] and non-universal [35] couplings. Spin-2
production in the context of large extra dimensional models like ADD [36] or RS [37] has got
much attention in the context of BSM searches. In ADD and RS models, gravitons couple to the
energy momentum tensor and consequently they couple with equal strength to all the SM particles
(universal couplings). For such universal coupling scenario, since graviton couples to quarks as
well as gluons, their production cross sections at the LHC are very important and have been studied
well phenomenologically. Consequently, searches for extra dimensions at the LHC in di-lepton
[38, 39], di-photon missing energy [40] signals have been carried out yielding stringent bounds on
the model parameters. On the theory side, there is extensive study on spin-2 production. Di-photon,
di-lepton and di-gauge boson rates are provided in ADD [41–48] and in RS models [49–53] at NLO
as well as the tri-gauge bosons production [54, 55]. The generic universal and non-universal spin-2
processes have been automated [56] in MADGRAPH5 AMC@NLO [57] framework recently.

Out of several extra dimensional models, ADD model provides a very simple solution to the
hierarchy problem and has been looked for extensively at the LHC. In the ADD model all the SM
particles are confined to four dimensional brane whereas gravity can propagate through the 4 + n

dimensional bulk. These extra dimensions are compactified with periodic boundary conditions
which leads to a tower of Kaluza-Klein (KK) modes. These KK modes lead to non-resonant excess
in high invariant mass of di-lepton pairs which results from the decay of virtual gravitons. The
search for non-resonant enhancement from models like ADD has been searched at the LHC from
time to time. It is observed in the NLO QCD computation [58] that the K-factors in the di-lepton
production case are potentially large and range up to 60%. This is because the graviton couples
to quarks like the gauge bosons do in the SM, but also to gluons and hence mimic large K-factors
of the Higgs boson production case at the LHC. This leads to the computation of the NNLO QCD
corrections to the di-lepton production process in extra dimension models [34]. The NNLO QCD
corrections are found to contribute to the total cross sections another 10% of the LO predictions.
The NNLO K-factors are thus quite different from those of the SM.

To minimize the theory uncertainties it is imperative to go beyond the NNLO in QCD. First
step towards higher orders beyond NNLO is to get the SV predictions by calculating the most
singular terms at the higher order. SV calculation has been successfully performed in case of
SM inclusive Higgs production [59–64], associated production [22], bottom quark annihilation
[65], DY production [66, 67], pseudo-scalar Higgs production [68] at N3LO level as well as for
rapidity [66, 69–71] and has been shown that it constitutes a significant contribution to the cross-
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section. Another way to improve the accuracy of the inclusive cross-section over NNLO is to
resum threshold enhanced logarithms to all order. These logarithms play an important contribution
when partonic threshold variable z takes the limit 1. The resummation is well understood in the
Mellin-N space and is possible due to complete factorization of the soft function amplitude as well
as phase space in Mellin-N space. The threshold resummation has been successfully applied to
many SM process for example Higgs production [60, 72–76] (see also [77] for renormalisation
group improved prediction.), DY production [60, 73] as well as pseudo-scalar production [78] (see
[79, 80] for earlier works).

The resummation is very important for the differential observable. The threshold enhanced
resummation has been performed consistently in double Mellin space for rapidity and for xF dis-
tributions [81–84] (see also [85] for SCET based factorization and resummation). Resummation is
essential for observable which are very sensitive to infrared physics for example transverse momen-
tum distribution where logarithms of the type ln(Q2=p2

T ) can be very large in the infrared region
thus spoiling the fixed order (FO) prediction. Resummation is thus very important to correctly
describe the low pT region and results are available up to N3LL accuracy for many important SM
processes. The Higgs pT spectrum is known to NNLO+N3LL accuracy [86, 87] and the uncertainty
is found to be reduced by 60% compared to NLO+NNLL in the low pT region. For the pseudo-
scalar production, the pT spectrum is known to NNLOA+NNLL [88] and the scale variation is
found to be improved to 20% in the low-pT region. Drell-Yan pT spectrum is also known to same
accuracy [86, 89].

In this article we improve the inclusive cross-section for spin-2 production in di-lepton channel
within ADD model beyond NNLO accuracy. First, we calculate the compete SV results at N3LO
using the form-factor at three loops and the universal soft function at the same. Second, we apply
the standard threshold resummation technique and extract the process-dependent constant pieces
required up to N3LL level. The paper is organized as follows: in Sec. 2, we study the theoretical
formalism where we have collected all the formulas for the DY production in ADD. We also present
the formalism to calculate the SV contributions as well as the resummed coefficients required for
the N3LL accuracy. In Sec. 3, we present the numerical results in the context of 13 TeV LHC and
then summarize our results.

2 Theoretical Framework

The hadronic cross-section for standard DY production at the hadron collider is given by,

d�P1P2

dQ

(
�;Q2

)
=
Q

S

∑
ab=q;q;g

∫ 1

0
dx1

∫ 1

0
dx2 f

P1
a (x1; �

2
f ) fP2

b (x2; �
2
f )

×
∑

I∈{;Z;G}

∫ 1

0
dz �I(z;Q2; �2

f )�(� − zx1x2) : (2.1)

Here S and ŝ denote the center-of-mass energy in the hadronic and partonic frame respectively.
The hadronic and partonic threshold variables � and z are defined as

� =
Q2

S
; z =

Q2

ŝ
: (2.2)
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They are thus related by � = x1x2z. The partonic cross-section gets contribution from virtual
photon and Z boson as in the standard DY process in SM, in addition, it also gets contribution from
spin-2 mediator (G) decaying to leptons. The SM in here is treated as background for the signal
defined by diagrams with spin-2 production. Notice that the signal and background completely
get separated from each other in the cross-section after performing the phase-space integration for
invariant mass distribution. This gives opportunity to calculate the SM and ADD contributions
completely separately and there is no interference term between them. Whereas in the SM case,
there is only quark annihilation channel at the born level, in the ADD case, both quark annihilation
as well as gluon fusion channels are present already at the born level.

The partonic cross-section in the above Eq. (2.1) can have two separate kind of contributions,
one which is more singular when z → 1 known as the soft-virtual contribution and the other is
regular contribution which is finite in the limit z → 1. Thus the decomposition of the partonic
cross-section has the following form,

�I(z;Q2; �2
f ) = F (0)

I

(
�ab�

(sv);I
ab + �

(reg);I
ab

)
; (2.3)

where F (0)
I is the pre-factor which depends on the specific model in consideration. In case of ADD

model, the pre-factor has the following form,

F (0)
ADD =

�4Q6

320�2
|D(Q2)|2 ; (2.4)

with

D(Q2) = 16�

(
Qd−2

�2Md+2
S

)
I
(
MS

Q

)
: (2.5)

The summation over the non-resonant KK modes depends on the number of extra dimensions
present in the model and yields

I(!) = −
d=2−1∑
k=1

1

2k
!2k − 1

2
log(!2 − 1) ; d = even ; (2.6)

I(!) = −
(d−1)=2∑
k=1

1

2k − 1
!2k−1 +

1

2
log

(
! + 1

! − 1

)
; d = odd : (2.7)

The pre-factor for DY case has the following expression,

F (0)
DY =

4�2

3Q2

[
Q2
q −

2Q2(Q2 −M2
Z)(

(Q2 −M2
Z)2 +M2

Z�2
Z

)
c2
ws

2
w

Qqg
V
e g

V
q

+
Q4(

(Q2 −M2
Z)2 +M2

Z�2
Z

)
c4
ws

4
w

(
(gVe )2 + (gAe )2

)(
(gVq )2 + (gAq )2

)]
; (2.8)

whereMZ and �Z are the mass and the decay width of the Z-boson, � is the fine structure constant,
cw; sw are sine and cosine of Weinberg angle respectively.

gAa = −1

2
T 3
a ; gVa =

1

2
T 3
a − s2

wQa ; (2.9)
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Qa being electric charge and T 3
a is the weak isospin of the electron or quarks.

The SV cross-section for spin-2 production is known to two loops in [90] after the subsequent
calculation of the two loop form factors [91]. Recently the complete NNLO correction has been
performed after calculating the regular piece at second order in strong coupling [34] with reverse
unitarity method [5]. In the next two sections we improve this accuracy by first calculating the SV
cross-section at the three loops and then in the next section we resum large threshold logarithms up
to N3LL accuracy and matched with existing NNLO fixed order result.

2.1 Soft-virtual cross-section

The SV cross-section constitutes a significant contribution to the partonic cross-section and can be
computed order by order in strong coupling,

�
(sv);I
ab =

∞∑
i=0

ais�
(i);I
ab : (2.10)

For SV cross-section, only q�q and gg channels contribute which appear in the born process for spin-
2 production. The threshold enhanced partonic soft-virtual cross-section can be written [62, 63] as

�(sv);I(z;Q2; �2
r ; �

2
f ) = C exp

(
	I

(
z;Q2; �2

r ; �
2
f ; �
) )∣∣∣

�=0
with I = q; g : (2.11)

Here 	I is a finite distribution in the limit � → 0. The symbol C denotes the Mellin convolution
(denoted below as ⊗) which in the above expression should be treated as

C exp
(
f(z)

)
= �(1− z) +

1

1!
f(z) +

1

2!
f(z)⊗ f(z) + · · · ; (2.12)

with f(z) being a function containing only �(1− z) and plus distributions. The finite exponent in
the above gets contribution from the form factor

(
F̂I(âs; q2 = −Q2; �2; �)

)
, soft-collinear function(

�I(âs; z;Q
2; �2; �)

)
as well as mass factorization kernels

(
�I(âs; z; �

2
f ; �

2; �)
)

and can be written
as

	I

(
z;Q2; �2

r ; �
2
f ; �
)

=

(
ln
[
ZI(âs; �2

r ; �
2; �)

]2
+ ln

∣∣∣F̂I(âs; q2; �2; �)
∣∣∣2)�(1− z)

+ 2�I(âs; z;Q
2; �2; �)− 2C ln �I(âs; z; �

2
f ; �

2; �) : (2.13)

Here � has been introduced to define the strong coupling (âs) dimensionless in the d = 4 +

� dimensions. ZI(âs; �2
r ; �

2; �) denotes the overall UV renormalization constant which for the
ADD model is unity since gravity couples to the standard model universally leading to conserved
tensorial current. Notice that both quark and gluon subprocesses are present at the born level for
the gravity production in contrary to the standard DY production. Therefore one needs to know the
both quark and gluon form factor for gravity production. This has been achieved sometime ago in
[92] up to 3-loop.

The bare quark and gluon form factors satisfy the Sudakov K+G equation which follows as a
consequence of the gauge invariance as well as renormalisation group invariance and can be given
as,

d ln F̂I
d ln q2

=
1

2

[
KI(âs;

�2
r

�2
; �) + GI(âs;

q2

�2
r

;
�2
r

�2
; �)

]
: (2.14)
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The function K contains all the infrared poles in � whereas the function G is finite in the limit
�→ 0. The renormalisation group invariance leads to the following solutions of these functions in
terms of cusp anomalous dimensions (AI ):

dKI
d ln�2

r

= − dGI
d ln�2

r

=
∞∑
i=1

as(�r)A
(i)
I : (2.15)

The cusp anomalous dimensions are known to fourth order [93–95, 95–97, 97–103] (estimate at
five loops can be found in [104]) and are collected in App. B.2. The �r independent piece of the
GI can be written in perturbative series as

GI(as(q); �) =
∞∑
j=1

as(q)G(j)
I (�) ; (2.16)

where the coefficients G(j)
I (�) can be decomposed as

G(i)
I (�) = 2

(
B

(i)
I − 

(i)
I

)
+ f

(i)
I + C

(i)
I +

∞∑
k=1

�kg
(i;k)
I ; (2.17)

where

C
(1)
I = 0

C
(2)
I = −2�0g

(1;1)
I

C
(3)
I = −2�1g

(1;1)
I − 2�0

(
g

(2;1)
I + 2�0g

(1;2)
I

)
: (2.18)

The coefficients g(i;k)
I can be found from explicit calculation of quark and gluon form factors.

These have been calculated at the three loops and are collected in Eq. (5.16-5.17) in [92].
The UV anomalous dimensions (i)

I are identically zero due to the conservation of QCD
energy-momentum tensor as mentioned earlier. Similar to the cusp anomalous dimension, the
coefficients f (i)

I have been found to be maximally non-abelian i.e. they satisfy

f
(i)
I;g =

CF
CA

f
(i)
I;q : (2.19)

In addition they are found to be same as those appear in the quark and gluon form factor up to three
loops.

The initial state collinear singularities are removed using the Altarelli-Parisi (AP) splitting
kernels �I(âs; �

2
f ; �

2; z; �). They satisfy the well-known DGLAP evolution given as,

d�I(z; �
2
f ; �)

d ln�2
f

=
1

2
P (z; �2

f )⊗ �I(z; �
2
f ; �) ; (2.20)

where P (z; �2
f ) is the AP splitting functions. The perturbative expansion for these splitting func-

tions has the the following form:

P (z; �2
f ) =

∞∑
i=0

ai+1
s (�f )P (i)(z) : (2.21)
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As already discussed, only the q�q and gg channels contribute to the SV cross-section and thus we
find that, only the diagonal terms of the splitting functions contribute to the SV cross-section. The
diagonal part of the splitting functions is known to contain the �(1 − z) and distributions and can
be written as,

P
(i)
II = 2

[
B

(i+1)
I �(1− z) +A

(i+1)
I D0

]
+ P

(reg;i)
II (z) : (2.22)

The splitting functions are known exactly to three loops [93, 105, 106] and partial results are
available for four-loop as well [95, 98, 102]. Recently the complete four-loop result is also available
completely analytically [107].

The finiteness of the soft-virtual cross-section demands that the soft-collinear function � will
also satisfy similar Sudakov type equation like the form factor i.e. one can write

d�I
d lnQ2

=
1

2

[
�KI(âs; z;

�2
r

�2
; �) + �GI(âs; z;

Q2

�2
r

;
�2
r

�2
; �)

]
; (2.23)

where �KI(âs; z; �
2
r
�2
; �) contains all the poles and �GI(âs; z; Q

2

�2r
; �

2
r
�2
; �) is finite in the dimensional

regularization such that 	 becomes finite as � → 0. The solution to the above equation has been
found [62, 63] to be

�I =

∞∑
j=1

âjs
j�

1− z

(
Q2(1− z)2

�2

)j�=2
Sj� �̂

(j)
I (�) : (2.24)

�̂
(j)
I can be found from the solution of the form factor by the replacement as AI → −AI ;GI(�)→

�GI(�). Notice that �GI(�) are now new finite z-independent coefficients coming from the soft func-
tion whereas the z dependence has been taken out in Eq. (2.24). This can be found by comparing
the poles and non-poles terms in �̂(j) with those coming from the form factors, overall renormali-
sation constants, splitting kernel and the lower order SV terms.

Using the following expansion

1

(1− z)

[
(1− z)2

]j�=2
=

1

j�
�(1− z) +

∞∑
k=0

(j�)k

k!
Dk ; (2.25)

one can finally find the finite soft function �G as,

�G(i)
I = −f (i)

I �(1− z) + 2A
(i)
I D0 + �C

(i)
I +

∞∑
k=1

�k�g
(i;k)
I ; (2.26)

where

�C
(1)
I = 0;

�C
(2)
I = −2�0�g

(1;1)
I (z);

�C
(3)
I = −2�1�g

(1;1)
I (z)− 2�0

(
�g

(2;1)
I (z) + 2�0�g

(1;2)
I (z)

)
: (2.27)

It is worth noting that �G as well as the complete soft function �I satisfy the maximally non-abelian
property up to three loops. Moreover �I is also universal in the sense that it only depends on the
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initial legs and is completely unaware of the color neutral final state. Up to three loops all the
coefficients are known for quark and gluon initiated processes [59, 67].

Finally plugging all these functions and coefficients into the Eq. (2.13) and expanding in the
powers of as(�r), we obtain the soft-virtual cross-section up to third order. The born level results
are trivial and presented below,

�
(0);DY
q�q =

2�

nc
�(1− z) ;

�
(0);G
q�q =

�

8nc
�(1− z) ;

�(0);G
gg =

�

2(n2
c − 1)

�(1− z) : (2.28)

The results up to two loops are also available in [90]. The new three-loop results are calculated
here for the first time and collected in the App. A.

2.2 Resummation

The inclusive cross-section can also be improved with the inclusion of threshold enhanced loga-
rithms by resumming them to all orders. These threshold logarithms arise from soft and collinear
emissions from virtual and real diagrams. The leading contribution arises from the most singular
soft-virtual terms containing plus distributions which can be resummed to all orders in a system-
atic way. The resummation is conveniently performed in Melin-N space where the threshold limit
z → 1 translates into large-N limit i.e. N → ∞. In the Mellin space, the large-N behavior of the
born normalized partonic cross-section at all orders can be organized [81, 108, 109] as,

(d�̂N=dQ)=(d�̂LO=dQ) = gI0 exp
(
GIN

)
; (2.29)

(d�̂LO=dQ) contains the born normalisation i.e. for the SM DY,

(d�̂LO=dQ) = F (0)
DY

{
2�

nc

}
; (2.30)

whereas for ADD,

(d�̂LO=dQ) = F (0)
ADD

{
�

8nc
;

�

2(n2
c − 1)

}
for q�q and gg respectively. (2.31)

The exponentGIN resums large-N terms at all orders and is given in terms of universal cusp anoma-
lous dimensions A and constants D and has the following form,

GIN =

∫ 1

0
dz
zN−1 − 1

1− z

[ ∫ Q2(1−z)2

�2f

d!2

!2
2 A(as(!

2)) +D(as(q
2(1− z)2))

]
: (2.32)

GIN can be also written in a resummed perturbative series. Recalling that in the context of resum-
mation as ln �N ∼ O(1), one can write,

GIN = ln �N gI1 + gI2 + as g
I
3 + a2

s g
I
4 ; (2.33)
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where �N = N exp(e) with e = 0:577216 : : : is the Euler Gamma. Successive terms in the above
expression determines the logarithmic accuracy. For example, the first coefficient (gI1) resums all
leading logarithms (LL) at all orders, whereas the first two coefficients (gI1 +gI2) also resums next to
leading logarithms (NLL) and so on. Note that the universality of the resummed exponent is a direct
consequence of the soft-gluon emission near the partonic threshold. The exponent is thus universal
in the sense that it will only depend on the initial legs being gluons or quarks. The expressions for
the resummed exponents gIi can be found in [72, 109] up to N3LL order, also see [110] for N4LL
order in DIS. For consistency, we have also derived the same and collected in the App. B.2.

The process dependent coefficient gI0 on the other hand depends on the specific process under
consideration. It gets contribution from the entire form factor as well as from the �(1− z) coming
from the soft part. It can be also written as a perturbative series as,

gI0 = 1 + asg
I
01 + a2

sg
I
02 + a3

sg
I
03 + : : : : (2.34)

For the quark initiated spin-2 production and gluon initiated spin-2 production we have extracted
those from the soft-virtual results up to the third order in the strong coupling. These are collected in
App. B.2. We again remind the reader that for NLL accuracy one needs coefficient g01 in the above
expansion, at NNLL one needs up to g02 and so on. The resummed expression in the Mellin space
has to be finally inverse Mellin transformed and matched with the fixed order result. We follow the
standard Minimal prescription [108] to take care of the Landau pole issue in the Mellin inversion
routine. The matched cross-section has the following form,[

d�

dQ

]
NnLL+NmLO

=
Q

S

∑
ab∈{q;�q;g}

d�̂LO
dQ

∫ c+i∞

c−i∞

dN

2�i
(�)−N�abfa;N (�2

f )fb;N (�2
f )

×
([

d�̂N
dQ

]
NnLL

−
[
d�̂N
dQ

]
tr

)
+

[
d�

dQ

]
NmLO

: (2.35)

The second term inside the bracket has been introduced to remove double counting of singular
terms which are already present in the FO result i.e. in the last term of the above expression. In
particular, for N3LL matching with NNLO, we need the resummed expression keeping up toO(a2

s)

terms in the resummed exponent Eq. (2.33) and subtracting all the leading singular terms that are
present in the NNLO cross-section through subtracting the expanded resummed cross-section up
to that order. The matched formula in Eq. (2.35) thus gives opportunity to match different orders
in FO and resum series. In the next section we will improve the existing NNLO cross-section
by resumming large threshold logarithms to N3LL accuracy by matching the later to NNLO re-
sults. In the next section we study the phenomenological effect of SV cross-section and resummed
prediction for ADD model.

3 Numerical Results

In this section we present our numerical results for three loop soft-virtual QCD correction to the di-
lepton production in the ADD model at LHC. The LO, NLO and NNLO parton level cross sections
are convoluted with the respective order by order parton distribution function (PDF) taken from
lhapdf [111]. However, for N3LOsv corrections we convoluted the partonic coefficient functions
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with the NNLO PDFs due to the unavailability of N3LO PDFs. The corresponding strong coupling
constant as(�2

r) = �s(�
2
r)=(4�) is also provided by the lhapdf. The fine structure constant is

taken to be �em = 1=128 and the weak mixing angle is sin2 �w = 0:227. Here the results are
presented for nf = 5 flavors in the massless limit of quarks. The default choice for the center
of mass energy of LHC is 13 TeV and the choice for the PDF set is MMHT2014. Except for
the scale variations, we have used the factorization (�f ) and renormalisation (�r) scales to be the
invariant mass of the di-lepton, i.e. �f = �r = Q. We also note that there have been several
experimental searches at the LHC for extra dimensions in the past, yielding stringent bounds on
the ADD model parameters, the cut-off scale Ms and the number of extra dimensions d. Such
analyses have already used the K-factors that have been computed in the extra dimension models.
There are several experimental data available regarding the lower bound of the model parameters
MS and d. The lower limits on the scale MS obtained from both ATLAS and CMS collaborations
using 7 TeV data [112, 113] are MS = 2:4 TeV corresponding to d = 3 in HLZ formalism [114].
After the availability of 8 TeV data this lower bound further pushed to MS = 3:3 TeV for d = 3

[115, 116]. Now 13 TeV data are also available and the bound in MS is given by ATLAS is 5:5

TeV using di-photon channel [117]. CMS collaboration also studied the same and the lower bounds
are found to be 5:6 TeV for di-lepton channel [38] and 5:7 TeV for di-photon channel [118]. Here
in our work, for our phenomenological study to assess the impact of QCD corrections, we choose
MS = 4 TeV and d = 3. The computational details of the QCD corrections presented here are
model independent, a numerical estimate of the theory predictions for any other choice of the model
parameters is straight-forward. For completeness, we also study the dependence of the invariant
mass distributions on the model parameters considering the recent bounds onMS for different extra
dimensions.

3.1 Threshold corrections up to N3LOsv

First, we will present in Table-1 the relative contributions from different logarithmic terms Di as
well as the �(1 − z) term with respect to D5 to the invariant mass distribution of the di-lepton at
a3
s level. The �(1 − z) terms are process dependent and need explicit computation while the Di

Q (GeV) (+)D5 (pb/GeV) (+)D0
D5

(−)D1
D5

(−)D2
D5

(−)D3
D5

(+)D4
D5

(−)
∑
Di
D5

(+)�=D5 tot /D5

100 0:3560× 10−8 0:0552 0:1635 0:5890 0:6312 0:2143 0:1144 0:1036 −0:0108

1000 0:2002× 10−5 0:0398 0:1447 0:5584 0:6159 0:2157 0:0632 0:0466 −0:0166

2000 0:5106× 10−5 0:0333 0:1378 0:5445 0:6054 0:2207 0:0334 0:0340 +0:0006

3000 0:6431× 10−5 0:0284 0:1328 0:5332 0:5951 0:2273 0:0053 0:0269 +0:0216

Table 1. Contribution of large logarithms, the constant term �(1 − z) and the total SV correction to the
di-lepton invariant mass distribution at 3-loop level in the ADD model for 13TeV LHC.

can be predicted from the universal nature of the infrared structures in QCD as well as the lower
order process dependent contributions. We note that the sub-leading logarithms D3 and D2 are
negative and are comparable in magnitude to the leading logarithmic D5 contribution. As a result,
the contribution from the sum of logarithmic terms is negative but comparable in magnitude to
that of �(1 − z) term. Consequently, the sign of total soft-plus-virtual (SV) correction at three-
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Fi g u r e 1 . I n v ari a nt m ass distri b uti o n of di-l e pt o n at h a dr o ni c c e nt er of m ass e n er g y 1 3 Te V f or A D D m o d el

a n d si g n al (l eft p a n el fr o m t o p t o b ott o m) a n d t h eir c orr es p o n di n g K f a ct or o n t h e ri g ht p a n el. (fr o m t o p t o

b ott o m)

p ur e A D D m o d el ( G R) c as e a n d t h e si g n al ( S M + G R), al o n g wit h t h e c orr es p o n di n g K-f a ct ors t o

N 3 L O s v i n Q C D. T h e N L O c orr e cti o ns i n t h e hi g h Q -r e gi o n ar o u n d Q = 2 5 0 0 G e V c o ntri b ut e

b y a b o ut 4 0 % of L O, w hil e N N L O c orr e cti o ns a d d a n a d diti o n al 2 5 % of L O t o t h e t ot al i n v ari a nt

m ass distri b uti o n. T h e N N L O c orr e cti o ns ar e t o o l ar g e e n o u g h t o tr u n c at e t h e p ert ur b ati o n t h e or y

at t his or d er a n d n e c essit at es t h e c o m p ut ati o n of hi g h er or d er c orr e cti o ns f or t h e c o n v er g e n c e of

t h e p ert ur b ati o n s eri es. T h e t hr e e-l o o p S V c orr e cti o ns t h at w e h a v e c o m p ut e d h er e ar e f o u n d t o

c o ntri b ut e a n a d diti o n al ( 1 − 2) % of L O t o t h e i n v ari a nt m ass distri b uti o n, d e m o nstr ati n g a v er y

g o o d c o n v er g e n c e of t h e p ert ur b ati o n t h e or y. We als o n ot e t h at t h e t hr e e-l o o p S V c orr e cti o ns ar e

n e g ati v e i n t h e l o w Q -r e gi o n w hil e i n t h e hi g h Q -r e gi o n t h e y ar e p ositi v e b e c a us e of t hr es h ol d

e n h a n c e m e nt. I n Fi g.( 2 ) w e pr es e nt i n v ari a nt m ass distri b uti o ns (l eft p a n el) a n d t h e c orr es p o n di n g

K-f a ct ors (ri g ht p a n el) f or t h e S M b a c k gr o u n d, G R a n d t h e si g n al u p t o N 3 L O s v i n Q C D. At l o w

Q v al u es of l ess t h a n 8 0 0 G e V m ost of t h e si g n al c o ntri b uti o n is c o mi n g fr o m S M a n d as w e g o
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Fi g u r e 2 . I n v ari a nt m ass distri b uti o n (l eft p a n el) of di-l e pt o n at h a dr o ni c c e nt er of m ass e n er g y 1 3 Te V f or

S M, A D D,si g n al a n d t h e c orr es p o n di n g K f a ct ors (ri g ht p a n el) at N 3 L O s v l e v el.

t o hi g h Q v al u e t h e G R c o ntri b uti o n st arts t o d o mi n at e as t h e n u m b er of a c c essi bl e K K m o d es

will i n cr e as e wit h Q . T h er ef or e t h e si g n al K f a ct or at hi g h Q v al u e is c o m pl et el y d o mi n at e d

b y A D D m o d el w hi c h r e c ei v es c o ntri b uti o ns fr o m b ot h q u ar k- a nti- q u ar k a n ni hil ati o ns as w ell as

gl u o n f usi o n c h a n n el e v e n at L O i n c o ntr ast t o t h e S M c as e w h er e t h er e is o nl y q u ar k- a nti- q u ar k

a n ni hil ati o n at L O. T his r es ults i n l ar g er K-f a ct ors f or t h e si g n al c o m p ar e d t o t h os e of t h e S M

b a c k gr o u n d,

K N L O =
d σ N L O / d Q

d σ L O / d Q
K N N L O =

d σ N N L O / d Q

d σ L O / d Q
K N 3 L O s v

=
d σ N 3 L O s v / d Q

d σ L O / d Q
. ( 3. 1)

I n E q.(3. 1 ) w e d e fi n e K-f a ct ors f or t h e si g n al at diff er e nt or d ers i n Q C D. I n Ta bl e-2 w e pr es e nt

t h es e K-f a ct ors as a f u n cti o n of t h e i n v ari a nt m ass of t h e di-l e pt o n. As t h e t hr e e-l o o p S V c orr e cti o ns

c h a n g e si g n f or hi g h er Q v al u es as m e nti o n e d a b o v e, t h e si g n al K-f a ct ors at N 3 L O l e v el ( K N 3 L O s v
)

ar e s m all er (l ar g er) t h a n K N N L O f or a b o ut Q < 2 0 0 0 (Q > 2 0 0 0 ) G e V.

We als o st u d y t h e d e p e n d e n c e of o ur r es ults o n t h e A D D m o d el p ar a m et ers n a m el y t h e s c al e

M S a n d t h e n u m b er of e xtr a di m e nsi o ns d . I n Fi g.(3 ) w e pr es e nt t h e i n v ari a nt m ass distri b uti o n

(l eft) a n d t h e c orr es p o n di n g K-f a ct ors (ri g ht) f or diff er e nt v al u es of M S k e e pi n g d = 3 fi x e d. Fr o m

t h e fi g ur e, w e c a n s e e t h at t h e i n v ari a nt m ass distri b uti o n d e cr e as es wit h i n cr e as e i n M S f or a n y

gi v e n v al u e of Q a n d d si m pl y b e c a us e of t h e s c al e M S s u p pr essi o n i n t h e gr a vit y pr o p a g at or.

Si mil arl y, w e pr es e nt i n Fi g.( 4 ) t h e i n v ari a nt m ass distri b uti o n (l eft) a n d t h e r el e v a nt K-f a ct ors

(ri g ht) f or diff er e nt v al u es of d k e e pi n g M S = 4 Te V fi x e d. Fr o m t h e Fi g.( 4 ) w e c a n s e e t h at t h e

cr oss s e cti o n d e cr e as es wit h t h e n u m b er of e xtr a di m e nsi o ns d b e c a us e of t h e f a ct t h at t h e m ass of

t h e gr a vit o n m o d e i n cr e as es wit h i n cr e asi n g d r es ulti n g i n t h e l ess n u m b er of a c c essi bl e gr a vit o n

m o d es.

We h a v e c o nsi d er e d diff er e nt s o ur c es of t h e or eti c al u n c ert ai nti es i n o ur a n al ysis. Firstl y w e

c o nsi d er e d t h e u n c ert ai nti es d u e t o t h e pr es e n c e of t w o u n p h ysi c al s c al es µ r a n d µ f i n t h e t h e or y

a n d s e c o n dl y t h os e c o mi n g fr o m t h e n o n- p ert ur b ati v e p art o n distri b uti o n f u n cti o n i n t h e c al c ul a-

ti o n. F or t h e s c al e u n c ert ai nti es w e v ar y µ r a n d µ f si m ult a n e o usl y fr o m Q / 2 t o 2 Q b y p utti n g t h e
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Fi g u r e 3 . I n v ari a nt m ass distri b uti o n of di-l e pt o n at h a dr o ni c c e nt er of m ass e n er g y 1 3 Te V f or si g n al wit h

d = 3 a n d diff er e nt M S v al u e a n d t h eir c orr es p o n di n g K-f a ct ors o n t h e ri g ht p a n el at N 3 L O s v l e v el.

c o nstr ai nt t h at t h e r ati o of u n p h ysi c al s c al es is l ess t h a n 2 , as

l n
µ r

Q
≤ l n 2 , l n

µ f

Q
≤ l n 2 , l n

µ r

µ f
≤ l n 2 . ( 3. 2)

T h e l ast c o n diti o n i n E q. ( 3. 2 ) e ns ur es t h at n o u n us u al c h oi c e of t h e s c al es is c o nsi d er e d. T his r e-

s ults i n 7 diff er e nt c o m bi n ati o ns of t h e s c al e viz. µ r / Q, µ f / Q = ( 1 / 2 , 1 / 2) , ( 1/ 2 , 1) , ( 1, 1 / 2) ,

( 1, 1) , ( 2, 1) , ( 1, 2) , ( 2, 2) . Wit h t his c h oi c e, w e esti m at e t h e 7 - p oi nt s c al e u n c ert ai nti es i n o ur pr e-

di cti o ns t o N 3 L O s v a n d t h e r es ults ar e d e pi ct e d i n Fi g.( 5 ). T h e u p p er a n d l o w er b a n d of a p arti c ul ar

or d er r es p e cti v el y c orr es p o n ds t o t h e m a xi m u m a n d mi ni m u m v al u es of t h e i n v ari a nt m ass distri b u-

ti o ns n or m ali z e d b y L O c o m p ut e d wit h t h e d ef a ult c h oi c e of s c al es. T h es e n or m ali z e d distri b uti o ns

ar e o bt ai n e d b y t a ki n g t h e or d er b y or d er P D Fs f or b ot h t h e n u m er at or a n d t h e d e n o mi n at or. T h e
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scale uncertainties are found to get reduced significantly from LO to N�LO��. For example at
� � ���� GeV, the scale uncertainties at LO are 28%, at NLO they are 18%, at NNLO 7% and
at N�LO�� they are 5%. For � � ���� GeV, the scale uncertainties reduce from 30% at LO to
about 4% at N�LO��. It is expected that the scale uncertainties get significantly reduced with the
inclusion of missing process dependent regular terms at ��� level, as well as the convolution with
the N�LO level PDFs that are yet to be available.
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Figure 4. Invariant mass distribution of di-lepton at hadronic center of mass energy �� TeV for signal with
�� � � and different � value and their corresponding K factor on the right panel at N�LO�� level.

We also estimate the uncertainties coming from the non-perturbative PDFs. For this we calcu-
late the uncertainty in two different ways, (i) the uncertainty due to the intrinsic error in the PDFs
that result from various experimental errors from the global fits, (ii) the uncertainty due to the
choice of PDFs provided by different groups. In both the cases we use the PDF sets MMHT2014,
CT14, NNPDF31, AMMP16 and PDF4LHC15 provided from the lhapdf. For the case-(i) we cal-
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Figure 5. Seven point scale variation of invariant mass distribution of di-lepton at hadronic center of mass
energy �� TeV for signal with �� � � and � � �.

culate the intrinsic PDF uncertainties using �� sets for MMHT2014, �� sets for CT14, ��� sets for
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NNPDF31, �� sets for ABMP16 and �� sets for PDF4LHC15. To this end we use all PDF sets
extracted at NNLO level. In Table-3 we present these uncertainties for the di-lepton invariant mass
distribution to N�LO��.

% of Uncertainty at � � ���GeV % of Uncertainty at � � ����GeV % of Uncertainty at � � ����GeV
PDF Name N�LO�� NNLO+N�LL N�LO�� NNLO+N�LL N�LO�� NNLO+N�LL

MMHT���� � � � � �� ��

CT�� � � �� �� �� ��

ABMP�� � � � � �� ��

NNPDF�� � � � � � �

PDF�LHC�� � � � � �� ��

Table 3. Intrinsic PDF uncertainties for different PDF choices. These uncertainties are given for both fixed
order as well as the resummed cross sections for a given value of � � ���� GeV.

In Fig.(6) we present intrinsic uncertainty (left panel) plot for different PDFs as a function
of �. At high � region (� ����GeV) these uncertainties are high due to the availability of less
number of experimental data. In the right panel of Fig.(6) we present the relative contribution of
different PDFs with respect to our default PDF choice.
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Figure 6. PDF uncertainty for different PDF (left panel) at NNLO order and the result for different PDF
(right panel) normalized by our default PDF MMHT2014nnlo.

3.2 Resummed results up to NNLO+N�LL

In this section we present numerical results for di-lepton production through spin-2 propagator
at the LHC to NNLO+N�LL in QCD. In this numerical calculation we use the same choice of
QCD parameters and the ADD model as in the computation of three-loop SV corrections (fixed
order). For the inverse Mellin transformation Eq. (2.35), we use � � ���, � � ���� and � � ��.
In Fig. (7) we present the numerical result for invariant mass distribution of di-lepton for pure
gravity, signal and the corresponding SM background. The behavior of these plots is similar to
that of the fixed order results presented in Figs.(1)&(2). We notice significant enhancement of
these resummed results over the fixed order ones, for example at � � ���� GeV, there is ���
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enhancement at NLO+NLL over NLO, 8% at NNLO+NNLL over NNLO and 2% at NNLO+N3LL
over N3LOsv. The corresponding mass dependent K-factors up to NNLO+N3LL are shown in Fig.
(8). For phenomenological purpose, we defined the resummed K-factors Eq. (3.3) as

Q(GeV) K00 K11 K22 K23

200 1:130 1:333 1:346 1:341

400 1:130 1:367 1:389 1:383

600 1:135 1:380 1:403 1:397

800 1:147 1:391 1:413 1:404

1000 1:182 1:421 1:441 1:428

1200 1:255 1:493 1:510 1:487

1400 1:356 1:593 1:611 1:575

1600 1:442 1:670 1:696 1:649

1800 1:496 1:708 1:742 1:691

2000 1:528 1:718 1:763 1:709

2200 1:548 1:714 1:770 1:715

2400 1:564 1:705 1:771 1:717

2600 1:577 1:694 1:772 1:719

2800 1:590 1:681 1:773 1:721

3000 1:603 1:670 1:776 1:725

Table 4. Resummed K-factors, defined in Eq.3.3, for di-lepton invariant mass distribution at the LHC to
various logarithmic accuracy in QCD.

K00 =
d�LO+LL=dQ

d�LO=dQ
K11 =

d�NLO+NLL=dQ

d�LO=dQ

K22 =
d�N2LO+N2LL=dQ

d�LO=dQ
K23 =

d�N2LO+N3LL=dQ

d�LO=dQ
:

(3.3)

As can be seen from the figure, the K-factor K22 could be as large as 1.8 for Q > 2000GeV , while
the resummation of the logarithms beyond NNLL decrease the cross sections by about 5% resulting
in K23 to be around 1:75. These precise QCD predictions are expected to augment experimental
searches for large extra dimensions at the LHC. To this end, in Table-(4), we give numerical values
for the mass dependent resummed K-factors up to NNLO+N3LL accuracy. For completeness, we
also study the dependence on the ADD model parameters MS and d, and the corresponding results
are depicted in Fig.(9).

Finally we estimate the uncertainties in our resummed results due to the unphysical scales
�r and �f , and those due to the parton densities that are non-perturbative in nature. For scale
uncertainties we follow the same procedure as in fixed order case by taking the 7-point scale vari-
ation and the results are shown in Fig.(10) as a function of the di-lepton invariant mass Q. The
scale uncertainties are found to get reduced significantly from LO+LL to NNLO+N3LL. For ex-
ample at Q = 2500 GeV, the scale uncertainties are 56% at LO+LL, 22% at NLO+NLL, 10%

at NNLO+NNLL and are as small as 2% at NNLO+N3LL. We observe that the scale uncertainty
bands at higher orders lie inside the ones at lower orders. The scale uncertainties are convention-
ally used for estimating the contribution from the missing higher order contributions. In that sense,
these resummed results have better theory predictions over the fixed order ones.
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Figure 10. Seven point scale variation of invariant mass distribution of di-lepton at hadronic center of mass
energy �� TeV for signal with �� � � and � � �.
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Figure 11. The intrinsic PDF uncertainties for different PDF groups are shown in the left panel as a function
of the di-lepton invariant mass �. In the right panel, the invariant mass distributions for different PDF groups
(computed with central set) normalized with that obtained from the default choice MMHT2014nnlo PDF set.

at par comparable to the accuracy that is achieved for the well known weak bosons (Z/W) and the
most sought Higgs boson in the SM.
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A Soft-Virtual coefficients

Here we present the SV coefficient for spin-2 production up to three loops for both quark and gluon
initiated channels. The third loop results are new.
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B Resummed coefficients

B.1 Process dependent coefficients gI0

Here we present the process-dependent coefficients used for N3LL resummation for spin-2 produc-
tion for both the quark and gluon initiated channels.

gq�q
01 = CF

{
− 20 + 16�2 +

(
− 6

)
Lfr +

(
6

)
Lqr

}
; (B.1)

gq�q
02 = CFnf

{
461

18
+

8

9
�3 − 16�2 +

(
− 14 +

16

3
�2

)
Lqr +

(
2

3
+

16

3
�2

)
Lfr +

(
− 2

)
L2
fr

+

(
2

)
L2
qr

}
+ C2

F

{
2293

12
− 124�3 − 230�2 +

552

5
�2

2 +

(
− 117 + 48�3 + 72�2

)
Lqr

+

(
117− 48�3 − 72�2

)
Lfr +

(
− 36

)
LqrLfr +

(
18

)
L2
fr +

(
18

)
L2
qr

}
+ CACF

{
− 5941

36
+

1180

9
�3 + 96�2 −

92

5
�2

2 +

(
− 17

3
+ 24�3 −

88

3
�2

)
Lfr +

(
79− 24�3

− 88

3
�2

)
Lqr +

(
− 11

)
L2
qr +

(
11

)
L2
fr

}
; (B.2)

gq�q
03 = CFnf

2

{
− 7345

243
− 1136

81
�3 +

848

27
�2 +

448

135
�2

2 +

(
− 28

3
+

32

9
�2

)
L2
qr +

(
− 8

9

)
L3
fr

– 24 –



+

(
4

9
+

32

9
�2

)
L2
fr +

(
8

9

)
L3
qr +

(
34

9
+

32

9
�3 −

160

27
�2

)
Lfr +

(
820

27
− 64

27
�3

− 416

27
�2

)
Lqr

}
+ C2

Fnf

{
− 697

3
− 608

9
�5 +

18280

27
�3 +

7096

27
�2 −

256

3
�2�3

− 27184

135
�2

2 +

(
− 121 +

256

3
�3 −

40

3
�2 +

272

5
�2

2

)
Lfr +

(
− 116 + 32�3

+ 48�2

)
L2
qr +

(
28− 32�3 − 48�2

)
L2
fr +

(
3022

9
− 752

3
�3 −

784

3
�2 +

464

5
�2

2

)
Lqr

+

(
− 12

)
LqrL

2
fr +

(
− 12

)
L2
qrLfr +

(
12

)
L3
fr +

(
12

)
L3
qr +

(
88

)
LqrLfr

}
+ C3

F

{
− 2807

2
+

3344

3
�5 +

4300

3
�3 + 32�3

2 + 1168�2 − 1424�2�3 −
6388

5
�2

2

+
169504

315
�2

3 +

(
− 2231

2
+ 480�5 + 1568�3 + 816�2 − 704�2�3 −

1968

5
�2

2

)
Lfr +

(
− 342 + 288�3 + 144�2

)
L2
fr +

(
− 342 + 288�3 + 144�2

)
L2
qr +

(
684− 576�3

− 288�2

)
LqrLfr +

(
2231

2
− 480�5 − 1568�3 − 816�2 + 704�2�3 +

1968

5
�2

2

)
Lqr

+

(
− 108

)
L2
qrLfr +

(
− 36

)
L3
fr +

(
36

)
L3
qr +

(
108

)
LqrL

2
fr

}
+ CACFnf

{
130871

243
+

136

3
�5 −

47984

81
�3 −

32756

81
�2 +

928

9
�2�3 −

1076

135
�2

2 +

(
− 11732

27
+

5744

27
�3 +

5392

27
�2 −

344

15
�2

2

)
Lqr +

(
− 40− 400

9
�3 +

2672

27
�2

− 8

5
�2

2

)
Lfr +

(
− 146

9
+ 16�3 −

352

9
�2

)
L2
fr +

(
− 88

9

)
L3
qr +

(
88

9

)
L3
fr +

(
114

− 16�3 −
352

9
�2

)
L2
qr

}
+ CAC

2
F

{
328511

108
+

6968

9
�5 −

167428

27
�3 +

592

3
�3

2 − 58912

27
�2

+
6880

3
�2�3 +

42128

27
�2

2 − 123632

315
�2

3 +

(
− 43727

18
+ 240�5 +

8216

3
�3 +

4480

3
�2

− 352�2�3 −
2912

5
�2

2

)
Lqr +

(
− 508 + 288�3

)
LqrLfr +

(
− 175 + 32�3

+ 264�2

)
L2
fr +

(
683− 320�3 − 264�2

)
L2
qr +

(
1028− 240�5 −

5488

3
�3 +

580

3
�2

+ 352�2�3 −
1136

5
�2

2

)
Lfr +

(
− 66

)
L3
fr +

(
− 66

)
L3
qr +

(
66

)
LqrL

2
fr

+

(
66

)
L2
qrLfr

}
+ C2

ACF

{
− 1970041

972
− 4292

3
�5 +

339325

81
�3 −

400

3
�3

2 +
91067

81
�2

− 7660

9
�2�3 −

10673

135
�2

2 +
7088

63
�2

3 +

(
− 971

3
+ 88�3 +

968

9
�2

)
L2
qr +

(
− 242

9

)
L3
fr

+

(
242

9

)
L3
qr +

(
493

9
− 88�3 +

968

9
�2

)
L2
fr +

(
1657

18
− 80�5 +

3104

9
�3 −

8992

27
�2

– 25 –



+ 4�2
2

)
Lfr +

(
36310

27
+ 80�5 −

35272

27
�3 −

14912

27
�2 +

1964

15
�2

2

)
Lqr

}
; (B.3)

ggg01 = nf

{
35

9
+

(
− 4

3

)
Lqr +

(
4

3

)
Lfr

}
+ CA

{
− 203

9
+ 16�2 +

(
− 22

3

)
Lfr

+

(
22

3

)
Lqr

}
; (B.4)

ggg02 = nf
2

{
1225

324
+

8

3
�2 +

(
− 70

27

)
Lqr +

(
− 16

9

)
LqrLfr +

(
4

9

)
L2
qr +

(
4

3

)
L2
fr

+

(
140

27

)
Lfr

}
+ CFnf

{
61

3
− 16�3 +

(
− 4

)
Lqr +

(
4

)
Lfr

}
+ CAnf

{
− 2983

162

+
128

9
�3 +

106

9
�2 +

(
− 1438

27
+

64

3
�2

)
Lfr +

(
− 44

3

)
L2
fr +

(
− 44

9

)
L2
qr

+

(
176

9

)
LqrLfr +

(
647

27
− 32

3
�2

)
Lqr

}
+ C2

A

{
7801

324
+

88

9
�3 −

1312

9
�2 + 92�2

2 +

(
− 1657

27
+ 24�3 +

176

3
�2

)
Lqr +

(
− 484

9

)
LqrLfr +

(
121

9

)
L2
qr +

(
121

3

)
L2
fr

+

(
3890

27
− 24�3 −

352

3
�2

)
Lfr

}
; (B.5)

ggg03 = nf
3

{(
− 280

81

)
LqrLfr +

(
− 16

9

)
LqrL

2
fr +

(
16

27

)
L2
qrLfr +

(
32

27

)
L3
fr +

(
1225

243

+
32

9
�2

)
Lfr +

(
140

27

)
L2
fr

}
+ CFnf

2

{
− 2617

162
+ 8�3 + 24�2 +

(
− 32

3

)
LqrLfr +

(
− 16

3

)
Lqr +

(
4

3

)
L2
qr +

(
28

3

)
L2
fr +

(
362

9
− 64

3
�3

)
Lfr

}
+ C2

Fnf

{
− 241

9
+ 160�5

− 296

3
�3 +

(
− 2

)
Lfr +

(
2

)
Lqr

}
+ CAnf

2

{
− 1487

135
− 2944

135
�3 +

1169

27
�2 +

80

3
�2

2

+

(
− 668

9
+

64

3
�2

)
L2
fr +

(
− 1877

54
+

512

27
�3 −

104

27
�2

)
Lfr +

(
− 176

9

)
L3
fr +

(
− 88

9

)
L2
qrLfr +

(
− 41

9

)
Lqr +

(
4

3

)
L2
qr +

(
88

3

)
LqrL

2
fr +

(
1184

27

− 128

9
�2

)
LqrLfr

}
+ CACFnf

{
65866

405
+ 80�5 −

6512

45
�3 +

284

9
�2 −

320

3
�2�3 −

32

45
�2

2

+

(
− 1913

9
+

352

3
�3 + 64�2

)
Lfr +

(
− 154

3

)
L2
fr +

(
− 22

3

)
L2
qr +

(
55

3

− 32�2

)
Lqr +

(
176

3

)
LqrLfr

}
+ C2

Anf

{
55546

405
− 3392

9
�5 +

16223

45
�3 −

3149

27
�2

+
284

3
�2�3 −

22681

135
�2

2 +

(
− 190 + 64�3 +

1408

9
�2

)
LqrLfr +

(
− 484

3

)
LqrL

2
fr +

(
− 14− 16�3

)
L2
qr +

(
− 829

81
− 3544

27
�3 −

5132

27
�2 +

376

3
�2

2

)
Lfr +

(
484

9

)
L2
qrLfr

+

(
523

9
+ 40�3 −

112

3
�2 −

8

3
�2

2

)
Lqr +

(
968

9

)
L3
fr +

(
3299

9
− 48�3 −

704

3
�2

)
L2
fr

}

– 26 –



+ C3
A

{
− 303707

810
+

5156

9
�5 −

81074

135
�3 + 96�3

2 − 697

9
�2 + 48�2�3 +

6248

27
�2

2

+
3872

15
�2

3 +

(
− 17105

27
+ 264�3 +

1936

3
�2

)
L2
fr +

(
− 5324

27

)
L3
fr +

(
− 1319

9

− 160�5 − 184�3 +
496

3
�2 + 352�2�3 +

44

3
�2

2

)
Lqr +

(
− 2662

27

)
L2
qrLfr +

(
110

3

+ 88�3

)
L2
qr +

(
109651

486
+ 160�5 +

3032

27
�3 +

19504

27
�2 − 352�2�3 −

2068

3
�2

2

)
Lfr

+

(
23782

81
− 352�3 −

3872

9
�2

)
LqrLfr +

(
2662

9

)
LqrL

2
fr

}
: (B.6)

B.2 Universal resummed exponents GIN
Here we collect the universal resummed coefficients used for the N3LL resummation. Taking
! = 2�0as ln �N;Lqr = ln(Q2=�2

r); Lfr = ln(�2
f=�

2
r), we present the coefficients required up to

N3LL order.

g1 =

[
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�0

{
2− 2 ln(1− !) + 2 ln(1− !) !−1

}]
; (B.7)
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[
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; (B.8)
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: (B.10)

The cusp anomalous dimensions Ai are given as (with the recently known four-loops results [107])
,

A1 = Ci
{
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}
; (B.11)
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; (B.12)
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; (B.13)
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: (B.14)

The quartic casimirs are given as
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dabcdF dabcdF
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c − 6n2
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96n3
c

; (B.15)

with NA = n2
c − 1 and NF = nc where nc = 3 for QCD. The coefficients Di are given as,
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{
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}
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{
nf

(
224

27
− 32

3
�2

)
+ CA

(
− 1616

27
+ 56�3 +

176

3
�2

)}
; (B.17)
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; (B.18)

with Ci = CA; CF depending on the gluon or quark initiated process respectively.
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